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NEW CONSTRUCTIONS OF MODELS FOR LINK
INVARIANTS

FRANCOIS JAEGER

We study three types of statistical mechanical models for
link invariants (vertex, IRF and spin models) and some re-
lations between them when they exhibit certain symmetries
described by an Abelian group. In particular we show the
equivalence of three kinds of models: strongly conservative
vertex models on an Abelian group X, doubly translation in-
variant IRF models on the same group X, and translation
invariant spin models on the direct product X x X. Some ex-
amples of constructions of spin models from vertex models are
given (the associated link invariants are the generating func-
tion for the writhe of orientations, the Jones polynomial, and
the number of Fox colourings). Then we introduce a compo-
sition of link invariants related to the decomposition of a link
into its components, and we explore the above correspondence
between vertex, IRF and spin models in connection with this
operation. As a main consequence, we show that the link in-
variant associated with spin models recently constructed by
K. Nomura from Hadamard matrices is a composition of two
Jones polynomials.

1. Introduction.

Soon after the discovery of the Jones polynomial [Jol] it was realized that
some central concepts of statistical mechanics, namely those of model and
partition function (see [Bax]), can be applied to link diagrams to construct
invariants of links in 3-space (see for instance [Jo2], [K1], [T]). Some basic
references on this topic are [H1], [Jo3], [K2], [L], [WDA], [Wu2].

There are three main classes of models which can be used to construct
link invariants. The vertex models and the closely related IRF models are
in a sense the most general and have been widely studied in connection with
quantum groups [D]. Spin models are more exotic objects: very few link
invariants seem to admit a spin model description, and no clear connection
with quantum groups is known in general. However, recent progress on spin
models has involved strong relations with algebraic combinatorics and in
particular with association schemes (see for instance [BB1], [Ja3], [Ja7]).
These developments are surveyed in [Ban], [Ja4], [Ja6].
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The initial motivation for the present paper was the discovery by K. No-
mura of spin models associated with Hadamard matrices [N1]. It was shown
in [Ja5] that the value of the associated link invariant depends only on the
order of the Hadamard matrix and not on its particular structure. Then we
were able to express this link invariant in terms of the Jones polynomials
of sublinks of the given link. It turned out that the most natural proof of
this result involved a reformulation in terms of vertex models, and it led us
to a wider exploration of some relations between the three classes of models
for link invariants. These relations occur when the models exhibit certain
symmetries described by an Abelian group.

This paper is organized as follows. Section 2 introduces the general set-
ting. Section 3 relates certain types of vertex models and IRF models ex-
hibiting Abelian group symmetry, and gives some examples (the generating
function for the writhe of orientations, Kauffman’s bracket polynomial, and
Fox colourings) which will be used throughout the paper. Section 4 intro-
duces doubly translation invariant IRF models and a convenient algebraic
description of these objects. Section 5 deals with translation invariant spin
models and relates these models to doubly translation invariant IRF models.
This gives in particular a new derivation of the Potts model for the Jones
polynomial when the number of spins is a square, and of known spin models
based on the cycle of length four. We also obtain a new spin model for the
number of Fox colourings which we relate in a special case with a model
due to Goldschmidt and Jones [GJ]. This gives another proof of a topolog-
ical interpretation by Przytycki [Pr]| of the number of Fox colourings. In
addition, we associate with every translation invariant spin model a dual
spin model which defines the same link invariant. In Section 6 we study a
composition of link invariants which is based on the decomposition of a link
into its components. This composition has a natural counterpart for vertex
models and we show that in some cases this extends to spin models. This
is the key for the undersdanding of the partition function of Nomura’s spin
models. Section 7 concludes with some perspectives for further research.

2. Link invariants and models from statistical mechanics.

Following [Jo3], we shall consider here three ways of obtaining an invariant
of oriented links as the partition function of a suitable model defined on link
diagrams.

2.1. Link diagrams. For more details on this section the reader can refer
to [BZ], [CF], [K3].

Let us recall first that an oriented link consists of a finite collection of
disjoint simple closed curves smoothly embedded in R3 (these curves are
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the components of the link). Oriented links can be represented by oriented
link diagrams which are “generic” plane projections together with some ad-
ditional 3-dimensional information at crossing points. Considering oriented
links up to a natural topological equivalence called ambient isotopy amounts
to consider diagrams up to a combinatorial equivalence generated by ele-
mentary diagram deformations called Reidemeister moves. Thus, from the
combinatorial point of view, a link invariant is a valuation of diagrams which
is invariant under Reidemeister moves.

An oriented link diagram L will be considered as a directed graph em-
bedded in the plane R?, with sets of vertices, edges and faces denoted by
V(L),E(L), F(L) respectively. The vertices of L correspond to the cross-
ings, the edges are the connected components of L — V' (L), and the faces are
the connected components of R? — L. We must allow a special kind of edge
called a free loop which is embedded as a simple closed curve disjoint from
the remaining part of the graph.

The spatial structure of the link represented by the diagram is defined by a
sign function s : V(L) — {+, —} whose interpretation is described in Figure
1. For any set A of vertices we write s(4) = |s7}(+) N A| — |s7}(=) N A].
In particular the Tait number (or writhe) of L is T(L) = s(V(L)). We shall
also need the following convention. For every vertex v, the edges incident to
v will be denoted by e;(v) (i = 1,... ,4) and the faces incident to v will be
denoted by f;(v) (¢ = 1,...,4) as shown on Figure 2. Note that the edges
e;(v) need not be distinct, and similarly for the faces f;(v).

The following general terminology from statistical mechanics will be used.
A state on a diagram L will be an assignment of values taken from a given
finite set of spins to certain elements (edges or faces) of L. With each state
will be associated a local weight at each vertex, belonging to some commu-
tative ring. Then the weight of a state will be the product of local weights
over all vertices. Finally the partition function will be the sum of weights of
all states, multiplied by a suitable normalization factor.

In the sequel, the symbol 2 always stands for a commutative ring with
identity 1.

2.2. Vertex models. We shall only be concerned with a special case of
the models introduced in Definition 1.1 of [Jo3], namely those with no an-
gle dependence (called “zero-field models” in [HJ] and “modeles & vertex
sommaires” in [H1]). We shall also need a weaker version of the “type I
property” stated in Definition 1.13 of [Jo3].

Definition 1. A vertez model on X with modulus p is a 5-tuple (X, w,,w_,
Q, p), where X is a finite non empty set, p is an invertible element of €2, and
wy,w_ are mappings from X* to © which satisfy the following identities
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(where ¢ is the Kronecker symbol):

(1) Z wy(a, b,z,a) = Z wy(b,a,a,1) = Nilé(ma b),
a€X aeX

(2) Z 'LU+(0,, b,x,y)w_(y,z, ba C) = 6(‘17 c)(5(x,z),
byyeX

(3) > wila, by, 2)w_(2,y,b,¢) = §(a,c)é(z, 2),
byeX

(4) z w+(a,b,z,y)w+(b, C T,y s)w+(y,z,s,t)
by,s€X
= Z w+($7 Y7, 3)w+ (0,, ba S, t)w-l- (b, Y, z)'

b,y,s€X

The partition function associated with the vertex model v = (X, w,,w_,,
u) evaluated on the link diagram L is then defined as

G 22 =3 ]I wwlole(®),0(ex(v)),0(es(v)),o(es(v)))-

o:E(L)—X veV(L)

Here and later an empty product is equal to 1, and hence if L consists of
k free loops, Z¥(L) = | X|*. Note also that if L has connected components
Ly,... L, Z¥(L) = [l;=1, . x2Z¥(L;). We shall describe this property by
saying that Z¥ is multiplicative.

Using (1)-(4) to analyze the behaviour of Z* under Reidemeister moves
it is not difficult to prove that u~7(*)Z¥(L) defines an invariant of oriented
links (see [Jo3], Theorem 1.12 and Corollary 1.15).

2.3. IRF models. The following definition is essentially equivalent to Def-
inition 2.19 of [Jo3].

Definition 2. An IRF model on X with modulus p is a 5-tuple (X, w,,w_,
Q, 1) where X is a finite non empty set, 4 is an invertible element of (2, and
wy,w_ are mappings from X* to Q which satisfy the following identities:

(6) Z w:l:(a) ba a, fL‘) = Z w:t(a'v z,a, b) = /J':H
zeX zeX

(7 Z wy(a,b,z,d)w_(z,b,e,d) = i(a,e),
zeX

(8) Z w,(d, z,b,e)w_ (b, z,d,a) = 6(a,e€),
zeX

(9) z w+(a,b,z,f)'w+(b, &) d) x)w+(z,d, eaf)
z€X

= Z ’U)+(b, ¢, T, a’)w+ (aa Z,¢€, f)w+ (.’L', &) d’ e)'
zeX
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Remark. For reasons of coherence with Definition 1 (which will become
clear in the proof of Proposition 1) we have replaced the identity (2.22) of
[Jo3] by the equivalent identity (8).

The partition function associated with the IRF model = (X, w,,w_,Q, u)
evaluated on L is

(10)
z L)y =1X|"" Y I wew(o(fi(®)),0(f2(v)), 0(f3(v)), o (fa(v)))

o:F(L)y-»X veV(L)

and again one can show that u~7(X)Z*(L) defines an invariant of oriented
links (see [Jo3], Theorem 2.27). Note that if L consists of k free loops,
Z (L) = |X|*.

2.4. Spin models. The initial definition of [Jo3] using two symmetric weight
functions was first generalized to non symmetric functions in [KMW] and
then further generalized with the use of four functions in [BB2]. We shall
work with this last generalization.

Definition 3. A spin model on X with modulus p and loop variable D is
a 8-tuple (X, w;, wy, ws, wy, Q, u, D), where X is a finite non empty set, u is
an invertible element of 2, D is a square root of | X|, and w;, w,, w3, w, are
mappings from X? to Q which satisfy the following identities:

(11) wi(a,a) = p, Z wy(a, ) = Z wy(z,a) = Dy,

zeX zeX
(12) ws(a,a) = /-“~la Z wy(a,z) = Z wy(z,a) = D/J'_la
zeX zeX

(13) wi(a, b)ws (b, a) = 1 = ws(a, b)ws(b, a),
(14) Z wy (a, z)ws(z, b) = |X|6(a, b) Z wsy(a, z)wy(z, b),

z€X z€X

(15) Z W, (a’ x)wl (.’L‘, b)w4(c, 1") = le (a’ b)w4 (C, a)w4 (Cv b),
zeX

(16) Y wi(z, a)w: (b, z)ws(z, c) = Dw; (b, a)ws(a, c)wa (b, c).
zeX

When w; = w; = wy and ws = wy = w_ it can be shown that this reduces
to the definition of [KMW] (see [BB2]). If moreover wi(z,y) = w4 (y,z)
for all z,y in X, the definition of [Jo3] is recovered.

To define the (normalized) partition function Z¢(L) associated with the
spin model ¢ = (X, w;, ws, w3, wy, 2, u, D) evaluated on a connected diagram
L, we first color the faces of L with two colors, black and white, in such a
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way that adjacent faces receive different colors and the unbounded face is
colored white. Let B(L) be the set of faces of L colored black. For every
mapping o : B(L) — X, define the interaction weight (v,0) of a vertex v
with o as shown on Figure 3. Then

(17) z4L)=D "B N ] (v,0).

o:B(L)—X veV (L)

For a non connected diagram L,Z¢(L) will be defined as the product of
values of Z¢ on its connected components. In other words, we want Z¢ to be
multiplicative. In particular if L consists of k free loops, Z¢(L) = D*. Now
one can show as before that p~T(!) Z¢(L) defines an invariant of oriented
links [BB2].

2.5. A remark on normalization. The modulus p which appears in Def-

initions 1, 2, 3, is introduced for reasons of convenience, but the following

observations show that this parameter is redundant.

(i) If (X,wy,w_,Qpu) is a vertex model, (X, tw,,pw_,Q,1) is also a

vertex model with the same associated link invariant.

(i) If (X,wy,w_,Qpu) is an IRF model, (X, p tw,, pw_,R,1) is also an
IRF model with the same associated link invariant.

(i) If (X,w;,wq, ws,wy,,p,D) is a spin model, (X,p  w;,pws, pws,
plwy, Q,1, D) is also a spin model with the same associated link in-
variant.

3. Vertex and IRF models on Abelian groups.

In this section we assume that X is an Abelian group (considered as left
Z-module).

3.1. Conservative vertex models and translation invariant IRF mod-
els. Let L be an oriented link diagram and consider a mapping o : F(L) —
X. The derivative of o is the mapping do : E(L) — X defined as follows.
For any edge e, (0c)(e) = o(f') —o(f), where f (respectively: f') is the face
lying on the left (respectively: right) of e (see Figure 4). Clearly, for every
vertex v of L, ¢ = Qo satisfies

(18) p(e1(v)) + p(es(v)) = p(e2(v)) + p(ea(v))-

Conversely it is well known (see for instance [O], Chapter 7) that if ¢ :
E(L) — X satisfies (18) for every v (that is, in the terminology of graph
theory, if ¢ is an X-valued flow on L), for any fixed value z in X there is a
unique mapping ¢ : F(L) — X such that ¢ = do and o takes the value
on the unbounded face. We shall denote this mapping by w,¢.
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In order to extend this correspondence to a correspondence between vertex
models and IRF models, we introduce the following definitions.
Definition 4. A mapping w : X* — Q is conservative if w(a,b,c,d) =0
whenever a + ¢ # b+ d. A vertex model (X, w,,w_,Q,u) is conservative if
w4 and w_ are conservative.
Definition 5. A mapping w : X* — Q is translation invariant if
w(a,b,¢,d) = w(a + z,b+ z,c + z,d + z) for every z in X. An IRF model
(X, wy,w_,Q,u) is translation invariant if w, and w_ are translation in-
variant.

For a mapping w : X* — Q, we define the mappings 8*w and w*w from
X* to Q by the following identities.

(19) (0*w)(a,b,c,d) = w(a —d,b—c,b —a,c — d),
(20) (w*w)(a,b,¢,d) = é(a + ¢, b+ d)w(0,¢c,c — b, —a).
Clearly 0*w is translation invariant and w*w is conservative.
The proof of the following statement is an easy exercise.

(21) For a mapping w : X* — Q, w*(0*(w)) =w

if and only if w is conservative, and

O (w(w)) =w

if and only if w is translation invariant.

The following result is a version of a transformation which is well known in
statistical mechanics (see [Jo3], Proposition 4.3, and [FW], [Wul}, [KWe]).

Proposition 1.

(i) Letv=(X,wy,w_,Q,u) be a conservative vertex model. Then 0*(v) =
(X,0*wy,0*w_,Q, u) is a translation invariant IRF model.

(il) Let1 = (X,wy,w_,Q,u) be a translation invariant IRF model. Then
w*(2) = (X, w*w,,w*w_,Q, p) is a conservative vertex model.

(ili) For every conservative vertez model v and translation invariant IRF
model 1, w*(0*(v)) = v and 8*(w*(z)) = 1.

(iv) For every conservative vertez model v and translation invariant IRF
model 1, Z% W) = Z¥ and Z¥°®) = 2",

Proof. First note that (iii) is immediate from (21).

Let us assume for the moment that (i) and (ii) hold and let us prove (iv).
Consider a translation invariant IRF model : = (X, w,w",Q,u) and an
oriented diagram L. Recall from (10) that

z2 L)y =1x171 Y I wiw(@(fi),0(f2(0)),0(£3(0)), o(fs(v)))-

a:F(L)-X veV(L)
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Since 1 is translation invariant, for every vertex v,

w:(v)(a(fl(v))’a(f2( v)),0(f3(v)),0(fs(v)))
Wiy (0,0(f2(v)) — 0 (f1(v)),0(f2(v)) — o (f1(v))
+0(fs(v)) — o(f2(v)),0(fa(v)) — o(f1(v)))
= w}(,) (0, (80)(e3(v)), (90) (€3 (v)) — (90)(e2(v)), —(90)(ex(v)))

(
= (w*wi(u)) ((80)(e1(v)), (80)(e2(v)), (Bo)(es(v)), (Do) (es(v)))
(by (20) and the fact that ¢ = 9o satisfies (18)). On the other hand by (5),

270wy = 3 I (wwiy) @), ole(v)), oles (), oles(®))).

@:E(L)—X veV(L)

If ¢ contributes to this sum it must satisfy (18) for every v and we may
associate with the term in Z“ (L) corresponding to ¢ the |X| terms in
Z*(L) corresponding to the w,¢, € X. This shows that Z« ) = Z*.,

The other equality Z2 () = Z” then follows from (iii).

It is not difficult, but tedious, to check (i) and (ii) using the identities
(1)-(4) and (6)—(9). However, it is simpler to proceed as in the proof of (iv).

Indeed, each of the identities (1)-(4) and (6)-(9) is of the form
p~TEIZ(Ly)) = p~TE2) Z'(L,), where L; and L, are two diagrams related
by a Reidemeister move and Z' is a local version of the partition function
involving only the vertices concerned by this move. These local partition
functions are sums over mappings o from E(L) (or F(L)) to X which have
fixed values for edges (or faces) preserved by the move. It is then easy to
see that the argument used above for the full partition function can be used
for these local partition functions as well. O

3.2. Examples.

3.2.1. The first binary Lipson model ([Li], see also [HJ]). Let X =
Z[2Z and Q = Z[C,C']. Let

c* ifa=c#b=d,
(22) wy(a,b,c,d) =< (C~HF fa=d#b=c,
0 otherwise.

Then v; = (X,wy,w_,Q,C ') is a vertex model which is clearly conser-
vative. The associated link invariant has a simple description in terms of
linking numbers of sublinks with their complements, or equivalently as a
generating function for the writhe of the reorientations of L [LM], and is a
special evaluation of the Kauffman polynomial of [K4].
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The corresponding IRF model 1 = 0*(1;) = (X, w’,w",Q,C™!) is de-
fined by w’ (a,b,¢c,d) = (0*w4)(a,b,¢,d) = wi(a — d,b—c,b —a,c —d), so
that

c#! ifb=d and ¢ # a,
(23) w (a,b,c,d) = § (C1)*! ifa=cand b #d,
0 otherwise.

3.2.2. The second binary Lipson model ([Li], see also [HJ]). Let X =
Z/2Z and Q = Q[C,C~!]. Let now

(3(C* —(C™)*")  ifa=c#b=d,
—i(c* - (CcH)F ifa=d#b=c,

(24)  wi(a,b,c,d) =4 3(C+CY) ifa=b=c=d,
—-3(Cc+C™) ifa=b#c=d,
L0 otherwise.

Then v, = (X, w,,w_,Q,C~!) is a conservative vertex model. It is shown in
[Li] that Z** = Z*2 and we shall obtain soon a new explanation on this fact.
The corresponding IRF model 1, = 0*(vp) = (X, w?,w",Q,C™!) is defined
by

Le¥ - (CY*)  ifb=dandc#a,
—2(CH —(C™HF) ifa=candb#d,
Je+ch ifa=cand b=d,
—3(C+C™) if a # c and b # d.

(25) wi(a,b,c,d) =

3.2.3. A model for Kauffman’s bracket polynomial.

The following vertex model is an oriented version of a model by Lipson
([Li], see also [HJ], [Wu3]) and actually coincides with it when X is an ele-
mentary Abelian 2-group. Like Lipson’s model, it can easily be derived from
Kauffman’s “bracket polynomial” model (see [PW] and [Jal], Proposition
12). Let a be a complex root of the equation o + a2 + | X| = 0. Let

(a7 ) ifatc=b+d=0#b—c,
ot ifb—c=d—-a=0#a+c,
a+a! ifat+c=b+d=b—-—c=0,
0 otherwise.

(26) w:l:(a'ab') G, d) =
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Then v; = (X, w,;,w_,C,—a?) is a conservative vertex model. The corre-
sponding partition function gives the bracket polynomial of [K1], with a
replacing Kauffman’s variable A and with normalization chosen so that a
free loop has value —a? — a~2. Equivalently, the associated link invariant is
the Jones polynomial V' (t) evaluated at t = o* (with the notations of [Jo1]).
The corresponding IRF model 3 = 8*(v3) = (X, w’,w*,C,—a?) is defined
by

(a7 1)*! ifb=d and c # a,

*1 T I

(27) w,(a,b,¢,d) = a ffa—candbaéd,
a+a™l ifa=cand b=d,
0 otherwise.

Remark. The IRF models given by (23), (25), (27) already appear in
[Ja2].

3.2.4. Fox colouring with orientations.
Let

(28) wy (a,b,c,d) = §(b, —a)d(d, c + 2a),
w_(a,b,c,d) = §(b,2¢c + a)é(d, —c).

It is not difficult to check that vy = (X, w,,w_,Z,1) is a conservative vertex
model.

Remark. This model can be related to the model of [HJ] for Fox colourings
(when X is an odd cyclic group) by the following trick. Color the Seifert
circles of L in two colors, say black and white, in such a way that two Seifert
circles meeting at some vertex have different colors. Then changing the
sign of edge values for all edges belonging to black circles defines a weight-
preserving bijection between the states of the model of de la Harpe-Jones
and the states of the present model. Hence the two models have the same
partition function.

It easy to verify that the corresponding IRF model ¢y = 0*(vy) = (X, w},
w' ,Z,1) is defined by

(29) w'(a,b,c,d) =6(b—d,c—a), w' (a,b,c,d)=60b-da-c).

4. Doubly translation invariant IRF models.

4.1. Generalities. It is clear from (23), (25), (27), (29) that the IRF models
of the preceding section 3.2 share the following property:

(30) wi(a,b,¢,d) = w'(a+z,bc+z,d) =wi(a,b+y,c,d+y)
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for all z,y in X. An IRF model satisfying (30) will be said doubly translation
tnvariant.

Define now a vertex model (X, wY,w”,, i) to be strongly conservative if
it is conservative and also satisfies the following property.

(31) wi(a,bcd) =wi(a+z,b—z,c—z,d+2z) forallzin X.

Proposition 2. A translation invariant IRF model 1 is doubly translation
invariant if and only if w*(1) is strongly conservative.

Proof. Immediate from (20) and the above definitions. g

4.2. A simpler presentation. Suppose that + = (X,w,,w_,Q,pu) is a
doubly translation invariant IRF model. Let us define g : X2 —
by g+ (u,v) = w+(0,0,u,v) for all u,v in X. Then it follows from (30) that

(32) wi(a'y b7 ¢, d) =gd:(c'_a'7d_ b)
One easily checks that the identities (6)—(9) reduce to

(33) Z g:i:(ov :L') = :u'ily

z€eX

(34) Z g+($v b)g—(a - .’I:,b) = 6(“7 O)a

z€X

(35) > 9+(b,a +2)g-(~b,z) = 8(a,0),

z€X

(36) Zg+(a:—a,f—b)g+(d—b,:1:—-c)g+(e—:z;,f—-d)

zeX

=Y gz —ba-gle—a,f~z)g.(d—z,e~0).
zeX
Thus any doubly translation invariant IRF model can be defined via (32)
from mappings g satisfying (33)-(36).

4.3. Algebraic reformulation. Let A = Q[X] be the group algebra with
natural basis {A;, ¢ € X} such that A,A, = A,,, for all z,y in X. We
introduce also on A the Hadamard product o defined on the natural basis
by A;0A, = d(z,y)A, for all z,y in X. We write I for the identity A, and J
for 3,cx Az (which is the identity for the Hadamard product). We denote
by 7 the linear map defined on the natural basis by 7(4,) = A_, for z in X.

We now introduce for each u in X four elements HE, VE of A defined as
follows.

(37) H::: = Z g:!:(ua x)Am

z€X
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(38) Vu:t = Z g:!:(xa u)A

z€X

Proposition 3.
(i) Each of the following identities is equivalent to the identity (33) :

(39) JHF = p*'J,
(40) Io (Z Vf) = p*
ueX

1 ach of the following identities is equivalent to the identity :
ii) Fach he foll identities 1 jval he id 34)

(41) VitV =1,

(42) > H}oH;, =6(a,0)J.

z€X

(iii) Fach of the following identities is equivalent to the identity (35) :
(43) Hi7 U, ) =1,
(44) Z Vit or(Vy) =6(a,0)J.

z€X

(iv) The following identity is equivalent to the identity (36) :

(45) VF(r(HY) o (VL A) = D 7(HF) o (VL (T(H[,) 0 A))).-

z€X

Proof. (i) (39) reads J (¥ ,cx 9+(0,2)A;) = p*'J. Since JA, = J, this is
equivalent to (33).

Since T o A, = Ago A, = §(z,0)A0, ToVE = Y cx9+(z,u) 0 A, =
9+(0,u)I and (40) is clearly equivalent to (33).

(ii) (41) reads (¥, ex 9+ (2, 0)As) (T ex 9-(y,b)Ay) = Ao. The left hand
side can be expanded as

Y 0:(@8)9-, 0 Aery = Y. 94(z,b)9-(a—z,b)A,

z,yeX z,0€X

and the equivalence of (41) with (34) follows immediately.
Since

H::- ° H;—a: = (Z g+($7b)Ab) ° (z g—(a - xab)Ab>

beX beX

—Zg+xb (a — z,b)As,

bexX
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we see that

Z H: oHc:—a: = Z (Z g+("1"7 b)g—(a - IE,b)) Ab

reX beX \z€X

and the equivalence of (42) with (34) follows.
(iii) The proof is quite similar to that of (ii) and will be omitted.
(iv) We shall consider the following identity

(45')
Vftb(T(H;—b) ° (VftdAC—e)) = Z T(H:—b) ° (Vftz(T(H;—z) oA..))

zeX
which is easily seen to be equivalent to (45) via the substitution f — b —
u,d—b—v,c—e—i,r—b—z.
Let us expand the left hand side of (45'):
Vfdce—zg-{-mf d)Aac+c es

zeX

T(Hi ) o (VigAc—e)

(Zg+d b,z) —z> (Zg+wf d) Ao )

zeX zeX
(Zg+d b:E—C) cz) (Zg+e—xf d) cz)
zeX zeX
= Z g+(d - b1$ - c)g+(e - waf - d)Ac—z)
zeX

Vftb(T(H;—b) ° (Ver—dAc—e))

=(Zg+y,f b)A )(Zg+d bz —c)gi(e—x,f—d)A._ z>

yeX reX

= Z 9+, [ —b)gr(d—bz—c)gs(e —z,f —d)Ayscs

z,ye€X

=Y gilz—a,f-bgi(d—bz—c)gile—z,f —d)Ac..

r,a€X

Let us now expand the summand in the right hand side of (45'):

(H;a: OAC —e = (Z g+ - y ) OAc—e =g+(d_$ae—c)Ac—ea

yeX

Vftz(T(H;i'_—:c o Ac—e) = (Z g+(y7 f - w)Ay) (g+ (d —T,e— C)Ac—e)

yeX
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I

Z g+(y1 f - x)g+(d —Z,€— C)Ay+c—e

yeX

= Z g.,_(e - a’?f - x)g+(d —T,e— C)Ac—a)
a€X

T(HF_,) o (Vi ((Hj_,) 0 Ac))

= (Z g+((L’ - b, y)A—y) ° (Z g+(e - a'af - m)g+(d —Z,€e— C)Ac—a)

yeX a€X

= Z g+(:1: - b’a' - c)g+(e —-a, f - x)g+(d —T,e— C)Ac—a-
aeX
Comparison of the coefficients of A._, in both sides of (45’) now shows its
equivalence with (36). ad

4.4. Examples. Let us review the mappings g+ and the elements H* VE
of A corresponding to the examples of Section 3.2.

The first binary Lipson model (3.2.1):
gi(lao) = 01179:&(0, 1) = (C—l)il, and gi(lal) = gi(0,0) = 0. Hence
Hy = (C7')*' A4y, Hf = C¥' Ay, V5" = C¥ 4y, Vi* = (C7)* A,

The second binary Lipson model (3.2.2):

9+(1,0) = 3 (Cil (c™H*Y, 9+(0,1) = —% (CF —(C™h)*),
1 1
0:(0,0) = 2(C+ 07, 0:(1,1) = —2(C+ 07,
Hence
HE %(04-0 D Ao — ; (C¥ — (C-1)*) 4y,
HE = 2 (C* = (07)*) 4o — £(C+ C)A,
Vi §<o+o Yo + 5 (CF — (C)™) 4y,

Vit = 2 (0% = (C7)) dg — 5(C+ O AL

Kauffman’s bracket polynomial (3.2.3):
gi(u70) = (a_l)il if u 7é 0, g:i:(O’u) = ail if u # 0, gi(0,0) =a+ a_l,
and g4(u,v) = 0 if u # 0 # v. Consequently Hf = (a~')*'I + o*'J,
Vit = a*' I + (@™ V)*'J, and HE = (a7 !)*' 1, VF = o*'] whenever u # 0.

For colourings with orientations (3.2.4):
g+ (u,v) = 6(u, —v), g_(u,v) = d(u,v). Hence Hf =V} = A_, and H, =
Vo =A,.

In all these examples it is not difficult using Proposition 3 to check directly
that we have indeed an IRF model.
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5. Spin models and doubly translation invariant IRF models.

We assume now that €2 is the field of complex numbers (so that for instance
in the binary Lipson models, C' will be considered as a non-zero complex
parameter). We shall identify A with the Bose-Mesner algebra of the associ-
ation scheme of X (see [BI] for definitions) by identifying each basis element
A, with the X by X matrix whose (4, j) entry is A;[i,5] = 6(j —¢,z). Then
7 is identified with the transposition map.

5.1. Translation invariant spin models. A spin model (X, w;, wa, w3, wy,
C, u, D) (see Definition 3) will be said translation invariant if w;(a+z,b+
z) = w;(a,b) for every z in X and 1 =1,... ,4. Then let

(46) W= w(0,z)A, for i=1,...,4.

zeX
Thus the (a,b) entry of W; is w;(a,b).

Proposition 4.
(i) The identity (11) is equivalent to:

(47) ToW,=ul, JW,=Dud.
(i1) The identity (12) is equivalent to:
(48) ToWs=p"'I, JW,=Du'J
(ili) The identity (13) is equivalent to:
(49) W,y o 7(Ws) = J = Wy 0 7(Wa).
(iv) The identity (14) is equivalent to:
(50) WiW; = | X|I = WoW,.
(v) Each of the identities (15), (16) is equivalent to:
(51)
for every A in A, Wy(1(Wy) o (W1A)) = D7 (Wy) o (W1(7(Wy) 0 A)).

Proof. (i)—(iv) are immediate.
Let us prove (v). The left hand side of (51) when A = A; is computed as
follows.

WiA; = (Z wy (Oam)Az> A= Z wl(Oam)A:H—i,

r€X z€X
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T(Wy) o (W1 4;) = (Z wy(0, -—z)A,) ° (Z w; (0,2 — i)A,)

z€X zeX

= Z ’U)4(0, —$)1,U1 (O,I - i)Az’

zeX

Wi(1(Wy) o (Z w;(0,y)A ) (Z wq(0, —z)w; (0,2 — 1) A, )

yeX zeX

= > wi(0,y)ws(0, —z)w1 (0,7 — i) Aryy

z,ye€X
= Z wl(O,z — .’E)’U)4(O, ——z‘)wl (0,:1: - Z)Az

The right hand side when A = A; is computed similarly:

T(Wy)o A; = (Z wq(0, —:II)A,,) o A; = wy(0,—1)A;,

zeX
Wi(m(Wy) o Ay)
= <Z Wy (0’ m)Az) (w4(0’ _i)Ai) = Z w, (0,.’13)’(114 (07 '—i)Aa:+i,
z€X ze€X

T(Wa) o (Wi (1(Wy) 0 Ay))

= (Z 1.04(0, _Z)Az> o (Z ’UJ1(0, z— ’L)’LU4(0, ”z)Az)
z€X zeX
== z wq (0, —2)w; (0, z — 1)wq (0, —7) A,.
ze€X
Thus (51) is equivalent to the identity
(51a)
E w1 (0, 2 — 2)wy (0, —z)w; (0, z — 1) = Dw4(0, —2)w; (0, 2 — 1)w, (0, —1).

zeX

On the other hand, using translation invariance, the identity (15) becomes

Z w1 (0, z — a)w; (0, b—z)wy (0,2 — ¢) = Dw;(0,b— a)wy(0,a—c)wy(0,b—c)
zeX

which is equivalent to (51a) via the substitutionz - c—z,b - c—4,a —
c—z.

Finally comparing (15) and (16) we see that interchanging the two vari-
ables in each occurence of w; or wy in (16) yields (15). This interchange
corresponds via (46) to the transposition of matrices. Hence (16) is equiva-
lent to
(51b)

for every Ain A, T(W))(Wyo (1(W))A)) = DWyo (1(W1)(Wy 0 A)).
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This is equivalent to (51) via transposition since 7(AB) = 7(A)7(B) and
7(Ao B) =7(A)o7(B) for all A, B in A. O

From now on we shall also represent translation invariant spin models
as 7-tuples (X, Wy, Wy, W3, Wy, u, D), where the modulus p is a non-zero
complex number, D? = | X|, and Wy, W,, W5, W, are elements of A satisfying
equations (47), (48), (49), (50), (51).

Remark. One can show (see [BB2]) that assuming (49), (50), (51), the
four equations in (47), (48) hold for some non-zero complex number 4 (so
that we can define y from any one of them).

5.2. Spin models for graphs and spin models for links. Let us consider
a finite directed graph G (loops and multiple edges will be allowed) with
vertex-set V(G) and edge-set E(G). The initial (respectively: terminal)
end of an edge e of G will be denoted by i(e) (respectively: t(e)). Let w be
a mapping from E(G) to A. Then the partition function of the spin model
defined on the graph G by the system of weights w is

(52) Z2Gw = Y, ]I welo(e),oe)

0:V(G)—X e€E(G)

(this is the definition given in [Ja5]).

Let now ¢ = (X, Wy, Wy, W3, Wy, u, D) be a spin model as defined in
Section 5.1 and consider a connected oriented link diagram L. Let us color
the faces of L as in Section 2.4. Let G(L) be the connected plane graph
consisting of one vertex inside each black face and, for each crossing of L,
one edge joining the two black faces incident with that crossing. Let us
orient the edges of G(L) and label them with matrices Wy, W, W3, W, as
shown on Figure 5. By comparing Figures 3 and 5, it is clear that

(53) Z¢(L) = D~V Z(G(L), ),

where w is the mapping from E(G(L)) to A which assigns to every edge its
label.

Suppose now that in the definition of the partition function given in Sec-
tion 2.4 we modify our convention for the coloring of faces of L and require
that the unbounded face be colored black, every other convention remaining
unchanged. Denote by Z*¢(L) the resulting partition function.

Then we can show exactly as in the proof of Proposition 2.14 of [Jo3] that

(54) Z*(L) = Z°(L).

To obtain another version of (53), we now stick to our original convention
that the unbounded face should be colored white, and we define G'(L), its
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orientation, and its labeling w' exactly as for G(L), except that black faces
are replaced by white faces (see Figure 6). Then, by (54),
(55) Z¢(L) = D~V DI Z(G'(L), w'").

5.3. Spin models and duality. A duality of A is a linear map ¥ from A
to itself satisfying

(56) U2 = | X]|r,
(57) T(AB) = U(A) o U(B) forall 4,B in A,
(58) U(AoB) = |X|""¥(A)¥(B) forall A,Bin A

(given (56), the properties (57) and (58) are easily seen to be equivalent).
It is well known that such dualities exist and may be defined on the natural
basis of A by relations of the form

(59) T(A) = xi(5)4;

jex

where x;, ¢ € X, are the characters of X, with indices chosen such that
Xi(j) = x; (@) for all 4,5 in X.

For a connected directed plane G, we shall denote by G* the plane dual
graph of G, with edges directed as shown on Figure 7, where e and e* rep-
resent dual edges. We shall identify each mapping w from E(G) to A with
the mapping from E(G*) to A which for every edge e of G assigns the value
w(e) to the edge e* dual to e.

The following result is proved in [Ja5], Proposition 11 (see also [Bi2]).

Proposition 5. For every connected directed plane graph G, and for every
mapping w from E(G) to A, Z(G,w) = | X |}~V Z(G*, Yw).

Then Proposition 5 applied to (55) gives
Z4(L) = D~VE W X -IVE DIz (Q'(L)*, Tw') .

Comparing Figures 5, 6 and 7 it is easy to see that G'(L)* is identical to
G(L) as an undirected graph, the orientations being different exactly on the
edges labeled W3 and W, in G'(L). Also it is clear that a partition function
of the form (52) is not modified if we reverse the orientation of one edge
while transposing the corresponding matrix. Hence we obtain

Z4(L) = D~V x |- IVEIN Z(G(L), w"),
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where w" is obtained from VYw' by transposing the matrices corresponding
to edges labeled W3 and W, in G'(L).

In other words, if w' takes the value Wy (respectively: W3, W,, W;) on an
edge of G'(L) then w'" takes the value 7¥(W,) (respectively: 7U(Ws), ¥(W,),
U(W;)) on the corresponding edge of G(L). Also, recall that by Euler’s
formula, |V(G'(L))| = |F(G(L))| = |E(G(L))| — |V(G(L))| + 2. Since |X| =
D?, we obtain

Z¢(L) = D™EGCUNI-IVEWD)I z(G(L), w").

It is clear from (52) that the factor D~IB(G(I)I can be distributed on the
edges of G(L) to give

(60) Z4(L) = DVEW Z(G(L), D~ w").

This motivates the following definition. Given a translation invariant spin
model C = (X, Wl, Wg, W3, W4, M,y D), let
(61) Wy =D 'r¥(W,), W; =D 'rU(W,),

Wi =D'¥(W;), W;=D"'¥(W)

and

¢ = (X, Wy, Wy, Wy, We,u, D).

Proposition 6. For every translation invariant spin model {,(* is also a
translation invariant spin model and Z$" = Z¢.

Proof. The equality Z¢ (L) = Z$(L) for any link diagram L follows imme-
diately from (60), (53) and comparison of the definition of w" with (61).

We now complete the proof by checking properties (47)-(51) for ¢*. From
(61), these properties are:

(47) ToT¥(Wy) = Dul, JUY(W,)=|X|uJ,

(48" TIoU(W,) =Du~ I, JrU(Ws) = |X|u™ Y,
(49" TU(Wy) o 7U(W,) = | X|J = 78 (W3) o 7¥ (W),
(50') TU(Wa)U(W,) = | X’ = 79 (W3) T (W),

(51) TY(Wa)(r¥ (W) o (1T (Wy)A))

= DU (W;) o (T¥(Wy) (1T (W;) o A)).

The equation (47') (respectively: (48'), (49'), (50')) follows by applying ¥
to (47) (respectively: (48), (50), (49)), using (57), (58), and the easily es-
tablished formulas

(62) ¥(I) =J, ¥(J) = |X|I,
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(63) U7 = 7.

By applying ¥ and using (56), (57), (58), equation (51') becomes succes-
sively:

| X|Wy 0 U(TT(W;) o (1T(W,)A))
= DIX|7 (| X|W) ¥ (rT(Wy) (T (W1) o A)),
DW, o |X|7 (IX|W,2(r¥(Wy) A)) = Wi (IX|W, 0 U(rT(W1) 0 4)),
Wi o (Wi(|X|Wy 0 ¥(A))) = DW, (W, 0 [X|7 (| X|W1T(4))).

Upon replacement of the generic element ¥(A) of A by A, this becomes
(51”) DW4 o (WI(W4 o A)) = Wl(W4 o (WlA))
Note that by exchanging a, b in (16) we get

(16,) Z wl(m7 b)wl (a’ IL‘)’LU4(.’L‘, C) = le (a,b)w4(b, c)w4(a,c)

z€X

which can also be obtained from (15) by exchanging the two variables in each
occurrence of w,. Hence the same argument used in the proof of Proposition
4(v) to reformulate (15) as

(51) Wi (1(Wy) o (W1 4)) = D1(Wy) o (Wi(7(Wy) 0 A))
also shows the equivalence of (16') with (51”). |

It is easily checked using (56) that ({*)* = (.
We shall call (* the spin model dual to (.

5.4. Squares of spin models as IRF models. By (54) a partition func-
tion of a spin model on X can be computed by defining states either on
black faces or on white faces. This allows us to compute the square of such
a partition function as the partition function of an IRF model on X. This
idea appears for instance in [Jo3], Proposition 4.1 and in [KWa] Theorem
6.1. The proof of the following similar result will be omitted.

Proposition 7. Let ( = (X,W,, W,, W3, Wy, u, D) be a translation invari-
ant spin model with W; =3, x wi(x)A; fori=1,...,4.

Let gy (u,v) = D7 w; (w)wys(—v) and g_(u,v) = D™ wz(u)wy(v) for all
u,v in X. Then these mappings define via (32) a doubly translation invariant
IRF model v with Z* = (Z¢)*.
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5.5. Spin models from IRF models. Clearly not every doubly transla-
tion invariant IRF model can be associated with a spin model as in Proposi-
tion 7. However we still can decompose each state of such an IRF model as
a product of a state on black faces with a state on white faces. Then we may
decompose the partition function accordingly and use duality (Proposition
5) to convert an evaluation on white faces into an evaluation on black faces.
This will reformulate the IRF partition function as a spin model partition
function.

Let us formalize this idea. Consider a doubly translation invariant IRF
model 1 defined via (32) by mappings g.. It follows from (10) that its par-
tition function is given by

L) =1XI"1 Y I 9sw(a(fsv) = o(f1(v)),0(£s(v) — o (f2(v))).

o:F(L)—»X veV(L)

In the sequel we assume that the diagram L is connected. Let us color
its faces black or white as in Section 2.4. We also introduce the directed
graph G(L) as in Section 5.2, and its directed dual plane graph G(L)*. So
the vertices of G(L) are the black faces of L and the vertices of G(L)* are
the white faces of L. We identify each mapping o : F(L) — X with the
pair (¢®,0%), where o® : V(G(L)) = X and ov : V(G(L)*) — X are the
restrictions of o to the sets of black faces and white faces. Each vertex v of
L corresponds to a pair of dual edges e and e* in G(L) and G(L)*. Given
o : F(L) - X, we now express in terms of e and e* the corresponding

contribution gy(,) (0(f3(v)) — o(f1(v)), o(fs(v)) — o(f2(v))) of v to Z*(L).
We distinguish two cases (see Figures 5, 7).
If f1(v) and f3(v) are black, this contribution is

9s() (@°(t(e)) — o’ (i(e)), 0¥ (i(e")) — ¥ (t(e"))).
If f,(v) and f;(v) are white, this contribution is

9-(0”(t(e") — 0 (i(e")), 0 (tle)) — 0" (i(e))) if s(v) = -,
and

9+(0”(ie")) — a¥(t(e")), 0" (i(e)) — o’ (t(e))) if s(v) =+
We introduce a mapping g, from X x X to C defined as follows.
(64) If fl (’U) and f3(’l)) are black ) Q'v(z)y) = Gs(v) (.’I), _y)
If fi(v) and f3(v) are white , g,(z,y) = g-(y,z) if s(v) = —,
and qv(xay) = g+(_ya _:B) if 3(?]) =+.
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We shall also write g, or g.- for ¢, when v € V(L) corresponds to e €
E(G(L)) and e* € E(G(L)*).
With this definition we see that for o = (o%,0%) = (p, 7) the contribution

9s) (0(fs(v)) — o (f1(v)), 0(fa(v)) — o(f2(v))) of v to Z*(L) is
q(p(t(e)) — pli(e)), m(t(e")) — m(i(e"))).

Hence

o) =1x" 3

pV(G(L)) =X mV(G(L)*)—X

II  a(eie) - pli(e), n(t(e")) — m(i(e"))).

e*€E(G(L)*)

With every mapping p from V(G(L ) to X we associate a mapping g, :
B(G(L)*) = A defined by g,(e") = T, x a.(p(t(e)) — pli(e)), y) Ay Then

AR (DY 2. T a(E)nle)), n(te))

P V(G(L) =X m:V(G(L)*)—=X e*€E(G(L)*)

or equivalently, using the definition (52):

ZY(L)=|XI"" Y. Z(G(L),q,).

p:V(G(L))»X

Note that (G(L)*)* is G(L) with all edge orientations reversed, and that
in the evaluation (52) the reversal of an edge can be compensated by the
transposition of the corresponding matrix. Thus applying Proposition 5 we
obtain:

z*(L)
= |X|7V@EB N Z(G(L), 7P4q,)
o V(G(L))—X

= | x|~V Y- > II ¥g)(@n(ile)), n(t(e))]

pV(G(L)) =X m:V(G(L))= X e€E(G(L))

= |x|~IV(Ew) 3 II (%g)(e)n(i(e)), m(t(e))].

(p,m):V(G(L)) =X x X e€E(G(L))

In the sequel we identify A @ A with the Bose-Mesner algebra of the as-
sociation scheme of the direct product X x X, the matrix A, ® A, being
identified with the matrix A ,). Thus for every A,B in A, A® B is the
Kronecker product of A and B, i.e. (A® B)[(4,)), (k,1)] = Ali, k|Blj,!] for
all 4,7,k,0 in X.
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We define the mapping w from E(G(L)) to A® A by

(65) w(e) = Z ge(z,y)A, ® T¥(A,) for every e in E(G(L)).

z,yeX

Note that (7Pq,)(e) = 3, cx ¢.(p(t(e)) — p(i(e)), y)T¥(Ay). Then one easily
checks that
(T¥g,)(e)[r(i(e)), m(t(e))] = wle)[(p(i(e)), m(i(e))), (p(t(e)), m(t(e)))]
= w(e)[(p, ™) (i(e)), (p, m)(t(e))]-

Hence

Z'(L) = | x|~ VG@n > II  weloGle)),a(t(e)]

0:V(G(L))=X x X e€E(G(L))
which, using the definition (52), becomes
(66) Z(L) = |X|"VCEDNZ(G(L), w).

Thus we have expressed the p:;),rtition function of the doubly translation
invariant IRF model : on the diagram L as a partition function of a spin
model on the graph G(L). This leads us to the following result.

Proposition 8. Let 1 be a doubly translation invariant IRF model on
X with modulus p defined via (32) by mappings g+. For each u in X let
Hf =Y cx9+(u,2)A, and VE = ¥, x 9+(z,u)A, be the elements of A
introduced in (37), (38). Define four elements W;, i =1,2,3,4 of AQ® A by

(67) W= A,®Y(H])
ueX

(68) W, = Z A, ® T\I}(Vu_)
ueX

(69) W= A,®¥(H,)
u€X

(70) Wo=Y 4@ UV,
u€X

Then ( = (X x X,W;, Wy, W3, Wy, u, | X|) is a translation invariant spin
model and Z¢ = Z'. Any translation invariant spin model on X x X 1is
associated in this way with a doubly translation invariant IRF model on X.

Proof. We first establish, assuming ¢ is a spin model, that Z* = Z¢. In view
of (53) and (66), this amounts to check that the mapping w defined by (65)
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coincides via the definitions (67)—(70) with the mapping described on Figure
5. Note that (65) can be written as

(65") w(e) = z A, ® Z ¢e(z,y)7Y(A,) for every e in E(G(L)).

zeX yeX

Then (64) gives the following identities (where v is the vertex of L corre-
sponding to e).
(i) If fi(v) and f3(v) are black,

=S 4.0 gz, —y)TY(4,)

zeX yeX
=3 A8 ) g (e, ~y)Tr(4,) (by (63))
zeX yeX
= Z AZ ® Z Gs(v) (.’12, —y)\I’(A~y)
zeX yeX
- Z A ® Z gs(v)(x’y)\l’(Ay) = Z A, @ T (Hi(")) .
zeX yeEX z€X

Thus w(e) = W; if s(v) = + and w(e) = W; if s(v) = —
(ii) If fi(v) and f3(v) are white, and if s(v) = —,

=Y A ® ) g-(y,2)7Y(4,)

z€X yeX
=Y A, @TU(V]) =W,
z€X

(iif) If fi(v) and f3(v) are white, and if s(v) = +,
ZA ®Zg+ y, —z)TV(A,)

zeX yeX

=> 4. ®) g:(-y,—z)¥7(4,) (by (63))
z€X yeX

= Z A, @7 Z 9+(—y,—2)A_y | = Z A, @ U(VZ,) =W,
zeX yEX z€X

These identities together with Figure 5 complete the proof of the equality
Z* = Z¢. It remains to prove that ¢ is indeed a spin model of modulus . We
shall check the equations (47)—(51) of Proposition 4. Recall that for every
A,B,A,B'in A, (AQB)(A'®B') = AA'®BB' and (AQ B)o(A'®B') =
(Ao A’)® (BoB'). We still denote by I and J the identities for the ordinary
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and Hadamard product in A. Thus the corresponding elements of A® A are
I®Iand J®J.

In what follows we use the equalities (57), (58), (62), (63).

The first equalities of (47) and (48) become

(I®I)o (ZA ® VY (H >=u*1[®l,

u€eX

or equivalently

> (ToA)® (0¥ (HE) =p*'I@L

ueX

Since I o A, = 6(u,0)I = 6(u,0)A, this reduces to I o ¥ (Hy) = p*'I, which
follows by applying ¥ to (39).
The second equalities of (47) and (48) become

Y JA®JI(T(VH)) =X |p] ® J,

ueX

S JAJITE(V,) =X |pTH T ®J.

ueX

Since JA, = J this reduces to

J\IJ(Z ) | X |,

u€X

JT¥ (Z |/ ) =|X|p™J

ueX

which follow by applying ¥ or 7V to (40).
Since T(W3) = Y yex A-u @ TY(H]) = Lyex Au ® UT(HZ,) the first
equality of (49) becomes

(Z A, ® \Il(H;“)) o (Z A ® \I‘T(H:u)> =J®J
ueX ueX

or equivalently
> A YoUT(H-,)) =J®J

ueX

Now by (43) U(H}) o U7(HZ,) = Y(H}7(HZ,)) = ¥(I) = J and we are
done.
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Similarly the second equality of (49) becomes

(2 A, ® TW(V[)) o (Z A, ® T\I!(V_f'u)) =J®J

ueX ueX

or equivalently

S AUV )or¥(V)) =T J

ueX

which follows by applying 7% to (41).
The first equality of (50) reads

(Z A, ® \II(H;")) (Z A, ® \II(H;)) = |XPI®l.

ueX veEX

The left-hand side is
33 Ay, @ U(HF)U(H)

ueX veX

=Y Y A0 UHD(H,,)

a€EX ueX

=) A.0® (Z | X|@(H oHa_—u))

a€X u€X

which by (42) is equal to

X1 A, ® ¥(6(a,0)J) = [X]|4, @ ¥(J) = | XIS

acX

as required.
Similarly the second equality of (50) reads

<}: A, ® T\I/(V;)) (Z A, ® \I/(V:;)) =|XPPI®I

ueX veX

The left-hand side is, using (44),
D 2 Aure ®TE(V)U(VL)

ueX veX

=D > A ®U(VE)er(V,)

a€X ueX

=Y A.® Y |X|¥(VE, or(Vy))

a€eX u€X
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= 1X] Y 4. ® ¥(6(~a,0)J)

a€X

and the result follows as before.

Finally let us consider (51). It will be enough to check this identity on
the basis {A; @ ¥(4,), i€ X,j€ X} of AR A.

First we compute the left—-hand side.

Wi(4; ® U(4;))
=Y A @ U(HT)U(4))

ueX

= |X| Z Auyi ® U(HF 0 Aj).

ueX
T(Wy) o (W1(4; ® ¥(4;)))

= |X| (Z A, ® T‘I/(Vju)) ° (Z Ay ® Y(HS o Aj))

u€eX ueX

= |X| Z Auyi ® (\IJT(V:-H) o W(H, o AJ‘))

ueX

= X1 Y Aurs ® U(T(VE)(H] © 45)).

Wi (1(Wy) o (W1(A; ® ¥(4;))))

= |X| (ZA ® V(H, ) (Z Auri @ U(r(VE)(HY °Aj)))

veEX ueX
=X D D Avrurs @ UHNU(T(VE) (HT 0 45))
vEX ueX
=1XPP DY Aprusi @ U(HT o (1(V,FL)(HY 0 4))))
veEX ueX
=|XI" Y Ay ® Y U(HT o (1(V,), L) (HZ, 0 4)))).
yeX veEX

Let us now compute the right-hand side of (51).
T(Wa) o (4; ® ¥(4;))

- (Sae AU ) o (46 U(A)

ueX

= A; ® (U7(V") 0 U(4;)) = 4; @ U((V;")4;)-
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Wi(r(Wy) o (A ® ¥(4;)))

= (Z A, ® ‘I/(HI)) (A: ® ¥(7(V;")Ay))
ueX
=) Auni ® U(HI)U((V;T)4;)
u€X
= X[ ) Auwi ® U(HT o (1(Vi1)4;)).

ueX
| X[m(Wa) o (Wh(1(Wy) o (A; ® U(4;))))

=X (Z 4,8 T\II(VJ)> o (Z Aupi ® U(HY o (T(W)Aj)))
yeX ueX
= |X[2 Y Ayys ® (Tr(V;h) o U(H o (1(Vi)A))))
yeX .
= X2 Y Ayss ® U(r(ViL)(H o (1(VF)4,))).

yeX

By comparing the expressions for the two sides of (51) we see that this
identity reduces to the identity

Y HF o (Vi )H, 0 4))) = 1V (H o (1(Vi)Ay)).

veX

This is equivalent to

45) Do T(H) o (Vi (T(H),) 0 Ai) = VI (r(HT) o (ViE,A))
z€X

via the application of the substitution x —» v, u - y+4, v = y, i = —jJ
followed by the application of 7.

Finally if ¢ = (X x X, Wy, Wy, W3, Wy, 11,|X]|) is a translation invariant
spin model, we may clearly use formulas (67)—(70) to define for each u in
X the elements HX and V¥ of A. The same arguments as above will show
that equations (39)—(45) are satisfied. Then we may use (37), (38) to define
mappings g+ which, by Proposition 3, will give via (32) the required doubly
translation invariant IRF model on X. O

Remarks.
(i) A slight variation in the above construction would yield a spin model
where each matrix W; is replaced by its image under the “flip” auto-
morphism of A4 ® A which for every A, B in A sends A® B to B® A.
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A more significant variation consists in applying the same ideas to
express the IRF partition function as a spin model partition function
evaluated on the white faces. Then it is not difficult to check that the
resulting spin model is the dual of the previous one with respect to
the duality ¥ ® ¥ of A® A which for every A, B in A sends AQ® B to
¥(A) ® ¥(B).

(ii) It follows from (50) that when W; = W, we have also W3 = W, and
then setting W, = W, = W,, W_ = W; = W,, we obtain a spin model
in the sense of [KMW]. By (67), (68), this is the case if and only if
H} =1(V)) for every u in X.

5.6. Examples. We now apply Proposition 8 to the examples of Section

4.4. Tt is easy to see that in all cases H}* = 7(V") for every u in X, and thus

by the above remark we shall obtain a spin model in the sense of [KMW],

for which we shall only compute the matrix W, = W) =3 x A, @ V(H}).

Note also that when X is an elementary 2-group, the corresponding spin

model is symmetric.

The first binary Lipson model (3.2.1):

Recall that Hf = C~'A;, Hf = CA,. Also, U(Ay) = ¥(I) =J = Ay + A

and ¥(A,) =¥(J —1)=2I —J = Ay — A;. Hence

W, =A@V (H})+ A, ® V(H)
=A,®U(C'A)) + A ® U(CAy)
=C 14, ® (A — A)) + CA; ® (4 + A,).

This is the well-known one-parameter family of spin models belonging to

the Bose-Mesner algebra of the cycle of length 4 (see [Jo3], [Ja3], [H2]).

Thus we have a direct proof that the partition function of this spin model

gives the special evaluation of the Kauffman polynomial corresponding to

Lipson’s model.

The second binary Lipson model (3.2.2):
Setting Eo = (Ao + A1), E1 = (Ao — A1), we may write

Hg— =C—1E0+CE1, Hf- =—C_1E0+CE1.
Since ¥ (E,) = Ao and ¥(E,) = A;, we obtain
W, =A, @ V(Hf) + A, ® V(HT)
=Ay@Y(C'Ey+ CE,)+ A, @ U(—C'Ey + CE,)
= Ao ® (C_IAO + CAl) + Al ® (—C—le + CAI)

Clearly this matrix is obtained from the previous one by application of
the flip automorphism. Thus we have a direct proof that the two binary
Lipson models give the same partition function.
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Kauffman’s bracket polynomial (3.2.3):
We have found Hf = o 'I + oJ and H} = o 'I whenever u # 0. Also
recall that | X| = —a? — a~2.

Hence

W, =AQVH)+ Y A QY(H})
ue X —{0}
=IQ¥(a ' I+al)+ Y, A,Q¥(a')
ueX {0}
=I®(a'J+a(-?—a ) )+ (J-1)®@a™'J
=-aI®l+a ' I®(J-1)+(J-1)®J)
=-a)I@I+a ' (J®J-I®I).

This is the well-known “Potts” model for the Jones polynomial (see [Jo3],
[Ja3], [H2], [HJ]). Thus we have a new construction of this model when the
number of spins is a square.

Fox colourings with orientations (3.2.4):
We have H} = A_,. Thus

We=> AQ@UH}) =Y A T(A).

ueX i€X

We may assume that the duality ¥ is given by

(59) U(4;) = E Xi(j)Aj

jeX

where x;, 1 € X, are the characters of X, with indices chosen such that
Xi(4) = x;(?) for all 4, j in X. Then the corresponding spin model matrix is

W, = E x-i(3)A: ® 4;.

i,jEX

Remark. It is easy to check that this spin model belongs to the class
described in Proposition 23 of [Ja5] (this class generalizes the one discovered
in [BB3] and is related as shown in [BBJ] to the models of [KWa]).

Assume now that X = Z/nZ with n odd. Let x;(j) = w¥, where w is a
primitive n-th root of unity.
Thus

Wi= Y w9Auy, W= > widu,.

(i,J)€X xX (i,j)eX xX
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Consider a link diagram L. Using (52), (53), we write the partition function
as

Z(L) = |x|7VEeEn Y IT w(©lo(ife)),o(t(e)),

:V(G(L))= X x X e E(G(L))

where w is a suitable mapping from E(G(L)) to A®.A which takes the values
W, W-_.
Let m be an automorphism of X x X. Then

Z(L) = |x|~eent 37 I w(e)lra(i(e)), na(t(e))),

o:V(G(L)) =X xX e€E(G(L))

and hence in the evaluation of Z we may replace W, ,W_ by

W-;— = Z w-ijAw"(i,J')v W = Z wijAﬂ'_l(ivJ')'

(i,J)EX x X (i) EX XX
Let us define 7 by n(3,7) = (j — 4,1 + j) for every 4,7 in X. Then

22 22
Wi= Y WAy, W= ) W T Ay,

(,5)EX x X (i,j)EX xX
Thus setting
Wi = Zwi2Ai7 w! = Zw—izAi,
i€X i€X

we have
W, =W, W} and W.=W"'@W’

It is known (see [BB3], [GJ], [Jo3]) that W/, W define a spin model on X
(in the sense of [Jo3]). It easily follows that, denoting by Z” the partition
function of this model,

Z(L) = 2"(L)z"(L) = 2" (D).

When n is prime, it follows from [GJ], Section 7, that for every link diagram
L,|Z"(L)| = (\/ﬁ)d(LH1 , where d(L) is the dimension of the first homology
with coefficients modulo n of the 2-fold cyclic cover of S° branched over the
link represented by L. Then Z(L) = n#D+1,

This expression for the number of Fox colourings of L is established by a
different method in [Pr].
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6. Composition of link invariants and Nomura’s Hadamard spin
models.

6.1. Composition of link invariants and vertex models. Let fi,..., f,
be p invariants of oriented links which take their values in the same com-
mutative ring 2, and let A be an invertible element of Q. Let £ be a link
with set of components K. For any subset S of K we denote by Ls the link
consisting of the components of £ belonging to S (each of these components
retaining the previous embedding in 3-space). We shall allow the empty link
Ly with no components and assume that the invariants f; are defined on
the empty link. Let 1k(C;, C;) denote the linking number of the components
C1,C, of L. For any mapping 7v: K — {1,...,p} we denote by lk,(L) the
sum of linking numbers 1k(C;, C,) over all ordered pairs (C;, C,) of compo-
nents such that y(C;) # v(Cs). Recall that if L is any diagram representing
L with sign function s, 1k(Cy, Cy) = 3s(Vi2), where Vi, is the set of vertices
corresponding to crossings of C; with C,. Thus lk,(£) = s(V,), where V, is
the set of vertices corresponding to crossings of components with different
values of 7. Then we assign to £ the value

(71) (frs-- s Fo)a(£) = Z Atk (£) ‘ H fi (ﬁ‘y“(i)) :

v:K—{1,...,p} i=1,...,p
Clearly this defines an invariant (fi,..., f,)x of oriented links with values
in 2 which we call the A-composition of fi,..., fp.

Remark.
(i) Related notions appear in remark 4.1 of [PT] and in [Y].

(i) It is easy to check that the A-composition of link invariants is associa-

tivea that iS, (fla(f27f3)A)A = ((f17f2)/\af3)z\ = (fl)f27f3)/\~ Thus we

could restrict our attention to the case p = 2. The A-composition is
also clearly commutative.

Consider now p vertex models v; = (X, w’ ,w?,Q, ) with associated link
invariants f;, i = 1,... ,p. Let X, = {1,... ,p} x X and define the mappings
wz from X3 to  as follows:

(72)
For every i,j,k,l in {1,... ,p} and a,b,¢,d in X,
w:{:((i’ a)’ (]a b)a (k,C), (l,d))
— 500, 7)6(k, )(3(i, k)i (a, b, ¢, d) + (1 — 6(i, K))X*18(a, b)5(c, d)).

Proposition 9. v = (X,,wy,w_,Q,u) is a vertezx model with associated
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link invariant (fi,..., fp)au-1-

Proof. 1t is not difficult to check directly that v satisfies the identities (1)—(4),
although a simpler argument will be given below.

Consider a diagram L. Let us represent every mapping o : E(L) — X,
as a pair (,7n), where v : E(L) — {1,... ,p} and n : E(L) — X are such
that o(e) = (y(e),n(e)) for every e in E(L). Then, by (72), if 0 = (v,7)
contributes to the sum

z7L)= Y, ]I wwlole®) ole(v))oles(v)),0(es(v))

o:E(L)—»X veV(L)

we must have y(e;(v)) = y(e2(v)) and y(e3(v)) = y(es(v)) for every vertex
v. This means that we may identify v with a mapping from K to {1,...,p},
where K is the set of components of the link £ represented by L. Indeed
each such component C can be identified with a cycle of L, and +y takes only
one value on the edges of this cycle (see Figure 2). We shall call v(C) this
value. Thus

rm=- ¥ %

v:K—{1,...,p} nE(L)—»X

IT wi(n(er(v)), nlez(v)), n(es(v), n(es(v))),

veV(L)

where w],(a,b,c,d) equals w},(a,b,¢,d) if v assigns the same value i
to the two (possibly identical) components crossing at v, and equals
8(a,b)d(c, d)A*™ if y assigns different values to these components.

Let us now consider v as fixed and study the corresponding summand

So=3 TI wlinmle®),nles(v)),nles(v)), nles(v)))

nE(L)»X veV(L)

in the above expression for Z*(L).

For each 7 in {1,...,p} the edges e such that y(e) = ¢ together with
the incident vertices form a subgraph L.-i; of L. All vertices of L,-1;
are of degree 4 or 2, and if we erase each vertex of degree 2 (merging the
two incident edges) we obtain (with the obvious sign function) a diagram L*
representing the link £,-1(;).

Then if n contributes to the sum S, for each ¢ in {1,... ,p} its restriction
n; to the edges of L,-1(;) takes the same value on any two edges meeting at
a vertex of degree 2. Hence 7; can be identified with a mapping from E(L?)
to X. In this case the summand

[T wiw e (), ne2(v)), nles(v)), mea(v)))

veV (L)
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of S, can be written

O L T i (mlen(®),miea(v)), miles(v)), mi(ea(v))):

i€{l,...,p} veEV(L?)

Hence

S, = Z Z AV H

n:E(Ll)—»X np:E(LP)—> X ie{l,...,p}
H wi(v) (m:(e1(v)), m: (e2(v)), ni(es(v)), i (e(v)))
veV(L*)

= )V H z

i€{1,...,p} ni:E(L)—=X

H wi(u)(ni(el(v))a771‘(62(”))’771‘(63(”))’771'(‘34(7))))

veV (L)
=xv I z#@h).

i€{1,...,p}

It follows that

M_T(L)ZV(L) — Z u—-s(V(L))As(V.,) H Zvi (Lz)
~v:K—{1,...,p} ie{1,...,p}

= Z p VD s (V) H #—S(V(L‘))Zw (LY).

v:K—{1,...,p} i€{l,...,p}

This means that the link invariant associated with v is the Au~!-composition

of the link invariants associated with 14,... ,v,.
A local version of the above argument can also be used to show that v
satisfies the identities (1)—(4). O

6.2. Application to IRF models. We keep the notations of the preceding
section and we now assume that X is an Abelian group. We also endow
Y ={1,...,p} with an Abelian group structure. Thus X, =Y x X is now
an Abelian group. It is clear from (72) that if each of the p vertex models
v; is conservative, the vertex model v is also conservative.

By (19) and (72),

(0" w+)((4,a), (4,0), (k, c), (I, d))

=0(i—1,j—k)o(j —,k—-1)(6(: —L,5 — i)w;"(a —d,b—c,b—a,c—d)
+(1-63G—1,5—1)A(a—d,b—c)d(b—a,c—d))

— 5(i + K, j + 1)(6(, k) (8" wir) (a, b, ¢, d) + (1 — 8(, K))AE'6(a + ¢, b+ d)).
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Consider now p translation invariant IRF models 2; = (X, w},w’,Q, u)
with associated link invariants f;, i € Y. Define the mappings wy from (Y x
X)* to Q as follows:

(73) For every 1,7,k,l in Y and a,b,c,d in X,

'w:i:((":a a')7 (.7) b), (ka C), (la d))
=6(i + k, j + 1)(6(i, k)wi (a, b, c, d)
+ (1 = 8(i, k)AE'6(a + ¢, b+ d)).

The following result is now an immediate consequence of Propositions 1, 9.

Proposition 10. With the notations of (73), » = (Y x X,w;,w_,Q,p)
18 a translation invariant IRF model whose associated link invariant is the
A~ t-composition of the f;, i €Y.

6.3. Application to spin models. We are now interested in the case where
the IRF model 1 of Proposition 10 is doubly translation invariant. It is clear
from (73) that this will be true if both X and Y are elementary Abelian
2-groups and all IRF models ¢; are equal to the same doubly translation in-
variant IRF model. We assume these properties now and we define mappings
gs : X2 = Q by g4 (u,v) = wi(0,0,u,v) for all u,v in X and ¢ in Y.

Then it follows from (32) and (73) that for every i, j,k,l in Y and a,b,c,d
in X,

w:l:((iaa)a (]a b)) (ka C), (lad))
=6(i+k,j+1)(8(i,k)g+(c — a,d — b) + (1 — 6(i, k)) AT 6(a + ¢, b + d)).

Thus the IRF model 1 is defined via (32) by the mappings g¥ : (Y x X)? — Q
such that

9¥ (4, ), (4, v)) = 8(3,5)(8(5, 0)ga (u, v) + (1 = 8(3,0))X* 6(u, v))

forall4,7 in Y and u,v in X.

We now take Q = C. Let A be the Bose-Mesner algebra of X with natural
basis {A,, z € X} and let B be the Bose-Mesner algebra of Y with natural
basis {B,, y € Y}. We consider again for each u in X the elements Hf =
Yrex 9+(u,z)A, and VE =3 g+ (z,u)A, of A introduced in (37), (38).
The corresponding elements of B ® A for the mappings g¥ are (for : in Y
and v in X) :

HE =YY gl(G,u), (k,2)By ® 4,

keY zeX
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=Y 8(i,k)(5(5,0)gx (u, ) + (1 — 6(3,0)) A 6(u, z)) B ® A,

keY zeX
=Y (6(,0)g+ (u,z) + (1 — 6(3,0))A*'6(u,z)) B; ® 4,
z€X

and

Ve, =3 Xk, 2), 6,u)Be © 4,

kEY zeX

=2 > 8(k,i)(8(k, 00 (z,u) + (1 - 6(k, 0)X* é(z,u)) B ® A,
keY z€X

=Y (6(;,0)gx (z,u) + (1 — 6(5,0))A*"6(z,u)) B; ® A,
zeX

Hence H: o =Ir ®HZ V(0 W = = Iy ®V.* (where Iy = By is the identity of B
for the ordinary matrix product) and for i # 0, H: ) = V(1 w = A Bi®A,.
Let now Ux be a duality of A and ¥y be a duality of B, so that Uy @ U x is a
duality ¥ of B® A. Note that the transposition map of B® A is the identity.
Applying Proposition 8 to the doubly translation invariant IRF model 2, we
obtain a translation invariant spin model

¢ = (Y x X)z(Y x X), WY, WY , WY WY, u|Y|z|X]) with Z¢=Z".
The matrices W)Y, i =1,... ,4, are the following elements of BQ A® B® A.

WY = Z Bi®Au®‘I’(H(-:X"))

(l,u)€Y x X

=ZIY®Au®\II(IY®H:-)+ Z B;,® A, ® Y(AB; ® A,)
ueX (i,u)€EY X X, i£0

=Y Iy ®A,® Jy ® Ux (HJ)
u€X

+ A Z Bi ® Au ® \IIY(B'L) ® \IlX(Au)a
(i,u) €Y x X, i#0

where Jy is the identity for the Hadamard product in B.
Similarly

=Y I ® A, ®Jy ® Ux(V,)

ueX

+A70 Y Bi®A,®Uy(B:) ® Ux(A),
(3, u)EY x X, i#0
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Wy =3 Iy®A,®Jy ® Ux(H])
ueX

+X70 Y Bi®A.® TUy(B;) @ Ux(Ad),

107

(i,u) €Y X X, i#0
and
WY =3 Iy®A4,8Jy ® Ux(V})
ueX
+2 ) Bi®A,®¥y(B)®@Ux(A).
(i,u) €Y x X, i#£0
We now consider the images W,Y, i = 1,... ,4, of these matrices under the

isomorphism from B® AQ B® A to B B® A®.A which exchanges the second
and third factor of the tensor product. We denote by W;, 2 = 1,... ,4, the
matrices associated by Proposition 8 with the doubly translation IRF model

corresponding to the mappings g.. In other words,

Wl = ZAU®\I,X(HJ)) W2 = ZAU®\I}X(Vu_)7
ueX ueX
W= A, ®Ux(H;), and Wy =) A, ® Ux(V,).
ueX u€X
Then
WIIY = ZIy®Jy®Au®\Px(Hj)
ueX
+A z Bz’ ® \I’Y(Bz) ® Au ® ‘I}X(Au)
(5, u)EY x X, i#0
Let
(74) My =) B;®Uy(B), Mx=) A, ®@Ux(4,).
€Y ueX
Then
(75) WY =1y ®Jy W, + A\(My — (Iy ® Jy)) ® Mx
and similarly
(76) W, =Iy ® Jy ® Wy + A" (My — (Iy ® Jy)) ® Mx,

(77) WY =Iy ® Jy @ Ws + A Y (My — (Iy ® Jy)) ® Mx,
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and

(78) W, = @ Jy @ Wy + A(My — (Iy ® Jy)) ® My.

Thus using Proposition 8 and 10 we obtain the following result.

Proposition 11. Let X,Y be elementary Abelian 2-groups and
¢ = (X x X, Wy, Wy, W3, Wy, 1, | X|)

be a translation invariant spin model with associated link invariant f. Then,
with the notations of (74) — (78),

¢ = (Y XY x X x X,W,¥, WY, W.Y  W.Y , s, |Y|z|X|)

s also a translation invariant spin model whose associated link invariant is
the Au~t-composition of |Y| link invariants f.

We first observe that
(79) Mx and My are Hadamard matrices.

Indeed let us consider for instance Mx = 3 . x Au ® Yx(A,). By applying
Ux to the equation A2 = Ix we see that Ux(A,) has entries £1. Then
clearly the same holds for Mx and for My =}, x ¥x(A.) ® A,. Applying
U x ® Ux to the equation My o My = Jx ® Jx gives

1X|72((Tx ® Ux)(My))* = |X["Ix ® Ix.
Since (Tx ® Ux)(M%) = |X|Mx and My is symmetric, (79) is proved.

Remark. It is easy to show that Mx and My are equivalent (up to
permutations of rows and columns) to Sylvester matrices.

Let us now take a closer look at the simplest case Y = Z/2Z.
Note first that by (74),

My = Bo ® \I’y(Bo) + Bl ® \I’y(Bl) = Iy ® JY + (Jy - Iy) ® (2Iy - Jy)
Then, with the notations of (74)-(78),

W, W, XH -XH
’ W, W, —XH XNH
Y __ 1 i
(80) W = NH —XH W, W,
—XH XH W, W,
for 1 = 1,...,4, where H = My is a Hadamard matrix and € equals 1 if

i=1,4and —1ifi=2,3.
Related constructions are considered in [N2].
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6.4. Nomura’s Hadamard spin models and the Jones polynomial.
A Hadamard graph is a distance-regular graph of diameter 4 on a set of
n = 16m vertices (m a positive integer) with intersection array {4m,4m —
1,2m,1;1,2m,4m — 1,4m} (see [Bil], [BI], [BCN] for definitions). K. No-
mura [N1] has recently associated with every Hadamard graph I' on the
vertex-set V(I') of size 16m some spin models (V(T'), w;, w2, ws, wy, C, 1o,
4./m) which are defined as follows.

Let to,t;,s be complex numbers satisfying s> + 2(2m —1)s +1 =0, t2 =
2vym
(4m—-1)s+1’
ty, Sto, —t1,t0) if the distance of z and y in I’ is 0 (respectively 1, 2, 3,

4), wy(z,y) = wi(z,y) and w3(z,y) = wa(z,y) = (wi(z,y)) 7"

Let a be a complex number such that a® + a=% + 2t2y/m = 0. Then
s2+ (a*+a*)s+1 =0, so that we can take without loss of generality s =
—a~*. Now we find t2 = oft? and we may choose without loss of generality
to = —astl.

We shall need the following result.

t} = 1. For z,y in V(['),w;(z,y) equals t, (respectively

Proposition 12. Let ( = (X, w;,w,, w3, wy,C, u, D) be a spin model and
w be a complex 4th root of unity. Then (' = (X, ww;,wwsy,w™ ws,w™ wy, C,
wp,w?D) is also a spin model, and replacing ( by (' amounts to multiply
the corresponding link invariant by a factor (w?)*X), where c(L) denotes the
number of components of the link L.

Proof. 1t is easy to check that (' satisfies the identities (11)—(16). By (17), the
corresponding invariant of oriented links is defined (for connected diagrams
L) by (wp)"TMZ¢ (L) = w-TW-2ABL)+KL) ,~T(L) Z¢(L), where K(L) =
v1(L) + va(L) — v3(L) — v4(L) and, for 1 = 1,...,4, v;(L) is the number
of vertices for which the evaluation of interaction weights given in Figure 3
makes use of the mapping w;.

Note that T(L) = v,(L) — v2(L) — v3(L) + vs(L). Hence replacing ¢
by ¢’ amounts to multiply the corresponding link invariant by a factor
(w?)vz(D)—va(L)=IB)I Thus if we assign to every connected diagram L the
value (w?)v2(D)—va(L)=IB(L)l this defines a unique multiplicative invariant of
oriented links. Clearly this value is not modified if we change the spatial
structure of any crossing. Performing such changes until we obtain a trivial
link, we see that the value of this invariant is (w?)*(®), where c(L) is the
number of components of the link represented by L. a

Using Proposition 12 we shall now restrict our attention to the spin model

¢(T,a) = (V(T), 87 wy, t] ' wy, tyws, tyws, C, ¢ o, 467 2/m) .
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Note that t7'ty = —a® and 4¢7%\/m = 2(—a® — a~?). Moreover t; w, (z,y)
equals —a® (respectively 1,a™!, —1, —a?®) if the distance of z and y in T is 0
(respectively 1, 2, 3, 4).

It is shown in [Ja5], Proposition 22, that Z¢T® is not modified if the
Hadamard graph I' is replaced by another one with the same number of
vertices. We shall need the following more precise result.

Proposition 13. With every diagram L is associated a one variable rational
function Qp such that ZST*) (L) = Qp(c) for every Hadamard graph T on
16m = 4(—a® — a™2)? vertices.

Sketch of proof. Let us present briefly the “matrix—free” approach intro-
duced in [Ja5] for the computation of Z¢('®)(L). Let H be the Bose-Mesner
algebra of the Hadamard graph I', with basis of Hadamard idempotents
{A;, 7 € {0,...,4}}, labeled so that for any two vertices z,y of I' at dis-
tance d(z,y), Ai[z,y] = d(d(z,y),?). For every graph G and mapping w :
E(G) = H, let

(81) ZGw) = ) II w(elo(i(e)),ot(e)).

0:V(G)=V(T) ecE(G)

We consider a connected diagram L and the connected plane graph G(L)
defined in Section 5.2 (but orientations of edges are not significant). We
write

(52) 209 (L) = (2-a? — ) POIZ(G(L), wy),
where wy, is a mapping from E(G(L)) to H which can take only two values

W+ = —a3A0 + Al + a"1A2 - A3 - Q{SA4,
W_ = —a_sAo + A1 + aA2 - A3 — a‘3A4.

The map Zg : w — Z(G,w) given by (81) is multilinear in the components
w(e) of w. This leads us to introduce a vector space Hs which is a tensor
product of copies of #, one copy for each edge of G. Then each mapping
w from E(G) = {e;,... ,en} to H is represented by the element w(e;) ®
- ®@uw(e,) of Hg, and Zg is identified with a linear form on Hg. The vector
space H¢ has a natural basis {4;, ® --- ® 4;, /11,... ,i, € {0,...,4}}, and
the coordinates of w; with respect to this basis are clearly powers of o up
to sign. Thus it will be enough to show that the values of the linear form
Zg(1) on elements of the same basis are given by rational functions of a.

It is known that every connected plane graph can be reduced to the trivial
graph with one vertex and no edge by a finite number of elementary local
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transformations of the following kind: deletion of a loop, contraction of a
pendant edge, deletion of an edge parallel to another edge, contraction of
an edge in series with another edge, and star-triangle transformations, that
is, replacement of a triangle by a “star” (one vertex incident with three
edges) or replacement of a star by a triangle. It is shown in [Ja5] that
when two graphs G,G' are related by such an elementary transformation,
the corresponding linear forms Zg, Zs: are also related in a simple way. For
instance when e, e, are two parallel edges in G, we may compute Z(G,w)
by first deleting e;, thus obtaining the graph G’, and then replacing w(e;) by
the Hadamard product w(e;) o w(e,), thus obtaining the mapping w'. The
equality of Z(G,w) and Z(G’,w') for arbitrary w is conveniently expressed
by the equation Zg = Zg (u* ® Id), where the map u* ® Id from Hg to
He acts as the Hadamard product p* : H ® H — H on the factors of #H¢
corresponding to e;,es, and acts as the identity on the other factors. The
fact that a similar procedure also works for star—triangle transformations is
a special property of H which is established in [Ja5] using some results of
[N1].

In this way we obtain (see [Ja5], Proposition 6) that for every connected
plane graph G, the linear form Zg on H¢ is a composition pop; . .. pi, where
po is scalar multiplication by |V(T')| = 16m, and each of py,... ,p; corre-
sponds to the action of one of the maps 6,0*, u, u*, k,k* on some factors
of a tensor product of copies of ‘H. Here 6, 6* are linear forms which give
the (constant) diagonal element and the (constant) row sum of a matrix in
H, p, p* are linear maps from H ® ‘H to H which correspond to the ordinary
matrix product and Hadamard product, and k,x* are certain linear maps
from ‘H ® H ® H to itself associated with star-triangle transformations. It
is easily checked (see for instance [N1]) that the matrices of 6,0*, u, p* with
respect to the bases {1}, {4;,1 € {0,... ,4}}, {A: ® 4;,14,7 € {0,...,4}}
of C, #, H ® H, have entries given by polynomials in m (these polyno-
mials are of degree 0 for 6,u* and of degree 1 for 6*,u). The matrix of
the map k, as defined in equation (47) of [Ja5], with respect to the ba-
sis {4; ® A; ® Ay, 1,5,k € {0,...,4}} of H ® H ® H, has non-zero entries
of the form K(ijk/uvw), or Pj(u,v,w) in the notations of [N1], where
these parameters are expressed as polynomials of degree 1 in m. Finally, to
deal with the map x* defined in equation (53) of [Ja5], we shall show that
k* = (16m) (T ® ¥ ® ¥)x(¥ ® ¥ ® ¥),where ¥ is some duality map on
H. This follows from Proposition 18 of [Ja5] and the fact that # satisfies
the planar duality property, which means that Proposition 5 of the present
paper holds with A replaced by H. The simplest way to establish this last
fact when m > 1 is to use Proposition 12 of [Ja5]. Indeed in this case it is
easy to see that the coefficients of W, with respect to A;, A,, A3, A4 are all
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distinct and the spin model defined by W, , W_ strongly generates . On the
other hand, when m = 1, the Hadamard graph I is isomorphic to the 4-cube
and we may apply Proposition 11 of [Ja5] or equivalently Proposition 5 of
the present paper. It is easy to check (see [Ja5], Section 7.3) that the matrix
of ¥ in the basis {4;, i € {0,... ,4}} of H has entries given by polynomials
of degree at most 2 in the variable y/m. Hence the entries of the matrix of
k* with respect to the basis {4;® A; @ Ay, 4,5,k € {0,... ,4}} f HOHOH
are also given by rational functions of a. O

We are now ready to prove

Proposition 14. For every Hadamard graph T' on 16m = 4(—a® — a™?)?

vertices, the link invariant associated with (T, c) is the (—a~3)-composition
of two Jones polynomials evaluated at t = o*.

Proof. Let X be an elementary Abelian 2-group, and let { = (X x X, W;, Wa,
W3, Wy, 11,|X|) be the spin model for the Jones polynomial described in
Section 5.6. Thus |X| = —a® — a2, u= —a3,

Wl =W2= —aaIx®Ix+Ol_1(JX®JX '_IX®IX)a
W3 =W4 =—a_3Ix®Ix+a(Jx®Jx —Ix@Ix),

and the associated link invariant is the Jones polynomial evaluated at ¢t = o*.

It is easy to see that when the Hadamard graph I"' comes from the Hada-
mard matrix H = Mx as explained in Theorem 1.8.1 of [BCN], using the
above matrices W;(i = 1,... ,4) and A = 1 in the matrices (80), the spin
model

¢ = ((2/22) x (2/22) x X x X, W, ,W,¥ , W,¥, W,¥,~a*,2|X])

of Proposition 11 can be identified with {(T', ). Hence in this case Proposi-
tion 14 follows from Proposition 11. In view of Proposition 13 this implies
that for any link represented by a diagram L and for every number « such
that —a? — a~2 is a power of 2, the (—a~3)-composition of two Jones poly-
nomials evaluated at ¢t = a* equals (—a®)"TE)Q (). The equality of the
corresponding rational functions follows. a

7. Conclusion.

The classification problem for spin models seems to be hopelessly difficult in
general (see [BJS], [N3] for some recent contributions). Even for transla-
tion invariant spin models, the problem is solved only for a restricted class
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of spin models in the sense of [KMW] satisfying a so-called modular in-
variance property [BBJ]. We have proposed new operations on the class of
translation invariant spin models: dualization (Proposition 6) and compo-
sition (Proposition 11). These operations should be taken into account as
well as the tensor product construction of [H2] and the twisted extension
construction of [N2] in the study of the classification problem. They should
also provide new examples of four-weight spin models in the sense of [BB2].

For groups of the form X x X, we have shown that translation invariant
spin models are essentially equivalent to doubly translation invariant IRF
models on X, or to strongly conservative vertex models on X (Propositions
8, 2). As shown in Proposition 14 this can lead to a better understanding of
the corresponding link invariants. Moreover one may hope that this could
establish some relations between the study of spin models and the theory of
quantum groups since these algebraic structures are closely connected with
vertex models.
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