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Abstract
In this paper we consider invariant Matsumoto metrics whighiaduced by in-
variant Riemannian metrics and invariant vector fields ombgeneous spaces, and
then we give the flag curvature formula of them. Also we study $pecial cases
of naturally reductive spaces and bi-invariant metrics. &kel the article by giving
some examples of geodesically complete Matsumoto spaces.

1. Introduction

In the last decade the study of invariant Finsler structoresie groups and homo-
geneous spaces has been extended. Lie groups and homogepeacas equipped with
invariant Finsler metrics are best spaces for finding spad#s some curvature prop-
erties. Some curvature properties of these manifolds heaea Istudied in [4], [5], [6],
[11], [12] and [13].

An important family of Finsler metrics is the family of(g)-metrics. These met-
rics are introduced by M. Matsumoto (see [9]). The interestind important examples
of (&, B)-metrics are Randers metric+ 8, Kropina metrica?/f8, and Matsumoto met-
ric &?/(a — B), wherea(x, y) = /gij(X)y'yl, B(x,y) = bi(X)y', andg and b are a
Riemannian metric and a 1-form respectively as follows:

(1.1) g =gj dx ®dx,
(1.2) b=bhdx.

In the Matsumoto metric, the 1-forro = by dx' was originally to be induced by the
Earth’s gravity (see [1] or [8]).

In a natural way, the Riemannian metmdcinduces an inner product on any co-
tangent spacd,M such that(dx (x), dx!(x)) = g'/(x). The induced inner product on
T, M induces a linear isomorphism betwe&fiM and TyM (for more details see [5]).
Then the 1-formb corresponds to a vector field on M such that

1.3) gy, X(x)) = B(x, Y).
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Therefore we can write the Matsumoto metfic= «?/(o« — ) as follows:

a(X, y)? _
a(X, y) — g(X(x), y)

One of the fundamental quantities which is associated wkimaler space is flag curva-
ture. Flag curvature is computed by the following formula:

(1.4) F(x,y) =

gv(R(U, Y)Y, U)
gv(Y, Y) . gv(U, U) — g§(Y, U)’

(1.5) K(P,Y) =

wheregy (U,V) = (1/2)(3?/(3sdt))(F2(Y+SU+tV))|s=t=0, P =spariU,Y}, RU,Y)Y =
VuWwY = VyVuY —Viuy)Y and V is the Chern connection induced Wy (see [2]
and [14].).

In this paper we consider invariant Matsumoto metrics whiod iaduced by in-
variant Riemannian metrics and invariant vector fields ombgeneous spaces then we
give the flag curvature formula of them. Also we study the sderases of naturally
reductive spaces and bi-invariant metrics. We end thelartg giving some examples
of geodesically complete Matsumoto spaces.

2. Flag curvature of invariant Matsumoto metrics on homogereous spaces

Let G be a compact Lie groupH a closed subgroup, angland b the Lie alge-
bras of G and H respectively. Suppose thgp is a bi-invariant Riemannian metric on
G, then the tangent space of the homogeneous s@d¢e is given by the orthogonal
complimentm of § in g with respect togy. Each invariant metrigg on G/H is de-
termined by its restriction ta. The arising Ag,-invariant inner product frong on m
can extend to an Agkinvariant inner product oy by taking go for the components in
h. In this way the invariant metrig on G/H determines a unique left invariant metric
on G that we also denote by. The values ofgy and g at the identity are inner prod-
ucts ong and we determine them bj¢, -)o and (-, -) respectively. The inner product
(-, -) determines a positive definite endomorphignof g such that(X,Y) = (¢ X, Y)o
forall X,Y eg.

Theorem 2.1. Let G, H, g, b, g, go and ¢ be as above. Assume th&t is an

invariant vector field on GH which is parallel with respect to g anqy a(X, X) <1/2
and X:= Xy. Suppose that = o?/(e — B) is the Matsumoto metric induced by g
and X. Assume thafP, Y) is a flag in T,(G/H) such that{Y, U} is an orthonormal
basis of P with respect t¢-,-). Then the flag curvature of the fld#,Y) in Tq(G/H)

is given by

(L= (Y, X)?{BL— (Y, X)(L-2(Y, X)) + 3A(U, X)}
(2= Y, X)L =20, X)) + 2(U, X)2 '

21) K(P,Y)=
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where
A = (RU, V)Y, X)
(2.2) 3 1 .
- Z([Yl U]! [Y! X]m) - E([Ul ¢X] + [X! ¢U]! ¢ ([Y, ¢Y])>O
+ 300U, YT 1Y, 6UL 6 1Y, 9X] +IX, YD),
and
B = (R(U, Y)Y, U)
= —2{[6U, Y] +[U, Y1, 1Y, Ul)o
(2.3) 3 i
~ 2(Y, UL, Y, Ul) ~ {IU, 6U1, 1Y, 6¥D)o
+ 300U, Y1 + 1Y, U1, 6 (1Y, 6UT + U, ¥ D)o

Proof. From the assumptiorX is parallel with respect ta, and therefore the
Chern connection of coincides on the Levi-Civita connection gf (see [1]). So the
Finsler metricF and the Riemannian metrig have the same curvature tensor. We
show it by R.

By using the definition ofgy(U, V) and some computations fd¥ we have:

gY(U! V)

1
= 4g(Y, U)a(y, V) + 2g9(Y, Y)g(U, V
(VYY) —qg(Y, x))z{ g(Y, U)g(Y, V) +29(Y, Y)g(U, V)}

1
T Vv ) — oY, X))
x (—4g(Y, Y)g(Y, U)g(Y, V)

+9(Y, )¥2(g(Y, V)g(U, X) + g(Y, U)g(V, X))

+9(Y, Y)*(39(U, X)g(V, X) —g(U, V))

+v/9(Y, Y)g(Y, X)(7g(Y, U)g(Y, V) + g(Y, Y)g(U, V))
—4g(Y, Y)g(Y, X)(g(Y, V)g(U, X) + g(Y, U)g(V, X))}.

(2.4)

Now by using the above formula and the fact that U} is an orthonormal basis for
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P with respect tog, we have

gY(R(U1 Y)Y, U)
_ 2(RU, Y)Y, U)

(1 - (Y, X))?
1
(2.5) + m{(R(U, Y)Y, Y){U, X)

+ 3(R(U, Y)Y, X)(U, X) — (R(U, Y)Y, U)
+ (Y, X)(R(U, Y)Y, U)
—4Y, X)(R(U, Y)Y, Y){(U, X)}

and

2 2(U, X)2+ (Y, X) -1
AL X)) T @A- (VX))

(2.6) gv(Y,Y).gv(U,U) —gi(U,Y) =

We can obtain the relations (2.2) and (2.3) by using Puttrisaiommula (see [10].).
Substituting the relations (2.5) and (2.6) in the equatidnb){ we complete
the proof. ]

REMARK 2.2. A homogeneous spadd = G/H with a G-invariant indefinite
Riemannian metrigy is said to be naturally reductive if it admits an &d¢invariant
decompositiong = h + m satisfying the condition

(2.7) B(X,[Z,Y]w) + B(Z, X]m,Y) =0 for X,Y,Zecm,

where B is the bilinear form onm induced byg and [, ]. is the projection tom
with respect to the decompositighn= h + m (for more details see [7]). In this case
the relation (2.1) for the flag curvature reduces to a simplguation, because in the
case of naturally reductive homogeneous space we have {Bee [

28) RU, Y)Y = 5IY, 1U, Ylalw + LY, [U, Y]g)

Now we consider the case when the invariant Matsumoto medridefined by a
bi-invariant Riemannian metric on a Lie group.

Theorem 2.3. Let G be a Lie group and g be a bi-invariant Riemannian met-
ric on G. Assume thaX is a left invariant vector field on G which is parallel with

respect to g andy/g(X, X) < 1/2 and X:= Xy. Suppose that F= o?/(a« — B) is
the Matsumoto metric induced by g aiXd also let(P, Y) be a flag in TG such that
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{Y, U} be an orthonormal basis of P with respect te, - ). Then the flag curvature
of the flag(P, Y) in T.G is given by
(2.9)
—(1—=(Y, X))?
K(P,Y) =
(P = 2= -2, X)) + 800, X)?

X{([IU, Y1, Y1, U)(@= (Y, X)DA=2(Y, X)) +3([[U, Y], Y], X){U, X}}.

Proof. g is bi-invariant therefore we hav®(U, Y)Y = —(1/4)[[U, Y], Y]. Now
by using Theorem 2.1, the proof is completed. [

3. Some examples of geodesically complete Matsumoto spaces

In this section we give some examples of geodesically campiatsumoto spaces.
We begin with a definition from [3].

DerINITION 3.1. The Riemannian manifoldV, g) is said to be homogeneous if
the group of isometries oM acts transitively onM.

Theorem 3.2. Suppose thafM, g) is a homogeneous Riemannian manifold. Let
F be a Matsumoto metric of Berwald type defined by g andfarm b. Then(M, F)
is geodesically complete. Moreover if M is connected tfldn F) is complete.

Proof. The Chern connection & and the Levi-Civita connection af coincide
and therefore their geodesics coincide too. On the othed s g) is a homogeneous
Riemannian manifold, hencéW g) is geodesically complete (see [3] p.185). There-
fore (M, F) is geodesically complete. IM is connected then by using Hofp—Rinow
theorem for Finsler manifolds M, F) is complete. O

Corollary 3.3. Let G be a Lie group and g be a left invariant Riemannian metric
on G. Also suppose that X is a parallel vector field with resgecthe Levi-Civita
connection of g such thay/g(X, X) < 1/2. Then the Matsumoto metric defined by g
X and the relation(1.4) is geodesically complete.

Now we consider an abelian Lie group equipped with a left riawd Riemannian
metric. We know that this space is flat. In this case we havefdhewing theorem,

Theorem 3.4. Let G be an abelian Lie group equipped with a left invariant
Riemannian metric gand let g be the Lie algebra of G. Suppose thateXg is a
left invariant vector field with,/g(X, X) < 1/2. Then the Matsumoto metric F defined
by the formula(1.4) is a flat geodesically complete locally Minkowskian metnic @.

Proof. Assume that,V,W € g, now by using the Koszul's formula and the fact
that G is abelian we have/y X = 0, for anyY € g. Hence X is parallel with respect
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to V and F is of Berwald type. Also the curvature tensBr= 0 of g coincides on the
curvature tensor of and therefore the flag curvature Bfis zero. F is a flat Berwald
metric therefore by Proposition 10.5.1 (p.275) of [#],is locally Minkowskian. []

ExAMPLE 3.5 (E(2) group of rigid motions of Euclidean 2-space). We conside
the Lie groupE(2) as follows:

cosh —sind a
(3.1) E(2) = sind cos® b a,boeRy.
0 0 1

The Lie algebra ofE(2) is of the form

0 01 0 0O 0 -1 0
3.2) e¢2)=spanx=|0 0 0|, y=]0 0 1(,z=|1 0 0]y,
0 0O 0 0O 0 0 O

where

(3.3) X, ¥y1=0, [y,d=x, [zx]=Yy.

Now let g be the left invariant Riemannian metric induced by the fsitgy inner product,
B4 XX =yVN=(z2=2 (Xy)=(y2=(Zx =0 >0

In [13] we showed that the left invariant vector fields whigk parallel with respect
to the Levi-Civita connection of this space are of the fddm= uz Also we proved that
R = 0. Assume that/(U, U) < 1/2, in other words let G< |u| < 1/(21). Hence, the
left invariant Matsumoto metri€& defined byg andU with formula (1.4) is of Berwald
type. Also sinceF is of Berwald type therefore the curvature tensoFondg coincide
and F is of zero constant flag curvature. Hen€eis locally Minkowskian.

ExAMPLE 3.6. Another example of flat geodesically complete locallynkbiwsk-
ian Matsumoto spaces is described as follows.
Let g = sparix, y, z} be a Lie algebra such that

(3.5) X, ¥yl =ay+az, [y,2] =2ax, [z,X] =ay+az, «€R.

Also consider the inner product described by (3.4)gon

Suppose thaG is a Lie group with Lie algebrgy, and g is the left invariant
Riemannian metric induced by the above inner product-) on G.

A direct computation shows th& = 0, therefore G, g) is a flat Riemannian mani-
fold. Also in [13] we proved that vector fields which are pshwith respect to the
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Levi-Civita connection of G, g) are of the formU = uy — uz Now suppose that
V2|ulr = (U, U) < 1/2 or equivalently let O< |u| < 1/(2+/21). Therefore the in-

variant Matsumoto metri¢& defined byg andU is a flat geodesically complete locally
Minkowskian metric onG. Also if G is connected, @, F) is complete.
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