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Summary 

Let H be a total Hamiltonian of a system consisting of two fields. When 

His divided into two parts in two ways as H=H~+Hj_=Hg+H~, where 

H~ and H~ are unperturbed terms and Hj_ and H~ are perturbation terms, 

then (i) two spaces ~CHp and ~(H~) which are determined by the systems 

of eigenvectors of H~ and H~ respectively, are mutually orthogonal, and (ii) 

the zero point energy of H~ differs from that of H~ by infinity. The zero 

point energy of the total Hamiltonian of a systEm in which a fixed nucleon 

and a real scalar meson field are interacting, amounts to -g2c2f4V·~l/<"~ 

which diverges to minus infinity. The total Hamiltonian of a system electron 

plus photon field has the expectation value (Hq,·fl, 1ltf3)=cfl+~(l/2-2"c2e2l~ 

f hVwp hw ~o., where q,·fl is a certain vector normalized to 4, Cf3 a fini te constant 

depending on ~. and l~o. the projection on the x-axis of the po!arization vector 

e~o. of the ,\-photon. The m.mber of q·fl'S is enumerably infinite and they are 

orthogonal with one another. 

1. Introduction 

ln the previous papert> we have proved that the interaction term of a system 

which consists of a nucleon and a complex scalar meson field bas no domain in 

a space, each of whose vectors is a superposition of states consisting of the 

nucleon and a finite number of mesons. 

ln a similar way, we can prove th at the interaction term of a system electron 

field plus photon field bas no domain in a space, each of whose vectors is a 

superposition of states which consits of a finite number of electrons and photons. 

The proof will be given elswhere. 

Thus a vector representing a state in which an electron and a photon are 

in respective given state, does not belong to the domain of the total Hamiltonian. 

Here the zero point energy of the non-interacting term is not taken 1nto account. 

The total Hamiltonian operator is usually divided into two parts, the one 

is the principal part Ho and the othe·r is the perturbation term H' . Ho can 

be transformed into a diagonal form by a suitable vnitary transformation and 
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the set of its eigenvectors deterrr ines en incomplete direct prcduct space 

lij(HD)D, 2) • When the total Hamiltonian is divided into two parts in two 

different ways : 

two spaces Sj(HO and S:CHD are determined, and the energy of Hî differs 

from that of H2. In the present paper, it will be proved that .f;(HD and f)(Hg) 

are in general mutual1y orthogonal, and the energy difference of Hî and H~ is 

infinite. The orthogonality of the two spaces and the infinity of the energy 

difference seems to have sorne connections. 

As mentioned above, the energy difference of Hi and H; is infinity, so that 

even though we can cancel the singular:ty of H { by introdecing a third field 

having negative probabilities, this r:ewly intrcc.t:ced field will be unable to cance.J 

the singularity of Hf. Moreove-r, this m'xed fiek theory bas the following 

inadequateness. The field equation 

bas a unique solution when H is self-adjoint and c/Jo belorgs to the· doœain of 

H. When we take the negative probability into considerations, it is not clear 

whether the above existence theorem holds good or not. The details of this 

point will be discussed elswhere. 

According to the analysis given in the present paper Œ3), it will become 

clear that a nucleon not being accompanied by an infinite number of mesons 

does not exist. 

It is difficult to obtain the Exact eiger,values of the Hamilton operator H of 

a total system electron plus photon field. However, it can be proved that there 

are infinitely many states 1Jffl'S which are eigenstates of a part of the total 

Hamiltonian H and that the toxpectation value of H with respect to 1Jf fl is equal 

to Cf'l+L::(l/2-2rrc2e2lK/hVwDhw,~.. where Cfl is a finite constant depending on fJ 
and !,~. the projection on the x-axis of the polarization vector e,~. of the }.-photon. 

The sum :2::: ··· t hw?._ is the zero point e·nergy of the free photon field and the 

series :2::: l'f..w/:.3 diverges logarithmically Œ 4 ). 

2. Orthogonality of Spaces i{;J(HO and -~(Hg) 

The Hamilton operator of the total system electron pius electromagnetic 

field, atter elimination of the longitudinal parts of the electric field. is 

Expanding the vector potential A in Fevrier se·rie·s, we obtain3) 



On thz Singularity of the Perturbalion-Term in tha Field Qaa•ztum Mechanics 147 

H = c {ca. p-~ a.,~.[P 8 ,~_ cos (k,, 1')+Qs;.. sin (ks, r)]+(:Jmc} 

1 
+-2 -~(PiA.+Q.i\)hw.. (1) 

Si\ 

where (2) 

and V is the volume within which the cyclical boundary conditions are applied, 

the summation index s characteriz~s the direction and circular frequt:ncy w, of 

the various waves with propagation vector ks , ). their state of p:>larization; and 

e8,~_ is a unit vector in the direction of p:>larization. The dynamical variables 

P sr. and Q.;.. obey the commutation laws 

In the usual perturbation method, the non-interacting part ot H 

is used as the umperterbed operator. The spaœ fij(HO is then determined by 

the eigenvectors of H~, i. e., the c:>mplete mrnnlized orthogonal set { <Pt3}. where 

(3) 

Here (:J(si.) is a function of s.). and its range of values is 0, 1. 2, ... . The notation 

(:3 E F implies th at (:J( s).) is zero for ali but a finite number of s. ).. <PCP) is an 

eigenvector of the opz,rator 

H(p) = c {ca. p)+(:Jmc}. 

and is written as <P(P )=u(P) exp (ipr/h) and u(P) is a four-comp;ment vector.D 

<l'sr. , !lcsr.lx) is the normalizej s::>Jution of the oscillator equation 

y''-- x2y+(2~(sÀ)+ 1) y = 0. 

Bloch and Nordsieck3) has sh0wn another p:>werful method in solving the 

eigenvalue problem 
IIcJ; =Ecf;. 

They adopt the following II~ as the principal term of II: 
l_ 

Hg= (c l-'• p-~ a,,~_[Psr. C:JS (k., r)+Qs;.. sin (k,, r)])+mc2(1- ,u2) 2 
1 Si\ ( 4 ) 

+ 2--- Z.:: (PJr. +Qir.) hw •• 
S,\ 

where p=v/c and v stands for the constant velocity of the electron in its unper

turbed m:Jtion. The space ·P(I-ld) is determinxl by the eigenvectors of Hg, i.e., 

the complete orthonormal set {q; 13}, where 
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c/J~ = r(.a) exp{+ (mc(1-.u2f! P• :r)} 0 R Q9e:x:p(ia,À cos (k,' :r) 

·[Q.À- ~ ds), sin(k, :r)]) qJs),' fl(s>..lQ.>,.-ds>,. sin(k,' :r))' 

ds~o.. = (p, a8~o..)/h(k8 --(tJ, k8)), 

and r(JJ) is a normalized four-component amplitude. 

Taking into account the condition (j, {j' E F. we obtain 

(cPfl• q>f!') = const. exp ( -+ :E ai'>..), 

and 
1 e27!"c2 (.a. e,>.. )2 1 

4- :tr ai~o.. =---V- :tr (1-(p, e,))2 -hwf' 

e, = ks/ks. 

(5) 

(6) 

The last series diverges to plus infinity, so that cPfi and q>fi' are multually ortho

gonal. The two spaces f>CHD and f)(Hg) are thus mutally orthogonal. 

The eigenvalue corresponding to cPf!. is 

E(tJ, {j(sA)) = mc2(1- .a2)! + :tr ({j(sA)+-~-) hw, '\ 

f - h2c :E a'A(k,-(p., k,)) · 
8/o.. 

(7) 

The last series on the right band side diverges and it bas a similar form to 

the series ( 6 ). This similarity will b~ made clearer in the next section. 

3. Eigenvalues of the total Hamiltonian 

It is not easy to obtain the eigenvalues of th3 total Hamiltonian e:x:actly. 

But the following case in which a nucleon fixed in the space is interacting with 

a real scalar meson field. 4' Taking this extremely specialized case as an 

example, we shaH examine the relation between f>CHV and l{)(H), and the zero 

point energy of the total Hamiltonian. 

The total Hamiltonian H is written as4) 

H=:E~. 1 
H~c = ~-(P~+w~QD+iffv (Q~c+ ;le P~t)/kX • f (8) 

where g is the coupling constant and X is the position of the nucleon. p,., Q'" 

obey the commutation laws 

[P'", Q,.t] = -ihà~o~c', [P~c, p,.,] = [Q~c, Q~c'] = 0, 

In the representation in which Q~c is diagonal, P~o is written as 
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The eigenvalue problem 

H~ou =E~ou 

is therefore reduced to a differentiai equation and can easily be solved, and the 
n·th eigen-value and vector are 

E~on = (n+ ~ -g2c2/4Vhw~) hw~o 
U~on = N" exp C -iF~oQ~o) HnCr~oQdG~o) exp { -~~ ChQ~o+Gk)2}, 

(9) 

where 

ï'~o =/wh_. N n = ( IIlt ~:n! ) ! , F ~o = J?z~c h;;,. sin kX, G~o = J/2tc h~-~o cos kX. 

U~on's satisfy the orthogonality relation : 

When the coupling constant g is equal to zero, we obtain 

E~n = (n+~~-) hwk, 

U~n = N ,.H,.CikQ~o) exp (- ~- r~Q~) . 
CIO) 

The spaces SJCHo) and tf;)CH) corresp.:mding to H 0 = ~ + CP~+w~QD and H 
respectively, are determined by the complete orthonormal sets {!ft~} and {!fo!l} 

respective! y, wbere 
<fig =II 0!lEF u~. ll<~o). !foll = II 0/lEF u1c. ll<kl • 

k k 

The inner product of !fog and !foll' is 

(!fog. !fo!l') =II (u2, /l(k). uk, ll'ckl) 
k 

= const. II Cu~, o, U~o, o) 
k 

( g2c2 1 ) 
= const. exp --SVh- ~ w~ 

(11) 

(12) 

The series contained in C12) diverges log.1rithmically with w~c. So that we obtain 

(!fog, !foll')=O for arbitrary fj, e' E F. The orthogonality of spaces JOCHo) and 

!OC H) bas th us been proved. The zero point energy of H is less than that of 

(13) 

Comparing (12) with C13), we can say tbat the divergence of the series con

tained in (12) securing the orthogonality of the two spaces is slower than that 

of the zero point energy difference C 13 ). 

Each facte>r uk, llCkl of !foll is expanded in Fouries series of uQ, Il' c~o/s. [j'Ck) 

=Ü, 1. 2, . . . . In other words, each factor of !fo!l is a superposition of states whose 

meson numbers are 0, l, 2, .... 
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4. Zero point energy of the system electron plus photon field 

It is difficult to transform the total Hamiltonian H into a diagonal form. 

However, we are able to find such state8 7Jff3'S that they are orthogonal to one 

another, their number is enumerably infinite and the expectation values 

(H1Jff3, 7Jff3)'s are minus infinity, where the zero point energy ::E + hwÀ of the 

free photon field is not taken into account. 

The total Hamiltonian is written as 

where 
H = H(P)+H(r)+.H(p, r), 

H(p) = c(a, P)+{3mc2 • 

1 
H(r) =~ HÀ, HÀ = 2 (P~+wxQX), 

H(p, A)= ::E H(p, A), 
À 

H(p, A)= e~ 2~À {aÀ(a, AÀ)+aÀ*(a, AÀ )} , 

/4rrc2 • AÀ = 'V ----v- eÀ exp (zkr), 

/éo; Q i p 
aÀ = 'V -2/i À + v2kwÀ À 

aÀ* = J~t- QÀ- V;h~:PÀ · j 

The field variables PÀ' QÀ Obêy the commutation laws 

[PÀ, Q"] = -iMÀ,., [PÀ, P,.] = [QÀ, Q,.] = 0 • 

By using (19) and (20), H(p, A) is rewritten as 

H(p, A)= ~ { gÀQÀ + ~~-fÀPÀ} (a, eÀ) 

wbere 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

Let the polarization vector eÀ be decomposed into x· , Y· , and z-components as 

then 
(al\, el\)= ll\rJ..,+mÀ"·II+nl\a. • 

and the oparator ËÏ À :;HÀ + H(p, A) bas the following explicit form : 

HÀ = HÀ.,+Hl\'UZ• 
where 

1 
HÀ., = 2(P.HwWx+2WÀ1Àa.,), 

HÀv• = Wl\(mÀav-1-nÀrJ.z), 

WÀ = _2e__ (gÀQÀ +--j_-!ÀPÀ) • 
(J)À ' 
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In the fi.rst place, by using a representation in which a., is diagonal, we so1ve 

the eigenvalue problem 
(23) 

The diagonal elements of c~., are +1, +1, -1. -1. Let the corresp~nding com

ponents of the eigenvector 1/J be ljJ1 , ljJ2 , 1/Js , ljJ4 , then ljJ1 =I/J2 and 1/Js =I/J4 , and ljJ1 

and 1/Js satisfy the equation 

1 { 2 2 2 } 2 PA+wAQA+ ehWA 1/Je =El/Je, (24) 

where e= ±1, and e = + 1 and e = -1 correspond to ljJ1 and 1/Js respectively. 

By using the relation PA=-ih f)jf)QA, we can easily solve the equation (24). 

Let the tj().)-th eigenvaJue and function of Eq. (24) be EA, ~<Al and 1/Je, ~o.~ 

respectively, then we obtain 

( 1 2rrc2 e2lA ) 
EA, ~<Al= tj().)+T--y hw~ hwA, 

1/J., ~(A)= Nflv~exp(+ FArAQÀ) H~<A) (rÀQA+-f-GÀ) 

·exp (- ~ (TAQÀ +-f GÀ f), 
tj().) =o. 1, 2 .... 

where 

1/J., ~cÀ/s satisfy the orthogonality relation 

~=co~. • ~(A)I/Je • ~1 (A)dQÀ = 0~~~ • 
We represent the tj().)-th eigenvector 1/J~ of Eq. (24) as 

1/J~ = ifJ+ • f3o,JCQA) 
1/J+• fl(AJ(QÀ) 

<!·-· t»(ÀJ(QA) 
1/J-' iJ(AJ(QA) 

and the corresponding eigenvalue is 

E~=~EÀ. f3(A)" 

According to (25) and (2o), we obtain the orthogonality of ?P'~'s: 

(25) 

(27) 

(?P'fl, ?P'fl')=2(?P'+, Il• ?l'+, 11')+2(1[1_, Il• ?l'_, fl')=40~fl'· (28) 
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The above results are summalized as follows: The operator :E HÀ., has the 
À 

eigenvalue E13 defined by (27) and the corresPonding eigenvector '!f/13 defined 

by (26), the latter being normalized to 4. 

In the next place, we calculate the expectation values CL: H ÀYz'P" 13 , '!l' 13 ) and 
À 

(H(p)'!f/13, '!f/13)· 

When u., is diagonal, each of ay , az and {1 bas a matrix repreeentation such as 

(29) 

where A is a 2-2 matrix. So that the operator HÀ11, bas a matrix form such as 

HÀ11z = ( ~À* S~ ) W À, SA = ( ::: ::: ) , 

where the matrix SA depends on ).. Then we obtain 

where 

and 

(HÀvz'P"il, '!f/13) =a/i'+, 13 W .... lp'_, Il 

+a/fr-, 13 W À '!l'+ • Il • 
} 

7ff-, Il W A '!l'+ • 13 = (W À rP+ • ilCÀl • rf>-, llCAl) Il (rf>+, !3CI'-l, rf>-, 13(1'-)) • 
"'*À 

(30) 

For a time, let us consider a special case in which {1(p)=0 for aU p's. In 

this case, we obtain 

so tbat 

_ . ( 4rrc2 e2ZK ) 
lJf_,oWA'P"+•o=(WArP+•O• rP-•o)exp -----v- hwX 

·exp (- 4rr~ _!!2 L: }l ) . v h ,. wn 

(31) 

(32) 

Corresponding to one wave vector k,. , th3re are two polarization vectors e,. , 1 

and e,., 2 , wbicb we decompose into tbre::l components respectively as 

el'-1 = (l,.l, mfl-1, nfl-1), 

e,_2 = (!,.2, m,.2, n,.2) · 

The tbree vectors efl-1 , efl-2 , and k,./ kfl- are ali of unit lengtb and orthogonal with 

one another, so that we bave 

Ckp.,;k,.)2+tal +ta2 = 1. 

where k,., is the x-componènt of k,.. Consequently 

(33) 

Let H be a fixed positive angle smaller tban rr/2, tben tbere is a fixed positive 

constant a2 such that the inequality 
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holds valid for an arbitrary vector k~' which satisfies the condition 

B :Ç angie between ki' and the x-axis <n-B. 

Thus, from (33), we obtain 

"'j}._ > a2 "" _l__ 
,L...J 3 "---- ~3 ,L...J k3 - +co • 
!' WJL c !' 

(34) 

(35) 

where the prime on the right band side implies a summation over ali k~''s whose 

directions satisfy the condition (34). From (35), (32), and (30), we can conclude 

that 
(~ H ÀVZ 'If/ 0 , 'If/ 0) = 0 (36) 

À 
In the next place, we sha11 evaluate the expectation value (H(p)'lf/0 , 'lf/0 ). 

a) Evaluation of (u..,p., 'lflo, 'lflo)-

(a.,p., 'If/ o, 'If/ o) = 2iJr +, op., 'If/+, o-2iJr-, op., 'If/_, o 
4rrc2 e2l2 

= -~(PzFÀ)GÀ = -4-~V ~-i-k..~.,.,cos2 (k;..r) 
À À w" 

= -4·inc2 -1-~ -~ (1- ( 1!~) 2) kÀ cosz (k;..r) 
V c3 ;.. k~ k;.. "' · 

When k;..' =- k;.., we have k;..', =- k;.., , so that the above sum is equal to zero. 

b) Evaluation of Cu.vPv 'lflo, 'lflo), (u.zPz 'lflo, 'lflo), and ({j'lflo, 'lflo)-

As the matrix representation of u.v bas the form (29), we obtain 

( u.vPv 'lfl o • 'lfl o) = bifi + • o Pv 'lfl- • o Î 

+t/Ji_, oPv 'If/+ • 2 • / 
(37) 

where b is a constant depending on the matrix element of u.v • By using the 

same reasoning as that used in deducing the equation (36), it can be proved 

that the right band side of (37) vanishes, i. e., 

CavPv 'lflo, 1fio) = 0. 

In the same way, we obtain 

(u..p. 'lflo • 'lflo) = ({j'lflo, 'lflo) = 0. 

We can summalize the results obtained up to this place as follows: In the 

state 'If/ o, the total Hamiltonian H has the expectation value 

( 1 2rrc2 e2lJ.. ) 
(H'Iflo. 'lflo) =~E;... o =~ 2---V hw~ hw;..- (38) 

When the zero point energy ~ -~- hwÀ of the free photon field is not taken into 

account, the remainder of series (38) diverges logarithmically to minus infinity. 

When {j(À) is not identically zero, the equation (31) bolds valid for ail but 

a finite number of fJ.'S. So that we obtain 
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(~H>.11z1JI~, 1JI,a)=0. 
~ 

The expectation values of a.,p., is not necessarily zero, and it can be written as 

(o..,p., 1JI,a' 1JI',a) = C,a' 

where c,a is a finite constant depending on [j. 

On the otber band, the equations 

(a 11P11 1J!fl, 1J!fJ) = (a.p. 1Jifl, 1JifJ) = ({31JI,a, WfJ) = 0 

bold valid as before. 

In conclusion, we obtain 

(H1JI{J, 1J!{J) = C{J+ ~ E>., 0 
À 

for ali fj's, where Cfl is a certain constant depending on fj, and ~ E~, 0 is given 
~ 

by (38). 

Appendix 

E. E. Salpeters' proved that the total Hamiltonian bas an eigenvalue of 

minus infinity, by using a reasoning sketcbed below. His elegant method can 

be applied to any oÙ1er field. However, his reasoning bas a siight defect. We 

shall point out it. 

ln the first place, we shall sketch Salpeter's reasoning. H is the total 

Hamiltonian of a system electron plus electromagnetic field, K 0 a real parameter 

and H(Ko) an operator dep<mding on Ko such that 

lim H(Ko) = H. 
Ko-too 

We consider an eigenvalue problem 

H(Ko)</J = E(Ko)<P. (A,l) 

The eigenvalue E(Ko) and eigenfunction </J depênd on the parameter Ko. By 

using a method similar to the p~rturbation method, we obtain the first approxima

tions of E(K 0 ) and </J. Let them be 

E'(Ko), YI. (A,2) 

The method to obtain them is not necassary for our purp;:,se so that we shall 

omit it. E'(Ko) satisfies the equation 

Iim E'(Ko) = -co. (A,3) 
K 0-.oo 

Here, Salpeter uses the variation princip le: 

Variation principle. <P is an arbitrary trial !unction. Then Ë =(H</J, <P )/(</J, <P) 

is a/ways not smaller than the minimum eigenvalue Eo of H. i.e., 

Eo E. 

In our case, </J 1 is used as a trial function. Then we can prove that E =E'(Kv)· 

So that, from (A, 3) and (A, 4 ), we obtain E 0 =--co. Q. E. D. 
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The abcve reasoning, however, is not compkte. For, in arder to prove the 

variation princip le (A, 4 ), it is necessary thatol the opera tor H bas so many 

eigenfunctions that an arbitrary trial function cjJ 1 is ab1e to be expanded in a 

series of these eigenfunctions. When. it is not clear whether H bas this property 

or not, we can not use this principle freely. The total Hamiltonian being con

sidered here seems not be have this expansion property. According to the 

orthogonality of the two s.paces Sj(HO) and Sj(H) given in !'; 3 of the present 

paper, it is not probable that the trial functlon cjJ 1 can be expanded in Fourier 

series of eigenfunctions of H. 

When His Hermitian the variation princip1e does not hold valid in general. 

as shown below. 

Let P().) be a projection operator such that 

P0)={ 0 
l POo) for Ào <)., 

Then the operator 

H = [oo J.dP().) = ÀoP(Ào) 

is Hermitian. Let Sj be the whole space and be P(Ào) S)=IJJ10 • Then, for an 

arbitrary vector ![) E 1))10 , we obtain 

H![) = J.oP(Ào) ![) = Ào!p, 

and Ào is the minimum eigenvalve of H. On the other band, for an arbitrary cP 

such that cP E IJJ1o and 1\ cJ! il = l, we obtain 

(HcJ!. cP)= Ào(P(J.o)c/J. cJ!) = Ào Il P(J.o) cJ! 11 2 < Ào. 

Th at is, the variation princip le (A, 4) does not hold valid in this case. 

When H is not necessarily symmetric, it is easy to give examples for which 

the variation principle can not be applied. For example, let 

H=-}-(~ ~)· 
then H has a double eigenvalue 1.5 and (HcJ!, cJ!)/(cJ!, cJ!)=l. 
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