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Abstract
In this paper we classify completely all regular minimal surfaces with K 2 =

8, pg = 4 whose canonical map is composed with an involution. We obtain six
unirational families. The last two are irreducible components of the moduli space
of minimal surfaces of general type withK 2 = 8, pg = 4. These families hit three
different topological types.

Introduction

The aim of this paper is to classify regular minimal surfacesS with K 2 = 8 and
pg = 4 whose canonical map factors through an involution (short: having a canonical
involution).

The study of surfaces with geometric genuspg = h0(S,�2
S) = 4 began with Enriques’

celebrated bookLe Superficie Algebriche([7]), where he summarized his research of
over fifty years.

By standard inequalities, minimal surfaces with geometricgenuspg = 4 satisfy 4�
K 2

S � 45. While for high values ofK 2
S it is already difficult to prove existence, the

challenge for low values is to completely classify all surfaces with the given value of
K 2

S. More ambitiously, one would like to understand the topologyof the moduli space,
i.e., the irreducible and connected components of the moduli space.

The lowest possible valuesK 2
S = 4, 5 were already treated by Enriques and the cor-

responding moduli spaces were completely understood in the70’s. For K 2
S = 6 the situ-

ation is far more complicated. In [12] Horikawa completely classifies all surfaces with
pg = 4 andK 2 = 6, obtaining a stratification of the moduli space in 11 strata. Moreover
he shows that there are 4 irreducible components, and at mostthree connected com-
ponents. In [2] it is shown that the number of connected components actually cannot
be bigger than two. Let us point out that all these surfaces are homeomorphic.
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The complete classification of minimal surfaces withK 2
S = 7 andpg = 4 was achieved

by the first author in [1]. Moreover, it is shown there that all these surfaces are homeo-
morphic, and that there are three irreducible components and at most two connected com-
ponents.

The first open caseK 2
S = 8 is more complicated already for topological reasons.

By work of Ciliberto, Francia, Mendes Lopes, Oliverio and Pardini (cf. [5], [6], [14],
[16]) there are at least three different topological types,therefore at least three con-
nected components of the moduli space.

The analysis of the casesK 2 � 7 is based on a detailed study of the behaviour
of the canonical map'KS : S 99K P3, as already suggested by Enriques. ForK 2 = 8
this approach produces too many strata and the question how they glue together be-
comes intractable. Therefore it is necessary to find a less fine stratification of the mod-
uli space.

We summarize our main result in the following

Theorem. Let S be a minimal regular surface with pg = 4 and K2 = 8 whose
canonical map factors through an involution i on S. Then:
1) the number� of isolated fixed points of i is0, 2, 4 or 20;
2) if � = 20, S is a canonical bidouble cover and the two additional involutions have� = 0;
3) the surface S belongs to exactly one of six unirational families. In the table be-
low we give, for each family, the dimension and the reference where this family is
described;

Family dim reference

M
(div)
0 29 3.3

M0 28 3.5

M
(0)
2 32 4.2

M
(1)
2 33 4.3

M
(DV)
4 38 5.1

M
(2)
4 34 5.9

4) exactly two of these families, namelyM(DV)
4 andM

(2)
4 , are irreducible components

of the moduli space;
5) the surfaces inM(div)

0 and the surfaces inM(2)
4 are not homeomorphic and not

homeomorphic to any of the others.
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Actually, we prove more:

REMARK . The index � 2 f0, 2, 4g in the above families means that there is a
canonical involution onS having � isolated fixed points. In fact, the only surfaces
having more than one canonical involution are canonical bidouble covers having an in-
volution with � = 20 and two involutions with� = 0: they give a subfamily ofM(div)

0

(when the canonical image is a quadric cone) and a subfamily of M0 (when the canon-
ical image is smooth).

The surfaces inM(div)
0 are the only ones in the above list with 2-divisible canonical

system. The surfaces inM(DV)
4 (so called because they areDu Val double planes) are

the only ones in this list with nontrivial torsion subgroup of the Picard group. The
surfaces inM(2)

4 are all minimal surfaces of general type withK 2 = 8 and pg = 4
having a genus 2 pencil.

The paper is organized as follows.
In Section 1 we recall some general facts about involutions and show that the num-

ber of isolated fixed points is 0, 2, 4 or 20.
Sections 2, 3, 4 and 5 are devoted to the classification and to the detailed de-

scription of all surfaces having a canonical involution with respectively� = 20, � = 0,� = 2 and� = 4. For � = 0, 2 we use the MMP for pairs (as e.g. in [17]). The surfaces
(minimal, regular withpg = 4 andK 2 = 8) having a canonical involution with� = 4 are
exactly the surfaces (with the same invariants) whose bicanonical map is not birational.
Those without genus 2 pencil are classified in [6]. We classify those with a genus 2
pencil using the techniques developped in [4].

In Section 5 we calculate the dimensions of each family.

1. Canonical involutions

Let S be a regular minimal surface of general type and leti be an involution onS.
Since S is minimal i is biregular, and its fixed locus consists of� isolated points

and a nonsingular (not necessarily connected) curveR.
The quotientT := S=i has� nodes. Resolving them we get a cartesian diagram of

morphisms

(1)

with vertical maps finite of degree 2 and horizontal maps birational. We denote by1
the branch curve�(R) and by E1, : : : , E� the exceptional curves of�.

The action ofi on Ŝ yields a decomposition ˆ��OŜ = OT̂ � OT̂ (�Æ̂), with 2Æ̂ �1 +
P�

1 �̂(Ei ). Recall thatK Ŝ � �̂�(K T̂ + Æ̂).
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Lemma 1.1.

�(OT̂ ) =
1

2
�(OS)� 1

8
(KSR� � ),(2)

�(OT̂ (�Æ̂)) =
1

2
�(OS) +

1

8
(KSR� � ).(3)

Proof. By Riemann-Roch

�(OT̂ )� �(OT̂ (�Æ̂)) = �1

2
Æ̂(K T̂ + Æ̂)

= �1

4

 
R +

�X
1

Ei

! 
KS +

�X
1

Ei

!
= �1

4
(KSR� � ).

The result follows then from�(OS) = �(OT̂ ) + �(OT̂ (�Æ̂)).
We will also use the following (cf. e.g. [15])

(4) 0� � = K 2
S + 6�(OT̂ )� 2�(OS)� 2h0(OT̂ (2K T̂ + Æ̂)).

REMARK 1.2. If the canonical map factors through the involutioni , then either
pg(T̂) = pg(S) (equivalently, all 2-forms are invariant) orpg(T̂) = 0 (i.e., all 2-forms
are anti invariant).

Lemma 1.3. Assume that i is a canonical involution and let p be an isolated
fixed point of i.
• If pg(T̂) = 0, then p is a base point ofjKSj.
• If pg(T̂) = pg(S), then R is contained in the fixed part ofjKSj.

Proof. There are local coordinates aroundp such thati (x, y) = (�x,�y). In par-
ticular i �(xayb dx^ dy) = (�1)a+bxayb dx^ dy.

If pg(T̂) = 0, every global 2-form! on S is anti invariant. Writing ! =P !a,bxayb dx^ dy it follows !a,b = 0 for a + b even. In particular! vanishes inp.
The other case is similar, since there are local coordinatesaround any point ofR

such thati (x, y) = (�x, y) and R = fx = 0g.
REMARK 1.4. If pg(T̂) = 0, by Hurwitz’ formula and Riemann-Roch (as in Lem-

ma 1.1)

K T̂ Æ̂ = �2� K 2
T̂
� 1

2
� ,

Æ̂2 = 8 + K 2
T̂

+
1

2
� .
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From now onS will be a minimal surface of general type withK 2 = 8, pg = 4,
and q = 0.

REMARK 1.5. The canonical map ofS is not composed with a pencil.

More generally, by results of Zucconi and Konno (cf. [21] and [13]) the canonical
map of regular surfaces withpg � 3 and K 2

S < 4pg�6 is not composed with a pencil.

Proposition 1.6. If the canonical map of S factors through an involution i, then
either
1) pg(T̂) = 0, � 2 f0, 2, 4g, or

2) pg(T̂) = 4, R = ;, � = 20.

Proof. If pg(T̂) = 4, the canonical map cannot have degree 2 (since thenT̂ is
birational to the canonical image which has degree at most 4), therefore it has degree
4 and KS is base point free, so, by Lemma 1.3,R = ;. � = 20 follows from (2).

Otherwisepg(T̂) = 0. By (4) � = 4� 2h0(OŜ=i (2K Ŝ=i + Æ̂)).
2. Canonical involutions with pg(T̂) = 4

In this sectionS is a minimal surface of general type withK 2
S = 8, pg(S) = 4 and

a canonical involution such thatpg(T̂) = 4.
Consider a Hirzebruch surfaceFk, k 2 f0, 2g. Then, if k = 0, we denote byj01j,j02j the two rulings ofF0. Otherwise, we denote byj02j the ruling of F2 and byj01j := 01 + j02j, 01 being the (�2)-curve.
We will show the following

Theorem 2.1. S is a bidouble cover(i.e., a Galois cover with groupZ=2Z �
Z=2Z) of Fk, k 2 f0, 2g, which is a fiber product of two double covers branched in
two general divisors B1 2 j401 + 202j, B2 2 j201 + 402j.

First we need the following:

Lemma 2.2. Let C be a curve of genus2 and let f: D! C be an étale double
cover with associated involution� . Then the hyperelliptic involution of C lifts to an
involution on D which commutes with� .

Proof. The hyperelliptic involution� 0 acts on Pic0(C) as L 7! L�, and therefore
it fixes any 2-torsion bundle. Since (connected) étale double covers are classified by
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non trivial 2-torsion bundles, considering the fiber product

it follows that D0 �= D and � is a lift of � 0 to D.
Since� 0 is an involution,� 2 is either the identity or� , which has no fixed points.

But in this last case (by Hurwitz)D=� would have genus 3=2, a contradiction.

By Proposition 1.6, ifpg(T̂) = 4, then R = ;, so K 2
T = 8=2 = 4. By [10] T is a

canonical double cover of an irreducible quadric inP3 branched in the complete inter-
section with a general sextic. Moreover the canonical map ofS is the composition of� with the canonical map ofT .

Lemma 2.3. S is a canonical Galois cover of a quadric inP3 with Galois group
Z=2Z� Z=2Z.

Proof. The pull-back of a ruling of the quadric is a genus 2 pencil on T and
(since R = ;) a genus 3 pencil onS whose general element is an étale double cover
of the corresponding genus 2 curve. Then by Lemma 2.2 we can lift the canonical
involution of T to an involution onS commuting withi , and the canonical map is the
quotient by these two commuting involutions.

S has two more canonical involutions, and we denote them by� and � i .

Lemma 2.4. � and � i do not have isolated fixed points.

Proof. Recall that the action ofi on H0(KS) is the identity. Sincepg(S=Z=2Z�Z=2Z) =
0, the action of� on H0(KS) is multiplication by�1, and pg(S=� ) = pg(S=� i ) = 0.
Since deg('jKSj) = 4, jKSj is base point free, and the claim follows from Lemma 1.3.

Proof of Theorem 2.1. We have a commutative diagram of finite morphisms of
degree 2:
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The ramification locus of�� is a smooth divisorR� , the ramification locus of�� i is
a smooth divisorR� i , the ramification locus of� is a set of 20 pointsP. R� and R� i

intersect transversally and obviouslyP � R� \R� i . On the other hand, since'jKT j fac-
tors throughFk ([10], Lemma 1.5), the same holds for'jKSj and thereforeS=Z=2Z�Z=2Z

is a blow-up ofFk. So S=Z=2Z�Z=2Z is smooth, and also the other inclusion must hold,
i.e., P = R� \ R� i .

We consider the branch divisorsB� = qÆ�(R� ) of q� , and B� i := qÆ�(R� i ) of q� i .
It follows that B� B� i = 20. We denote byD� , D� i the respective images onFk. Since
B� , B� i are 2-divisible, we can writeB� = D� + 2

P
j a j E j , B� i = D� i + 2

P
j � j E j

where E j are the exceptional divisors of the first kind of the contraction to Fk.��q�Ei is contracted by'jKSj and 2KS = ��q�(B� + B� i + 2KS=Z=2Z�Z=2Z
). Thena j +� j = �1 for all j , so a j� j � 0 is even and it follows thatD� D� i = 20� 8k for some

nonnegative integerk.
D� , D� i are 2-divisible, effective andD� + D� i is the branch curve ofq, so

belongs toj601 + 602j. Therefore eitherD� 2 j401 + 202j, D� i 2 j201 + 402j, or
D� 2 j20 j j, j 2 f1, 2g.

A smooth bidouble cover of type (in the language of [3]) ((2, 0), (4, 6), (0, 0)) has
K 2 = 8 and pg = 6. By the formulas on page 109 of [3] there is no configurationof
singularities that changespg without changingK 2.

Bidouble covers of a smooth quadric were already studied by Catanese [3], and
later Gallego and Purnaprajna [8] and [9] classified canonical Galois covers of degree
4 of a surface of minimal degree. All these surfaces can be found in those papers.
Note however that these surfaces, because of the other two canonical involutions they
have, are also special cases of the surfaces studied in the next section.

3. Canonical involutions with pg(T̂) = 0, � = 0

In this caseT is smooth. By Remark 1.4

(5)
KTÆ = �2� K 2

T ,

Æ2 = 8 + K 2
T .

We inductively contract all (�1)-curvesE on T contained in the image of the fun-
damental cycles ofS, and we denote by� : T ! P the composition of all these con-
tractions.

REMARK 3.1. We observe that every (�1)-curve E contained in the image of
a fundamental cycle ofS fulfills 1E = 2. It follows that equations (5) hold also for
K P, ÆP.

Let � 2 Q[f1g be the maximal number such that�K P +ÆP is nef. Since the pull
back of K P + ÆP to S is KS, � � 1. In fact, � > 1, since� = 1 implies that there is
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an extremal rayl such that (K P + ÆP)l = 0. By a.i.t., l 2 < 0, whencel is a (�1)-curve
whose pull-back toS is contained in a fundamental cycle. But these have already been
contracted.

Proposition 3.2. There are the following two possibilities:
• K 2

P = 1 and 3K P + ÆP is trivial;
• K 2

P = 0 and j2K P + ÆPj is a genus0 pencil without base points.

Proof. By the algebraic index theorem:K 2
PÆ2

P � (K PÆP)2. Equations (5) imply
K 2

P � 1.
If K 2

P = 1, equality holds in the a.i.t. and 3K P + ÆP is numerically trivial. By
equation (4) 2K P + ÆP is effective, hence Riemann-Roch impliesh0(3K P + ÆP) � 1.
Therefore 3K P + ÆP is trivial.

OtherwiseK 2
P � 0. Let l be an extremal ray with (�K P +ÆP)l = 0. SinceP is nei-

ther P2 nor a P1-bundle, l has to be a (�1)-curve, whence� = ÆPl 2 Z. In particular,
2K P + ÆP is nef.

Since 2K P +ÆP is effective, whence 0� (2K P +ÆP)2 = K 2
P � 0. Therefore 2K P +ÆP

is a nef divisor with selfintersection 0 and negative canonical degree. This implies thatj(�2=(K P(2K P + ÆP)))(2K P + ÆP)j is a base point free genus 0 pencil. Since in our
caseK P(2K P + ÆP) = K PÆP = �2 we are done.

We get two families, according to the value ofK 2
P.

Theorem 3.3. If K 2
P = 1, then KS is 2-divisible and S is a double cover of a

Del Pezzo surface of degree1 branched in a general divisor inj�6K j.
Proof. By Proposition 3.2 3K P + ÆP is trivial, so K P + ÆP = �2K p is 2-divisible

and the same holds for its pull-backKS = ����(K P + ÆP). Note that sinceK P + ÆP is
ample, P is a Del Pezzo surface.

REMARK 3.4. Oliverio proves in [16] that if the canonical system of aregular
minimal surface withK 2

S = 8 and pg = 4 is 2-divisible, eitherKS has base points
and the canonical map has degree 3 (so it is not our case), or the semicanonical ring
R(S, (1=2)KS) embeds the canonical model ofS as a complete intersection of two sex-
tics in P(1, 1, 2, 3, 3).

Theorem 3.5. If K 2
P = 0, then there is a natural number0� r � 3, such that S is

the minimal resolution of a double cover of a Hirzebruch-Segre surfaceFr branched in
a curve in j801 + (10 + 4r ) f j, where01 denotes the section at infinity and f a fibre,
having 8 singular points (possibly infinitely near) of multiplicity 4 as only essential
singularities.
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Proof. By Proposition 3.2,j2K P + ÆPj is a genus 0 pencil without base points.
Contracting 8� K 2

P = 8 (�1)-curves (contained in fibres) we get a birational mor-
phism � : P ! Fr . Note that there might be different choices for the 8 contractions
yielding different r ’s.

The strict transform of the (�r )-section01 of Fr is an irreducible rational curve
B1 on P with B1(2K P + ÆP) = 1. Let E be a (�1)-curve contained in a fibre ofj2K P + ÆPj: then B1E is 0 or 1. If B1E = 1, 2K P + ÆP � E is again an exceptional
divisor of the first kind, so it contains an other (�1)-curveE0 and B1E0 = 0. Therefore
we can choose� such that for all contracted curves holdsB1E = 0.

Now, B1 is a smooth rational curve withB21 = �r , so K P B1 = r � 2. Therefore
0� (K P + ÆP)B1 = (2K P + ÆP)B1 � K P B1 = 3� r whencer � 3.

We write ÆP = ��(a01 + bf )�P8
1 ci Ei .

First of all, for all i , ci = ÆP Ei = (2K P +ÆP)Ei �2K P Ei = 2. Moreover, by formu-
lae (5)a = ÆP(�� f ) = ÆP(2K P +ÆP) =�4+8 = 4. Finally, by 8 =Æ2

P = (a01+bf )2�8c2
i =�16r + 8b� 32 we get 40 = 8b� 16r , whenceb = 5 + 2r .

REMARK 3.6. At first sight the surfaces in the previous theorem fall into four
distinct families, according to the different values ofr . But, as follows clearly from
the proof, the surfaceFr is obtained fromP by choosing 8 (�1)-curves to contract,
and different choices yield differentr ’s.

Let P1, : : : , P8 2 Fr be the (not necessarily pairwise distinct) images of the chosen
exceptional curves onP. Since 2ÆP � K P is ample, h1(2ÆP) = 0. In particular, the
dimension ofj1Pj is constant.

If r 6= 0 andr of the pointsPi do not belong to the negative section01 of Fr , we
can modify the choice of the curves we contract in order to obtain r = 0. It follows
that the family with r = 0 is open and dense in the subscheme of the moduli space
of surfaces of general type given by the surfaces described in Theorem 3.5 which, in
particular, is unirational.

4. Canonical involutions with pg(T̂) = 0, � = 2

We recall diagram (1):

In this case� is the blow up ofS in two distinct pointsp1 and p2. We denote by
Ai the (�2)-curve �̂(��1(pi )). Note that Ai is a component of the branch curve of ˆ�
with Æ̂Ai = �1.
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We define theQ-divisor Ǣ := Æ̂ � (1=2)(A1 + A2). We have

(6)
K T̂ Ǣ = �3� K 2

T̂
,

Ǣ2 = 10 +K 2
T̂
.

Observe that, by a.i.t.,K 2
T̂
(10+K 2

T̂
) = K 2

T̂
Ǣ2 � (K T̂ Ǣ)2 = (K 2

T̂
+3)2, thereforeK 2

T̂
� 2.

Let � be the maximal (rational) number such that�K T̂ + Ǣ is nef. Note that ˆ��(K T̂ +Ǣ) = ��KS, whenceK T̂ + Ǣ is nef, so� � 1.
Assume that� = 1 and letl be an extremal ray with (K T̂ + Ǣ)l = 0. SinceK 2

T̂
� 2,

we know thatT̂ is neitherP2 nor a P1-bundle. Thereforel is a (�1)-curve, and we
contract it. Note that after this contraction the equations(6) remain valid (if by slight
abuse of notation we denote the pushforward ofǢ again by Ǣ), since K 2, Ǣ2 increase
by 1, while K Ǣ decreases by 1. In particular, by the index theorem we getK 2 � 2.

Therefore, we can inductively apply the above argument and get a sequence of
contractionsc1 : T̂ ! P, such that (6) holds onP (so K 2

P � 2) and there are no ex-
tremal rays in (K P + Ǣ)?.

Now, let � be the maximal rational number such that�K P + Ǣ is nef. Then� > 1.
Since K 2

P � 2, an extremal rayl has to be a (�1)-curve, whence� = Ǣl 2 (1=2)Z
(since 2̄Æ is integral), i.e.,� � 3=2.

In particular, (3=2)K P + Ǣ is nef and, since by (4) 2K P + Ǣ is effective, we have
0� ((3=2)K P + Ǣ)(2K P + Ǣ) = (1=2)(K 2

P � 1). Therefore,K 2
P 2 f1, 2g.

Proposition 4.1. One of the following occurs:
• K 2

P = 2 and j4K P + 2Ǣj is a genus0 pencil without base points;
• K 2

P = 1, there is a birational morphism c: P ! P1 onto a Del Pezzo surface of
degree5, contracting (�1)-curves l with(K + Ǣ)l = 1=2, and 2K P1 + Ǣ � 0.

Proof. We know that� � 3=2. Assume that� = 3=2 and let l be an extremal
ray with ((3=2)K + Ǣ)l = 0. By a.i.t., since ((3=2)K + Ǣ)2 = 1 + K 2=4 > 0, l 2 < 0.
Contractingl we add 1 toK 2, 9=4 to Ǣ2, and we subtract 3=2 from K Ǣ, in particular,
we do not change ((3=2)K + Ǣ)2. Therefore we can repeat the argument and inductively
contract all, says, (�1)-curvesl with ((3=2)K + Ǣ)l = 0. We get a birational morphism
c: P! P1, such that onP1, � > 3=2.

Since K P1 + Ǣ is nef and 2K P1 + Ǣ is effective, we have 0� (K P1 + Ǣ)(2K P1 + Ǣ) =
1� s=4, i.e., s � 4. In particular, K 2

P1
� 2 + s � 6, so, as above, an extremal rayl

has to be a (�1)-curve, whence� = Ǣl 2 (1=2)Z, so � � 2. Therefore 2K P1 + Ǣ is a nef
and effective divisor with selfintersection (2K P1 + Ǣ)2 = (2K P + Ǣ)2 + s=4 = K 2

P�2 +s=4.
If K 2

P = 1, it follows that s = 4 and (2K P1 + Ǣ)2 = (K P1 + Ǣ)(2K P1 + Ǣ) = 0. By
a.i.t. 2K P1 + Ǣ is trivial.

Else K 2
P = 2, and the inequalityK 2

P1
Ǣ2 � (K P1 Ǣ)2 gives (2 +s)(12 + (9=4)s) � (5 +

(3=2)s)2 , s � 2=3: we haves = 0. In this case,P = P1 and 2K P + ÆP is nef with
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selfintersection 0 and canonical degree�1, so j2(2K P + Ǣ)j is a base point free genus
0 pencil.

Therefore we get two families, according to the value ofK 2
P.

Theorem 4.2. If K 2
P = 1, then S is the minimal resolution of a double cover of a

Del Pezzo surface of degree5 branched in a divisor inj�4K j having two(3, 3)-points.

Proof. Let l � T̂ be a (�1)-curve with (K T̂ + Ǣ)l = 0. Since the intersection form
restricted to (K T̂ +Ǣ)? is negative definite and sincel , A1, A2 2 (K T̂ +Ǣ)?, l (A1+A2)� 1.
BecausēÆl , Æ̂l 2 Z, we havel (A1 + A2) even, thusl A1 = l A2 = 0.

This shows that the images ofA1 and A2 are still (�2)-curves in P. We show
that they will be contracted byc. Recall thatc is (any) sequence of 4 contractions of
extremal rays in ((3=2)K T̂ + Ǣ)?.

The first extremal ray is a (�1)-curve l with ((3=2)K T̂ + Ǣ)l = 0. By the same
argument as above,l (A1 + A2) � 1. Ǣl 62 Z, Æ̂l 2 Z, therefore w.l.o.g.l A1 = 1 and
l A2 = 0.

After contractingl , A1 becomes a (�1)-curve contained in ((3=2)K T̂ + Ǣ)?, and
we can chooseA1 as second extremal ray.

By the same argument the third extremal rayl 0 has l 0A2 = 1 and we can choose
A2 as last extremal ray.

Now, P1 is a Del Pezzo of degree 5, andP is the blow up ofP1 in four points.
We call the exceptional divisorsE1, : : : , E4. By the above arguments, we can assume
that A1 = E3 � E4, A2 = E1 � E2, and on P we have: Ǣ = c�Ǣ � P4

i =1(ǢEi )Ei =

c�(�2K P1) � P4
i =1(3=2)Ei . The direct image ofÆ̂ on P is thereforec�(�2K P1) �P4

i =1 2Ei + E1 + E3.

Theorem 4.3. If K 2
P = 2, hen there is a natural number0� r � 2, such that S is

the minimal resolution of a double cover of a Hirzebruch-Segre surfaceFr branched
in a fibre 0 2 j f j and a curve inj801 + (9 + 4r ) f j, where01 denotes the section
at infinity and f a fibre having6 singular points x1, : : : , x6 of multiplicity 4 as only
essential singularities, with x5 2 0 and x6 infinitely near to x5 and belonging to the
strict transform of0.

Proof. By Proposition 4.1,j4K P + 2Ǣj is a genus 0 pencil without base points.
As in the previous proof we note thatA1 and A2 are still (�2)-curves onP, which
are contained in fibres of the pencil.

Contracting 8� K 2
P = 6 (�1)-curves (contained in fibres) we get a birational mor-

phism�: P! Fr . Repeating the same argument as in the proof of 3.5, we obtainthat
r � 5=2.

Let l be one of these 6 (�1)-curves; then beingl , A1 and A2 all contained in fi-
bres, by Zariski’s lemmal Ai � 1. But it cannot bel A1 = 0 for all l , sinceFr , r � 2
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does not contain two disjoint (�2)-curves. Therefore one of these extremal rays has
l A1 = 1, sayE6. Ǣl , Æ̂l 2 Z, thereforeE6(A1+ A2) even, thusE6A1 = E6A2 = 1. So, af-
ter this contractionA1 and A2 become (�1)-curves contained in a fibre withA1A2 = 1.
One will be contracted and the other will map isomorphicallyonto a fibre ofFr .

We have�� f = 4K P + 2Ǣ and we writeǢ = ��(a01 + bf )�P6
1 ci Ei .

Then, for all i , ci = ǢEi = 2. Moreover, by formulae (6)a = Ǣ(�� f ) = Ǣ(4K P +2Ǣ) =
4. Finally, by 12 =Ǣ2 = �16r + 8b� 24 we getb = 9=2 + 2r , whenceǢ = ��(401 +
(9=2 + 2r ) f )� 2

P6
1 Ei .

Therefore the direct image of̂Æ on P is ��(401 + (5 + 2r ) f )�P5
1 2Ei � 3E6.

REMARK 4.4. 1) The same argument as in Remark 3.6 shows that the surfaces
with r = 0 form an open and dense set in the subscheme of the moduli space of sur-
faces of general type given by the surfaces described in Theorem 4.3 which, in partic-
ular, is unirational.
2) We observe that the surfaces classified in this section areexactly those whose canon-
ical map is a double cover of a cubic surface inP3.

5. Canonical involutions with pg(T̂) = 0, � = 4

This case can be treated with the same techniques as in the previous two sections,
but the calculations become more demanding. We choose a different approach.

By equation (4),h0(OŜ=i (2K Ŝ=i + Æ̂)) = 0, in particular, the bicanonical map factors
through the involutioni . In [6] the authors classify all surfaces withpg � 4, nonbirational
bicanonical map having no genus 2 pencil. In particular, they obtain

Theorem 5.1 ([6], Theorem 3.1 and Remark 3.10).If � = 4 and S has no genus
2 pencil, then S belongs to one of the following two families
i) S is birational to a double cover ofP1�P1 with branch curve1̃ = L1 + L 0

1 + L2 +
L 0

2 + D where Li , L 0
i are distinct lines inj0i j and D2 j801 +802j has quadruple points

at the intersection of the4 lines as only essential singularities.
ii) S is birational to a double cover ofP1 � P1 with branch curve1̃ = L2 + L 0

2 + D
where L2, L 0

2 are distinct lines inj02j and D 2 j801 + 802j has (4, 4) points at the
intersection of the2 lines with a line L1 in j01j, having as tangent line L2 resp. L 0

2,
as only essential singularities.
The torsion subgroup ofPic(S) is isomorphic toZ=2Z. The second case is a special-
ization of the first one.

REMARK 5.2. It is wellknown that, if a surface has a genus 2 pencil, the in-
volution on each fibre induces an involution onS such that both the canonical and the
bicanonical map ofS factor through it. In particular, the induced involution iscanon-
ical and, if the surfaces is regular withK 2 = 8 and pg = 4, it has� = 4.

It follows that none of the preceedingly studied surfaces has a genus 2 pencil.
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In the following S is assumed to be a surface of general type withK 2 = 8, pg = 4
and q = 0 having a genus 2 pencilf : S! P1.

REMARK 5.3. Since� = 4, the canonical system has base points (cf. Lemma 1.3)
and therefore the canonical map has degree two onto a cubic ora quadric.

Let !SjP1 := !S
 f �!�1
P1 be the relative canonical sheaf. The sheavesf�!n

SjP1 are
vector bundles and there are the relativen-canonical maps'n : S 99K P( f�!n

SjP1) :=
Proj (Sym f�!n

SjP1), whose restriction to each fibre is itsn-canonical map. Note that

for g = 2 the target of the relativen-canonical map is aP1-bundle for n = 1 and a
P2-bundle forn = 2.

REMARK 5.4. Let f : S! P1 be a genus 2 fibration with fibresf �1(t) =: Ft 2jF j and assume

(7) 8t 2 P1 the restriction map H0(!S)! H0(!Ft ) is surjective.

Then the canonical map ofS factors through the relative canonical map. The resulting
map P( f�!SjP1)! 'jKSj(S) is a surjective morphism mapping each “line” of the ruling
of P( f�!SjP1) to a line of Ppg�1.

If S is regular, then the cokernels of the restriction maps in (7)are all isomorphic
(to H1(!S(�F))). In particular, the maps areall surjective if and only if one of them
is surjective, i.e., if and only ifjKSj is not composed withjF j.

REMARK 5.5. The canonical map ofS is a double cover of a quadric. In fact,
by the above considerations the canonical image is covered by lines. On the other
hand, as it is seen by the same argument as in Lemma 3.14 of [1],if the canonical
image ofS is a cubic, it has isolated singularities, whence cannot be covered by lines.

Proposition 5.6. Let S be a regular surface, whose canonical map is a double
cover of a quadric surface Q, and let f : S! P1 be a genus2 fibration. If Q is
smooth then f�!SjP1 �= 2OP1(3). If Q is a quadric cone then f�!SjP1 �= OP1(2)�OP1(4).

Proof. P( f�!SjP1) is a Hirzebruch surfaceFk having, by Remark 5.4, a birational
morphism ontoQ. If Q is smooth, thenk = 0, and if the quadric is a cone, thenk = 2.
We conclude, since by standard computations (e.g., [4], Remark 2.11) degf�!SjP1 =�(OS) + 1 = 6.

Lemma 5.7. With the same hypotheses as inProposition 5.6,if Q is a quadric
cone, then the branch curve of the relative canonical map'1 : S 99K F2 cannot con-
tain 01.
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Proof. Assume by contradiction that01 is contained in the branch locus of'1.
Then the preimage of the vertex of the cone under the canonical map is a pointp 2 S.
Since the genus two pencil maps onto the ruling ofQ, it has a base point, contradict-
ing Kodaira’s lemma ([11] or [19], Proposition 5.1).

We will use some of the techniques developped in [4], which for sake of sim-
plicity will only be briefly reported in the case of genus 2 fibrations f : S! P1 with
pg(S) = 4.

We consider the exact sequence

(8) 0! Sym2 f�!SjP1
�2�! f�!2

SjP1 ! Ot! 0,

where�2 is the natural map induced by the tensor product of canonicalsections of the
fibers of f , and t is an effective divisor onP1 of degreeK 2

S� 4 (cf. Lemma 4.1 of
[4]). The map�2 yields a rational map� : P( f�!SjP1) 99K P( f�!2

SjP1) (relative version

of 2-Veronese embeddingP1 ,! P2) birational onto a conic bundleC.
The following exact sequence defines the vector bundleA6 as quotient of

Sym3 f�!2
SjP1, the vector bundle of relative cubics onP( f�!2

SjP1), by the subbundle of
cubics vanishing onC (cf. Lemma 4.4 of [4]):

(9) 0! f�!2
SjP1 
OP1(12)

i3�! Sym3 f�!2
SjP1 ! A6! 0.

The branch curve1 of the mapS! C is given (cf. Theorem 4.7 and Proposition 4.8
of [4]) by a map

(10) Æ : OP1(2K 2
S + 4) ,! A6.

Lemma 5.8. Under the assumptions ofProposition 5.6,if moreover K2
S� 6, then

each direct summand of f�!2
SjP1 has degree at least6.

Proof. Being�2 an injective morphism between two vector bundles of the same
rank, if each summand of the source has degree at least 6, the same holds for the
target. Therefore by Proposition 5.6 we can assumef�!SjP1 = OP1(2)�OP1(4).

Assume by contradiction that (writing coordinates onf�!SjP1, f�!2
SjP1)

f�!SjP1 = x0OP1(2)� x1OP1(4)

f�!2
SjP1 = y0OP1(a)� y1OP1(b)� y2OP1(c)

with a � 5.
In these coordinates we have that01 has equationx1 = 0. Froma � 5 it follows

that �2(x0x1), �2(x2
1) belong to Span(y1, y2), whence�(01) = fy1 = y2 = 0g.
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Since�(01) � C, y2
0 does not appear in the equation ofC and thereforey3

0 does
not appear in the equation of any relative cubic vanishing inC. This means that the row
of the matrix of i3 corresponding to the direct summandy3

0OP1(3a) of Sym3 f�!2
SjP1 is

a line of zeroes. Therefore this summand maps isomorphically onto a direct summand
of A6.

K 2
S � 6 implies 2K 2

S + 4> 15� 3a and therefore the composition ofÆ with the pro-
jection on this summand is zero. But this implies1 � �(01), contradicting Lemma 5.7.

Let now S be a minimal surface of general type withK 2 = 8, pg = 4 andq = 0
having a genus 2 pencilf : S! P1.

By the above arguments we know:
• P( f�!SjP1) �= Fk for k 2 f0, 2g;
• f�!2

SjP1
�= rOP1(6)�V for r 2 f0, 1, 2g, whereV is a sum of line bundles of degree

at least 7.
Note thatr 6= 3, since degf�!2

SjP1 = 18 + degt = 22.

Theorem 5.9. The moduli space of surfaces with K2 = 8, pg = 4 and q= 0 having
a genus2 pencil f : S! P1 is unirational of dimension34.

Proof. We use the structure theorem for genus 2 fibrations (cf. Theorem 4.13 in
[4]). For each case we have to describe the associated 5-tuple (B, V1, t, � ,w). We treat
separately the casesk = 0 andk = 2.

k = 0. The first three elements are easy:B = P1, V1 = f�!SjP1 = 2OP1(3) and t is
an effective divisor onP1 of degree 4.� is an element of Ext1

O
P1

(Ot, Sym2 V1)=AutO
P1 (Ot), giving the short exact sequence

(8). In order to give explicitly these extension classes we fix a section ft 2 H0(OP1(t))
and, applying to the exact sequence

(11) 0! OP1(3)
ft�! OP1(7)! Ot! 0

the functor HomO
P1 ( � , 3OP1(6)), we get

Ext1O
P1

(Ot, Sym2 V1) �= HomO
P1 (OP1(3), 3OP1(6))�= H0(3OP1(3))�= C12.

This isomorphism is explicitly given as follows: for any triple of cubics (c0, c1, c2),
the resulting f�!2

SjP1 is given by the short exact sequence

(12) 0! OP1(3)
c�! OP1(7)� 3OP1(6)! f�!2

SjP1 ! 0

for c being the transpose of (� ft, c1, c2, c3); �2 is then the restriction to the last three
summands (3OP1(6)) of the projection onf�!2

SjP1.
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These 4 data give us the exact sequence (8) and therefore the conic bundleC. To
complete the 5-tuple we have to give an elementw 2 (Hom(OP1(20),A6) n f0g)=C� cor-
responding to the mapÆ in (10), and then to the branch curve1 � C.

From the exact sequence (9), dim(Hom(OP1(20),A6)) = �(A6(�20))+h1(A6(�20)) =
29 + h1(A6(�20)). Moreover,H1(A6(�20)) is isomorphic to the cokernel of the map
H1(i3(�20)).

By Lemma 5.8, all summands of the source and of the target of the mapi3(�20)
have degree at least�2. More precisely, the source hasr � 2 summands of degree�2, the targetr 2, and H1(i3(�20)) is a mapCr ! Cr 2

. In particular,

(13) r 2 � r � h1(A6(�20))� r 2.

In fact, the mapH1(i3(�20)) is easily obtained by the matrix ofi3 by taking ther 2�r
submatrix A given by the rows and the columns of the summands of degree 18 (both
in the source and in the target).

We have three cases, according to the value ofh1(A6(�20)).
h1(A6(�20)) = 0. This happens for a general choice of� , since dualizing the ex-

act sequence (12) one sees that, if the three cubicsc1, c2, c3 are linearly independent,
r = 0.

We have 4 parameters fort, 12�4 = 8 for � and 29�1 = 28 forw: 40 parameters.
Since we must take the quotient by the action of Aut(P1�P1), this family is unirational
of dimension 34.

h1(A6(�20)) = 1. By (13), thenr = 1, i.e., there is a nontrivial relation�c1 +�c2 + 
 c3 = 0 between the three cubics: these are two conditions for� . Moreover,
the row of the matrix of�2 corresponding to the degree 6 summand of the target is
(�, �, 
 ), and A = (�
 ��2). In order to getr = 1 we need to further assume�
 = �2;
we have three conditions on� , and therefore this gives a family of dimension 34�3 +
h1(A6(�20)) = 32.

h1(A6(�20))� 2. By (13), thenr = 2, i.e., the three cubics span a space of di-
mension 1: these are six conditions. Moreover, if the submatrix of �2 corresponding
to the degree 6 summands of the target is

(14)

� �1 �1 
1�2 �2 
2

�
,

the matrix A is 0
BB�

�1
1� �2
1 0�1
2 + �2
1� 2�1�2 �1
1 � �2

1�2
2� �2
2 �1
2 + �2
1 � 2�1�2

0 �2
2 � �2
2

1
CCA.

It follows: rank A 6= 2, A = 0. If A = 0, then (�1y1 + �2y2)(
1y1 + 
2y2) � (�1y1 +�2y2)2 = 0, and this implies that the matrix (14) has not rank 2, contradicting the
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injectivity of �2. Thereforeh1(A6(�20)) = 2 and this gives a family of dimension
34� 6 + h1(A6(�20)) = 30.

k = 2. Here V1 = OP1(2)� OP1(4). The main difference to the first case is that
here to describe the extension class we need to apply the functor HomO

P1 ( � , Sym2 V1)
to the exact sequence

(15) 0! OP1(1)
ft�! OP1(5)! Ot! 0

getting only a short exact sequence

0! Hom(OP1(5), Sym2 V1)

! Hom(OP1(1), Sym2 V1)! Ext1(Ot, Sym2 V1)! 0.

To induce any extension as described in the first case we need mapsOP1(1)!OP1(4)�
OP1(6)�OP1(8) (but not in a unique way): the dimension of the Ext1 is in fact 18�6 =
12 as in the first case. We distinguish two cases.

h1(A6(�20)) = 0. This happens for general choice of� , since also in this case, if� is general, thenr = 0. The analysis of this case is identical to the analogous case for
k = 0, so we find again 40 parameters. Since dim Aut(F2) = 7, awe get an unirational
family of dimension 40� 7 = 33.

h1(A6(�20))� 1. By (13) in this caser � 1. Let us first assumer = 1: then
the row of the matrix of�2 corresponding to the degree 6 summand of the target is
(�, �, 0) (where deg� = 2, � 2 C), and therefore the matrixA is (��2). It follows
that h1(A6(�20)) = 1 forces� = 0.

We are now in the same situation as in the proof of Lemma 5.8:�2(x0x1), �2(x2
1)

belong to Span(y1, y2). Arguing as there, we conclude that1 � �(01) contradicting
Lemma 5.7.

The caser = 2 is similar and even easier, since in this case we can alwaysassume
(up to a change of coordinates in the target) that the submatrix of �2 corresponding to
the degree 6 summands has the form

� �1 0 0�2 �2 0

�
.

Summing up we have found 4 families, one generically smooth unirational of di-
mension 34, say the “main” family, and three more of respective dimensions 32, 30
and 33. To conclude, we have to show that the general surface in each of those last
three families admits a small deformation to a surface belonging to the “main” family.

This is easy for surfaces in the family withk = 2. In fact, we first deformF2 to
F0 (i.e., the vector bundleV1). Then, leavingt fixed, we can deform the extension
class� , since all the Ext1 groups have the same dimension 12: geometrically this cor-
responds to deformC to a family of conic bundles. Finally, we can deform the last
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datum,w, since we have seen that (fork = 2) h1(A6(�20)) = 0, so by semicontinuity
it must be zero also on nearby fibres, and thereforeh0(A6(�20)) remains constant for
a small deformation: this geometrically corresponds to deform 1.

This argument does not work for the other two families, sincein these cases
h1(A6(�20)) 6= 0 and therefore, once we have fixed a 1-parameter deformation of C,
we will not be able to deform all possible curves1.

We use a different argument. Each of the two families is contained in a irreducible
component of the subscheme of the moduli space given by the surfaces having a canon-
ical involution. We claim that it has dimension at least 34.

For the general surface in each of our two families,C has degt = 4 nodes (the
vertices of the singular conics), none of them in1, which is smooth. LetC̃ be a
minimal desingularization ofC; the 4 (�2)-curves onC̃ give rise to 4 (�1) curves on
the associated double coverS̃, the exceptional locus of the birational morphism̃S! S.
The finite double cover' : S̃! C̃ branches in1̃, union of the pull-back of1 with
the (�2) curves.

The invariant part of'�(�1
S̃

�2

S̃
) is isomorphic to�1

C̃
(log 1̃)
�2

C̃
.

The morphismC̃ ! P(V1) is the contraction of the strict transforms of each com-
ponent of the singular conics, so of 2 degt = 8 exceptional curves of the first kind. If
T� denotes the tangent sheaf,�(TC̃) = �(TF0)�4 degt = 6�16 =�10. Then our claim
follows from

h1(�1
C̃
(log 1̃)
�2

C̃
)� h2(�1

C̃
(log 1̃)
�2

C̃
)

� ��(�1
C̃
(log 1̃)
�2

C̃
) = ��(�1

C̃

�2

C̃
)� �(O1̃(�2

C̃
)))

= ��(TC̃)� �(�2
C̃
) + �(�2

C̃
(�1̃)) = 10 +

1

2
1̃(1̃� KC̃)

= 6 +
1

2
1(1� KC) = 34

where1(1�KC) = 56 is a standard intersection computation (note thatC 2 jOP(V2)(2)

OP1(�12)j, 1 is a divisor in the linear system induced onC by jOP(V2)(3)
OP1(�20)j).

Then, since for a small deformation preserving the involution also the bicanonical
map factors through it, either the two families are in the closure of the “main” family
or these surface can be deformed to surfaces as in Theorem 5.1. But this is impossible
for topological reasons, since the surfaces in Theorem 5.1 have non trivial 2-torsion in
Pic(S) whereas every surface with a linear pencil of genus 2 curvesand slope< 3 (in
our case 8=3) is simply connected by [20], Theorem 3.
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6. Moduli

In the previous sections we classified all pairs (S, i ) where S is a minimal regular
surfaces withK 2

S = 8, pg = 4, andi is a canonical involution onS, finding 8 families.

Family Theorem short description

M
(0)
+ 2.1 bidouble covers ofF0 branched in (4, 2), (2, 4)

M
(2)
+ 2.1 bidouble covers ofF2 branched in (4, 2), (2, 4)

M
(div)
0 3.3

double covers of a Del Pezzo of degree 1
branched in�6K

M0 3.5
the general surface is a double cover ofF0

branched in (8, 10)� 4
P8

1 Ei

M
(0)
2 4.2

double covers of a Del Pezzo of degree 5
branched in�4K with two (3, 3)

M
(1)
2 4.3

the general surface is a double cover ofF0

branched in (8, 10) with certain singularities

M
(2)
4 5.9 the surfaces having a genus 2 pencil

M
(DV)
4 5.1 2K non birational, but no genus 2 pencil

REMARK 6.1. The first two are the families for whichH0(KS) is invariant. These
surfaces have in fact (Lemmas 2.3 and 2.4) two more involutions for which H0(KS) is
antiinvariant and� = 0. In fact, for the familyM(0)

+ the two further involutions are in
M0, for the familyM(2)

+ the two further involutions are inM(div)
0 .

On the other hand, since the canonical map has maximal degree4, if one of these
surface has more than one canonical involution, it must haveone involution for which
H0(KS) is invariant: so these two families give all surfaces having more than one canon-
ical involution.

Our results yield then a stratification of the correspondingsubscheme of the moduli
space of minimal regular surfaces of general type withK 2

S = 8, pg = 4 in six families,
image of the last 6 families of the above table.

The aim of this section is to prove the following

Theorem 6.2. M
(DV)
4 and M

(2)
4 give unirational irreducible components of the

moduli space of minimal regular surfaces of general type with K2
S = 8, pg = 4 of re-

spective dimensions38 and 34.
The remaining4 families M

(div)
0 , M0, M

(0)
2 , M

(1)
2 give unirational strata of re-

spective dimensions29, 28, 32, 33.
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REMARK 6.3. By Kuranishi’s theorem each irreducible component of the moduli
space of minimal surfaces of general type withK 2 = 8, pg = 4 has dimension at least
10� � 2K 2 = 34. It follows that the last four families are not irreducible components
of the moduli space.

Observe that the general point of the irreducible componentin which each of these
families is contained is a surface without a canonical involution. In fact, it cannot be in
M

(DV)
4 or in M

(2)
4 because� is invariant under deformations preserving the involution.

REMARK 6.4. M
(DV)
4 and M

(2)
4 are generically smooth. This is proved in [18]

for M
(DV)
4 . The same calculation as in [1], Theorem 5.32, shows it forM

(2)
4 .

REMARK 6.5. Minimal surfaces of general type withK 2 = 8, pg = 4 belong to
at least three different topological types (in particular,the moduli space has at least
three connected components). The surfaces inM

(div)
0 are the only ones in our list with

2-divisible canonical class, the surfaces inM(DV)
4 are the only ones in our list with

non trivial torsion in the Picard group.

Proof of Theorem 6.2. The statement aboutM
(DV)
4 is Theorem 1.3 of [18].

By Theorem 5.9M(2)
4 is unirational of dimension 34. To prove that it is an ir-

reducible component of the moduli space we need to show that for a general surface
in this family the antiinvariant part (with respect to the involution) of H1(�1

S
�2
S) is

trivial.
This computation works almost identically as the analogousone in [1], Section 5.3.

We sketch it.
Using the same notation as in the proof of Theorem 5.9, recallthat for a general

surfaceS in M
(2)
4 , we have a finite double coverS! C = S=i branched in the degt =

4 nodes ofC, and in the smooth divisor1. Resolving the singular points ofC and
blowing up their preimages inS we get a finite double cover' : S̃! C̃ whose branch
locus is a smooth divisor̃1, union of the pull-back of1 with the (�2) curves.

Now we can compute the dimension of the antiinvariant part ofH1(�1
S̃

�2

S̃
) with

respect to the lifting of the involutioni to S̃ exactly as in the proof of Theorem 5.32
of [1]: the result is 8. Sinceb: S̃! S is a sequence of 4 blow ups, by Lemma 5.34
of [1] the dimension of the antiinvariant part ofH1(�1

S
�2
S) is 8� 2 � 4 = 0.

We prove now the second part of the statement. In all 4 casesS is a double cover
of a surfaceP such that the movable part of the branch curve is 2Æ where Æ is a
Q-divisor such that�K P + Æ is ample for� � 1. In particular, 2ÆP � K P is ample,
thereforeh1(2ÆP) = 0, and the dimension of the linear systemj2Æj can be computed
by Riemann-Roch.

M
(div)
0 . Del Pezzo surfaces of degree 1 are obtained by choosing 8 points in P2,

therefore, modulo Aut(P2), they depend on 8 (unirational) parameters. Curves inj�6K j
depend on 1 + (1=2)(42K 2)� 1 = 21 parameters.
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M0. By Remark 3.6, we know thatM0 is unirational and that for a general sur-
face inM0 we can assume thatP is the blow up ofF0 in 8 general points, branched
in a curve in

��801 + 1002 � 4
P8

1 Ei

��. Since 8 points inF0 depend on 16 parameters
and dim Aut(F0) = 6, P depends on 10 parameters. The branch curve depends on 18
parameters.

M
(0)
2 . P is the blow up of a Del Pezzo of degree 5 in 4 points, 2 of which are

infinitely near to the other two. ThereforeP depends on 6 parameters. The branch
curve depends on 26 parameters.

M
(1)
2 . We know already (cf. the remark after Theorem 4.3) thatM

(1)
2 is irreducible

and for a general surface we can assume thatP is the blow up ofF0 in 6 points, the
last determined by the previous one. ThereforeP depends on 10� 6 = 4 parameters.
The branch curve depends on 29 parameters.
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