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MATCHING THEOREMS FOR TWISTED ORBITAL
INTEGRALS

REBECCA A. HERB

Let F be a p-adic field and E a cyclic extension of F of
degree d corresponding to the character K of F X . For any
positive integer ra, we consider H = GL(m, E) as a subgroup
of G — GL(md,F). In this paper we discuss matching of or-
bital integrals between H and G. Specifically, ordinary orbital
integrals corresponding to regular semisimple elements of H
are matched with orbital integrals on G which are twisted
by the character K. For the general situation we only match
functions which are smooth and compactly supported on the
regular set. If the extension E/F is unrarnified, we are able
to match arbitrary smooth, compactly supported functions.

§1. Introduction.

Let F be a locally compact, non-discrete, nonarchίmedean local field of char-
acteristic zero. Let K be a unitary character of Fx of order rf, and let E be
the cyclic extension of F corresponding to K,. Let ra and n be positive in-
tegers with n — md and write G — GL(n,F), H — GL(m,E). H can
be identified with a subgroup of G. In this paper we discuss matching of
orbital integrals between H and G. Specifically, ordinary orbital integrals
corresponding to regular semisimple elements of H are matched with orbital
integrals on G which are twisted by the character hi. For the general situ-
ation we only match functions which are smooth and compactly supported
on the regular set. If the extension E/F is unramified, we are able to match
arbitrary smooth, compactly supported functions.

Extend K to a character of G by κ(g) — κ(detg) and let

Go = {g E G : κ{g) = 1} .

G o is an open normal subgroup of G of finite index and H C Go. Let
C^°(G) denote the set of locally constant, compactly supported, complex-
valued functions on G. For any 7 E G we let GΊ denote the centralizer of
7 e G. If GΊ C Go, let

GΊ\G

409



410 REBECCA A. HERB

be the twisted orbital integral of / over the orbit of 7. If GΊ <£ Go, set
Λ«(/, 7) = 0. Clearly for all ar, 7 € G, / e C~(G),

Similarly we define

the ordinary orbital integral of / over the ίf-orbit of 7.
The main results of this paper are the following theorems. Let G' denote

the set of regular semisimple elements of G and C%°(G') the subset of all
/ G C™(G) with support in G1.

Theorem 1.1.
(i) Let fG G C?(G'). Then there is fH e Cc°° (H Π G') such that for all

jeHΠG',
AG

K (fan) = λH (fHΠ).

(ii) Conversely, suppose fH € C~ (H Π G') such that

AH(fH,xjχ-1)=κ(x)AH(fH,Ί)

for all x € G,j E Hf)G' such that xηx~x G H. Then there is fG e
Cc°° (G1) such that for all 7 € H Π G',

A«(/ σ > 7) = AH (fH,Ί).

In the case that n is unramified, a stronger version of Theorem 1.1 can be
proven using results of [W2, Hn]. Let Δ^ be the transfer factor defined as
in [W2].

Theorem 1.2. Assume that K is unramified.
(i) Let fG e CC°°(G). Then there is fH G C™(H) such that for all 7 G

Hnσ,

(ii) Conversely, suppose fπ E C%°(H) such that

AH (f^x-yx-1) = Δg (x-yx-1) A^(Ί)-1φ)AH (fH,Ί)

for all x E G,j £ H Γ)G' such that xjx'1 € H. Then there is fG

C™{G) such that for all j € HnG',
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The matching theorems for twisted orbital integrals will be used in an-
other paper to prove character formulas relating twisted characters on G to
ordinary characters on H. These will generalize the lifting theorem proven
by Kazhdan [K] in the case that m = 1. It will be shown in that paper that

\ - i

for all x G NG(H), 7 G H Π G'. Thus when x G NG{H), the condition on fH

in Theorem 1.2, (ii), is just

for all 7 G HΠGf. Since Λ7* is an ordinary orbital integral, this is automatic
when x G H.

The proof of Theorem 1.1 is routine using an easy extension of results
in [V] to the twisted case and techniques as in [A-C, 1.3]. The proof of
Theorem 1.2 uses the fundamental lemma proven by [W2, Hn]. Assume
that K is unramified. Let K — GL(n, R) where R is the ring of integers
of F and let H{G) denote the Hecke algebra of functions in C%°(G) which
are K bi-invariant. Similarly, we define H{H), the Hecke algebra of H. Let
b : H{G) -> U(H) be the homomorphism defined in [W2]. The following
theorem was proven by Waldspurger [W2] when the algebra ^(7) is a prod-
uct of tamely ramified extensions of F and was extended to the general case
(as well as to the case of characteristic F not zero) by Henniart [Hn].

Theorem 1.3 (Waldspurger, Henniart). Let φ G U{G),η G HΠG'. Then

Theorem 1.2 follows from Theorem 1.3 as follows. First, using standard
techniques, it is enough to prove a matching of orbital integrals in a neighbor-
hood of each semisimple element s of H. Further, by passing to centralizers,
it is easy to reduce to the case that 5 = 1. The matching in a neighborhood
of s = 1 is a result of the following theorems which show that all germs in a
neighborhood of the identity come from Hecke functions.

Theorem 1.4 [Wl, Hr]. Let Uι,...,up be a complete set of representatives
for the unίpotent conjugacy classes of H. Then there are φι,...,φp G W(H)
such that

[0, ιf\<ιφ3<p.

Using the results of [V] we obtain the following corollary.
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Corollary 1.5. Let Uι,...,up,φι,...,φp be as above. Let f G C%°(H). Then
there is a neighborhood U of 1 in H so that for all 7 G U,

Let u be a unipotent element of G. If Gu (jL Go, then Λ^(/, u) = 0 for all
/ G C£°(G). It is easy to show that the unipotent conjugacy classes O{u)
of G for which Gu C Go are in bijective correspondance with the unipotent
conjugacy classes of H.

T h e o r e m 1.6 [Hr]. Let vι,...,υp be a complete set of representatives for

the unipotent conjugacy classes in G such that GVi C Go. Then there are

Φ\i"")'Φp £ Ή(G) such that

An easy extension of germ expansions to the twisted case yields the fol-
lowing corollary.

Corollary 1.7. Let Vι,...,vinψι,...,φp be as above. Let f G C£°(G). Then

there is a neighborhood U of 1 in G so that for all 7 G U,

The organization of the paper is as follows.
In §2 we extend many of the results of Vigneras [V] to the case of twisted

orbital integrals.
In §3 we use the results of §2 to prove Theorems 1.1 and 1.2.
I would like to thank the Mathematics Departments of the University

of Toronto and the University of Wisconsin for their hospitality during the
preparation of this paper.

§2. Twisted Orbital Integrals.

Let G = GL(n,F) and let « b e a unitary character of Fx of order d, d a
divisor of n. In this section we do not assume that K is unramified. We
extend K to a character of G by setting κ(g) = κ(detg),g G G. Let Go =
{g G G : κ(g) = 1}. Then Go is an open normal subgroup of finite index in
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G. For any x G G we let Gx denote the centralizer of x G G. If G, C Go,
we let

K(f,χ) = ί f (g-'xg) κ(g)dg,f e C?{G),x e G
JGX\G

be the twisted orbital integral of / over the orbit of x. If Gx % Go, we let

Aκ(f,x) = 0 for all / G C%°(G). (We assume measures are normalized as in

[V, l.h].)

In this section we will extend results of Vigneras on orbital integrals to

the twisted case. For x G G, define the normalizing factor d(x) as in [V, l.g].

We will also write

Fκ(f,x)=d(x)Aκ(f,x).

Let s be a semisimple element in G. Then as in [V, l.j] we write As for the
set of all elements x of G with semisimple part (of the Jordan decomposition
of x) conjugate to s. Let As — UO (sut), 1 < i < m, be the standard
decomposition as in [V, l.j] where O(x) denotes the G orbit of x G G. For
x G Go we will write O0(x) for the Go orbit of re.

Lemma 2.1. Fix 1 < z < m αnc? suppose that G$Uι C Go TΛen ίΛere is

/< G GC°°(G) sncΛ that

Proof. As in [V, l.k], for each 1 < i < m there is a compact open subset K{

in G so that sui G i^ , and K{ Π O (six^) = 0,1 < j < i — 1. Now suppose

that GSUι C Go. Then

O {suτ) « G^ΛG « Gβ«.\Go x Go\G w O0 (sUi) x G 0 \G

so that Oo(suτ) is open and closed in O(sui). Thus there is K[ C iί 2

compact open in G so that sut G K\,K[ Π 0 ( s u t ) C O0 (sw2). Now if f[
is the characteristic function of K[, then F Λ (/^ sui) Φ 0 because there can
be no cancellation in the integral, and Fκ (//, SUJ) = 0,1 < j < i — 1. Now
using a standard Graham-Schmidt type procedure we can obtain f^s as in
the lemma. D

Lemma 2.2. Let s E G be semisimple and suppose that f G C^°(G) satisfies

Fκ(f,x) — 0 for all x G As. Then there is a neighborhood Vf of s in G such

that Fκ{f,x) = 0 for all x G V>.

Proof. We follow the proof of [K, 3.8]. Let 5 = Gc°° {As). Since As is G-
invariant, G acts on 5 by g f(x) — f (g~1xg) ,g £ G,x £ As,f G S. Since
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As is closed in G, restriction gives a mapping π : C^°(G) —> S. Let Sι be

the dual of S and let Λ - {λ G S' : λ (g - / ) = /c(p)λ (/) ,\/g£GJ E S].

Then since G has only a finite number of orbits in As we see that Λ is

generated by the λ i ? l < i < m, where Xi(π(f)) = Fκ{f,sUi). Let 5K =

ifeSiλ (f) = 0, Vλ G ΛJ. Then S^ is the set of all finite sums of functions

of the form g / — κ(g)f'.

Now let / G ^ ( G ) such that Fκ(f,sui) = 0,1 < i < ra. Then
/ = π(/) G £Λ so there are gu...,gk G GJu...Jk G 5, such that / =
Σ?=iΛ /i " κ(9i)U Let /< G C™{G) such that π(/<) - ft, and let
Φ = f - Σ t i 9i fi + * (9i) ft- Then π(0) - 0 so by [V, 2.4] there is
an open, G-invariant neighborhood Vf of 5 such that φ is zero on Vf. Thus
Fκ(φ, x)=Q for all x G V>. But for all x eG, Fκ(f, x) = F K (^, s) . D

Renumber ?ii,...,wm so that s ^ , l < i < k, are the orbits of As such

that GSUi C G 0 , l < i < f c . Suppose fu ..., /fc G GC°°(G) satisfy F Λ (/i? suό) =

^ , 1 < t, j < A:, and / ί , . . , f'k G GC°°(G) satisfy Λ* (//, suj) = ί^ , 1 < i, j < Λ.

L e m m a 2.3. Let f G C%°(G). Then there is a neighborhood Vf of s in G so
that

and

for all x G Vf.

Proof. Let /' = / - ΣUi ^ (f,*»i) U Then Fκ (f.suj) - 0,1 < j < k.
Thus by Lemma 2.2 there is a neighborhood Vf of s such that Fκ (/', x) = 0
for all ar G V>. D

As in [V, l.m], for any s G G semisimple, we let Γ be the center of
M = Gs. Let ΪZ G ZQ(T) be unipotent. Then (T, u) is called a standard
couple. For any subset X of G, let X r e p denote the subset of elements
x G X such that the dimension of the conjugacy class of x is greater than or
equal to the dimension of the conjugacy class of any y G X.

We can now extend Theorems A and B of [V, l.n] to the twisted case.

Theorem 2.4. (A) Let f G GC°°(G) and let F(x) = Fκ{f,x),x G G. Let

(T, u) be any standard couple. Then F has the following properties.

(i) F (gxg-1) = κ(g)F(x),Wx,g G G;

(ii) the restriction of F to Tureg is locally constant;
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(iii) the restriction of F to Tu has compact support;

(iv) for every s G T there is a neighborhood Vp of s in T such that for

teVFnτre9,

where suiη /;, 1 < i < k are defined as in Lemma 2.3.

(B) Conversely, if F is a function on G satisfying (i)-(iv) above, then

there is f £ CC°°(G) such that F(x) = Fκ(f,x) for all xeG.

Proof. Part (A) follows from Lemma 2.3 and [V, 2.7]. It also follows easily
from [V, 2.7] that if / ' E Gc°° {Treg) transforms according to K under the
action of W(Tu) = NG(Tu)/ZG{Tu), then there is / G Cc°° (O (Tre9)) such
that f'(t) = Fκ(f,t) for all t G Tre9. Now the proof of (B) follows by an
induction argument as in [V, 2.8]. D

We can use Theorem 2.4 to obtain the following localization result. Let
T l 5 . . . ,T r be a complete set of Cartan subgroups of G, up to G-conjugacy.
Let X = Ur

i=1Ti C G.

L e m m a 2.5. Let V be a closed and open subset of X such that O(V) Π l =

V. Then given f G CC°°(G) there is fv G CC°°(G) such that

and

Proof. Let F(x) = Fκ(f,x),x G G. For any x G G, write a; = s(x)u(x) for
the Jordan decomposition of x. Define

if s(x) e O(V);

otherwise.

Then for any x,g £ G,s {gxg~ι) — gs(x)g~1 G O(V) if and only if s(x) G
O(V). Thus if φ ) £ O(F) we have F v(x) = F v (gxg'1) = 0. If s(x) G
<9(V) we have Fv {gxg~ι) = F (gxg~ι) = κ(g)F(x) = κ(g)Fv(x). Thus F v

satisfies (i) of Theorem 2.4.
Let (T, IA) be any standard couple. We can assume that T C T; C X

for some TV Let Vτ = V ΠT. It is open and closed in T. Let χ v be the
characteristic function of Vru. It is a locally constant function. Further
Fy\τu — F\χu ' Xv since, using our assumption that O(V) Π X — V, for
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every tu eTu,te O{V) if and only Ίϊt E Vτ. Thus Fv satisfies (ii) and (iii)
of Theorem 2.4.

Finally, fix s E T. If s 0 Vr, there is a neighborhood U of 5 in T such
that UnVτ = Q. Now F y (sut) = 0 for all ΐ and Fv(ίτx) = 0 for all t E 17.
Thus Fv satisfies the germ expansion in U. If s E Vτ, then let Vp be a
neighborhood of 5 in Γ such that for all teVFΠ Treg',

Let VFv = VFD Vτ. Then for all t E VFv,Fv(tu) = F(tu). Also Fv (sui) =
F (sιιf) for all i. Thus 2*V also satifies (iv). D

Let s E G be an arbitrary semisimple element. Let {7\, ...,Tr} be repre-
sentatives for the Cartan subgroups of G, up to G-conjugacy, such that s E
Ά, 1 < i < r. Let M be the centralizer of s in G. Then Ti C M, 1 < i < r,
and for any τ/> E G^°(M),7 E T< Π G', we can define

Λ^f(/i/>,7)= / φ {m^1^rn) κ(rή)drn
Jτt\M

if T< C Go and Λf (^, 7) = 0 if T< {£ Go.

Lemma 2.6.
(i) Let f E C%°(G). Then there are neighborhoods V{ of s in Ti and φ E

C™(M) so that for all I <i <r,<y eViΠ G1,

(ii) Let Ψ € C%°(M). Then there are neighborhoods Vj of s in Ti and
f E Cf{G) so that for all 1 < i < r, 7 € V{ ΓΊ G',

Proof. The proof is an easy generalization of the argument used in [V, 2.5].
Define su^, /j, 1 < j < k as in Theorem 2.4. Let T be the center of M.

Fix / E GC°°(G) and let Ω = siφp /. Then using [HC], there are neigh-
borhoods V{ of 5 in Ti and an open, compact subset ω C M\G so that
g^ViO ΠΩ = ί , l < K r , unless Mg E ω. Further, as in [V, 2.5], there is a
neighborhood V of s in T and an open, compact subset C C M\G so that
g"ιVujg Π Ω = 0,1 < j < fc, unless M# E G. Choose α E GC

O3(G) so that

αίσ) = / almqjam =
7M θ,
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Define

φ(m) — I a(x)κ(x)f {x~ιmx) dx,m G M.
JG

Then φ G C™(M), and it is easy to check that for all 1 < i < r, 7 G Vt Π G",

Further, for all 1 < j < k, 7 G F,

This proves part (i) of the Lemma.
Define su3,fj,l < j < k as above and let f- — d(suo)fj. Then the f3

satisfy Λ^ (f^sun — δjhl < j,l < k. To prove part (ii), we use (i) to

choose neighborhoods V{ of s in T n 1 < i < r and V of s in T, and functions

φ3 E CC°°(M), 1 < j < A;, so that for all 1 < j < fc, 1 < i < r, 7 e V{ Π Γ/,

Further, for all 1 < / < A:, 7 G V,

Thus the functions φ3 satisfy

Now fix -0 G C%°(M). As in [V, 2.5], the orbital decomposition oΐ AsM and
As can be represented by the same elements sui, ...,sum. Also MS U i = GSUt

and Mo = MΠ Go, so that M s u . C Mo if and only if GSUi C Go. Thus we can
also take su1?..., suk the same for M and G. Thus using Lemma 2.3 applied
to M there is a neighborhood U of 5 in M so that for all m G ?7,

Define / G CC°°(G) by
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Then for all 7 G G,

But now we have

Λ« {fin) = Λ f (^,7),7

so that

Thus for 7 G Ff Π C/ Π TV, 1 < i < r, we have

D

§3. Matching Theorems.

Let G = GL(n,F),K = GL(n, iϊ), and let K be a unitary character of F x

of order d, d a divisor of n. Unless otherwise noted we will assume that /s is
unramified.

As in Theorem 1.6 we let Uι,...,uk represent the unipotent conjugacy
classes with GUt C Go, and </>i,...,0fc E ^(G) satisfy Aκ {φi,Uj) = δij. The
following lemma is a special case of Lemma 2.3.

Lemma 3.1. Let f G C%°(G). Then there is a neighborhood U of 1 in G so
that

i-l

for all-yβ UΠG'.

Now let E be the cyclic extension of order d of F corresponding to K and let
H — GL(m,E)^md = n. Fix an embedding of H in G as in [W2]. Then for
7 G ί ί we can define both the ordinary orbital integral Λ/ί(/, 7), / G C °̂(-ff),
and the twisted orbital integral A^(/,7),/ G CC°°(G).

Write H(G),7ί(H) for the Hecke algebras of G and if respectively. Let
b : H(G) -+ U(H) be the homomorphism of Ή(G) onto Ή(#) defined as
in [W2], and define the transfer factor Δ^ as in [W2, HI]. The following
theorem was proven by Waldspurger [W2] for F of characteristic zero and
F(j) tamely ramified over F, and was extended by Henniart [Hn].
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Theorem 3.2 (Waldspurger, Henniart). Let f G K(G),j G HnG'. Then

Write ZG for the center of G.

Theorem 3.3. Let z G ZG.
(i) Let fG G C£°(G). Then there are a neighborhood U of z in H and

fH G C™{H) so that

for all ye UΓiG'.

(ii) Let fH G C^°(H). Then there are a neighborhood U of z in H and
fG G CC°°(G) 50 that

for all-ye UΠG'.

Proof. Suppose first that z = 1 is the identity. Define Uι,...,Uk £ G,
φi,... ,φk € H(G), as in Lemma 3.1. Let fG G C™{G) and let V be a
neighborhood of 1 in G so that

for all 7 G V Π G'. Define fH € C™{H) by

Let C/ = V Π ίΓ. Then using Theorem 3.2, for all 7 G (7 (Ί G",

= Σ KG

K (fG, ut) AH (bφi, 7) - A" (fH, 7)

Now let izi,..., u'k G H, ̂ i,..., φ'k G Ή(£Γ) be defined as in Theorem 1.4 so
that u[^..^uk represent the unipotent conjugacy classes in H and
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AH (</>•, ?^) = δij. Let fH G C™{H) and let U be a neighborhood of 1

in H so that

Λ'^/tf, 7) = Σ Λ* (/„, u'J Λ* (<#, 7 )

for all 7 G UΠH'. Choose <£l5 ...,</>fc G U{G) so that 6 ^ = # , 1 < i < k, and
define

Then as above

Δ^(7)Λ° (/G, 7 ) = Σ A" (/«'4) Δ G (7)Λ° (^, 7)

" UH, K) Λff (φ'i, 7) = Λff (/H, 7 )

for all 7 e UΠGf.
To extend the result to arbitrary z E ZG: we use right translation by z as

in [V, 2.5]. D

We want to extend the matching of Theorem 3.3 to a matching which is
valid for every 7 G H ΠG'. In order to do this, we need to be able to match
orbital integrals in the neighborhood of any semisimple element of H.

Let s G H be an arbitrary semisimple element. Let MG be the centralizer
of 5 in G and let MH be the centralizer of s in H.

L e m m a 3.4.

(i) Let ψG G C^° (MG). Then there are a neighborhood U of s in MH and

ψH e Cc°° (MH) so that for all 7 G U Π G1,

(ii) Let ψH G C^° {MH)' Then there are a neighborhood U of s in MH and

φG G Cc°° {MG) so that for all 7 G U Π G1,

Proof Write MG = Π*=i GL (n t, Fj) where the F; are extensions of degree r{

of F and Σ * = 1 n ^ — n. For each 1 < i < k, let K{ be the character of F*
given by ^ ( λ ) = K (ΛΓFί/F(λ)). Now the center TG of M G is isomorphic to
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Π L i FιX- F o r λ» G i^ x, 1 < i < fc, write α ( λ l 5 ...,λΛ) for the corresponding
element of TG. Then

Let d̂  be the order of K;. Then if there is 1 < i < k such that ^ does not
divide n^, there is a E TQ SO that κ (α) / 1. But since s G H is semisimple, it
is contained in some Cartan subgroup T of i2\ But every Cartan subgroup of
H is a Cartan subgroup of G so that TG C Γ. Thus TG C H so that κ(α) = 1
for all α G TG. Thus c?j divides n^ for all i. Write n^ = ra^, 1 < i < k and
let £?i be the extension of Fι corresponding to K{. It is the minimal extension
of Fi containing E. Now MH = Π*=i GL (mi, Ei).

Thus MG = Πt=i G ^ (^χ? Fi) a n d M H = Π*=i GL (mu E{) are products of
groups Gi = GL (n i 7 i

7^), iί^ = GL (m i ? £?») of the same type as our original
groups G and if. Further, if g — (flΊ,p25 •••i9k) E M G = Π Gj, then det^p =
Π^Fΐ/F (detG i pi) so that tt(g) — Π κ ί (Pi) Thus ^-twisted orbital integrals
on MG are the products of κ rtwisted orbital integrals on the factors G;. Now
since s G MH is central in MG, we can apply Theorem 3.3 to match functions
ψG G C™ (MG) in a neighborhood of s with functions ψ'H G C™ (MH) using
the transfer factor ΔJU". Thus to complete the proof of the lemma it suffices

to show that there is a neighborhood U of 5 in MH so that Δ ^ ί Δ ^ J is

constant and non-zero on [/Πff, so we can also match using the transfer

factor AG. This is proven in Lemmas 3.5 and 3.6 below. D

In order to complete the proof of Lemma 3.4, we must define the trans-
fer factors. For 7,ί E F , let c x,...,cm, respectively dι^..^dm denote the
eigenvalues of 7, resp. 5, in some extension of E. As in [W2, HI] we set

= Π

Then for all 7 G H Π G ;, we define

det( 7 )
G

α-n)
2

where Q(E/F) denotes the Galois group of E/F. Further, we set

Δ£ 2(7) = 1
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for all 7 G H if d is odd. If d is even, let σ+ be the unique element of order
2 in G(E/F) and let vE denote the valuation in E. Then we define

for all 7 G H. Finally, for all 7 G if Π G', we define

We now return to the notation of Lemma 3.4 so that s G H is an arbitrary
semisimple element with centralizers MG and MH in G and H respectively.

- 1

Lemma 3.5. There is a neighborhood U of s in MH so that Δ^ ' 1

is constant and non-zero on U Π G'.

Proof. For 7 G H ΠG', let ci, . . .,cm denote the eigenvalues of 7 considered
as an element of H = GL(m,E) and let di,...,dn denote its eigenvalues
considered as an element of G = GL(n, JP). Define

Δ σ ( 7 ) =

Fix 7 G if Π G'. For each σ G G{E/F), let c(i, σ), 1 < i < m, denote the
eigenvalues of σ7 as an element of H = GL(m,E). Then as an element of
G = GL(n,F),7 has eigenvalues c(i,σ),l < i < m,σ G Q(E/F). Thus we
can rewrite

, r 7 ) =

and

det(7)

(m-n)

Now use the notation in the proof of Lemma 3.4 so that we have MH

Π H u M G = Π G h where for 1 < i < fe, if, = GL(mi,jBέ) ,G{ = GL(nuF
Then for any 7 = ΠΊ% € MH Π M'G, we have

d e t ( 7 i )
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Thus

Δf'1(7)

det(7) π

yΛ|2

We can index the eigenvalues of 7 in GL(n, F) as c(i,j, ί), 1 < i < k, 1 <
< -̂ή 1 < ^ < ^ή so that

Then we have
1 - Π

Thus 7 »->> Δ G ( 7 ) YliNpjF^Gi {jt)~ extends to a continuous function on
MG. Further, when 7 = 5, 7̂  is central in Gι for all i so that c(i,j, t) =
c(z, jf;, ί) for all i, j , / , t. But since MG = Π G% i s ^he full centralizer of s in G
w e h a v e c ( i , j , t ) φ c{i\j',t')M{i,t) φ (i',t'). T h u s Δ G ( 7 ) UiNFτ/FAGι (^y1

is non-zero at 7 = s. Similarly, we see that 7 H> Δ/y(7) Πi NEτ/EΔHι (ji)~
extends to a continuous function on M# which is non-zero at 7 = s. Finally,
the determinant factors are certainly continuous and non-zero on all of MH.
Thus

extends to a function which is constant in a neighborhood of s in MH.
D

Lemma 3.6. There is a neighborhood U of s in MH so that Δ^'2

is constant and non-zero on U ί)G'.

Proof. We first need to derive an alternate formula for ΔG ' 2. Let σ0 be a
generator of Q{E/F). For all 7 G H we define

Δ(7) = Π

Then for each 7 G if Π G',h(η) is an element of Ex. Clearly r(δ,j) —
(-l) m r(7, δ) for all 7, δ E H. Thus it is easy to see that

σ0Δ(7) = ( - , V7 G H.
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If m(d — 1) is even we let e0 = 1. Suppose that m(d — 1) is odd. Then d
is even. Define E2 = {e G E : σ\e — e}. Then E2/F is a cyclic extension of
degree 2 and we can choose a unit e0 G E2 such that E2 — F\e§[, σoeo = —e0.
With these choices of e0 we have e 0Δ(7) G F for all 7 G ϋ \ We now claim
that

Let 77 be an unramified character of Ex which extends K. Thus for all

e G Ex ,η(e) — ζVE^ where ζ is a primitive dί/ι root of unity. Now since e0

is a unit we have

Δ£' 2(7) = V (eoA( 7)) = 7? ( A ( 7 ) )

Now

so that

But

Thus

= o Π VE (NE/FT (7, <
2 i v t v α -

But for any 1 < i < d — 1,

Further, ^ {NE/F(e)) = d^£;(e) for all e e Ex. Thus, calculating modulo d,

we have
/ / / d \ \

, if d is even;

0, if d is odd.

Now when d is even σ0

2 = σ+ so we can conclude that

\ if d is even;

if d is odd.
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This completes the proof that Δ^'2 (7) = K (e0Δ(7)) , 7 G HΠGf.

Similarly, for all 7 == f[ ί η{ G Π #i> w e have

where eo,i,Δ; are defined for the pair Hi,Gι. Since /̂  = K, O NFi/F, for
7 — Π 7ϊ ^ Afff Π (?' we have

Δ g ' 2 ( 7 ) Δ ^ ' 2 ( 7 ) - 1 = /ς ί e 0Δ( 7)

Thus Δ^'2 ί ΔJU"ϊ2J will extend to a function which is constant and non-
zero in a neighborhood of 5 if we can show that

7 ^ Δ ( 7 ) Π ^ . / F ( e o . i

extends to a continuous function on MH which is not zero at 7 = s. Note
that, using the notation in the proof of Lemma 3.6, we have

Δ( 7) 2 = ± J I r{σΊ,τΊ) = ±AG{Ί)NE/FAH(Ί)-1.
σφτ

Thus the analysis proceeds exactly as in Lemma 3.6. That is,

Π NFi/F ί eo,iΔi (ji) J cancels out exactly the terms in Δ(7) which are zero

when 7 = 5. D

Let Ti,...,Tfc denote the Cartan subgroups of H containing 5, up to G-
conjugacy.

Lemma 3.7.
(i) Let fG G C™(G). Then there are neighborhoods V{ of s in Ti and

fH G C™(H) so that for all 1 < i < A;, 7 G F» Π Gf,

(ii) Let fH G Cf(H). Then there are neighborhoods Vt of s in Ti and
fo € C™{G) so that for all 1 < i < k, 7 G Vt Π G',

Proof. This follows easily from combining Lemmas 3.4 and 2.6. D
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Locally there is no obstruction to matching twisted orbital integrals on G
with ordinary orbital integrals on H. However, if fH G C^°(H) is to match
orbital integrals with fG for all h G H Π G', we must have

(*) Λ" {f^xhx'1) = n(χ)Δ% {xhx-1) A% (h)'1 λH (/H, h)

for all h G H Π G' and x eG such that xhx'1 G H.

Theorem 3.8.

(i) Let fG G CC°°(G). Then there is fH G C™(H) so that for allj G HΠG',

(ii) Let fH G C™(H) satisfying (*). Then there is fG G C?(G) so that for

alljeHΠ G',

H= A

Proof, (i) Let Tu ...,Tk be a complete set of Cartan subgroups of H up to
jff-conjugacy. For each i, let Ω̂  be the support of Λ^ (fa, •) restricted to %.
Let X = UTi and Ω = UΩ .̂ Then Ω is a compact subset of X. For each
s G X, use Lemma 3.7 to find U(s), a compact open neighborhood of 5 in
X, and fs G ̂ ( i ϊ ) such that

Δg(7)Λ? (/σ,7) = Λ* (Λ,7) ,7 e c/(5) n G'.

Note that since both sides are invariant under iϊ-conjugacy, the equality is
in fact valid for all 7 G OH(U(s)) Π G'. Write U'{s) = 0 H (^(s)) Π X.

Since Ω is compact, there are 5χ,..., sp so that Ω C Uf^ί/' (5^. By shrink-
ing if necessary we can assume that the U1 (si) are disjoint. Now by Lemma
2.5 applied to ordinary orbital integrals on if, there are fc G
i < p, so that

Λ U i ' 7 j " \ o ,

Let / f f = ΣLi fi τ h e n for 7 e X Π G', if 7 G £7' (s,), then

AH (fH,7) = AH (fSi,7) = Δg(7)Λ« (fG,Ύ).

If 7 £ Uf=1ί/' («ί), then 7 g Ω so that
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(ii) Let Γi, ...,Tfc be a complete set of Cartan subgroups of H up to G-
conjugacy. For each i, let Ω̂  be the support of Λ^ (/#, •) restricted to Tτ.
Let X = UΓj and Ω = UΩ;. Then Ω is a compact subset of X. For each
s G X, use Lemma 3.7 to find £7(s), a compact open neighborhood of s in
X, and /β G GC°°(G) such that

Δg(τ)Λ? (Λ,7) = ΛH (//f,7) ,7 e U(s) Π G'.

Note that since both sides transform in the same way with respect to G-
conjugacy, the equality is in fact valid for all 7 G OG(U(S)) Π H Π G'. Write
U'(s) — OG(U(s)) Π X. Now the proof is finished in the same way as that
of (i) using Lemma 2.5. D

If we drop the assumption that E/F is unramified, we can obtain a weaker
version of Theorem 3.8 as follows. Let s be a semisimple element of H and
as before let T l 5 ...,T r be the Cartan subgroups of G which contain s, up to
G-conjugacy. Suppose that MG = MH. Then T{ C MG = M# C H for all
1 < i < r. We can use the results of §2 to prove the following lemma.

L e m m a 3.9. Suppose s G H is a semisimple element such that MQ — MH.
(i) Let fG G C™(G). Then there are neighborhoods V; of s in T; and

fH G C?(H) so that for all 1 < i < r , 7 eViΠ G',

(ii) Let fH G C%°(H). Then there are neighborhoods Vτ 0/70 in Tt and

fa e CC°°(G) so that for all I < i < r,-y G Vt Π G',

Proo/. For part (i), use Lemma 2.6 to match fG G G^°(G) with ^ G G
G °̂ (MG') NOW use Vigneras's version of Lemma 2.6 [V] applied to H and
ordinary orbital integrals to match ΨH = ΨG € C^° (MH) with fH G C™(H).
For part (ii) go backwards. D

Suppose that 5 G H ΠG'. Then M G = MH is a Cartan subgroup of H
and G, so that we can apply Lemma 3.9 in a neighborhood of s. Thus if
we restrict our attention to functions supported on such points, we can use
Lemmas 3.9 and 2.5 to prove the following theorem.

Theorem 3.10.
(i) Let fG G GC°°(G'). Then there is fH G C™(H Π G') so that for all

-γeHnG',
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(ii) Let fH € C™{H Π G') such that

AH(fIί,xΊχ-1)=φ)AH(fH,Ί)

for allj € H Γ\G',x € G such that xηx'1 G H. Then there is fG €
CC°°(G') so that for all 7 € H Π G',
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