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Abstract

In the present paper, we deform isolated singularities @f where f and g are
2-variable weighted homogeneous complex polynomials, sirav that there exists
a deformation off§ which has only indefinite fold singularities and mixed Morse
singularities.

1. Introduction

Let f(z) be a complex polynomial of variables= (z, ..., z,). A deformation
of f(z) is a polynomial mapping~: C" xR — C, (z,t) = F(2), with Fo(z) = f(2).
Assume that the origim is an isolated singularity off (z). For complex singularities,
it is known that there exist a neighborhotd of the origin and a deformatiofr; of
f(2) such thatF(z) is a complex polynomial and any singularity &f(z) is a Morse
singularity inU for any O<t « 1 [9, Chapter 4]. Herea Morse singularityis the
singularity of the polynomial mapf(z) = z7 + --- + Z2 at the origin. Letpyi(X, )

and po(x, y) be real polynomial maps fronR?®" to R of variablesx = (X1, ..., Xn)
andy = (Y1, ..., ¥n). Then these real polynomials define a polynomial of vaesabl
z=(z1,...,zZy)andz= (23, ..., 2,) as

- z24+272 z—-2 . z24+72 z2—-2
P(z,2) := p1 5> T + 102 5 o )

wherez; = x; +iy; (j =1,...,n). The polynomialP(z,2) is calleda mixed polynomial
M. Oka introduced the terminology of mixed polynomials andgmsed a wide class
of mixed polynomials which admit Milnor fibrations, see fossfance [11, 12].

Let w be an isolated singularity of a mixed polynomidl(z, z), ¢ = P(w, w) and
$"-1 be the (& — 1)-dimensional sphere centeredat If the link P~1(c) N 21
is isotopic to the link defined by a complex Morse singularityam oriented link, we
say thatw is a mixed Morse singularityln [6, Theorem 1], [7, Corollary 1, 2], there
exist isolated singularities of mixed polynomials whosemltopy types of the vector
fields introduced in [10] are different from those of complealynomials. Thus there
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exist isolated singularities of real polynomial maps whaamnot deform mixed Morse
singularities.

Let C™(X, Y) be the set of smooth maps frokto Y, whereX is a 7h-dimensional
manifold andY is a 2-dimensional manifold. It is known that the subset obsth maps
from X to Y which have only definite fold singularities, indefinite fadéhgularities or
cusps is open and dense@i°(X, Y) topologized with theC*°-topology. Moreover def-
inite fold singularities and cusps can be eliminated by himm under some conditions
[8, Theorem 1, 2], [15, Theorem 2.6]. In dik = 4, the fibration with only indefinite
fold singularities and Morse singularities is calladroken Lefschetz fibratipnvhich is
recently studied in several papers, see for instance [2orEhe 1.1], [5, Theorem 1.1],
(cf. [1, Theorem 1]). We are interested in making defornratiof singularities with only
indefinite fold singularities and mixed Morse singularitiebhis deformed map can be
topologically regarded as a broken Lefschetz fibration.nlf aingularity of aC*-map
f: X — Y is an indefinite fold singularity or a mixed Morse singularitye call f a
mixed broken Lefschetz fibration

To know if a smooth mapf: X — Y has only fold singularities or cusps, we
observef in the bundle ofr-jets. We introduce the bundld' (X, Y) of r-jets and its
submanifoldsSc(X, Y) and (X, Y) for k = 1, 2. Letj" f(p) be ther-jet of f at p
and set

IX Y= |J IXY.pa),
(p,g)eXxY

where J"(X, Y, p,q) = {j" f(p) | f(p) =q}. The setd"(X,Y) is calledthe bundle of
r-jets of maps from X into Y It is known thatJ" (X, Y) is a smooth manifold. The
r-extension jf: X — J'(X,Y) of f is defined byp+> j" f(p) wherep € X. The
1-jet space is the (64 2)-dimensional smooth manifold and the 1-extensjéri of f
is a smooth map. We define a codimension {2 + k)k-submanifold ofJ(X, Y) for
k =1, 2 as follows:

S(X, Y) = {jtf(p) € IY(X,Y) | rankdfp = 2 —k}.

A smooth mapf: X — Y is said to begenericif f satisfies the following conditions:
(1) jif is transversal ta5 (X, Y) and S(X, YY),
(2) j2f is transversal t&(X,Y),
where S(f) = {p € X | rankdf, = 1}, S(f) = Si(f | Si(f)) and S(X, Y) is defined
as follows:

i*f(p) € SiX, V),
S(X,Y) = 1j%f(p) e JAX,Y) | j1f is transversal ta5 (X, Y) at p,
rankd(f | S(f))(p) =0

It is well-known that a smooth map: X — Y is generic if and only if each singularity
of f is either a fold singularity or a cusp. Heeefold singularityis the singularity
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of (X1, ..., Xen) — (X1, ZJ?“:Z :I:sz) and a cuspis the singularity of Xa, ..., Xon) —
(Xa, ]2”:3 isz + X1X2 + X3), where &, ..., Xzn) are the coordinates centered at the
singularity. If the coefficients ok; for j =2,...,2n is either all positive or all negative,
we say thatx is a definite foldsingularity, otherwise it is amdefinite foldsingularity.

Now we state the main theorems. LEfz) andg(z) be weighted homogeneous com-
plex polynomials. Assumé (z) andg(z) have same weights. Thei(z)g(z) satisfies

f(co2)g(coz) = cPA™ N £(2)g(2),

wherecoz = (c%z, cPz,), c € C* and pgm and pgn are the degrees of th&*-action
of f(z) and g(2) respectively. Then we have the Euler equality:

(Pam) 1(2) = 4 + Pz, (PANGA) = Az + Pz
The mixed polynomialf(z)g(z) is a polar and radial weighted homogeneous mixed
polynomial see Section 2.2 for the definitions. Polynomials of thisetgaimit Milnor
fibrations [14, 3, 13, 11, 12].
We study singularities appearing in a deformatidR} of f(z)g(z) for any 0<
t < 1. The main theorem is the following.

Theorem 1. Let f(z) and gz) be 2-variable convenient weighted homogeneous
complex polynomials such that(Z)g(z) has an isolated singularity ab and U be a
sufficiently small neighborhood af. Assume that () and gz) have same weights
and the degree of th€*-action of f(z) is greater than that of ). Then there exists
a deformation Hz) of f(2)§(z) such that any singularity of (fz) in U \ {o} is an
indefinite fold singularity F(0) = 0 and the link E1(0)N S‘f’t is a (p(m—n),q(m—n))-
torus link where § C U is a sufficiently smalB3-sphere centered ab for any 0 <
t< L

As an application of Theorem 1, we show that there exists ardeftion into
mixed broken Lefschetz fibrations.

Theorem 2. Let R(z) be a deformation of (2)g(z) in Theorem 1 Then there
exists a deformation &(z) of R(z) such that Es(z) is a mixed broken Lefschetz fi-
bration on U where0 < s« t <« L

This paper is organized as follows. In Section 2 we introdtiee definition of
higher differentials of smooth maps, define mixed HesdibfP) of a mixed poly-
nomial P(z, Z) and show properties of mixed Hessians to study singudaritif mixed
polynomials. In Sections 3 and 4 we prove Theorems 1 and Zcéseply.
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2. Preliminaries

2.1. Higher differentials. In this subsection, we assume thaf is an
n-dimensional manifold and is a 2-dimensional manifold. Let: X — Y be a smooth
map anddf: T(X) — T(Y) be the induced map of , where T(X) and T(Y) are the
tangent bundles oK and Y respectively. IfX is a bundle overX andY: X — W is
a map fromX to a spaceW, we denote byX, and Ty = T'|x, the fiber overx e X
and the restriction map of" to Xy respectively. We set the subs8i(f) of X as

S(f) = {x € X | the rank ofdfy =2—k} (k=0,1,2).

Note thatS(f) is the set of regular points of and S(f) = S(f) U $(f) is the set
of singularities of f.

The following notations are introduced in [8, Section 2].t L& and V be small
neighborhoods ok € X and f(x) € Y such thatf(U) C V. SinceT(X)|U andT(Y)|V
are trivial bundles, we can choose bageg and{v;} of the sections of these restricted
bundles such that

(Ui(x), ug(x)) =8 forall xeU,

(vi(y), ve(y)) =68k forall yeV,
where( , ) denotes the pairing of a vector space with its dyaf,} and{v}k} are dual
bases of{u;} and {v;} respectively.

Choose coordinate¢;} in U and {n;} in V such thatd/d& = u;, d&§ = u/,
(3/9n;) = vj anddn; = vy Thendf can be represented by

d(ni o f
at = 22 D s ;.
(]

SetE = T(X)|S(f) and F = T(Y)|f(S(f)). Then we can define the following
exact sequence
0-L-ESFS G0

whereL = kerdf, G = cokerdf andx is the linear map such that Im = cokerdf.
Letk e Xy, t € Ly anda; j = d(njo f)/0%. We define the map™: E — L*®F by

gx(k, 1) = D ((k, da () (t, uF(x)))v; (x)
b

B 8%(n; o f) | |
= I;ﬂ((k, d%'m(x))m(t, dé (X)))UJ (x)

and then define the mag?f: E — L* ® G by

d? fx (K)(t) = (e (K)(D))-
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By choosing bases dfy, Xy and Gy, the mapd?f determines ax (n—1) matrix
¢. j1f is transversal t5(X,Y) at S(f) if and only if the rank ofg is equal ton—1.
Moreover the singularityx € S(f) is a fold singularity if and only if the rank of
is equal ton — 1 and the dimension of the kernel df f, restricted toL is equal to
0 [8].

2.2. Polar weighted homogeneous mixed polynomials.Let P(z, Z) be a poly-
nomial of variablesz = (1, ...,2,) andz = (2, . . ., Z,) given as

Pz, 2):=) c,,2'2",
v,

wherez’ = z*--- z» for v = (vq, ..., vn) (respectivelyz" = zy* --- 3" for u = (1,
.., 1n)). Zj represents the complex conjugatezpf A polynomial P(z,2) of this form
is called amixed polynomia[11, 12]. If P((0,...,0,z,0,...,0),(0,...,0,z;,0,...,0))
is non-zero for eachi = 1,...,n, then we say thaP(z, z) is convenient A point
w € C" is a singularity of Rz, 2) if the gradient vectors ofi P and IP are linearly
dependent awv. A singularity w of P(z, z) has the following property.

Proposition 1 ([11] Proposition 1) The following conditions are equivalent
(1) w is a singularity of Rz, 2).
(2) There exists a complex numberwith |«¢| = 1 such that

P P P P
Let p1,..., ph @andday, ..., 0, be integers such that gay ..., pn) = 1. We define
the St-action and theR*-action onC" as follows:
soz=(s"z,...,sMz), seS,

roz=(@r%z,...,r%z,), r eR*.
If there exist positive integerd, andd, such that the mixed polynomid?(z,z) satisfies

P(s”zy,...,sPz, 877, ..., 877) =s*P(z,2), se S,

Pr%zy, ..., r%z, r%z, ..., r%z)=r%P(z,2), r eR",

we say thatP(z, z) is a polar and radial weighted homogeneous mixed polynamial
If a polar and radial weighted homogeneous mixed polynor®ifd, z) is a complex
polynomial, we callP(z, Z) a weighted homogeneous complex polynomiblar and
radial weighted homogeneous mixed polynomials admit Milfibrations, see for in-
stance [14, 3, 11, 12]. Suppose tiR{z, Z) is a polar and radial weighted homogeneous
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mixed polynomial. Then we have
n
P P
dp,P il —z, — —=12% ),
(z.9)= E Pj (sz Zj 07, ZJ)

P
d Pz 2) = }:%( gza).
|

If pj=gq; for j =1,...,n, the above equations give:
n
oP d +d
(1) Zp,az =—5—P@2
i

The following claim says that the singularities B{z,z) are orbits of theSt-action.

Proposition 2. Let P(z, 2) is a polar weighted homogeneous mixed polynomial.
If wis a singularity of Rz, Z), sow is also a singularity of Rz, z), where se S'.

Proof. Letw be a singularity of a polar weighted homogeneous mixed ohyjal
P(z, 2). Then there existe € S' such that

(B ) =L 22w).

Since P(z,2) is a polar weighted homogeneous mixed polynont#t,/dz; anddP/0z;
are also. Then we have

P doep; 0P P 0P
—(sow) = s% P __(w —(sow P+pJ_W’
iz oW gz W g, (Sow) =S¥ )
wherej =1,...,n ands € S'. So the above equations lead to the following equation:
P P _od oP P
—(S W,...,—SW = (S p —_S W,...,TSW .
(50w o som) = a5 Gow .. 1 (sow)
Since |s%«| = 1, by Proposition 1sow is also a singularity ofP(z, 2). O

2.3. Mixed Hessians. To study a necessary condition fB(z, z) so that the rank
of the representation matrix df P is equal tan— 1, we define the matriid (P) as follows:

9°P 9%P
(3Zj32k) (azjazk)

9°P 9%P ’
(32jazk) (82j82k)

H(P) :=
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where P(z, 2) is a mixed polynomial. We call the matrild (P) the mixed Hessiarof
P(z, 2) and show some properties &f(P) to study singularities oP(z, 2).
The next lemma is useful to understand the mixed HessiaR(afZ2).

Lemma 1. Let A and B be xn real matrices such thadet(A+iB) # 0. Then
there exists a real numbergusuch thatdet(A + ugB) # 0.

Proof. Letu be a complex variable. IB is the zero matrix, then de&(+ uB) =
det(A + iB) # 0. Suppose thaB is not the zero matrix. By the assumption, detf
uB) is not identically zero. Since de&(+ uB) is a polynomial of degree at mosi
the equation def + uB) = 0 has finitely many roots. Thus there exists a real number
Up which is not a root of de + uB) = 0. ]

Let Hg(n) denote the Hessian of a smooth functipnR" — R.

Lemma 2. Suppose that the rank of(R) is 2n. By changing the coordinates of
R? if necessarythe rank of H(JIP) is 2n. By the same argumenie can also say
that by changing the coordinates & if necessarythe rank of R (% P) is 2n.

Proof. Recall that

0 _1(9 .0 o _1(8 0
dz; 2\ ax; ayJ az;  2\ax;  dy;

The second differentials of complex variables can be remtesl as follows:

82

azjazk

1( 92 i 82 92
Z(axjaxk ayjayk) (ayjaxk+8xj8yk)'
1 @
azjazk Z(axjaxk ayjayk
1
i
1
i

ayjaxk axjayk

i mw)
(8y182><k axjayk)’
(5 7o)

+

aZJ 0Zx
32
02,02

82
aYj 0Xk axjayk

32
axjaxk ayjayk

+

32
0X;j Xk ayjayk)
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So the second differentials of a mixed polynomi¥l, z) satisfy the following equations:

92P 1/ 9°RP %3P %3P ZRP
8ZJ' 02k 4

3X1‘3Xk + 8X1‘3yk + 8yj8xk ayjayk

i ( 9%MP %P 92IP P

Z(_By,-axk B Byjayk + BXJan B 3X]'3yk)’
9%P 1( IPRP  92IP  9%IP 9%NRP )

— == - +
BZJ'BZk 4 3X1'3Xk 3Xj3yk ayjaxk ayjayk

i ([ PRP  92IP  3%JIP %P
Z(_ayjaxk + 8yjayk + 3Xjan + ijayk)’
3%P 1/ 0?R%P  823P %P %P
97;02 Z(axjaxk oo ayax ay,-ayk)

i (9°RP  3°3P ?IP  9%RP

Z(ayjaxk + 8y18yk + 3X1‘3Xk B 3Xj8yk),
32P 1/ 0%°%P  9%3P %3P %P
0702 Z(ax,-axk CoxjAyk  dYjoxk ayjayk)

i (PRT  %IP 9P P

+ Z(Byjaxk B ayjayk + anaxk + anayk).

The above equations show that the matidx ("% P) + i Hg (3P) has the form:

He(RP) + i He(3P)
P 9P 92P | 9%P i %P 9°P  0?°P  9%P
3Zj3Zk 32]32k szazk 82,-82k 82]3Zk 32]32k 82]3zk 32jazk
i ?P  02P  92P  3%P %P 0?P  9%P  9°P
8Zj32k azjazk 8Zj32k azl‘azk azjazk 32]321( 32]821( 32]321(

We see thatHg (M P) 4+ iHg(IP) is congruent to the Hessiad (P). Therefore the
rank of H(P) is equal to the rank oHr (M P) + iHg(IP). We assume that the rank
of H(P) is equal to 2. By Lemma 1, we can change the coordinatesg, ;) of
R? as

(w1, w2) = (w1, w1 + Uowz)

such thatuy satisfies detgr(MP) + ugHr(IP)) # 0. With these new coordinates,
P(z, 2) satisfies deHg(IP) # 0. Thus the rank oHg(IP)) is 2n. O

We show a necessary condition &z, Z) so that the rank of the representation
matrix of d?P is equal to & — 1.
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Lemma 3. Letw belong to $(P). Suppose the rank of () is 2n. The rank
of the representation matrix of?® is equal to2n — 1.

Proof. Sincew € S(P), one of gradiP)(w) and gradfP)(w) is non-zero. We
may assume that gredP)(w) is non-zero. By a change of coordinatesR# as in the
proof of Lemma 2, we assume that the rankH§(IP) is 2n. By change of coordi-
nates ofR?", we may further assume that P/dx,(w) # 0 and write gradsP(w) =
sgradiP(w) for somes € R.

We then change the coordinates®f" as follows:

By an easy calculus, the gradient 8P at w is equal to (1,0, .., 0).
We define the mag/ : R — R?" by

()N(]_, ey )~(2n) = (ERP, )~(2, ey )~(2n)-

Since the Jacobi matrix af atw is the identity matrix, there exists the inverse function
¥~ on a neighborhood ofv. Then the map% P, IP) can be represented as follows:

(RP, IP) = P(X4, .. ., Xon)
=(Poy™Hoy(X, ..., Xen)
=(Poy HNP, %o, . .., Xon).

Let (X1, ..., X5,) be the coordinates dk?" given by
(Xgs -+ oy Xgp) = (NP, X2, ..., Kon).

Then there exists a maQ: R?" — R such thatP oy (x},...,y,) = (X}, Q(X{,- -, X5))-
Since the singularityw belongs toS,(P), the gradient ofQ at w can be represented
by (s,0,...,0). Let w1, w,) be the coordinates dk?. SetZJ?”:la,- (3/8x;) € Xw, then
we have

=(1 0 --- 0) : —+(s 0 --- 0) : R
' Bwl ' sz
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So the kernelL,, of dP is {ZJZ“:Z aj(8/0x}) | aj € R} and the cokerneG,, of dP is
generated by)/dw,. By the definition ofd’P, we see that the representation matrix of
d?P is the HessiarHg(Q) of Q taking away the first column with these basis. Thus
the rank of the representation matrix @P is equal to & —1 if and only if the rank

of the HessiarnHg(Q) of Q taking away the first column isn2— 1.

By the definition of Q(x}, ..., X3,), Q(X{, ..., X5,) = IP(X], ..., X5,). Therefore
the rank of the representation matrix @fP is equal toHg(IP) taking away the first
column. Since ranKg(IP) = 2n by the assumption, the rank of the representation
matrix of d?P is equal to & — 1. O

3. Proof of Theorem 1

Let f(z) andg(z) be complex polynomials such th&{z)g(z) has an isolated singu-
larity at the origin. We define th€*-action onC?:

co(zy, 2) := (c%z;, cPz), ceC*.
Assume thatf (z) andg(z) are convenient weighted homogeneous complex polynomials

i.e., f(coz) = cPIMf(z) andg(c o z) = cP9"g(z). Assume tham > n andq > p. We
prepare two lemmas.

Lemma 4. Let g(2) be a convenient weighted homogeneous complex polynomial
which has an isolated singularity at the origin. Then

(g 0%g 9’9 9
detHe(9)(2) := (321821)(2)(322322)(2) B (821322)(2)(322321)(2)

is not identically equal tc.

Proof. Putg(z) = }_; cjz'l‘z;j, wherel; > 2, kg = 0 andl; > |}, for j < j’. We

calculate the degrees
929 829
degl (321321 ) (Z) ( 322322 ) (Z)

829 829
degl (321322)(2) ( 322321)(2)

of z;. If ky > 2, two degrees arl +1,—2 and 2, —1) respectively. Sincé; is greater
thanl,, two degrees are not equal. k§ = 1, by using equation (1); = I, + (p/q).
If q is greater tharp, I; andl, does not satisfy; =1, + (p/q).

So we may assume thgt= q, k, = 1. Theng(z) has the form:

and

9(2) = (z2 — €2)4(2),
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where §(z) is a weighted homogeneous polynomial such &) and z; — €z have
no common branches. Of(z;, z;) € C? | zy — €z = 0}, detHc(9)(2) is equal to
—(€9§/9z1 + 9/922)>. If detHc(g)(2) is identically equal to 0, the differentials of
0(2) satisfy
228,08
021 02

Sinceq(z) is a weighted homogeneous polynomial, by using equatiprg(z) is equal to

So §(z) vanishes on{(zy, z,) € C? | z, — €z = 0}. Since§(z) and z; — ¢z have no
common branches, this is a contradiction. ThusHigig)(z) is not identically equal to
0 forly > 2. ]

We define the following matrix:

2f _ p(m-n)—19f _ %f af ag af ag

02102,  z 9z 92,02, 821021 02102,

2f 92f _ g(m-n)—103f _ af ag af ag

A 3213229 02202, 2] 02,° 02071 022022
B af ag af ag 929 329 |

02, 02, 02,02, 02107, 02207

af ag af ag 82g 92¢

82192, 82, 92, 02102, 92,02,

where €, p) are weights off (zZ) and g(z). Suppose thatj(z) does not have an isolated
singularity at the origin. By changing coordinates@f, we may assume thaf(z) has
the following form:

02) = puz1 + Ba2s.

Lemma 5. Let o(2) = f1z1 +ﬂ22‘§ with k> 2. Then the determinant of A is not
identically equal to0.

Proof. The determinant oA is equal to
;0% 34(2 92f of af 92f  m—20f\[af)?
02,025 19 02107y 021 022 021071 Z1 071 02>

32f k(m—1)—10f\/af >
02202 Z 02, 0z -
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By the assumption)?g/dz,0z, # 0. By using equation (1),

92 f m—198f z 9°f

0210274 71 0z1 Kz 0210z’
02t (km-1)9f kz 92f
02,020  Zp 02  Zp 072402

Then we have
) 32f af af 2f  m-—209f\[/af\?
02102 021 022 021071 Z1 071 02
32f k(m—1)—10af\/af >
02202 Z 02 021
_, Pf ataf 1/t oz 9*f \(af\® koaf o 97f \(of)?
o 02102y 021 022 1\ 021 k 02102 02> 02> 1821322 0Z1
1 af of 92 f af af af of
- 2 kzl—) 2 90 knll ) k2
zlzz fazg 071 azlazz fazz 0zZ1 0zZ1 822
Set f(2) = Y14 8,22™ " andl = min(j | j #0,8; # 0}. Then

o-f 2, Of of of of
k k—
321322(\/_322 \/_ 1321) \/—BZ]_ 022

has the following form:
0%t (2 of of af of
_c Kz — | — PRl
02102, (\/R 0Zp + le 821) fazl 92,
= VKKIm(m — | — 1)808 2, 2z2xm -1
+ VKKI(m —1)(m — 1)622 1201 L

If m—1—1%# 0, vKkkim(m—I—1)8y8 # 0. Thus the determinant ok is not identically
equal to 0. Suppose that —| —1 = 0. Sincem is greater than 1, det # 0. ]

To prove Theorem 1, we choo$¥z) such that the determinant ¢i(fg + th) is
not identically equal to 0. We divide the proof of Theorem oitwo cases:
(1) g(2) is not a linear function,

(2) 92 = prza + Baz2.
3.1. Case (1). We define a deformation of (z2)§(z) as follows:

Fi(2) = f(2)9(2) + th(2),
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whereh(z) = y12"™ ™ + »,22™" and 0<t < 1. Lets be a complex number such
that |s| = 1. ThenF(so 2) satisfies

Fi(s02) = f(s02)§(S02) + th(so 2) = sSPY™VF(2).

So F(2) is also a polar weighted homogeneous mixed polynomial.p8sg thatm is
greater tham. Assume thatf (z2)§(z) and h(z) have no common branches.

Lemma 6. Let R(z) be the above deformation of(#)q(2). If S;(F) # 9, S(F)
is only the origin. If $(F) = @, the origin is a regular point of Fz).

Proof. If w belongs to S(F), by Proposition 1, the singularityy satisfies
(3 f/0z;)(w)g(w) + (toh/az;)(w) = 0 and f(w)(9g/dzj)(w) =0 for j =1,2. By using
equation (1),f(w)g(w) = 0 andth(w) = 0. By the assumption dfi(w), w is equal to
the origin. Since the origim is an isolated singularity of (2)§(z), f(0)(99/9z;)(0) =
0 for j =1,2. If S(F) =9, there existsj such that § f /9z;)(0)g(0) + (tdh/3z;)(0) ;é
0. Thus the origin is not a singularity d%(2).

Set f(2) = arz}" + @z)" +2)Z) f'(2) and g(2) = b1z}" + b z3" + 202} g’ (2), where
f’(z) and g'(z) are weighted homogeneous complex polynomials.

Lemma 7. Suppose thay; is a coefficient of {z) which satisfiesk(ajb;/¥;) > 0
for j = 1,2 Then z and 2 are non-zero for anyw = (z1, z2) € S (Ft) where0 <
t<< 1

Proof. Assume thawv = (0, z,) € S(F). By Proposition 1 and Lemma &, #
0 and

qmagh,z3"z0™ P ftg(m-— n)ﬁzg(m_”)_l = aqnab,z)"z) " Y

wherew € St. Then we have

ab asb,
2) m2=223"73" 4 t(m—n) = an az Z2 gy amt2an,
V2 V2

Sincem is greater tham and« € S', the absolute value ah(azb,/72)z)"Z)" is greater
than that ofan(ashy/72)23"z, 9™ %", We takey, € C which satisfiesh(azb,/7z) > 0.
Then z, does not satisfy equation (2). This is a contradiction. ®sppthatw =
(z1, 0) € S(F). If we takey;, € C which satisfiesh(a;by/y1) > 0, the proof is analo-
gous in casew = (0, z). Thus we show that coefficientg and y, of h(z) such that
z; and z, are non-zero for anw = (z1, z) € S(F). O

We now consideih(z) satisfying the following condition:

©) {detH(F) = 0} N S(F) = 0.
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Note that if h(z) satisfies the condition (3), the rank of the representatiatrix of
d?F, is equal to 3 by Lemma 3.

Lemma 8. There exist coefficientg; and y, of h(z) such thath(ajb;/¥;) > O,
h(z) satisfies the conditiof3) and on S(F),

Fi(2) = 1(29(2) + th(z) # O,
where j=1,2and0 <t <« L

Proof. We define the mixed polynomidl(z, o) as follows:
(AT EPRYD
P(z,0) = (8—21(2)9(2) —af (2)8_21(2))8_22(2)
af 9g .\ oh
- (000 -t @5 ) o)

wherea € S'. Since f andg are convenient,&(f /dz;)(w)g(w) —« f (W)(0g9/0z;)(w) #
0 for j =1, 2. So there exisy; and y, such that®(z, «) is not identically equal to
0. If w is a singularity ofF(2), there existsx € S' such that

of oh L. 0
a—Zl(W)g(W) + ta_zl(w) =af (W)a_zl(w)’
af ah ~ ag
8—22(W)9(W) + ta_zz(w) =af (W)a_zz(w)'
S0 @(z, «) vanishes onS;(F).
We take a coefficieny; of h(z) which satisfiesi(ajb;/yj) > 0 for j =1, 2. By

using equation (1), Proposition 1 and Lemma 7, for ang S;(F;) there existax € S*
which satisfies the following equalities:

(4) pamf (w)g(w) + pg(m — n)th(w) = « pgnf(w)g(w),
92h =tpq(m—n)—pjﬂ
) 82]32j Pj Z; 3Zj

_ pg(m—n) — p; (_f—a_g_ﬂ_)

o
Pj Zj 32] 3Zj
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wherep; =q, p = p and j = 1, 2. By equation (4)F(2) satisfies

Fi(2) = 1(299(2) +th(2)

_ 1 _ .
f(24(2) + m(— pamf(z)g(2) + apanf(2)9(2))

(@90 - — " 15D + —

m-—n

af(2)9)

(19 - & f@)9(2).

So forw e Si(F), F(w) is equal to 0 if and only iff (w)g(w) — & f (w)g(w) = O for
somea € St. By equation (5), the HessiaH (F;) of F(2) is equal to

92f _  p(m-n)—1 _f_ag af _ 92f af ag oaf ag
92,02, Z “Non 9207, 92, 071 971 972
2f ?f _ g(m-n)—1 _f_ag af _) af ag af ag
02102, g 02002, Z ¢ 02, 02, g 0Zp 021 0Zp 02

af o9 ot og 0’9 g
0Z1 021 0Zp 073 021023 02202y

at ag af ag 029 9%
0z, 02, 02 02 02102 02,02

atw € S(F). Let ¥(z, ) be the determinant of the above matrix. Sefz, @) =
(1/2122)(V2(2)@? + W1 (2)@ + Wo(2)) Where Wj(2) is a mixed polynomial oz and z for
j =0,1, 2. Then we have

W(2) = (p(m 1) ~ {a(m— ) - (@ TOV o (2) 12 ()TetH (@)
1 2

\Ilo(Z) = 717, detA.

By Lemmas 4 and 5, eithe®,(z) or Wy(z) is not identically equal to 0. S@(z, «)

is not identically equal to 0. We define ti&-action and theR*-action onC? x St
as follows:

So (21, 2, @) := (s921, SPZp, 5721 +2%hgy),

ro(zi, 2, ) := (r9z, r Pz, @),

wheres € S, r € R*. Then f(2)§(z) — @ f (2)9(2), ®(z, «) and ¥(z, «) are polar and
radial weighted homogeneous mixed polynomials. 8gt= {(z1, zp, @) € C? x St |
f(2)8(2) —a f(2)9(z2) = 0} and Vs = {(z1, 2o, @) € C2 x St | z12,¥(z, &) = 0}. Sincez;
andz, are non-zero org (F;) by Lemma 7, we may assume that# 0. Let (21,22, «)
be a point ofVj, where j = 1, 2. Setz; = r9s9z, z, = rPsP and o = s~ +%hg/,
wheres € St, r € R*. Then @], 1,«’) also belongs tdv;. So we may assume that
z, = 1. The dimension of; N (C x {1} x S') is 1 for j = 1, 2. Then the curve¥,
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andV, have finitely many branches which depend orfilfz) and g(z). On C x {1} x St,
each branch of\(; U V,) is given by a convergent power series

£(u) = <Za4u', 1,Zb|u'> eCx{1} xS,
I I

where O<u<1lfork=1,...,d.
Since the curve¥; andV, have finitely many branches, we can choose coefficients
y1 andy, of h(z) such that, orC x {1} x S, the intersection of\(; UV,) and {®(z,a) =
0} is empty, i.e.,®(&(u)) # 0 andR(ajbj/¥j) >0 for0<u =<1 k=1,...,d and
j =1,2. Thus a deformatioit;(z) of f(2)§(z) satisfies the condition (3) ank(z) # 0
on S (F). O

Lemma 9. Let R(2) be a deformation of @)g(z) in Lemma 8 S(F) are in-
definite fold singularities.

Proof. By Proposition 2S,(F;) is a union of the orbits of theSt-action. So a
connected component @& (F;) can be represented by

(€921, €%2,), 6 €0, 27].

We first show that the differential df|s,r): Si(F;) — R? is non-zero. On a connected
component ofS(F;), the mapF; has the following form:

F(€9z, €P25) = &PIM VI F (29, 7).

Thus the differential ofF; satisfies

dR

%(eiq"zl, €P2,) = ipq(m — n)ePIM™E (7, z,).

Since F(z) does not vanish oi%,(F;), the differential does not vanish dg(F;). Thus
any point of §(F;) is a fold singularity.

Next we calculate the differential of|>. Let S be a connected component of
Si(F). Set the coordinates @2 as follows:

73 =119, 75 = 1, (P9FT)]

where S = {(r;€9, r,d(P+™)) | 0 < 6 < 27}. Since |R|? is constant onS(F),
9|F|?/06 = 0. Then we have

3| F[? _ 1—3|Ft|2e—iq9 d|F? _ }3|Ft|zeiq0_
02y 2 0ry ' 0Z1 2 0ry
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On S, second differentials ofF;|? satisfy

9| Ff? _1 32|Ft|2+i82|Ft|2 eiae 9% Fe[? _1 82||:t|2_|_i32||:t|2 Qi
02102 0Xo0r1 8y28r1 02102 4\ 0xp0ry 8y28r1

S0 71 8|F¢|?/38212, — 71 3| F|?/8212, is equal to 0 onS. Sinced|F|?/92z, is a polar
weighted homogeneous mixed polynomial, 8nd|F|?/dz, satisfies

3|F|? IR _ 0|F[? R[> _ 0IR|?
p|_t| :q(z L51 N It_l)er(Z R It_I)ZO_

0Z» 0212 0212 02272 0202

Thus z, 9|Ft|?/8222, — 22 3|F|?/32,2, is equal to 0 onS. Since mixed polynomial
Z 8| Ft|2/82222 -2 3| Ft|2/82222 is equal to

ro a|F|? . a|Ft|2)
— | cos(d + T —sin(pd + t
2 ( e )3y2 Y2 G )axz Yy

o f . AR AR
i = sin(po — cos(pd
+ 2( (P +T)8X23X2 ® +T)8x28y2

(3| Ft)?/0x%2%2) (3| Fe|2/0Yays) — (8] F|?/9x%2Y0)? is equal to 0 onS. Set a curvez(u) =
(wy, wp + su), wherese C, 0<u <« 1 and {1, wy) € S(F). Then we have

2R |2 21E |2 d 2IE |12 dz dz 2IF. |2 dz\?2
PR o = T o) + 22 op 32 2 IR o 2)

auou 02202 025 07> dudu 02,9072
_ _(32|Ft|2 RS _oi 82|Ft|2) +S—§(82|Ft|2 n 32|Ft|2)
4 \ 9Xo 0X2 8y2 8y2 X2 3y2 2 \ 0X5 0Xo 8y2 3y2
§_2(32|Ft|2 _ 92| F|? oi 32|Ft|2)_
4 \ 9Xo 0X2 ayz 8y2 0X2 8y2

Since
AR IZ AR 9|R?
XoXp DYy OXaYo)?

is equal to 0 onS, (9%|F¢|2/du du)(z(0)) is equal to
2
s? [ |0?|R? i 92| F|? n S8 (92| R |? n 3?2
4 IX20X2 8y23y2 2 \ 0X20%2 8y28y2
2
& [o2R]2 . [9%R?
+ = +i
4 0X20X2 ayzayz
2
1 i L S K LT WY A e L e s L1
=_-1Is —i +5(— +iy— >
4 0X20X2 8y28y2 0X20X2 8y28y2
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We consider the Hessian ¢f;|%: R® — R, (r1,r»,7) — |F¢|3(r1,r2,7). By changing
coordinates ofrp, ), Hr(|Ft|?) is congruent to

a a ag
a a 0|
az O 0

whereaz # 0 anday > 0. Thus Hg(|F|?) is congruent to

as O 0
H=|0 a 0 |
0 0 —a3

Since S is the set of the fold singularities d%, a; anda, are non-zero. So the matrix
H’ has two positive eigenvalues and a negative eigenvalues Waushow thatS (F)
is the set of indefinite fold singularities. O

3.2. Case (2). In this subsectiong(z) is equal toB1z; + B,z,. Since we study
f(2)6(z), we may assume thai(z) = z; + fz.. We study the following deformation
Fi(2) of f(2)(z1 + B22):

Fi(2) :== f(2)(z1 + Bz) + th(2),

whereh(z) = zI'zy + zZ"* + yz3™1. We study the rank oH(F) and the differential
of Ft|31(Ft)'

Lemma 10. There exists a coefficient such that the singularities of {z) in a
sufficiently small neighborhood U af are indefinite fold singularities except for the

origin.

Proof. Set
f h
(2, ) = (g—zl@g(z) af (z)) et
_ f h
+ (B0~ 5 000 (5@ -

On S (F), there existsx € St such thate depends orw € S;(F) and ¢/(w, «) = 0.
Since detH (Fp) = 0, the determinant oH (F;) has the form:

2
tzmzﬁzfmz( af ) .

02
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Suppose thay is a coefficient ofh(z) which satisfieshi(a,8/y) > 0, where f(2) =
a1z + &z + 212, f'(2). By the same argument in Lemma 7, is non-zero for any
Si(Ft). Assume that f /dz, = 0. Then we have

@/(z,a)=(—(z)g() 22 ))—()+ ﬂﬂﬂo(—(z) )

= -7 (@0 - 21 )
+ aB%j—;l(z)(mzlz + (m—1)Z"2% — azD).

Let U be a sufficiently small neighborhood of the origin Since f(z) has an isolated
singularity at the origiro and m is greater than 1, the intersection {gf;, z,, ) € U x
S'|9f/0z, = 0} and {(z1,22,@) € U x St | (za/m)(d f /021)(2) (M2 Z] L + (M— 1)zm 2_
aZz]") = 0} is included in{o} x St. So @ /m)(d f /3z1)(2)(Mz 2]t + (M—1)Z"2 —az")
is non-zero on{(zy, z, @) € U x St | 89z, = O} \ {0} x S..

Sinced f/dz, is also a weighted homogeneous polynomial, we may assunte tha
d f /0z, has the following form:

af e
8_22 = Z;nl 1—[(2]_ + Tj 22).
j=1

We take a coefficienyy as follows:

1, —(m-1)((F/021)(2)9(2) — a(z1/m)(3 f /021)(2)) 7>
v aB(z/m)@f/0z)@)(mazt + (m— 122 —az])
__ —(m— 1)(© F/9z2)(—7j, 1)(—7j, 1) — o' (—7;/m)(0 f /3z2)(—7j, 1))
(—1m2a’B(—1;/m)(d f /0z1) (=7}, D(Mz; T2 + (M- 1)T" 2 — 'z 2)
wherea, o’ € S, z; = —1jre'?, zz=re'’ for 0O<r <« landj =1,..., m3. Hence

we can chooséd(z) such that the intersection dfletH(F;) = 0} and {®'(z, @) = 0}
is included in{o} x S. The origino is a regular point ofF;(z) or belongs toS(F;).
Thus detH(F;) is non-zero onS(F).

On S(F), (m— 1)F is equal to—(f§ + tz'z;) + @(fg + tz;ZI"). By the same
argument in Lemma 8, the intersection pffg + @ fg = 0} and {®'(z, @) = 0} is
included in{o} x St. Sincet is sufficiently small, the intersection ¢f-(f§+tz]'z;) +
&(f_g+t212'l“) =0} and {®’'(z,«) = 0} is also included info} x St. Since R (z) is also
a polar weighted homogeneous mixed polynomial, we can sta the singularities
of F(2) are indefinite fold singularities, by using the same way amina 9. ]

If the origin of C? is a singularity ofF(z2), F, 1(0)N S} is an oriented link inS?
for a sufficiently smalle;. We study the topology of*(0)N S3.
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Lemma 11. The link F*(0)N S} is a (p(m — n), g(m — n))-torus link.

Proof. The deformatiorf(z) of f(2)§(2) is a convenient non-degenerate mixed
polynomial in sense of [12]. Len be the compact face of the Newton boundary of
Fi(2). Then the face functiois(2) is t(1z"™ ™ + y,22™ ™). In [12, Theorem 43],
the number of the connected componentsFpf(0) N S? is equal to that ofF,'(0) N
S where 0< & < 1. SinceFa(2) = t(nzZ}™ " + 1,2J™ ™) hasm — n irreducible
components, the number of link components Fgf1(0) N Sg is equal tom — n. By
the choice ofh(z), Fia is a polar weighted homogeneous polynomial. §g'(0) is
an invariant set of theSt-action. In [4], the connected component Bf,}(0) N SfI is
isotopic to a P, q)-torus knot whose orientation coincides with that of tBeaction
and the linking numbers of components Bf(0) N Sg are equal topq. ]

Proof of Theorem 1. The singularities of the deformati§(e) of f(z)g(z) except
for the origin are indefinite fold singularities by Lemma 8&rama 9 and Lemma 10.
The link F1(0) N S}is a (p(m — n), g(m — n))-torus link by Lemma 11. O

3.3. Examples. Set f(z) = z' + ZzJ' and g(z2) = z1 + 2z, wherem > 3. Two
polynomials f (zZ) and g(z) are convenient weighted homogeneous drid)§(z) has an
isolated singularity at the origin. We consider a deformatioR = f(2)§(z) +t(z'z1 +
Zn1 4+ yzZ1) of f(2)d(z) wherey # 0. Then we have

?'(z, @) = (M- 1)7(MZ" *g(2) -« F(2))Z52
+ (2o f(2) —mZg@)(MaZ " + (M — )2 — o)),

detH(FR) = 4t°’m*zm223"=2,

So detH (F) is equal to O if and only ifzy = 0 or z, = 0. Sincem is greater than 2,

D'(2,a)|z—0 = —(M—1)ayzPZ 2 and &'(z, @)|,,—0 = aBZ](Mz 2 + (M—1)Z" 2 -

az!"). Hence t, 2, o) satisfies®’(z, «) =0 andH(F;) = 0 in U if and only if z; =

Z, = 0. Since the origiro does not belong t&,;(F;), detH(F) is non-zero onS;(F).
If (z1, 22, @) satisfies—fg+ «fg =0, (z1, z2, @) can be represented by

z=zrd?, z=re?, a=ae?M2AY

where €™ + 1)(z + 2) = /(2™ + 1)(z + 2). We take a coefficieny of h(z) such that

(2 f(z 1) = mgz, 1))MmZ™ 2 + (m— 1)272 — o/27r2)
s (m— 1)(mz"1g(z, 1)— o f(z, 1))

Then F(2) is non-zero onS;(F;). Thus S (F;) is the set of fold singularities and the
link SN F71(0) is a m—1,m—1)-torus link, whereS® = {(z1,22) € C? | |z1/*+ |2|? =
e}, e < 1.
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4. Proof of Theorem 2

Let F(2) be a deformation off (2)§(z) in Theorem 1. In this section, we study
the deformation off(2):

Fis(2) := f(24(2) + th(z) + sl(2),

wherel(z) = ¢121 4+ 25, €1, ¢, € C \ {0} and O0< s € t <« 1. Suppose that; and
C, satisfy

(i) {tdhh(2)+s(gcrz1+ pcz2) = 0} and{ f (2)g(z) = 0} have no common branches,
(i) {(dh—0q)gcrz1+ (dn— p) pczz = 0} and{ f(2)g(z) = 0} have no common branches,
whered, = pg(m—n) and O< s <€t <« 1. The mixed Hessial (F; s) of F; s is equal
to H(F,0). To prove Theorem 2, we first show that non-isolated sirgida of F s(2)
are indefinite fold singularities.

Lemma 12. There exist ¢ and ¢ such that any point of ;$F ) is an indefinite
fold singularity where0 <s <t <« 1.

Proof. In the proof of Theorem 1, we proved tHaetH (F; o) = 0} NS (F,0) = @
and the differential off o|s ) is non-zero. So there exists a neighborhadg, of
Si(Ft,0) such that

{detH(F0) = 0} NUg, =0,

d
d_Xg Ft.o(w) # 0,

where x‘f is a coordinate ofS;(F; o) in R* andw € S(F;,0). We take non-zero com-
plex numberscy, ¢; and sufficiently small positive real numbey such thatS(F: s) C
Ur, for any 0< s < 5. Then the intersection of(F;s) and {detH(F;s) = 0} is
empty. ThusjFs is transversal toS(R* R?) at S(Fys). We check the differential
of Fis: Si(Frs) — R% Let (x5, ..., x5) be a family of coordinates oR*, smoothly
parametrized bys, such thatx; is the coordinate of5(F;s). Then we have

dRs  9F00x? dF00%) al ax? al axg
SinceBFt,o/axf is non-zero onUg,,, dF,s/dx; is non-zero for O< s < 1. Thus any
point of S(F;s) is a fold singularity.

By changing coordinates dt* and R?, on Ug,,, we may assume that a point of
Si(Fs) is equal to 5, 0, 0, 0) andFs: R* — R? has the following form:

Fis = (Xi |t,s(Xia X§, X§, Xi)),
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where grad; s(w) = (0, 0, 0, 0) for anyw € S;(Fis). Setlis(xd, ..., x9) = I o(x?, x3,
LX)+ sl (D, ..., D). SinceSi(F) are indefinite fold singularities, by choosing
suitable coordinatesxf, x2, x3, x9), we may assume that

lts = —03)7 + ()% + (X9)? + SK (X7, . . ., X3).
Let (i3, 3,13, () be a point ofS(Fs). Then we have

dlts oly

S¢S s s Sy _ s tses s s sy _
—o e 3w =25 +s—5(3, 13,13, 4) = 0.
X3 X3

We first fix X2, x§ and x, i.e., x) = 5, x3 = § and x§ = . Sinces is sufficiently
small, dly,s/3xY satisfies

s dl{s
S = 2+ s—2(5, %3, &, 1§
ox0 2 3% (1, X2, 13, 1)
0 0 t/s 0 0 t/s
_ ’ S s S ’ s s s ,S
=-2X;+5S 0 (3, X5, 13, 43) + 215 — SW(M, 15, U3, Lg)
2 2
al{ al{
0 ts 0 t,s
— 268+ 5( 306 8 D - Ta0 55 )
X5 X5
Al /XS, X9, 15, ) — (1] o /AX(S, &S, &, 15)
0 (01{s/9%5)(1, X5, 13, 13 ts/ 9%, Lo, b3, 4y
=(x2—L§)(—2+S v )<0

for X > 5. Thus there exists a curva(u) = (i, X2s(U), 5, (§) on Ur,, such that
z5(0) = § and Iy s is monotone decreasing ag(u), i.e., Xos(u) > 5. Next we fix x,
xJ and x{. Then we can show that there exists a cuzy@l) on Ug,, such thatz,(0) €
Si(Fs) and Iy s is monotone increasing or(u). So S(Fs) is the set of indefinite
fold singularities. [

Next we consider isolated singularities Bf s(z). Then these singularities belong
to S(Fs). We study the topological types of the links at each pointSg(F; ).

Lemma 13. Let K s(z) be a deformation of z) in Lemma 12 Then $(F;s) is
the set of finite mixed Morse singularities.

Proof. Letw = (wj, wp) be a point of (Fs). If g(2) is not a linear func-
tion, f(w)(3g/dz;)(w) =0 for j = 1, 2 by Proposition 1. Sincg(z) has an isolated
singularity ato and f(o) = 0, f vanishes onS(F;s). By equation (1),w satisfies
f(w)g(w) = 0 andtdyh(w) + s(qc1z; + pcz2) = 0. Sincec; and ¢, satisfy the condi-
tion (i), the number ofS(F; s) is finite. If g(2) = z1 + Bz, w satisfies

fw)+wl=0, fw)ps=0.
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So f and w; vanish onS(F;s). By Proposition 1 and equation (1), we have

mfw)gw) + t(m— ) + ywi1) + mwlw; + s(Ciw + Cwy) = 0,
t(m— 1)ywd* + sqw, = 0.
Thus {(0, ) | t(m — 1)yZ)* + sz, = 0} includes S(Fs). The number ofS(Fs)
is finite.
Since f vanishes onS;(F;s), H(Fs) is equal to

32f 8%h 32f af ag af ag
g+t g =
0210271 02102 0202 0Z1 0Z1 021 02
2f %f 9°h  af ag af ag
g g+t T o
H(F ) - 02102 025025 0200Zy 0Zo 027 022 0Z»
t,s) — _ JR—
Y of o of o
ot 99 ot 99 0 0
071 071 020 071
af ag af ag
ot 99 ot 99 0 0
021 02> 02 02,

Assume that { f /8z;)(w)(39/dz)(w) = O for any j,k € {1, 2}. By using equation (1),
f(w)(39/dz;)(w) = (8 f /dz;)(W)g(w) = 0. Hencew is a singularity of f(z)g(z) by

Proposition 1. Sincef (2)§(z) has an isolated singularity at the origiw, is the origin.

Then we have

oF s

aFt S
—_ = 0
1) = 520

of oh
= E(O)Q(O) + tE(O) + SCJ
oh

=t— . £ 0,
= (0) +s¢ #

where O< s €« t « 1. The origino does not belong t&(F;s). This is a contra-
diction. So there exist, k € {1, 2} such that § f/9z;)(w)(99/9z)(w) is non-zero
at w € S(Fis). Assume §f/92)(w)(3g/9z)(w) is non-zero. Ifg(z) is not a linear
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function, we calculateH (F; s) by using equation (1).

H(Fis) =

I

where

and

hi1 hi2
2f _ 9%f Gt 32h
leazzg 322322g 020025
af ag af ag
021 0Z1 0Zp 071
af ag af ag
0Z1 02 02, 902
h&,l h1,2
h 2f _ +t 8%h
12 3223229 020025
a9 af ag
mf2 )
Pa 021 02 0Z1
g af ag
mf2 28
Pa 02 027 02

af _ oh
hi,1 = q(pm— 1)3—219 +tg(p(m—n) — 1)3—21,

af _ ah
hi2 = p(gm— 1)3—229 +tp(@(m—n) — 1)8_22

, 3 f af _
hi ;= ((pm— 1)0|2213—Zl + (@m-— 1)'02223_229

h
+t((p(m— - 07z + @)

Since f vanishes onS;(F s), h’L1 is equal to

of of
_ 1\ _1\p2 <
((pm 1)q 21321 +(@m-1)p 22822)9

; t((p(m— = 1215+ (am ) -

99 39
f— f—
pgm 92 pgm 7
17 a17g
020 071 07, 025
0 0
0 0
99 99
f— f—
pam a7 pgm 92,
af ag af ag
0Zp 071 022 02
0 0
0 0
oh
—1)p’z,— ).
)P°22 822)
oh
1)p?z,—
)p 22822)
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f f
- ((p(m— )~ 1215+ (a(m ) - 1)p2z2§—22)g

h h
+t((p(m— ) — 1)q2z1§—21 +@m=n)— 1)p2z2§—22)

+ (pnzll & panzt)g
Pq 1821 p=d 22322 g

f f
_ ((p(m - 1)q2z1§—zl +@m—n)— 1)p2z2§—22)@

h h
+t((p(m— ) — 1)q2z1§—21 +@m=n)— 1)p2z2§—22)

+ n zaf—ir zaf 0
Pqg Q1821 pzazzg

= {pg(m—n) —g}gz 8]C'thah
={pq a}qz 3219 0z

+ {pg(m—n) — p} of ‘+tah + p?g’mnfg
pq P} P2z a22@1 % pq g
= —s{(dh — 9)qc1z; + (dh — P)PC222},

whered, = pg(m — n). Hence we have

—s{(dn —q)qc1z1 + (dh — P) PC222} hi 0 0
%f 9°h  af ag
hy s () +t 9T 9
H(F ) ~ 2202 _322822 0Zp 071
bs af ag
0 —_—— 0 0
022 0Z1
0 0 0 0

Sincec; and ¢, satisfy the condition (ii), the HessiaH (F; s) is congruent to

—s{(dh — )21 + (dh — P) PC222} 0 o o
H(F,s) = _ 2 0731
’ of d
af 9g 0
020 071
0 0 0
1 0 0O
- 0 010
“lo 100
0 0 0O

at w e S(Fis). If g(2) is a linear function, we use the same method of non-linear
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cases. SAH(F;s) is congruent to

O OO
O OO
(ool o]
o O OO

By the same argument, we can check that if either
af ag af ag
8_21(W)3_21(W)’ 8_21(W)8_22(W)
or
af ag
—(w)—(w
822( ) 822( )
is non-zero,H(Fs) is congruent to the above right-hand matrix. We change the c

ordinates ofC? such that, at the singularity df;s(z), the mixed HessiarH (Fs) is
equal to

O OO
OoOFr OO
OO o
o O O o

We identify C2 with R*. Then Hg(MFs) + iHr(3Fs) has the following form:

1 0 1 0\/1 000/10 i o0
) o 01 0 1]loo 1o0fllo1 o i
He@iFis) +THSFRS) =11 o 5 o llo 1 0 ofll1 0 & o
0i 0 —-iJ\oooo/\o1 o0 4
1 1 1 i
1 0 =i o
i - -1 1
i 0 1
11 0 0 0 0 1 1
_[r 0o 0 of ;Jo o -1o0
“lo o -1 1 1 -1 0 0
00 1 O 1 0 0 0
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Since Hr(M Fi s) and Her(IF:s) are regular matricesiF s and JF; s are Morse
1-100
: |10 100
functions. PutR = (0 011 , we have
0 0 01
1 0 0O 11 0 O 1 -1 00
-1 1 00 1 0 0 O 0O 1 0O
t l —
RAEMFSR=1 6 o5 1 o]flo 0o -1 1|lo 0 1 1
0O 011 00 1 O 0O 0 01
1 0 0 O
|0 -1 0 0
10 0 -1 0
O 0 0 1

Hence there exist the coordinates®t such thatiF; s has the following form:
NFs =X7 — X3 — Vi + 3.

On the other hand, the Hessian ®df; s is congruent to

1 00 0\,/0 0 1 1\/1 -1 0 0
1 100|lo o -1 0llo 1 0o

t o~ _

REQFRIR=1 o 5 1 o1 22 0 ollo 0 1 1
0 01 1/\1 o o o/\o o0 01
00 1 2

o 0o -2 -3
“l1 2 0o o
2 -3 0 0

So the 2-jetj23F, s(w) of 3F s at w is equal t0j23F (W), where SF;s = 2(x1y1 +
2X1Y2 — 2X2y1 — 3X2Y2). y ~

Putz; = x; +iy; for j =1,2. We calculateF s(z) := )iF s+ i3F;s on a neigh-
borhood ofw:

RFis +i3Fes =X =33 — ¥ + V5 + 21 (xayn + 2xay2 — 2aY1 — 3aY»)
(X1 4 1y1)? — (X2 + iY2)® + 4i (X1Y2 — XoY1 — X2Y2)
U+22-2 +57-72; 22-1-2222—22)
2 2 2 2i 2 2i
Z — 275 — 2217, + 22,2, + 25

=z§—z§+4i(
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We define a family of mixed functions:
Ft,s,r = 'ft,s + ft,Sa

where fis = Fis — Ift,s and 0< 7t < 1. SinceFs. is true non-degenerate for any
0 <71 <1 in sense of [12], there exist a positive real numhgsuch that the sphere
§ with 0 <r <rg intersectsF . (0) transversely. Set

K: ={(z1,22) € § | Fisc(z1, 22) = 0},
K ={(z1,22,7) € §x[0,1] | Fs:(z1, 2) = 0}.

Then the projectionr: K — [0, 1] is a fiber bundle by the Ehresmann fibering theorem
[16]. Thus Ky is isotopic toKj.
We change coordinates @f?:

V1 =21 —2Zp, V2 = Zp.

Then Ift,s is equal t0vf + 2v1v,. So the algebraic sdi(vy, v2) | vf + 2v1v, = 0} has
two components:

{1 =0}, {(v1,v2)= (A", —7e3)|0<F, 0<0¢ <2n).
We define theSt-action onC?2:
(v]_, Uz) = (§U1, §3v2), Se Sl.

Then the set of the zero points & s(z) is an invariant set of thé&!-action. So the
link of Ift,s(z) is the Seifert link in [4]. Since two components of the link k‘St,S are
trivial knots and the absolute value of the linking numbed jsv defines a Hopf link
as an unoriented link.

Let B be the 4-dimensional ball such thif;(0) N dBj is isotopic to F;'(0) N
dBj and the intersection oBj and the singularities ofs(z) is equal to S(Fs),
where Fia(2) is the face function ofF(z). The restricted mapF s: Bg‘ — D% is an
unfolding of F,1(0) N dB; in the sense of [10]. By Lemma 1F,,}(0) N aB} is iso-
topic to the p(m—n),q(m—n))-torus link whose orientations coincide with that of Ignk
of holomorphic functions. Then there exists an unfoldingolhhas only positive Hopf
links and the enhancement to the Milnor number is equal to 0 Th@orem 5.6]. Note
that the enhancement to the Milnor number is a homotopy iamardf fibered links.
Assume that there exists singularities Bfs(z) such that they define negative Hopf
links. Then the enhancement to the Milnor number is posith@ [Theorem 5.4]. The
homotopy type othjol(O) N By is different from that of links of holomorphic func-
tions. By Lemma 11, this is a contradiction. Any point 8f(F: s) defines a positive
Hopf link. Thusw is a mixed Morse singularity. ]
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Proof of Theorem 2. Ld{(z) = c;2; + ¢,z be a linear function in Lemma 12. Any
point of S;(F ) is an indefinite fold singularity. By Lemma 13, isolatedgitarities of
Fi s(2) are mixed Morse singularities. This s(z) is a mixed broken Lefschetz fibration.

O

4.1. Examples. Let F; be a deformation off § in Section 3.3. We consider a
deformationF; s = F; 4+ s(C1z1 + ¢»2) of F, where 0< s <t « 1. Suppose that;
and c, satisfy cp/c; # 2 and Ecy/c)™ # —1. Then S (Fs) is the set of indefinite
fold singularities andS(F;s) is the set of mixed Morse singularities.
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