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MULTIPLIERS AND BOURGAIN ALGEBRAS OF H°° + C ON
THE POLYDISK

KEIJI IZUCHI AND YASOU MATSUGU

It is well-known that H°° + C on the unit circle is a closed
subalgebra of L°°(T), and Rudin proved the (H°° + C)(T2) is
a closed subspace of L°°(T2) but it is not an algebra. The
multiplier algebra M of (H°°+C)(T2) is determined. Using this
charaterization, we study Bourgain algebras of type H°°+C on
the torus T2 and the polydisk U2. Both Bourgain algebras of
H°°+C and M on the torus coincide with M. We denote by M
the space pf Poisson integral of functions in M and CT* (U2) the
space of continuous functions on U2 which vanish on T2. It is
proved that all higher Bourgain algebras of H(U2) + C(U2) and
H(U2) + Cτz(U2) are all distinct respectively, but every higher
Bourgain algebra of H(U2) + C0(U2) coincides with H(U2) +
CQ{U2). It is also proved that all higher Bourgain algebras
of Λ4 and Λ4 + Co{U2) are all distinct respectively, but every
higher Bourgain algebra of M + CT*(U2) coincides with the
first Bourgain algebra of M + U2

1. Introduction.

Let U2 be the 2-dimensional unit polydisk and let T2 be the torus. We de-
note by H°°(U2) the space of bounded holomorphic functions in U2 and by
H°°{T2) the space of radial limits of functions in H°°(U2). Then H°°(T2)
is an essential supremum norm closed subalgebra of L°°(T2), the usual
Lebesgue space with respect to dθdψ/(2π)2 (see [12]). Let denote by C(X)
the space of continuous functions on a topological space X. The algebra
A{T2) = ff°°(r2)nC(T2) or A(U2) = H°°(U2)ΠC(U2) is called the polydisk
algebra, where U2 is the closed polydisk. In [13, Theorem 2.2], Rudin proved
that (H°° + C)(T2) = H°°(T2) + C(T2) = {/ + g J e H°°(T2),g G C(T2)}
is a closed subspace of L°°(T2) but it is not an algebra. On the unit circle
T, it is well known that (H°° + C)(T) is a closed subalgebra of L°°(T) [14].
Let M be the space of multipliers of {H°° + C)(T2), that is,

M = {/GL°°(T2); f.{H°° + C)(T2) C (H°° + C){T2)}.

Then Λ4 is a closed subalgebra of L°°(T2). Since constant functions are
contained in (H°°+C){T2), M C (fΓ°°+C)(T2). Let C°°(U2) be the space of
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bounded continuous functions in U2 and let C0(U2) be the space of functions
in C(U2) which vanish on the topological boundary dU2 of U2. We note that
dU2 φ T2. We denote by CT*{U2) the space of functions in C(U2) which
vanish on the distinguished boundary T2. Then C0(U2) C CT*{U2) C C(U2).
For a function / in L^lT2), the Poisson integral is denoted by f(z,w);

f(z,w) = Γ Γf(eie,e^)Pz(eie)Pw(e^)dedi>/(2ir)2 fov(z,w)sU2,
Jo Jo

where Preu{eiθ) = (1 - r2)/(l - 2r cos(* - θ) + r 2 ). Then / G C°°{U2).
In Theorem 2.1, we give a characterization of a function in Λ4, and we

prove that M coincides with the space of functions / in H°°(T2) such that
the Poisson integral / can be extended continously on U2\T2. By this fact,
Λ4 becomes one of the interesting subalgebras between A(T2) and H°°(T2).
The purpose of this paper is to investigate the multiplier algebra Λ4. For
a closed subalgebra A with A{T2) C A C iT°°(T2), A + C{T2) is a closed
subspace (see the proof of [13, Theorem 2.2]). In Theorem 2.2, we give a
necessary and sufficient condition on A for which A + C(T2) becomes an
algebra.

In [4], Cima and Timoney introduced the concept of Bourgain algebras.
Let X be a commutative Banach algebra with identity and let y be a closed
subspace of X. A sequence {fn}n in y is called weakly null if F(fn) -» 0
for every bounded linear functional F of y. For / G X, put IIZ + D̂ I =

-gW aey}. Let

yb = {/ E X; \\ffn + y\\ -> 0 for every weakly null sequence{/n}n in y}.

Cima and Timoney proved that yb is a closed subalgebra of Af, and they
called yb the Bourgain algebra of y relative to X. If y is an algebra, then
y C DV We shall write J4& for (yb)b. We also write 34(n) for Qfyn-i)^ and
yb(o) = y- We call 3̂ 6(n) the n-th Bourgain algebra of y.

In [1], Cima, Janson and Yale proved that H°°(T)b = (H°° + C)(T)
relative to L°°(T). In [7], Gorkin, the first author and Mortini studied the
Bourgain algebras of closed algebras B between H°°(T) and L°°(T), and
they proved that {H°° + C){T)h = {H°° + C){T) and Bb = Bbb relative
to L°°(T). On the torus, we have H°°{T2)b = H°°(T2) relative to L°°(Γ2)
(see [9, Corollary 1]). Since (H°° + C)(T2) is not an algebra, we can not
expect that (H°° + C){T2) C (H°° + C)(T2)b. Since M is the multiplier
algebra of (H°° + C)(Γ2), by the definition of Bourgain algebras we have
M C (H°° + C)(T2)b. We shall prove in Theorem 3.1 that

(H°° + C)(T2)b = M = Mb.

We note that the Bourgain algebra (H°°+C)(dBn)b has not been determined
yet, where Bn is the n-dimensional ball, n > 2 (see [9]). These are studies
of Bourgain algebras on the boundaries.

When / E i/°°(T2), we have / G H°°(U2) and / coincides with the radial
limit of / a.e. on T2 [12]. For a subset Λ of L°°(T2), put A = {/; / € A}.
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In [2], Cima, Stroethoff and Yale proved that H°°(U)b = H°°{U) + C(U) =
(H°°{T)b)~ + C0(U) relative to C^iU), where H°°(T)b is the Bourgain al-
gebra relative to L°°(T). It is proved in [11] that H°°(U)b = H°°(U)bb. In
Section 4, we study Bourgain algebras relative to C°°(U2). We shall prove
that H°°(U2)b = {H°° + C0){U2)b = (H°° + C0)(U2). Hence H°°{U2)b =
#°°(t/2)δ&. We also prove that

(M)b = {H°°{U2) + C(U2))b = (H°°(U2) + Cτi(U2))b = .M + C0(ί72).

In Section 5, we study the n-th Bourgain algebras relative to C°°(U2).
Since H™(U2)b = H™(U2)bb = (if°° + C0)(U2), H™(U2)b{n) = (H™ +
Co)(ί72)&(n) = Hoc(U2)b. But to our great surprise, the higher Bourgain
algebras of M. are all distinct. Actually we prove

C0(U2))Hn) φ (M + C0(U2))b(n+1) for every n > 0.

Spaces M + C0(U2) and .Λ/ί + CT^{U2) are similar to each other in their
forms, but we can prove that

CT2(U2))b(n) = (M + CT2(U2))b for every n > 1.

In [9], the first author gave the conjecture that Λb = Λbb for every closed
subalgebra Λ with A(T2) C Λ C H°°(T2). This conjecture is still open, but
Λ̂ ί gives a counterexample for the same kind of problem on the polydisk.

In Section 6, we study Bourgain algebras of the polydisk algebra A(U2)
relative to C°°(U2). Some properties are similar to ones of .M, but some
properties are different from Λ4. The Bourgain algebra of the disk algebra
was studied in [3].

As a summary, we have the following about Bourgain algebras.
(a) (H°°)b = (H°°)bb on the circle, disk, torus, and polydisk;

(b) (H°° + C)b = (H°° + C)bb on the circle and the torus;

(c) (H°°(U)+C(U))Hn) = (H°°(U) + C(U))b, but (H°°(U2)+C(U2))b{n) φ

U
(d) (H™ + C0)(U2)b = (#°° + C0)(U2),but

(H°°(U2) + C{U2))b = (H°°{U2) + C τ 2(^2))6 - M + C0(U2).

(e) Mb(n) = M on the torus, but (M)b(n) Φ {M)b{n+ι) on the polydisk.

(f) (M + CΌ(U2))b{n) φ (M + Co(U2))b{n+lh but (M + CT2(U2))b{n) =
(M + Cτ,(U2))b.

For the sake of simplicity, we discuss on T 2 and U2. Using the same
ideas of this paper, we can get the same results for Tn and C/n,n > 2. To
determine Bourgain algebras of various spaces Af, the key is that if we want
to prove / ^ Xb, how to prove it. We need to choose a weakly null sequence
{fn}n in X such that \\ffn + X\\ does not converges to zero. How to choose
such a sequence is depending on / and especially on X. Since we discuss
Bourgain algebras of similar type of spaces, we put emphasis on this point.
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2. Multipliers of {H°° + C)(T2).

As mentioned in the introduction, (H°° + C)(T2) is a closed subspace of
L°°(T2), but is not an algebra. In this section, we study the multiplier
algebra M of (H°° + C){T2). The following is a trivial fact.

Lemma 2.1. Let f G H°°(T2). Then f e M if and only if f C(T2) C
(H°° + C)(T2).

For a function / in L°°(T), let /(n) - /0

2π f(e^t)e-int dί/2π, the n-th
Fourier cofficient. Also for / G L°°(T2), let

/(n, ro) = / π / " /(e", e

< * ) e - < ( n ' + m * ) dθdψ/{2π)2 for (n, m ) e Z x Z ,
Jo Vo

where Z is the set of integers. Then / G H°°{T2) if and only if /(n,ra) = 0
for every (n,m) ^ Z+ x Z+, where Z + = {0,1,2,...}. Let / G L°°(Γ2) and
A; G Z. Then for almost every point etθ G Γ, there exists

(f)(eiθ) =
Joo

and Ik(f) G L°°(T). We note that (Ik(f)f(n) = f(n,k). By the same way,
let

Jk(f)(eiφ) = Γ f{eiθ,e^)e~ikθ dθ/2π a.e. e^ G T.
«/o

Then JΛ(/) G L°°(T) and (Λ(/)Γ(n) = /(λ;,n). For a function / G
L°°(T2), ||/||T2 means the essential supremum norm on T 2. For functions
/(e i f l), p(e^) in L°°(T), we may identify these functions with f(eiθ,ei/φ) =
f(eιθ) and g(eιθ, e1^) — g{e1^), respectively. By these identifications, we may
consider L°°(T) as a subalgebra of L°°(T2). The following lemmas follow
from the above definitions.

Lemma 2.2. For f e L°°(T2), | | I*(/) | | Γ < | | / | | τ 2 and \\Jk(f)\\τ < | | / | | τ 2

Lemma 2.3. Let f € L°°(T2).
(i) Ifh(eiθ) € L°°{T), then Ik{h{eiθ)f) = h(eiθ)Ik{f) a.e. on T.

(ii) If g{e1^) G L°°(T), then Jk{g{^)f) — 9ie^)Jk{f) a-ε on T.

For continuous functions on Γ2, we have

Lemma 2.4. /// G C(T2) ; then Ik{f) and Jk(f) are contained in C(T).

Proof. Let eiθn -> eiί?0 in T. Then f{eiθ^eiφ) -> /(e^°,e^) uniformly in eiτ/;

as n —> oo. Hence

io
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This implies Ik(f) G C(T). By the same way, Jk(f) G C(T). D

Lemma 2.5. Let f G L°°(T2). Then f G H°°{T2) if and only if Ih(f) =
Jk(f) = 0 a.e. onT for every k < 0.

Proof We have /(n,ro) = (/m(/)f(n) = (Jn(f)f(m). Then / G H°°(T2) if
and only if (Ik(f))) (ή) = (Jk{f)f(n) = 0 for every A; < 0 and n G Z. This
is equivalent to Ik(f) — Λ(/) = 0 a.e. on T for every k < 0. D

Let / G H°°(T2). Then the Poisson integral / is analytic in U2 and can
be represented by the Taylor series as

oo

znwk

f(z,w) = ]£ f(n,k)znwk for {z,w)eU2.
n,k=0

We can rewrite / as the following forms;

(A,) f(z,w) = Σ fn{z)wn = Σ 9n(w)zn ΐθv(z,w)eU\
n=0 π=0

where fn(z) = Σ?=o f(k,n)zk and gn(w) = Σΐ=o f(n,k)wk. Then we have

Lemma 2.6. Let f e H°°(T2). Then for n>0,
(i) /„,#„ € H°°(U), hence there exist boundary functions fn(etθ) and

gn(e^) in H°°(T).

(ii) fn(eiθ) = In(f)(eiθ) and gn(e^) = Jn(/)(e**) α.e. on Γ.

Therefore for / 6 H°°(T2), we can write / as the following forms for every

(A2) f(eiθ,eiφ) = ΣTn(f)(e Wnψ +ei{k+1)ψ F(eiβ,eix>) a.e. on T2;
71=0

rτ2(A2) f(cι •>€> ) — / J Jn{f)(e)ein 4~ β ' G(eι ,e ) a.e. on Γ
n=0

for some F,G £ H°°(T2). Also we can write / as follows;

I-ΓI3 I J It- j C I X^j2,lθ j C I ~r C vJΓ^l C j O ^ Cί.KZ. KJίL J- ^

where Fn, Gn G H°°(T2) and Fn(«,i) = 0 for i, j > n > 0. We note that

n̂ = Σ W)(eiθ)eikφ+ Σ Mf)(eiφ)eikθ - Σ /(*•*)
Λ=0 A:=0 0<s,ί<n
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The following lemma is proved in [13, p. 105].

Lemma 2.7. Let f(eiθ) G H°°{T)\A(T). Then f{eie)e~^ £ (iJ°° + C)(T2).

Now we have the following characterization of Λ4.

Theorem 2.1. M = {/ G #°°(T2); /*(/), Jk(f) G A(T) for every k > 0}.

Proof. First we shall prove that M C H°°(T2). To prove this, let / G
L°°(Γ2) \ H°°(T2). By Lemma 2.5, Ik(f) φ 0 or Jk(f) φ 0 for some k < 0.
We assume that /*(/) φ 0. It is not difficult to find a function h(eiθ) G
#°°(T) such that h(eiθ)Ik(f) $ C{T) (see Lemma 3.5). By Lemmas 2.2-2.5,
we have

\\h(eiθ)f + (H~ + C)(T2)\\τ2 > | |M^)/,(/) + C(T)| |T > 0.

Hence / g M, so that we have Λί C H°°(T2).

Next we prove that if / G Λ4 then h{f),JkU) € Mτ) f o r k > ° T o

prove this, suppose not. Then we may assume that

(1) Ik(f) £ A{T) for someλ;>0.

Moreover we may assume that

(2) /,(/) G A(T) foτO<j<k.

By the first paragraph, we have / G if°°(T2). We can write / as the form

{M)
k

f{eiθ,e^) = Σ Ij(f){eiθ)em + ei{h+1)ίp F(eiθ,e^) a.e. on T2,
i=o

where F G H°°(T2). Then

(3) /(e i β,e^)e-< (*+ 1 )^ = 4(/)(e^)e~^

IAf)(eiθ)eiU~k~1)Φ + *V",e it/;) a.e. on T2.

Since /*(/) G ί ί 0 0 ^ ) , by (1) we have h(f)(eiθ) G ί ί 0 0 ^ ) \ A(T). Hence
by Lemma 2.7, h(f)(eiθ)e-^ $ (H°° + C)(T2). By (2), the second terni
in the right hand side of (3) is contained in C(T2). Therefore /e-*(*+1)</' ^
(H°° + C)(T2). Hence f <£ M. This is a desired contradiction.

Now we prove that if / G H°°(T2) and Ik(f),Jk(f) G A(T) for every
k > 0, then f e M. To prove / G ΛΊ, by Lemma 2.1 it is sufficient to show
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that fc G (H°° + C)(T2) for every c G C(T2). Let / = Fn + e

be the form given by (A3) for n > 0. By our assumption, Fn G A(T2) and
<3n G H°°(T2). For c E C(Γ2), there is a sequence {cn}n in ί7(T2) such that

(4) cn= JΓ, α Π f W e i ( w + ^ > and ||c - c n | | τ 2 -* 0 (n -> oc).

Then

(5) Fncn G C{T2) and Gncne
in(θ+Φ) G H°°(T2).

Now we have

ll/c + (ίP° + C)(T 2) | |T 2 = ||/(c - cn) + fcn + (H°° + C)(T 2) | |T 2

< ||/(c - c n ) | | τ 2 + | ( F n + eiB(β+*) Gn)cn + (iϊ 0 0 + C)(T

= l l/(c-c n ) | | τ 2 by (5)

-> 0 (n —>• oo) by (4).

Therefore /c e {H°° 4- C)(Γ2). This completes the proof. D

Corollary 2.1. M is a proper subalgebra between A(T2) and H°°(T2).

Proof. A(T2) C λ ί i s a trivial fact. Let f{eiθ) G H°°{T) \ A(T). Then

by Theorem 2.1, f(eiθ) G H°°{T2) \ M. Let f(ζ) = EΓ=o αnCn be the

power series of / and let g(z,w) = Σ ^ o cιn(zw)n for (z,w) G f/2. Then

g{eiθ,e^) G /f°°(T2) \ Λ(T2), and by Theorem 2.1 ffGJW. D

Corollary 2.2. Let f e H°°(T2). Then f e M if and only if the Poisson
integral f can be extended continuously on U2\T2.

Proof. Let / G H°°(T2). By (Ax) and Lemma 2.6,

(6) f(z,w) = f; / n ( / ) ( ^ n for (s,u>) G C/2,
n = 0

where ϊn{f) is the Poisson integral of In(f) G H°°(T).

First, suppose that / G ΛΊ. By Theorem 2.1, Jn(/) G A(T). Since
ll^n(/)||τ ^ ll/llτ2 by Lemma 2.2, f(z,w) is continuous on Ϊ7 x {tt;; \w\ < r}
for every 0 < r < 1. Hence / can be extended continuously on U x U. By*̂
the same way as above, / can be extended continuously on U x U. Since
U2 \ T2 = (U x J7) U (U x C7), / can be extended continuously on C/2 \ T 2 .

Next, suppose that / is continuous on U2\T2. By (6), ϊo(f)(z) = /(^, 0) G
C(ΐ7), hence /0(/) G ̂ 4(T). Since (f(z,w) - ϊo(f)(z))/w is also continuous
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on U2 \ T 2 ,/^/) e A(T). By induction, we can prove Jn(/) G A(T) for
n > 0. By the same way, we have Jn{f) G A(T) for n > 0. By Theorem 2.1,
feM. D

Let i b e a closed subalgebra with A(T2) C A C H°°(T2). A is called
to be *-invariant if / = F n + e

in(*+i/7) Gn G Λ. in the form {A3), then Gn is
contained in A for every n > 0 (see [10, 14] for the case of the unit circle
T). By Theorem 2.1, we have the following corollary.

Corollary 2.3.
(i) Let f G H°°{T2) with } = Fn + e*n(*+^ G n m tf*e /orm {A3). Then

f £ M if and only if Fn G A(T2) and GneM for every n > 0.

(ii) Λ4 is *-invariant.

By the proof of [13, Theorem 2.2], Λ + C(T2) is a closed subspace of
L°°(T2). Now we can characterize Λ for which A + C(T2) becomes an
algebra.

Theorem 2.2. Let A be a closed algebra with A(T2) CAC H°°{T2). Then
A+ C(T2) is a closed subalgebra of L°°(T2) if and only if Ad M and A is
*-invariant.

Proof. We already know that A + C(T2) is a closed subspace.Hence we need
to prove that A C{T2) C A + C(T2) if and only if A C M and A is
*-invariant.

First, suppose that AC{T2) C A + C{T2). By Lemma 2.1, we have
A C M. To prove that A is *- invariant, let / G A. Since A C Λί, by
Corollary 2.3 (i) we can write as / = Fn + e

in^^ Gn,Fn G A(T2) and
GneM for every n > 0. Since ^(T 2) C Λ / - F n G ̂  and

e (A C(T2))nH°°(T2) C Λ + A(T2) = A.

Hence A is *-invariant.
Next, suppose that A C M and ̂ 4 is *- invariant. Let / G A with f = Fn+

*-invariant, Gn G Λ. Since / G Λΐ, by Corollary 2.3 (i) we have Fn G A(T2).
As the proof of Theorem 2.1,

\\c - cn\\T2 -»> 0 for some cn - £

Then /c n € ^ + C(T2), and we have

< | | / ( c - c n ) | | r 2 ->0(n->oo).
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Hence fceA + C{T2). •

By Theorem 2.2 and Corollary 2.3 (ii), we have

Corollary 2.4. M + C(T2) is a closed subalgebra of L°°(T2).

3. Bourgain algebras on the torus.

In this section, we study the Bourgain algebras relative to L°°(T2). We shall
prove the following theorem.

Theorem 3.1. (#°° + C)(T2)b = (H°° + C)(T2)hh = M.

The following corollary follows the above theorem.

Corollary 3.1.

(i) Mb{n) — M for every n > 0.

(ii) (H°° + C)(T2)b(n) = M for every n> 1.

To prove our theorem, we need some preliminary observations. For / E
L°°(T2), we have f(z,w)\ < | | / | | τ 2 and f{z,w) is harmonic in z E U for

each fixed w E U. We denote by f(eiθ,w) the boundary function of the
function f(z, w) in z E U. Then

and / > , ^ ) = / * f{eiθ,w)Pz{eiθ) dθ/2π.
Jo

By the same way, we have f(z, e^) E L°°(T) for each fixed z eU.

Lemma 3.1. Let (z,w) be a point in U2.
(i) Iffe H°°(T2), then f(e*θ,w), f(z,e>+) E H°°{T).

(ii) Iffe C{T2), then f(e*\w): f(z,^) E C(T).

(iii) IffeM, then f{eiθ,w), f(z,e^) E A(T).

Proof (i) and (ii) follow from [12, p. 18]. We note that if / E C(T2) then /
can be extended continuously to U2. (iii) follows from Corollary 2.2. D

Let M(H°°(T)) be the space of nonzero mulitiplicative linear functionals
of H°°{T). With the weak*-topology, M{H°°(T)) becomes a compact Haus-
dorff space and is called the maximal ideal space of H°°(T). It is well known
that the open unit disk U is a dense open subset of M(H°°(T)). We identify
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a function / in H°°(T) with its Gelfand transform. Then H°°(T) becomes
a sup-norm closed subalgebra of C(M(H°°(T))), the space of continuous
functions on M(H°°(T)) (see [8]). For λ € T and / € H°°(T), let

MX(H°°(T)) = {x

ωo(f,λ) = sup{|/(Ci)-/(C2)|;Ci,C2eMA(fr~(T))}.

By the same way, we can define M(L°°(T)) and Mλ(L°°(T)). We can con-
sider that Mλ(L°°(T)) C MX{H°°(T)). Since every continuous function on T
is constant on each Mλ(ϋΓ°°(T)), for a non-continuous function / in H°°(T)
we have (for example, see [9, Lemma 1])

(1) sup{α>0(/,λ);λ€T}/2 < | |/ + C(Γ)| | Γ < sup (ωo(/,λ); λ 6 Γ}.

Here we See the right hand side strict inequality briefly. Since / £ C(T),
we have ||/ + C(T)\\T Φ 0. Since ||/ + C(T)\\T is the quotient norm of / €
H°°(T) C L°°(T) in L°°(T)/C(T), there exists an extreme point μ in the unit
ball of (L°°(T)/C(T))* such that \\f + C(T)\\τ = \μ(f)\. We can identify
μ with the Borel measure on M(L°°(T)) such that fM(LoO(T^ g dμ = 0 for
every g € C(T). Since μ is an extreme point, there exists λ £ T such that
Mχ(L°°(T)) contains the support set of μ. Then

/
J MX(L<~(T))

fdμ f + cdμ

for every constant c. Taking c0 such that ||/ + CO|IMA(L«>(T)) *S ^^e smallest,
then by the definition of α;0(/, λ) and ωo(/, λ) Φ 0 we have

Therefore we get ||/ + C(T)| |Γ < ωo(f, λ).
The following lemma is a key to prove Theorem 3.1.

Lemma 3.2. Suppose that f E H°°(T2) and Ik(f) £ A(T) for some k > 0.
Then for each 0 < r < 1, we have

sup \\f(e»,w) + C(T)\\ > r* | |/ t (/) + C(T)| |Γ/2 φ 0.

Proof. By Lemma 2.6, Ik(f) E H°°(T). Since Ik(f) i A(T), Ik(f) £ C(T)

r # 0 . Let

Γ = M(H°°(T)) x {w; \w\ < r}.
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Since /,-(/) € H°°(T) for j > 0, we consider that Ij(f) is a continuous
function on M(H°°(T)). For each ζ € M(H°°(T)) and w € U, we have

]=n

< II/H7* Σ \w\j by Lemma 2.2

-» 0 (n -> 00).

, ζeM(H~(T)) and ti; EC/

;) is a continuous function on Γ, and

This means that the function

(2) F(ζ,w) = f;

converges uniformly on Γ. Hence
for each fixed ζ in M(H°°(T))

(3) F(ζ,w) is analytic in w on [/.

We note that F(z, w) = f(z, w) on U2. Hence for each fixed w0 with \wo\ — r,

(4) F(C,ti70), C € M(H°°(T)), is the Gelfand transform of/(e^5^o).

By our starting assumption, /&(/) ̂  ^4(T). Hence by (1) there exist points
Ci and C2 in MX{H°°(T)) for some λ € T such that

(5) \h(f)(ζi)-h(f)(C2)\ > \\h(f)

Recall the elementary fact that for an analytic function ]C^L0

 an^n on U,

(6)

Then we have

< sup
|n;|=r

Σ«»w
n = 0

sup \F(ζi,w) -F(ζ2,w)\ = sup
M = r i = 0

by (2)

)l by (3) and (6)

by (5).

Hence there exists w0 with \wo\ = r such that

\F(ζ1,w0)-F(ζ2,w0)\ > rk\\Ik(f) + C{T)\\τ

Therefore by (4) we have

) > rk\\Ik(f) + C(T)\\τ.
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Hence by (1),

\\f(eιθ,w0) + C{T)\\τ > rk\\Ik(f) + C{T)\\τ/2.

This completes the proof. •

The following is a characterization of a weakly null sequence in the space of
continuous functions, and it is a direct corollary of the Lebesgue dominated
convergence theorem.

Lemma 3.3. Let B be a closed subspace of C(Ω), where Ω is a compact
Hausdorff space. Let {fn}n be a sequence in B. Then {fn}n is weakly mill
in B if and only if {fn}n is norm bounded and fn -> 0 pointwise on Ω.

The following lemma is given in [6] (see also [9]).

Lemma 3.4. Let {zn}n be a distinct sequence in Ό with \zn\ —> 1. Then

there is a subsequence {znj}j of {zn}n and there is a weakly null sequence

{hj}j in A(T) such that hj(znj) = 1 for every j .

By considering a sequence of peaking functions, we have the following
lemma.

Lemma 3.5. For a function f in L°°(T) with f φ 0, there exists a weakly
null sequence {hn}n in H°°(T) such that \\fhn + C(T)\\τ does not converge
to 0 as n —> oo.

Proof We may consider that L°°(T) = C(M(L°°(T))) by Gelfand trans-
form. Since / φ 0, there is a point x0 G Mλ(L°°(T)) for some λ G Γ
such that f(xo) Φ 0. Since one point set {x0} is not an open and closed
subset of MX(L°°(T)) (see [8, p. 170]), there is a distinct sequence {xn}n
in MX(L°°(T)) such that f{xn) -» f{xo) By considering a subsequence,
we may assume that there is a sequence of disjoint open subsets {Un}n of
M(L°°(T)) with xn e Un. Since xn is a weak peak point for H°°(T) (see
[8, p. 207]), there is a sequence of functions {hn}n in H°°(T) such that

hn(xn) = l,||Λn||M(L~(τ)) = 1 ? a n d Whn\\M(L°o(T))\un -» 0 (n -» oo). Since
{Un}n is a sequence of disjoint subsets, by Lemma 3.3 {hn}n is a weakly null
sequence in H°°(T). Then we have

by (i)

> (\f(Xn)\ ~ |/(*n+l)| \\hn\\M(L~(T))\Un)/2

D
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The following is an elementary fact.

Lemma 3.6.
(i) Let Φ be a bounded linear map from a Banach space Bι to a Banach

space B2. If {fn}n is a weakly null sequence in Bι, then {Φ(/n)}n is
weakly null in B2.

(ii) Let Bι and B2 be Banach spaces with B\ C B2 and let {fn}n C B\.
Then {fn}nis weakly null in Bγ if and only if {fn}n is weakly null in
B2.

We use this lemma like as the following ways. Since H°°(T) C H°°(T2),
a weakly null sequence in H°°(T) is also weakly null in H°°(T2). Since the
Poisson integral is a norm preserving linear map from L°°(T2) to C°°([/2),
for a sequence {/n}n in L°°(T2), {fn}n is weakly null in L°°(T2) if and only
if {fn}n is weakly null in C°°(U2). Now we can prove Theorem 3.1.

Proof of Theorem 3.1. We devide the proof into two steps.

Step 1. We shall prove M = (H°° + C)(T2)b. By the definition of the
multiplier algebra Λ4 and Bourgain algebras, we have M C (H°° + C){T2)ij.
We prove {H°° + C){T2)b C M. Let / G (#°° + C)(T2)b.

First we prove / G H°°(T2). To prove this, suppose not. Then by Lemma
2.5, Ik(f) φ 0 or Jk(f) φ 0 for some k < 0. We assume that Ik(f) φ 0 for
some k < 0. By Lemma 3.5, there is a weakly null sequence {hn(etθ)}n in
H°°(T) and there is δ > 0 such that \\Ik(f)hn(eiθ) + C(T)\\T > δ for every
n. By Lemma 3.6, {hn(eiθ)}n is weakly null in (H°° + C){T2). By Lemmas
2.2-2.5, we have

\\fhn(eiθ) + (H~ + C)(T2)\\T2 > \\Ik(f)hn(eiθ) + C(T)\\τ > δ for every n.

Hence / $ (H°° + C)(T2)b. This contradiction shows that / G H°°(T2).
Next we prove / G ΛΊ. To prove this, suppose not. By Theorem 2.1, we

may assume that /&(/) ^ A(T) for some k > 0. By Lemma 3.2, there is a
sequence {wn}n in U such that |tϋn | -> 1, \wn\

k > 2/3, and

(7) \\f(eιθ,wn) + C(T)\\τ > \\Ik(f) + C(T)\\τ/3 φ 0 for every n.

By Lemma 3.4, by considering a subsequence of {wn}n we may assume that
there is a weakly null sequence {hn(eiip)}n in A(T) such that hn(wn) = 1 for
every n. Let bn(w) = (w — wn)/(l — wnw) be the Blaschke factor, and let

Q reiψ\ _ u (eΐψ\-i h (e^)
yn\c ) — un\c ) / tnvc /*

Then gn(eiφ) £ C(T2), and by Lemma 3.6 {gn}n is weakly null in (H°° +
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C){T2). Here for every h G H°°{T2) and d G C{T2), put cn = d bnj we have

Wf9n + h + d\\τ2 = \\fhn(<P) + bn(e^)h + cn\\τ2

f(z,wn)hn(wn) + bn(wn)h(z,wn) + cn(z,wn)\> sup

= sup \f(z,wn)
\z\<l

= \\f(eiθ,wn)+cn(eiΘ,wn)\\τ

>||/(ew,tί;n) + C(T)|| by Lemma 3.1 (ii)

>||/*(/) + C(T) | | r /3 φ 0 by (7).

Therefore \\fgn + (H°° + C7)(Γ2)||τ2 does not converge to 0, hence / g (H°°+
C)(T2)b. This contradiction shows / G M. Thus we get (H°° + C)(T2)b =
M.

Step 2. We prove Mb — M. Since M is an algebra, M C Λί&. To prove
Mb C Λf, let / G .M6. By [9, Theorem 4], we have Mb C H°°(T2). Hence
/ G H°°(T2). We shall prove / G Λί by the same way as Step 1, but this
case is more easier. To prove / G M, suppose not. By Theorem 2.1, we may
assume that there is k > 0 such that Ik(f) £ A(T). By Lemma 3.2, there is
a sequence {wn}n in U such that \wn\ ->• 1 and

(oj j(e ,^nj + O(i j > ||ifc(/j + u ( i jllj,/o 7= υ.

By Lemma 3.4, we may assume that there is a weakly null sequence {hn(eι^)}n

in A(T) such that hn(wn) = 1 for every n. By Lemma 3.6, {hn(eι^)}n is
weakly null in M. Then for /ι G M we have

| | / M e ^ ) + h\\τ2 > sup |/(2f,u;n)Λn(ti;n) + h(z,wn)

by Lemma 3.1 (iii)

>||/ f c(/) + C(T)| | τ /3 by (8).

Hence \\fhn(ei/φ) + M\\τ2 does not converge to 0, and / φ Mb- This is a
contradiction. Therefore f e M. This completes the proof. D

By Corollary 2.4, M + C(T2) is a closed subalgebra of L°°(T2). We have

the following problem.

Problem 3.1. Is (M + C(T2))b = M 4- C(T2) true ?
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4. Bourgain algebras on the polydisk.

In this and next sections, we shall study the Bourgain algebras relative to
C°°(U2). Recall the results on the open unit disk U. By [2, 11], we have

H°°{U)b = H°°{U)bb = H°°{U) + C(U) = (H°°(T)b)~ + C0(U).

First we shall prove the following theorem of Bourgain algebras relative to
C°°{U2).

Theorem 4.1. Let A be the closed subspace such that A(T2) C A C
H°°(T2). Then (A)b = (A)~ + C0(U2) relative to C°°{U2), where Ab is
the Bourgain algebra relative to L°°(T2).

Let / E C°°(U2) and C G T2. If / has the radial limit limr_»i / « ) , we
denote it by f*(ζ).

Lemma 4.1. Let B be a closed subspace of L°°(T2). Let V be a closed
subspace of C°°(U2) such that every f in V has the radial limit f* and
/* = 0 a.e. on T2. Then B + V is a closed subspace ofC°°{U2).

Proof. Let {/n + gn}n be a Cauchy sequence in B + V. By considering the
radial limits, {fn}n is a Cauchy sequence in B. Hence {/n}n and {gn}n are
Cauchy sequences in C°°(U2). Hence we have our assertion. D

We use the following lemma frequently.

Lemma 4.2 (see the proof of [2, Theorem 8]). Let B be a closed sub-
space with A(T2) C B C L°°(T2). Let V be a closed subspace of C°°(U2)
such that every f in V has the radial limit /* and f* = 0 a.e. on T2. If
g G (B + V)b relative to C°°(U2), then there exists the radial limit g* a.e.
on T2, and g* E Bb relative to L°°(T2).

Proposition 4.1. Let B be a closed subspace such that A(T2) C B C
L°°{T2) relative to C°°(U2). Let f e (B)b. If f* = 0 a.e. on T2, then
feC0(U2).

Proof. To prove / E C0(f72), suppose not. Then there is δ > 0 and there
exists a sequence {(zniwn)}n in U2 such that (zn,wn) converges to a point
in dU2 and

(1) \f(zn,wn)\ > δ for every n.

We may assume that \zn\ —> 1. By lemma 3.4 and considering a subsequence
of {zn}n, we may assume that there is a weakly null sequence {Pn{eιθ)}n in
A(T) such that

(2) Pn{zn) = 1 forevery n.
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Since pn(eiθ) € A(T) C A(T2) C B, by Lemma 3.6 {pn(z)}n is weakly null
in B. Since f e (B)b, there exists qn in B such that

Since the radial limit of / vanishes a.e. on T2, ||gn|lt/2 = lkn||T2 ~^ 0 Hence

limsup \\fpn + qn\\u2= limsup \\fpn\\u2
n—κx> n—>oo

> limsup \f(zn,wn)\ by (2)
n—)-oo

><* by (1).

This is a contradiction. Therefore / E C0(?72). D

Proof of Theorem 4.1. In [9, Theorem 4], the first author showed that Ab C
H°°{T2) for every closed subalgebra A with A(T2) CAC H°°(T2). Its proof
works for a closed subspace A. Hence we have Ab C H°°(T2). Since a weakly
null sequence in A is sup-norm bounded and converges to 0 uniformly on
each compact subset of C/2, we have C0(U2) C {A)b. To show (Ab) C (A)b,
let g e Ab and let {gn}n be a weakly null sequence in A. Then {gn}n is
weakly null in A and there exists hn in A such that ||(7<7n + /in|lr2 —> 0.

Since Ab C i?°°(T2), | ^ n + Λ n | ^ = | |00n+ M τ » H e n c e » e (^)* a n d

To prove the converse inclusion, let / G (*A)&. Then by Lemma 4.2 (in
this case W = {0}), there exists the radial limit /* of/ and /* G *4&. By the
first paragraph, (/*)~ € (A)b, hence / - (/*)~ e {A)b. Since / - (/*)~ = 0
a.e. on T2, by Proposition 4.1 we have / - (/*)~ € C0(U

2). Therefore
/ e ( Λ Γ + O)([/2), so that M)fe c (A)~ + C0(C/2). D

Corollary 4.1.
(i) (M)b = M + C0(U2).

(ii) H™(U2)b = (fiΓOO + Co)(C/2).

Proo/. By Theorems 3.1 and 4.1, we have (i). Since H°°{T2)b = H°°{T2) [9],
we have (ii). D

To determine the Bourgain algebra of a subspace of C°°(U2) which con-
tains C0(f/2), we need the following two lemmas to find a weakly null ae-
quence.

L e m m a 4.3 (see the proof of Lemma 1 [7]). Let B be a Banach space and K

is a positive number. Let {fn}n be a sequence in B such that μC* = 1 αn/n <
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K for every k and complex numbers an with \an\ = 1. Then fn is a weakly
null sequence in B.

Lemma 4.4. Let {zn}n be a sequence in U with \zn\ —> 1. Then there is a
weakly null sequence {hk}k in H°°(U) such that both {zn\ \hk(zn)\ > 1} and
{zn' )hk{zn) = 0} are infinite sets for each k.

Proof. This is essentially proved in [7, Theorem 2]. By considering a sub-
sequence, we may assume that {zn}n is an interpolating sequence, that is,
for each bounded sequence of complex numbers {an}n there is a function
h in H°°(U) such that hn(zn) = an for every n. By [5, p. 294], there is a
sequence {fn}n in H°°(U) such that

fn(zn) = 1 and fn(zk) = 0 ifn^A;;
oo

53 \fn(z)\ < K (z £ U) for some constant K.
7 1 = 1

We divide the set of positive integers into infinite disjoint subsets

UΓ=i {n*Λ~i L e t

/»*,,-(*) f o r each fc.

Then hk e H°°{U) and
oo oo

k=l n=l

Hence by Lemma 4.3, {hk}k is a weakly null sequence in H°°(U) and

D

Recall that Cτ*{U2) is the space of functions / in C(U2) which vanish on
T2. Let B be a closed subspace of L°°(T2) and let V be a closed subspace of
CT2(U2). Then by Lemma 4.1, B + V is a closed subspace of C 0 0 ^ 2 ) . We
study the Bourgain algebra of B + V relative to C°°(U2).

Proposition 4.2. Let B be a closed subspace such that H°°(T2) C B C
L°°(T2). Let V be a closed subspace of CT2(U2). Let f E {B + V)h. If
/• = 0 a.e. on T2, then f <E C0(U2).

Proof Let / € (B + V)b. Suppose that /* = 0 a.e. on T?. To prove
/ G Coίί/2), suppose not. Then there is J > 0, and there is a sequence
{{zn,wn)}n in ?72 such that {{zn,wn)}n converges to a point λ0 in dU2 and

(3) \f(zn,wn)\ > δ for every n.
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We may assume that \zn\ -» 1. Here we use Lemma 4.4. Then there is a

weakly null sequence {hk(eiθ)}k in H°°(T) such that both lzn; hk(zn)\ > l |

and {zn;hk(zn) = 0} are infinite sets for each k. By Lemma 3.6, we may
consider that {hk(z)}k is a weakly null sequence in B+V. Since / E (B+V)b,
there exist gk E B and ck E V such that

Since c*k = 0 on Γ2 and /* = 0 a.e. on T2, by taking radial limits we have

ll^llf/2 = H&IIT* - > ° H e n c e

(4)

Since cfc E Cτiφ
2) and (zn,wn) -> λ0, ck(zn,wn) -» cΛ(λ0) (n -» oo) for

each fc. Since {zn; hk(zn) = 0} is an infinite set, we have

|//ifc+ Cfc||̂ 2 >limsup \f{znjwn)hk(zn) + ck(zn,wn)\

> |cfc(λo)|.

Therefore by (4), ck(\0) -> 0 (A ->• oo). Since {̂ n; |Λfc(^n)| > 1} is an
infinite set, we have

A/fc + c J >limsup \f(zn,wn)hk(zn) + ck(zn,wn)\

><5-|C i k(λ 0) | by (3).

Since c^(λ0) —> 0, we have

This contradicts (4). Consequently, we have / € Co(U2). D

Corollary 4.2.
(i) (H°° + C0)(U

2)b = (H°° + C0)(U
2).

(ii) H°°(C/2)6(n) = (H~ + Co)(ί/2)6(n) = (H°° + Co)(tf2) /oret ery
n > 1.

Proo/. Since (H°°+C0)(U2) is an algebra, (H°°+C0)(U2) C (H°°+C0)(U2)b.
To prove the converse inclusion, let / € (H°° + C0)(U

2)b. By Lemma 4.2,
/ • € H°°(T2)b = H°°{T2). Therefore / - (/*)" € (H°° + C0)(U

2)b. By
Proposition 4.2, / - (/*)" G C0(U

2). Hence / G H°°(T2)~ + C0(f/
2) =
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(H°° + C0)(U2). Consequently we get (i). By Corollary 4.1 and (i), we have
(ii). D

We note that the proof of Proposition 4.2 actually proved the following
proposition.

Proposition 4.3. Let B be a closed subspace such that H°°(T2) C B C

L°°(T2). Let V be a closed subspace of CT*(U2). Let f be a function in

C°°(U2) such that there exists the radial limit f* and f* — 0 a.e. on T2.

If LM& + B -f V\\ —> oo for every weakly null sequence {hk}k in H°°(T2),

then f eC0(U2). U2

Since H°°{U2) + C(U2) = (H°° + C)(T2) + CT*(U2), by Lemma 4.1
H°°(U2) + C(U2) is a closed subspace of C°°(U2) but it is not an algebra.
We denote by Mi the multiplier algebra of H°°(U2) + C(£/2), that is,

Mi = {feC°°(U2); f'(H°°(U2) + C(U2)) c H°°(U2) + C(U2)}.

Since constants are contained in H°°{U2) + C(ί72), Mi C H°°(U2) + C(U2).
Now we have a following characterization of M\.

Theorem 4.2. Mx - M + C0(U2) - (H°°(U2) + C(U2))b.

Proof. It is tirivial that C0(U2) C Mi. To show M C Mu let / G M.

Since C(U2) = C{T2) + C0(U2), it is sufficient to show that / C(T2) C

H°°(U2) + C{U2). By the definiton of the Poisson integral, it is not difficult

to see that for c G C(Γ 2 ),

(5) {fc- (fc) )(zn,wn) -> 0 as \zn\ -> 1 and \wn\ -> 1.

Since / G M, by Corollary 2.4 we have fc G Λ^ + C(T 2 ) . Hence by Corollary
2.2, fc and (fc) can be extended continuously on U2 \T2. Then by (5),
fc - (fc) G C(U2). Therefore

fc - (fc)~+(fc-(fc)~) G > ί + C(T2)~ + C(i/2) C if°°(C/2) + C(C72).

Thus / G ΛΊi, so that M + C0(U2) C Mx. By the definition of Bour-
gain algebras, the multiplier algebra is contained in the Bourgain algebra.
Therefore we have

M + C0(U2) C Mi C (H°°(U2) + C(U2))b.

Next we prove (H°°(U2) + C(U2))b C M + C0(U2). Let g G (H°°(U2) +
C(U2))b. We have //°°([/2) + C(U2) = (H°° + C)(T2)~ + C τ 2 (t7 2 ) . By
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Lemma 4.2, g has the radial limit and g* G (H°° + C){T2)b. By Theorem
3.1,ff* SM. By the first paragraph, we have g-{g*)~ e (H°°(U2) + C{U2))b.
Hence by Proposition 4.2, g- {g*)~ G C0(U2), so that (H°°(U2) + C(U2))b C
M + C0{U2). This completes the proof. D

By Lemma 4.1, H°°{U2)+CT2{U2) is also a closed subspace of C°°(U2) but
it is not an algebra. We denote by Λ42 the multiplier algebra of H°°(U2) +
CT2(ΐ72), that is,

M2 = {feC°°(U2); f iH^iU^ + CTtiϋ^cH^iU^ + CMϋ2)}.

Then we have the following theorem.

Theorem 4.3. M2 = M + C0{U2) = (tf°°([/2) + CT2{U2))b.

The difficulty of the proof is to show {H°°{U2) + CT2(U2))b C M + C0(U2).
To prove this, we need some lemmas. First we have the notation which will
be used in Section 5.
Definition 4.1. For a function / in C°°{U2) and ζ e dU2, let

ω(/,C) - sup (limsup \f(ζn) - f(ξn)\; ζn,ξn e U2,ζn,ξn ->

Then α;(/, ζ) is an upper semicontinuous function in ζ E 5C/2, and ω(/, ζ") =
0 if and only if / can be extended continuously at ζ G dU2. The following
lemma follows from the above definition.

Lemma 4.5. Let f,g e C°°{U2). Then

(i) H/IU >ω(/,C)/2 /or every C G at/2;

(ii) cj(/ + ιy,C)>ω(/,C)-^,C) for every ζeθU2;

(iii) ΐ// can 6e extended continuously at ζ, then ω(fg,ζ) = \f(ζ)\ ω{gX)-

The following lemma is an application of Lemma 3.2. Recall the definition
of α oCΛ λ) for / G H°°(T) and λ G T (see the paragraph above Lemma 3.2).
We note that

ωo(/,λ) = sup < limsup | / ( ^ ) - f{zά)\\ xό,zά G U,xά,zά -> λ > .
[ J-^oo J

Lemma 4.6. Lei / G H°°(T2) and f £ M. Then there exists δ > 0 sucft
ίftαf {C G at/2 \T2;ω(/,C) > ̂ } is an m/zmίe βeί.

Proo/. Since / G H°°{T2)\M, by Theorem 2.1 we may assume that Ik(f) £
A(T) for some k > 0. Since /Λ(/) G fr°°(Γ) by Lemma 2.6,

||Ifc(/) + C ( T ) | | Γ > 0 .
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Let δ = ||/fc(/) + C f(T)|| τ/3. By Lemma 3.2, there is a distinct sequence
{wn}n in U such that \wn\ -> 1 and

^ > δ for every n,

where we consider that f(etθ,wn) is a function in e%θ G T. By (1) in Section
3,

\\h + C(T)\\τ < sup{ωo(Λ,λ);λeΓ} for h € H

Hence for each n there exists a point eiθn in T such that

ωo(f(eiθ,wn),eiβ") > δ.

Since

V n ) , )

sup I limsup \f(xj,wn) - f{zj,wn)\; xά,Zj € U,Xj,Zj -+ e^n > ,

we have

ω(/,(e*-,«/„)) > ωo(f(eiθ,wn),eiθ-).

Put Cn = (e i9",ίί;n). Then {£„}„ is a distinct sequence in dU2 \ T2 and
ωU•> Cn) > δ for every n. D

Proo/ of Theorem 4.3. It is trivial that C0(U2) C ΛΊ2 By Corollary 2.2, we
have M • CT2(Ό2) C CT^(U2). Hence Λl C Λ^2 and

We shall prove that (H°°(U2) + C^{U2))b CM + C0(U2). To show this, let
g € (H°°(U2) + CT2(U2))b. By Lemma 4.2, 5* e H°°(T2)b = i2"°°(Γ2). Let
{Λfc}fc be a weakly null sequence in H°°(T2). Sinceg G (ff°°(C/2)+Cτ2(i72))6,
there exists qk e H°°{U2) and bk G CT2(Ό2) such that

(6) H * + 9* + H L -+0-
By considering the radial limits, \\g*hk + qt\\T2 -> 0. Since <j*, hk G H°°(T2),

Then by (6), we have

~ (5*) )̂ fc +&A 2 "^ 0
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Hence

\\(g-(g*)Thk + H°°(U2) + CT,(U2)\\u2 -* 0.

Therefore by Proposition 4.3, we have

(7) ff-fo'Γ 6 Co(U2).

Next, to show (g*)~ G (H°°(U2) + CT2(U2))b, let {fn + cn}n be a weakly

null sequence in H°°(U2) + C τ 2(E/2). Since g G {H°°(U2) + CT 2(*7 2)) 6,

By (7), (g - (g )~)(fn + cn) G C0(ί72) C Cτ2(C72). Hence

|(fl*Γ(/n + O + H~(U2) + Cτ>(U2)\\u2

-r-)4. H°°(U2λ 4- Crr2(U2)[
It/2

= \\g(fn + cn) -(g- (9η~)(fn + c ) + H°°(U2)

—> 0 as n —> oc.

This implies that

Now we show g* G Λί. To show this, suppose not. Then g* G H°°(T2)\M.

By Lemma 4.6, there exist δ > 0 and a distinct sequence {ζn}n in <9Ϊ72 \ T 2

such that ζn -> Co € dU2, ζnφζo, and

(9) ω((g*)~Λn) > δ for every n.

Take a sequence of disjoint open subsets {Vn}n of U2 such that Vn Π T2 = 0

and Cn G F n . Take functions dn in C(U2) such that

(10) dn(Cn) = 1, 0 < dn < 1 onί/ 2 , and dn = 0 on [72 \ Vn.

Then by Lemma 3.3, {dn}n is a weakly null sequence in Cτ^(U2). By (8),

there are sequences {gn}n in H°°(U2) and {pn}n in Cτ*(U2) such that

M n + P n + P n l ^ ~> 0 as Π -> OO.

By considering the radial limits, ||flfn|lt/2 = 11 ̂ n I IT2 ~~* 0. Hence
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By Lemma 4.5, we have

lr2> sup {ω((g*)~dn,ζ)/2}

= sup {\dn(ζ)\ω((g*)~,ζ)/2}
ζ€dU2

>snp{\dn(ζn)\ω((g*)~,ζn)/2}
n

>δ by (9) and (10).

This contradicts (11). Hence g* G M. Consequently by (7), we have g e
M + CQ(U2), so that (H°°(U2) + CT2(U2))b CM + C0(U2). This completes
the proof. D

By Corollaries 4.1 and Theroems 4.2 and 4.3, we have the following.

Corollary 4.3. (M)b = (H°°(U2) + C(U2))b = {H°°(U2) + CT2(U2))b.

5. Higher Bourgain algebras on the polydisk.

In Section 4, we proved that

H°°(U2)bin) = (H°° + C0)(U2)b{n) = (H~ + C0)(U2)

for every n > 1. In this section, we study the n-th Bourgain algebras (M)b(n),
(M + C0{U2))b(nh and (M + CT2(U2))b(n) relative to C°°(U2). In Theorem
5.1, we shall prove that

(M)b(n) Φ (M)b(n+i) for every n > 0.

Since (M)b(i) = M + C0(U2) by Corollary 4.1 (i), the above fact means that
all the higher Bourgain algebras of M. 4- C0(U2) are all distinct. But the
situation is not the same if we start from M. + Cτ*(U2). In Theorem 5.2, we
shall prove that

{M + CT2{U2))b{n) = {M + CT2(U2))b for every n > 1.

Spaces M + C0(ί72) and M + CT*{U2) are similar to each other, but the
properties of these Bourgain algebras are completely different. Notations are
little bit complicated, but the essential idea is simple and like the following.
Consider Bourgain algebras of C0(U) and C(U) relative to C°°(U). It is
rather easy to show that C(U)b{n) = C(U)b and C0{U)b{n) φ C0(U)b{n+ιy
When determing (Λ4 + C0(C/2))fe(n), it appears the phenomenon on dU2 \
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T 2 like as C0(U)b(n). When determing (M + Cτ2(^2))6(n), it appears the
phenomenon on dU2 \ T2 like as C(U)b(n).

To describe (M + C0(U2))b(n) explicitly, we need some notations. Let

f = (TxO)U(Ox T).

Then T is a closed subset of dU2. By induction, we define the families of
closed subsets of T. If A is a subset of T, we denote by Ad, the derived
set of A, the set of cluster points of A. We write Ad{n) for [Ad{n-ι))d and
^d(o) _ ^ Lej iγ i | 3 e ^ famj}y of finite subsets of T. Consider that the
empty set is contained in Aλ. Let Λ2 be the family of closed subsets Eoff
such that Ed G Λi. Assume that the family Λn is defined. Then Λn+1 is the
family of closed subsets F of T such that Fd G Λn, that is, Fd{n) e hλ. By
our definition, every subset in Λn is a countable closed set, Λn C Λn+1, and

Λn φ Λn+1 for every n.

For ξ e f and 0 < r < 1, we put

_ / { ( ^ ) H } ί ( )
; ~ \ { ( ^ ^ ) ; μ| < r} ifξ = (O,e^).

Then D(ξ,r) C 3C/2 and D(ξ,r) ΠT2 = 0 for every f G T and 0 < r < 1.
Now we have the following notation.

Definition 5.1. For / G C°°{U2) and ζ G d£/2, let

f(ζ) = sup (limsup |/(Cn)|; ζn € U2,ζn -+ ζ) .

Then / is an upper semicontinuous function on dU2. To describe (M +
Co(U2))h(n), we introduce new spaces Cn(U2).

Definition 5.2. We denote by Cn(ί72),n > 1, the space of functions / in
C°°(U2) such that for each δ > 0, there exists r, 0 < r < 1, and there exists
£ G Λn depending on δ such that {ζβ dV2\ f(ζ) > δ} C U {£>(£, r);^E E}.

By the upper semicontinuity of /, we can see that the above definiton is
equivalent to the following one.

Definition 5.2'. We denote by Cn(C/2),n > 1, the space of functions
/ in C°°(U2) such that for each δ > 0, there exists E G Λn such that
{ζedU2-f(ζ)>δ} C U { D ( ξ , l ) ; ξ G £ } a n d / = 0 o n T 2 .

For, if / G Cn(U2) in the sense of Definition 5.2, then it is easy to prove
/ G Cn(U2) in the sense of Definition 5.2'. To see the converse, suppose that
g G Cn(U2) in the sense of Definition 5.2'. Then for each δ > 0, there exists
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E E An such that {C E dU2;f(ζ) > δ} C U {D(ξLl);ξ E E} and / = 0
on T2. Since / is upper semicontinuous, {ζ E dU2;f(ζ) > δ} is a compact
subset of dί/2 \ T 2. Hence for each ξ € E, there exists rζ with 0 < r̂  < 1
such that

{C β dU2; f(ζ) >δ}Π (D(ξ, l)\D(ξ,rξ)) = 0.

Therefore
{ζ€dU2;f(ζ)>δ} C U{D(ξ,rξ);ξeE}.

We may assume moreover that

2;/(C) > <J} n (Z)(ξ,l) \D(ξ,r)) Φ 0

for every r with 0 < r < r .̂ We need to prove that sup{rξ;£ E E} < 1.
To show this, suppose not. Then there is a sequence {£n}n in E such that
Tξn —> 1. Then there exists ζn in 3ί72 such that

/(&)>* and ζn€D(ξ,rξ)\D(ξ,(l+rξ)/2).

Let ζo be a cluster point of {Cn}n Then we have

CoGT2 and /(Co) > δ.

This is the desired contradiction. Hence Definitions 5.2 and 5.2' are equiva-
lent.

By our definition, / = 0 on T 2 for / E Cn(U2). Since each element E in
Λn is a closed subset of T, U{D(ξ, r); £ E £"} is a closed subset of dU2. For a
closed subset F of dt/2, it is not difficult to find a function / in C°°(U2) such
that / = XF5 the characteristic function for F on dU2. Since Λn φ Λn+1, we
have

Cn(U2) φ Cn+1(U2) for every n > 0.

Now our theorem is the following.

Theorem 5.1. (M + C0(U2))b{n) = M + Cn(U2) for every n > 0.

Corollary 5.1.
0) (M)κn) = (H°°(U2) + C{U2))b(n) = (H°°(U2)

Cn-ι(U2) for every n > 1.

(ii) (jM)6(n) # (jM)6(n+i) /or every n > 0.

Proo/. By Corollary 4.1, Theorems 4.2 and 4.3, (M)h = (ίί^ίC
(H°°(U2) + CT2{Ό2))b = M + C0{U2). Then by Theorem 5.1, we get (i) and
(ii). D
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To prove our theorem, we need some lemmas. The following lemma follows
from Definition 5.1.

Lemma 5.1. Let / , 5 G C°°(U2) and ζ G dU2. Then
(i) if g can be extended continuously at ζ, then (fg) (ζ) = \g(ζ)\ f(ζ);

(") (f9)~ < fg on dU>;

(iϋ) ||/ +0,(^)11^ = ||/|

Lemma 5.2. Let f £ C°°(U2) and 0 < r_< 1. For δ > 0, the set F of
points ξinf such that D(ξ,r) n{ζ E dU2;f{ζ) > δ} φ 0 is a closed subset
off.

Proof. Let {£„}„ be a sequence in F such that £n —> ξ0 for some £0 € T.
We may assume that ξn = (e i 9",0), ξ0 = (eiθo,0), and θn -> θ0. By our
assumption, there is a point wn in U with \wn\ < r such that

f(e»\wn) > δ.

Let w0 be a cluster point of {wn}n. Then \wo\ < r, and by the upper

semicontinuity of /,

Since (eiθ°,w0) G D(ξo,r), we have ξ0 G F. Hence F is a closed subset of
f. D

Lemma 5.3. Let B be a closed subspace with M C B C L°°(T2). Let V
be a closed subspace of C°°(U2) such that / = 0 onT2 for every f G V. If
G e(B + V)b and the radial limit G* = 0 a.e. on T2, then G = 0 onT2.

Proof. We note that by Lemma 4.1, B + V is a closed subspace of C°°(U2).
To prove G = 0 on T 2 , suppose not. Then G(ζ) ψ 0 for some ζ G T 2 . Hence
there exists a sequence ζn = (zniwn) in U2 such that \zn\ -> 1, |wn | -> 1 and

(1) \G(zn,wn)\ > |G(C)|/2 for every n.

Here we have |2nwn | < 1 and \znwn\ -> 1. By Lemma 4.4, there is a weakly

null sequence {gk}k in H°°(U) such that

(2) {znWn, \9k{znwn)\ > 1} is an infinite set

for each k. Let

(3) Gk{z,w) = gk{zw) for (z,w)eU2.
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By the proof of Corollary 2.1, we have Gk G M. Since

H°°(U)3q -> Q(z,w) = q(zw) G Λl

is a bounded linear map, by Lemma 3.6 Gk is a weakly null sequence in M
and so is in B + V. Since G G (B + V)6, there exist sequences {hk}k in i?
and {cjfc}jfe in V such that

(4) IICrGjb + Λjfe + cjbl 2 ~ > 0 as A; 4 o o .

Since G* = c\ = 0 a.e. on Γ 2 , by considering radial limits, we have VihΛ 2 =

II^AJIT2 -* 0 as k -> oo. Hence by (4),

(5) HOG* + cjfeH^ -> 0 as fc -» oo.

Since ĉ . G W, by our assumption limn^oo ck(zn,wn) = 0 for each fc. Now
we have

\\GGk + ck\\u2 >limsup \G(zn,wn)Gk(zn,wn)+ ck(zn,wn)\
n—>oo

>limsup \G(zn,wn)gk(znwn)\ by (3)
n->oo

>|G(C)|/2 by (1) and (2).

This contradicts (5). D

The following lemma follows Definition 5.2.

Lemma 5.4.

(i) Cniuη c^uη = cn(uη.
(ii) M + Cn{U2) is a closed subalgebra of C°°(U2).

(iii) Let {fk + ck}k be weakly null in Ai 4- Cn(U2). Then {fk}k is weakly

null in M.

(iv) Let {fk}k be weakly null in M, 0 < r < 1, and ξ G T. Thenfk\\ -» 0 as k -> oo.

/. (i) is trivial by the definition of Cn(U2).
(ii) By Lemma 4.1, Λ< + Cn(U2) is a closed subspace. By (i), it becomes

an algebra.
(iii) It is easy to see that each function in M + Cn(U2) is represented by

the form f + c uniquely, where / G M and c G Cn(C/2). Then .M + Cn(C/2) 3
/ + c—^/G.M is a bounded linear map. By Lemma 3.6, {fk}k is weakly
null in M. Hence we get (iii).
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(iv) Since fk G λΛ, by Corollary 2.2 we may consider that fk is continuous

on U2 \ T2. Since {fk}k is weakly null in Λ4, {fk}k is sup-norm bounded

and converges to 0 pointwise in U2\T2. Since D(ξ,r) C U2 \ T2 and fk is

analytic in Z)(ξ,r), /* I -» 0 as k -» oo. D

Lemma 5.5. £e£ / G Cn+i([/2) αncf ίeί {fk}k be a weakly null sequence in

M. Then \\ffk + Cn(U2)\\ -> 0 as k -> oo.
u2

Proo/. Let / G <7n+i(ί72) and let {fk}k be a weakly null sequence in M.
Then {/fejjfe is sup-norm bounded. We may assume that

(6) ll J < 1 for every A;.

Since fk G M, by Corollary 2.2 we may consider that fk is a continuous

function on U2 \ T 2 . Since / G Cn+1(E/2), / = 0 on T 2 . Then by Lemma 5.1

(i),

(7) (ffk)'(ζ) = |Λ(C)I /(C) for C G dU2.

Let ^ > 0 arbitrarily. Put

(8) S = {ζ e dU2; f(ζ) > δ}.

Since / € Cn +i(ϊ72), there exist E G Λn+1 and r, 0 < r < 1, such that

(9) S C U{D(ξ,r); ξ € E}.

Since £ € Λn+1, E
d(n) is a finite set. Let

(10) D = U {£>(£, r); ξ G ^ n > } .

Then DcdU2,DΓ\T2 = <D, and by Lemma 5.4 (iv)

(11) | Λ | -> 0 as fc->oo.

By (7) and (11), there exists k0 depending on δ such that

(12) (//*)" < (5/2 on D for every k > k0.

Hereafter we assume k > k0. Let

(13) Bk = {η € U2; \(ffk)(η)\ > δ}.
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Then Bk is a closed subset of U2. We denote by Bk the closure of Bk in U2.
By (6), we have

(14) Bk C {r/€ί/2; \f(η)\ > δ}.

By (8) and (14),

(15) S D BkΠdU2.

By (12) and (13),

(16) Bk(lD = 0.

It is not difficult to find a function p in C°°(ί72) such that

(17) 0 < p < 1 on U2;

(18) p = 1 on Bfc;

(19) p = 0 on(dU2)\Bk.

By (13), (17), and (18), we have | / / f c ( l -p)\\rn < δ. Hence

(20)

Here we prove that

(21) ffkP e cn(u2).

Let σ > 0. By Lemma 5.1 (ii),

(22) (/Λp)~ < fhp on

Then by (15) and (19),

(23) {C G dU2; (ffkp)'(O >σ} C S.

We denote by Eo the set of ξ G J5 such that

(24) D(ξ,r) Π {CeaC/2; (//*p)"(C) > σ} φ 0.

Since E G Λn + 1, by the definition of An+Ϊ,E is a closed subset. Since
/ G Cn+1{U2), by Lemma 5.4 (i) ffkp G C n + i( ί7 2 ). Hence by Lemma 5.2,
Eo is a closed subset of E. By (9) and (23),

(25) {C G dU2; (ffkp)~(ζ) > σ} C U {D(ξ,r); ξ G E o}
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By (16), (19), and (22), we have (ffkp) =0onD. Hence by (10) and (24),
Eo Π £"*<"> = 0. Therefore

(#0)<*(«) c E0ΠEd(n) = 0.

This means that {E0)
d(n-1) is a finite set and Eo € Λn. By (25), we get (21).

Now we have

u2

by (21)

It/2

by Lemma 5.1 (iii)

< δ by (20).

Since the above inequality holds for every δ > 0 and k > k0 (k0 depends

on δ), we have //fc + Cn(i72) —>• 0 as k —> oo. This completes the

proof. D

Proof of Theorem 5.1. It is sufficient to prove that

(M + Cn{U2))b = M + Cn+1(U2) for n > 0.

First we shall prove that M + Cn+1(U2) C (M + Cn(U2))b. By Lemma 5.4
(ii), M + Cn(U2) is a closed algebra. Hence M + Cn{U2) c(M + Cn(U2))b.
To prove Cn+1(U2) C (M_+ Cn(U2))b, let / € Cn+1(U

2) and {fk + ck}k is a
weakly null sequence in M + Cn(U

2). By Lemma 5.4 (iii), {fk}k is weakly
null in M. Then

||/(Λ + c*) + .M + cn(t/2)| {

Cn(U2)\\u2 by Lemma 5.4 (i)

—ϊθ as k -> oo by Lemma 5.5.

Hence fe(M + Cn(U2))b. Thus we have M + Cn+1(U2) C(M + Cn(U2))b.
Next we shall prove that (M + Cn{U2))b C M + Cn+ι{U2). Let g e

(M+Cn(U2))b. By Lemma 4.2, there exists the radial limit g* a.e. on T 2 and
g* e Mh. By Theorem 3.1, we have g* e M. To prove g- (g*)~ G Cn + I(ί72),
suppose that g — (g*) ^ Cn+i(ί72). We shall lead a contradiction. We put

G = g-(g*)~ e C°°(U2).
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Then by the first paragraph, G € (M + Cn(U
2))b. Here we can use Lemma

5.3. Then

(26) (5 = 0 o n Γ 2 .

Since G £ Cn+ί(U2), there is δ > 0 such that

(27) {C € dU2- G(ζ) > δ} £ U {£>(£,r); ξ e E}

for every E € Λn+i and r with 0 < r < 1. Since G is upper semicontinuous
on dU2, by (26) there exists r0 with 0 < r0 < 1 such that

K e dU2; G(ζ) > δ} C U {D(ξ,r0); ξ € f } .

We denote by Eo the set of ξ in T such that

(28) D(ξ,rQ) Π {ζe dU2; G(ζ) > δ} φ 0.

By Lemma 5.2, Eo is a closed subset of T, and

{C 6 dU2; G(ζ) > δ} C U {£>(£,r0); ξ € ̂ o}.

Hence by (27), Eo £ An+1. Then {E0)
d{n) is an infinite set. Take a distinct

convergent sequence {λ*}*. in (E0)
d^nK Here for the sake of simplicity, we

assume that Eo C Γ x 0. Put λk = (e^fc,0). Then {e***}* is a convergent
sequence in T. By Lemma 3.4, we may assume moreover that there is a
weakly null sequence {gk(eiθ)}k in A(T) such that gk(eiθk) = 1 for every k.
We consider that gk{eiθ) is a function in A(T2). Then gk is weakly null in
M + Cn{U2), and

(29) ft = Λ ( e " ) one*xEΛ

By Lemma 5.1 (i),

(30) (GftΓ(C) = |ft(C)l G(ζ) for C e dU2.

Let

(31) £?A = {ξ€Eo; | f t ( 0 l > l / 2 }

Then Ek is a closed subset of Eo, and by (29) (eiθk,0) £ Ek for each k.
Since (e*fc,0) = λ^ e (J5o)d(n), by (31) λ^ € (^ ) d ( n ) . Hence (Ek)

dln~V is an
infinite set. Therefore Ek £ An for every k. This means that U{Z?(ξ,ro);ξ G
£Jfc} is not contained in U{JD(^,r0);ξ G F} for every F E Λn. Hence by
Definition 5.2,

(32) tjnf | | c | | D ( ξ r o ) = 0 for every c G Cn(t/ 2).
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Since Ek C Eo, by (28)

\\G\\D{ξ<Γ0) > δ for every ξ G Ek.

Hence by (29), (30), and (31), we have

(33) UGgk)~\\D(ξiro) > δ/2 for every ξ G Ek.

Since G G (M + Cn(U2))b and {gk}k is weakly null in M + Cn(U2), there

exists a sequence (hk + ck}k in M + Cn{U2) such that

-* 0.

Since G* = c*k = 0 a.e. on T 2 , \\hk\\ a = | |/ι*| | τ 2 ->• 0. Hence

(34) HGslfc+Cfcllp, -> 0 asA;->oo.

But we have

> sup \\(Ggk + ck)'\\
D(ξ ,

> sup {IKG^ΓIID^.ΓO) ~ INW,ro)} b v Lemma 5.1 (iv)

>δ/2 - ξin|fc | | c f c | | p ( ξ i r o ) by (33)

= δ/2 by (32).

This contradicts (34). This completes the proof. D

In Theorem 5.1, we proved that the higher Bourgain algebras of M +

C0(U2) are all different. Next we shall study (M + Cτiφ
2))6(n). We prove

that (M + Cτ*{U2))b(n) = (M + Cτ*{U2))b for every n. To describe its

Bourgain algebra, we need to introduce a new space W{U2). Recall the

Definition 4.1, for a function / in C°°(U2) and ζ G dU2,

ω(f,ζ) = sup ίlimsup \f(ζn) - f(ξn)\; ζn,ξn G U2,ζn,ξn ->
t n-^oo

Definition 5.3. We denote by W(U2) the space of functions / in C°°(ί72)

such that

(i) / = 0 o n T 2 ;

(ii) for δ > 0, {C G dU2; ω(f, ζ) > δ} is a finite set.
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Roughly speaking, W(U2) is the set of functions in C°°(U2) whose bound-
ary functions are continuous except finite sets. We note that Cτ*{U2) is
contained in W(U2) properly. It is not difficult to see the following.

L e m m a 5.6, Let f G W(U2). Then \\f + CT*{U2)\\ < \\ω(f,ζ)\\dU2.

Since ω(/, ζ) is an upper semicontinuous function in ζ G dU2, we have

Lemma 5.7. Let f G W(U2) and let {ζn}n be a distinct sequence in dU2.
Then liminfn^oo ω(f,ζn) = 0.

Now we have the following theorem.

Theorem 5.2. (M + Cτ2(£72))6(n) = {M + Cτ*{U2))b = M + W{U2).

Proof. Step 1. We shall prove M + W(U2) C{M + Cτ*(U2))b. By Corollary
2.2, for each function h in λd we may consider that h is a continuous function
on U2 \ T2. Then M + CT*{U2) becomes a closed subalgebra of C°°(U2).
Hence M + CT2{U2) C{M + Cf

τ2(C72))6.
To prove W(U2) C (M + Cτ*(U2))h,\et f G W(U2) and let {fn + cn}n

be a weakly null sequence in M + CT*(U2). Then by Lemma 3.3 there is a
constant K > 0 such that

(35) /n + c j < K for every n.

By the definition of W(U2), f = 0 on Γ 2 and there is a sequence {Ob}* in
dU2 \ T2 such that {ζ G at/2; ω(/, 0 φ 0} = {C*}* By Lemma 5.7,

(36) ω(/,ζfc) -» 0 asA;->oo.

Since {/n + cn}n is weakly null,

(37) (/n + Cn)(0fc) ^ 0 (n->oo) for each fc.

Since / = 0 on T2, (/(/n + cn))" = 0 on T2. Therefore by Lemma 4.5 (iii),

-> 0 (n -> oo) by (35), (36), and (37).

Then by Lemma 5.6,

U2\\ 0 asn-^oo.
11/2

Hence / G (Λ< + Cτ*{U2))h. Thus Λ1 4- H (̂C/2) C (M + Cτ 2(i72))6.
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Step 2. Next we prove (M + CT2(U2))b C M + W(U2). Let g G (M +
Cτ2{U2))b By Lemma 4.2, there exists the radial limit g* a.e. on T 2 and

ff* g Λίfe = M. By the first paragraph, g - (#*)~ e (M + Cτ*(U2))b. We put

G = 9-(p*Γ € (Ut/2).

We prove G G W(U2). To prove this, suppose that G <£ W(U2). Since
G G (M + CT2(U2))h, by Lemma 5.3 we have G = 0 on T2. Then for some
δ > 0, there is a distinct sequence {C}n in (dU2) \T2 such that ω(G, ζn) > 2δ
for every n. We may assume that {ζn}n is a convergent sequence. Since
CT*(U2) is a C*- algebra, it is not difficult to find a weakly null sequence
{hn}n in Cτ*{U2) such that hn(ζn) = 1 for every n. Since every function in
M + Cτ*{U2) is continuous on (dU2) \ T2, by Lemma 4.5 we have

> ω(Ghn,ζn)/2 = ω(G,ζn)/2 > δ.

This means that G(£{M + Cτ*{U2))b. But G 6 (M + C^φ2))^ This is a
contradiction.

Step 3. Next we prove (M + W{U2))h = M + W{U2). By Steps 1 and 2,
we have

[M + CT2{U2))h = M + W(U2).

Then jVί + W{U2) is a closed subalgebra of C°°(ί72). Hence M + W(U2) C
{M + W{U2))b.

To prove the converse inclusion, let h G (M + W(J72))&. By Lemma 4.2,
h* eMb = M. By the above fact, h - (Λ f G (Λ< + W(t/2))6 We put

H = h-(lΐ) G C°°(C/2).

We prove i ϊ G VF([/2). To prove this, suppose that H $ W(U2). Since
H € (M + W(U2))b, by Lemma 5.3 we have ff = 0on T2. Then for some
σ > 0, there is a distinct convergent sequence {ζ}n in (dU2) \ T2 such that

(38) ω{H,ζn) > cr for every n.

Let Cn -> Co ^ dU2. Since ω(H,ζ) is upper semicontinuous in ζ G dί/2,
a;(i/, Co) ί> cr and Co € 9ί72 \ T 2. Take a sequence of open subsets {Vn}n σΐ
U2 such that

(39) ζneVn, VnΠT2 = 0, and f| K = {Co}
n=l
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Take a sequence of open subsets {W^n}n of U2 such that

(40) ζneWnCVn andWnnWk = 0 Ίίnφk.

Take a sequence of functions {hn}n in Cτ*{U2) such that

(41) \\hn\\u2 = 1, hn(ζn) = 1, and/*n = 0 on C/2 \ Wn.

We divide the set of integers into disjoint infinite subsets,

oo

U Kj l i = {1.2,...} and {nkj}jn{niJ}j=Q ftkφi.

Let

ft = Σ v
o n

By (39), (40), and (41), Hk e C°°(ί72), i ί Λ can be extended continuously on

# ^ 2 \ {Co}, and Hk = 0 on Γ 2 . Hence ^ E W(C/2). Moreover we have

(42) ft(Cnfcii) = 1 for every j .

Since

Σ ifti < Σ î i ^ x o n υ^

by Lemma 4.3 {Hk}k is a weakly null sequence in C°°(U2), and so is in
M + W(U2).

Since H e (M + W(U2))b, there is a sequence {gk + ck}k in M + W(U2)
such that

\\HHk + gk+ck\\u2 -+ 0.

Since H* = cj = 0 on T 2 , by considering the radial limits, HfiteH^ =

||3Jfe||T2 - * 0 . Hence

(43) \\HHk + ck\\u2 -> 0.

But we have

\\HHk + ck\\u2 > limsup ω(HHk +ck,ζnkj)/2 by Lemma 4.5 (i)

> limsup (ω(HHk,ζnkj) - ω(ck,ζniej))/2 by Lemma 4.5 (ii)

> (σ - liminf ω(ck,ζnhJ))/2 by (38), (42) and Lemma 4.5 (iii)

= σ/2 by Lemma 5.7.
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This contradicts (43). Hence (M + W(U2))b C.M + W(U2). This completes
the proof. •

Remark 5.1. In Theorem 5.1, we proved that M + CX{U2) φ (M +
Ci(i72))6. In Theorem 5.2, we proved that M + W(U2) = {M + W(U2))b.
The spaces Cι(U2) and W(U2) are similar in these definitions. But these
spaces consist of much different kind of functions. A boundary function of
a function in Cι(W vanishes on dU2 except a countable set. A boundary
function of a function in W(U2) is continuous on dU2 except a countable
set.

6. Bourgain algebras of the polydisk algebra.

In [9], the first author dertermined the Bourgain algebra of the disk algebra
A(T) relative to L°°(T). Succeedingly in [3], Cima, Stroethoff and Yale de-
termined the Bourgain algebra of the disk algebra A(U) relative to C°°(U).
In this section, we briefly study the Bourgain algebras of the polydisk alge-
bra.

Let X be the maximal ideal space of L°°(T2). We may consider that
L°°(T2) = C(X) by Gelfand transform. For λ = (λ^λa) G T2, we put

Xx = {xeX] z(x) = Xuw(x) = X2}.

For / G L°°(T2), let

α;0(/,λ) - sup{\f(X1)-f(X2)\; XuX2eXχ}.

Definition 6.1. We denote by V(T2) the space of / G L°°(T2) such that
{λ G Γ2;α;o(/, λ) > e} is a finite set for every e > 0.

In [9, Corollary 1], the first author proved that

( 1 ) A ( T 2 ) b { n ) = A ( T 2 ) b = ( H ° ° Π V ) ( T 2 ) f o r e v e r y n > l

relative to L°°(T2). First we have the following proposition.

Proposition 6.1. (H°° Π V)(T2) C M, and (H°° Π V + C)(T2) is a closed
subalgebra of L°°{T2).

Proof. Let / G {H°°C\V)(T2). By the definition of V{T2), there is a sequence
{λn}n in T 2 such that {λn}n = {λ G T2;ω0(/,λ) φ 0}. Hence we may
consider that / is continuous on T 2 \ {λn}n. Therefore for a convergent
sequence {eiθn}n in T to e**°, f(eiθn,eit/;) converges to f(eiθ°,eitp) pointwise
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for every ei>φ G T except a countable set. Thus we have Ik(f)(eiθn) —>•
h(f)(eiθo) for every k > 0. Since Ik(f) G H°°{T), this means that Ik(f) G
A(T) for k > 0. By the same way, Jk(f) G A(T) for /c > 0. By Theorem
2.1, /GΛ4.

Let f = Fn + ein^^ Gn be in the form (A3). Since / G Λί, by Corollary
2.3 we have Fn G A(T2). Hence by the definition of V(T2) we have Gn G
(if00 Π K)(Γ2). This means that (H°° Π F)(T2) is *-invariant. By Theorem
2.2, (#°° n y + C)(T2) is a closed subalgebra of L°°(Γ2). D

By (1) and Theorem 4.1, we have

Proposition 6.2. A{U2)b = ((#°°nF)(T2)~)6 = {H°°Γ\V){T2) +C0{U2).

To prove the results in Section 5, we only used the following properties of
M,

(a) M is a closed subalgebra of L°°(T2);

(b) Mb = M;

(c) for every / in M, f can be extended continuously on U2 \ T2;

(d) for a sequence {ζn}n in U2 such that ζn converges to some point in T2,
there exists a weakly null sequence {#*}* in M such that {ζn; \gk(ζn)\ ^ 1}
is an infinite set for each k.

By (1) and Proposition 6.1, (a), (b), and (c) are true for (H°° Π V)(T2)
instead of Λί. We shall show in Proposition 6.3 that (d) is true for (H°° Π
V)(T2) instead of M. Therefore all results in Section 5 are true for (H°° Π
V)(T2) instead of M and we have the following two theorems.

Theorem 6.1.
(i) ((H~nV)(T2)~ + C0(U2))b{n) = (if~nF)(Γ2)~ + Cn(t/2) for every

n > 0.

(ii) A(U2)b{n) = (H^nV^Y + C^iU2) for every n> I.

(iii) The n-th Bourgain algebras of A(U2) are all distinct.

Theorem 6.2. ((H°° Π V)(T2) + Cτ*{U2))b{n) = {(H°° Π V)(T2) +
Φ > W(U2)forn>l.

Proposition 6.3. For a sequence {ζn}n in U2 which converges to some point
in T2, there exists a weakly null sequence {gt}k in {H°° Π V)(T2) such that
{d; |<7*(Cn)| ^ 1} is an infinite set for each k. Moreover for every δ > 0 ;

{Cn5 |<7*(Cn)| < δ} is an infinite set for each k.

Proof First, by induction we constract a sequence of functions {Fj}j in
A(U2) satisfying some additional conditions. Let Γ = {ζn}n and ζn -> λ for
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some λ G T2. Since {λ} is a peak point for A(U2) (see [12, p. 132]), there
exists / in A(U2) such that

(2) \\f\\D2 = 1, /(λ) = 1, and I/I < 1 on U2 \ {λ}.

Let {σn}n be a sequence of positive numbers such that

CO

(3) Σ σ" < V4.
7 1 = 1

Choose ξx E Γ such that |/(ξi)| > 3/4. Take a positive integer tλ such that
1/(1 - ffl)(ξi)\ > 3/4. Let Fλ = /(I - / * ) . By (2), we have p ^ < 2.
Since .Fi(λ) = 0, there is an open subset Vi of U2 such that

λ e Vu Ci ^ Vi, and l l ^ l l ^ < a x .

Next take a positive integer s2 such that |/S 2 | < σ2 on C72 \ Vi. Choose
ξ2 6 Γ such that £2 ^ Vi and | / S 2 ( ^ ) | > 3/4. Take a positive integer t2 such
that |/S 2(1 - /<2)(6)l > 3/4. Let F2 = / S 2 (l - /*»)• Then | | F 2 | | ^ < 2 and
| F 2 | < 2σ2 on U2 \ Vλ. Since F2(λ) = 0, there is an open subset V2 of U2

such that

λ E V2 C V1} 6 ^ y2, II^H^ < σ2/2, and M̂ bllvζ, < σ2/2.

Continue these processes succeedingly. As a result, we can get sequences
{Fn}n in A{U2), {ξn}n in Γ, and open subsets {Vn}n of C/2, we put Vo = U2,
such that

(4) λ e Vn+ι C Vn and f) Vn = {λ};

(5) ξn e F n _ Λ K ;

(6) ll^llp, < 2;

(7) |Fn(en) | > 3/4;

(8) | |F n | | V f c < σk/k forfc>n;

(9) W
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Now we devide the set of integers into infinite disjoint subsets;

oo

U K>;}; = {1,2,...} and K ^ n K , } , =0 ftkφi.
k=l

Let

9k = 4 f o r e a c h k-

For each m, we have

limsup 2 ^ Hi?ill(θa\vm) < l i m s u P 2 ^ 2 σ i b v (9)

= 0 by (3).

Hence by (4), ΣΐjLi Fnkj converges uniformly on each compact subset of
U2 \ {λ}, so that

(10) gk is continuous on U2 \ {λ}.

For each fc, we have

for

i#* j=k-i

Σ I^I ^lk., + Σ llίjll̂ wH

fc_χ + 2 2σ, by (8) and (9).
j=k+l

Therefore by (3)

Σ ll̂ l

Hence by (6) we have ΣT=i ll^l
(10), we have

9l e

^ 5/2> s o t h a t »* G H°°(U2). By
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Since Σ,T=i Ilί/*IU < Σ £ i \\Fj\\u> < 5/2, by Lemma 4.3 {gk}k is a weakly
null sequence in H°°(U2). Hence {g*k}k is weakly null in (H°°ΠV)(T2). Also
for each i, we have

>4{3/4 - £ I I ^ I I ^ ^ Λ ^ , ) by (5) and (7)
tφnhΛ

> 4(3/4-1/2) - 1 by (12).

Hence {ζ G Γ; |ff/t(C)| > 1} is an infinite set.
At last, let k,m be positive integers with k φ m. Then nkj φ nm^

for every i and j . For each i, there exists a positive integer p^ such that
ξnmt G V t̂_i \ VPt. If i -> oo, then p^ -> oo. Hence by (11), we have

<4(2

-> 0 as z -^ oo by (3).

Therefore for every e > 0, {ζ G Γ ; | ^ ( ζ ) | < e} is an infinite set. This
completes the proof. D

In the rest of this section, we study (A(U2) + C0(U2))b{n) and (A(U2) +
Cτi(U2))b(n) relative to C°°(U2). By the same way as the construction of
the families {Λn}n of closed subsets of T, we can define the families {Γn}n

of closed subsets of T2. Let Γ\ be the set of finite subsets of T 2 . Consider
that the empty set is contained in I\. Let Γn be the set of closed subsets E
of T2 such that Ed G Γn_i- We have the following definition which is similar
to Definiton 5.2'.

Definition 6.1. We denote by C'n(U2),n > 1, the space of functions
/ in C°°(U2) such that for each δ > 0, there exists E G Λn such that
{C e at/2; f(ζ) > δ} C U {D{ξ, 1); ξ G E} and {C G T 2 ; f(ζ) > δ} G Γn.

Then C'n(U2) C C;+1(C/2) and C'n(U2) φ Cι

n+1(U2). Of course, Cn(U2) is
strictly contained in C'n(U2). We can prove the following theorem.

Theorem 6.3.
(i) (A(U2) + C0(U2))b{n) = {H™nV){T2)+C'n(U2).

(ii) (A(U2) + C0(U2))b{n) φ (A(U2) + C0(C/2))6(n+i) for every n > 0.
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To describe (A(U2) + Cτ*{U2))b{n) > we need other new spaces.
Definition 6.2. We denote by Wn{U2) the space of functions / in C°°(U2)
such that for each δ > 0,
(i) {C e τ2; /(C) > δ} e rn;

(ii) {C € dU2 \ Γ2; ω(f, ζ) > δ} is a finite set.
Then Wn(U2) C Wn+1(U2) and Wn(U2) φ Wn+1(U2). We can prove the

following theorem.

Theorem 6.4.
(i) (A(U2) + CT2(U2))b{n) = (H~ΠV)(τη~ + Wn(U2).

(ii) (A(U2) + CT2(U2))b{n) φ (A(U2) + Cτ*(U2))b{n+1) for every n > 0.

We leave both proofs of Theorems 6.3 and 6.4 for the reader. The ideas to
prove these are the same as the ones used in the proofs of Theorems 5.1 and
5.2. Theorem 6.4 (ii) is an interesting fact which contrasts with Theorem
5.2.
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