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0. Introduction

Let X be a minimal, complex, projective, Gorenstein variety of dimension n. We
say that X is canonical if for some (any) desingularization o : ¥ —> X, the map
associated to the canonical linear series |Ky| is birational.

We note Kx for the canonical divisor of X and wy = Ox(Ky) the canonical sheaf.
Let pg = h(X, wx), g = h'(X, Ox). There are several known bounds for K’ depend-
ing on p,, the most general one being the bound K% > (n + 1)p, +d, (d, constant)
given by Harris ([9]). Bounds including other invariants are known for canonical sur-
faces, K§ > 3pe+qg — 7 ([12], [7]), and for surfaces and threefolds fibred over curves
([20], [25D).

In this paper we prove some results for canonical surfaces and threefolds. In the
case of canonical surfaces there are some known results which show that under some
additional hypotheses, the bound K§ > 3p, +q — 7 can be considerably improved (see
Remark 2.2). We give here some other special cases (Remark 2.2) for which is not
sharp and prove (Theorem 2.1) that, in fact, Kf =3p, +q — 7 only if g =0 whenever
Pe(S) > 6.

Canonical surfaces with K§ = 3p, — 7 are known to exist and classified ([1]).
Then we can hope that a good bound for canonical surfaces including the irregularity
should be of type K% > 3p,+aq — 7, a > 1. Since for g =1 it is known ([16]) that
Kf > 3pg, a should be 7, although unfortunately examples of low K§ (with g > 2)
are not known.

In the case of canonical threefolds we prove that K3 > 4p,+6q—32. In particular,
we prove that the results of Ohno for canonical fibred threefolds are not sharp.

We use basically a result on quadrics containing irreducible varieties due to Reid
([21]) and several techniques originated in [24] and developed by Konno ([16], [17],
[18]) for the study of the slope of fibred surfaces. In particular we include in an Ap-
pendix the dimension 3 version of the relative hyperquadrics method used by Konno
in [18].

After this manuscript was written, the author was informed that Theorem 2.1 was
known yet to K. Konno (unpublished).
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1. A general inequality

We need the following result due to Reid ([21], p. 195).

Lemma 1.1. Let ¥ C PV be an irreducible variety spanning PV of dimension
w. Then

N—-w+2

hO Js pv(2) < ( ) ) — min{deg =, 2(N — w) + 1}.

Then we have an immediate consequence.

Proposition 1.2. Let X be a normal projective variety of general type and di-
mension n. Let L € Div(X), £ = Ox(L) € Pic X and ¢ the rational map associated to
L. Assume ¢ is birational; then
(@ KX, 0x(L)) = (n + 2)[h%(X, Ox(L)) — (n +1)/2]

(b) If equality holds in (a) then
(i) ¥ := @(X) is contained in a minimal degree variety of PF"X-L)=1 of di-
mension n + 1 obtained as the intersection of quadrics containing X.
(i) X cC PREL-1 g linearly and quadratically normal.
(iii) Bs|L|=Bs|2L|.
@iv) IfBs|L| =@ and p,q € X then |L| separates p and q if and only if so
does |2L|.

Proof. We can always consider

I

X CPr

e <——— i

7

where r = h%(L)—1, X is smooth, o is birational and ¢ is defined by the moving part
M of the linear system |o*(L)|, which has no base point.

By construction we have @*Opr(1) = Ox(M) and 2M < moving part of |o*(2L)|.
Then, since X is normal and o has connected fibres

6)) (X, Ox(2L)) = h°(X, 0,0*Ox(2L))
= h%(X,0*Ox(2L)) > %X, Ox(2M))
= (X, *Op(2))
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= h(Z, 9.9 Op(2)) = h°(Z, Oz (2)).
Now if we consider
0 — H'T5p(2) — HOw(2) 1> HO5(2).

Lemma 1.1 gives

@ KT, 05(2) = dimIm f > (’ ;2) - (r +22_ ") +min{deg T, 2(r — n) + 1)

n+l]

= (n+ 2)[r - %] =(n+ 2)[h0((9x(L)) -

if degX >2(r —n)+ 1. If H; (i =1,...,n) are general hyperplanes in P" and Z; =
YNH N---N H,_; is a general section of ¥ of dimension k we have that ¥, is an
irreducible surface of general type and then ([2], p. 115):

degX =degX, >2(r—n+2)—1>2(r —n)+1.

This proves (a).

Assume from now on that equality holds in (a). In particular equality must hold
at every step of (1) and (2). Then f is an epimorphism and h'!Jz p(2) = 0. Since
hlj):']pr( 1) is always zero we have (ii). Moreover we have

SZHOOp (1) — S?H0O5(1) = S?HY(X,0*L) = S?HYX, L)
A la
H'Op(2) N H°0O5(2) = HY%X,0*Ox(2L)) = H(X, Ox(2L))

and hence « is an epimorphism and (iii) follows immediately.

In order to prove (iv), consider local trivializations of £ at p and gq. For «, 8 €
HY(L) we confuse «, B with their local expressions at these trivializations.

We need

Cram. If Bs|L| =0 then |L| does not separate p and g if and only if for all «,

e HOL), |4P) Bl _
P * a(q) B(q)
Proof of Claim. Let 8 € H°(L) be such that B(p) = 0. Since p is not a base
0
oint of |L| there exists € H°(L) such that « 0. Then, from a(p) =
pomt o1 “ 7 o(q) @)

we get B(g) =0 and then B does not separate p and q.
Assume there exist «, B € H(L) such that a(p) =a, a(q) =b, B(p)=a, B(q)=b
and ab—ba #0. Let 0 = af —aa € H(L). Then clearly o separates p and q. Ol
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If |2L| does not separate p and g then trivially so does not |L|.

Assume |L| does not separate p and g. Since S?H%(L) — HO(L®?) is surjective
for every o, B € H'QL), a = Y a;jsis;, B =Y bijsisj, si € H(L). Since |L| has no
base point and does not separate p and ¢ we can take 5 € H%(L) such that 5(p) = a #
si(p) a
si(q) b
A = (si(p))/a = (s5i(q))/b. Then a(p) = Y aijrirja’, a(g) = X ajjrir;b%, B(p) =
Zbij)»,-)\,-az, ,3((]) = Zb,’j)\.i)\.jbz, and then

a(p) BP)| _ 2p2 |2 aijhidj 2o bijhik;
a(q) B(@) 2 aijhihj Y bijhid;

and hence, by the claim, |[2L| does not separate p and q.

For the proof of (i) we refer again to [21] p. 195. If we call ¥y = XNH;N---NH,
we have that Xy is a set of d =deg X > 2(r — n) + 3 points in P"". Proof of Lemma
1.1 (cf. [21] p. 195) shows that if we consider

0, 5(q) = b # 0. Since by the claim we have = 0 for every s; we can define

=0

HOw(2) -5 H05(2)
HOp1(2) 25 H'O3,(2)

r+2 r+2—n .
( ) )—( ) )+d1mImf0

(”2) _ (r+2_n)+min{d,2(r—n)+1}.

then

dimIm f

\%

2 2

Under our hypothesis equality holds and then we have that ¥, is a set of d points in
P"~" imposing exactly 2(r — n) + 1 conditions on quadrics. Then X, is contained in
a rational normal curve I' intersection of the quadrics containing Xy. Let T; be the
intersection of quadrics of P"~"** containing %;. We have T; C Ty, N H,_; and hence
=Ty T,NH N---NH,. Then T, has an irreducible component W containing X
of dimension at least n + 1. But then

1 T 2) = B T 5(2) = (r N ")
since ¥ € W C T,. Again applying Lemma 1.1 to W, if w = dimW > n +2:
W T e (2) < (’ ;”) — 1
So dimW =n+1 and, since WNH N---NH, =T, W is a variety of mini-

mal degree in P". Since such varieties are always intersection of quadrics we have in
particular W = T,,. O
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2. Canonical surfaces

As a consequence of Proposition 1.1 we get the following result for minimal
canonical surfaces. The first part is a well known fact (cf. [7], [12]).

Theorem 2.1. Let S be a minimal canonical surface. Then
(@) Ki=>3p,+q-—1.
(b)  Assume p,(S) > 6. If K§ =3p,+q — 17, then g =0.

Proof. (a) By the pluri-genus formula, we have hQKs) = K§ + x(Os). Hence
the inequality K§ > 3p, + g — 7 follows immediatly from Proposition 1.2 (see [7],
(12]).

(b) In order to prove the statement we need first some properties of surfaces ly-
ing on the border line; let ¥ = ¢(S) C Pre—1,

Camm 1. If K2=3p,+q —7 then

@) ¥ lies in a threefold Z of minimal degree.

(i) |Kg]| is base point free.

(iii)) |Kg| does not separate p,q € S (possibly infinitely near) if and only if so does
not |2Kg].

(iv) g=0or g >3.

(v) If dimSing = =1 and K? > 13 then the one dimensional components of Sing =
are double lines.

Proof of Claim 1. (i), (ii) and (iii) are direct consequence of Proposition 1.2 and
the fact that |2Ks| has no base points if p, > 4 ([5]).

(iv) If g#0and g <2, Ks=3pg+q —7, then K§ < 3xOys and the canonical
map of S can not be birational (cf. [11]).

(v) Assume dimSing ¥ = 1. Let D be a one dimensional component of Sing X.
The canonical map ¢ is not an embedding over D. Since K2 > 10 and since, by (iii)
points which are not separated by |Kg| are those which are not separated by |2K|
we can apply Reider’s Theorem (see [23]). Let ¢ € D be a general point of D and let
P1, P2 € S (possibly infinitely near) such that ¢(p;) = ¢(p2) = q. By Reider’s Theorem
we have that there exists an effective divisor E passing through p;, p, and verifying

(KsE, E*) = (0, =2), (1, —1), (2, 0).

Since g € D is general, E can not be contracted by ¢. Since ¢(p;) = ¢(p2), we
have that deg(¢|z) > 2 and hence that (KgE, E?) =(2,0) holds.

Note that moving g € D the curve E can not move because then we would have
the surface S covered by curves of genus at most two and this is impossible since S is
canonical. So we must have ¢(E) = D (set-theoretically), degpz = 2 and that D is a
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line PP<~!. In order to prove that it is a double line, assume that, for ¢ € D general,
there are 3 points pj, p2, p3 (possibly infinitely near) such that ¢(p;) = g. Consider
the O-cycle Z = p; + p» + p3. Then Z is clearly in special position with respect to
|2Ks| (following Reider’s notation in [23]). Then if K§ >4degZ +1=13, we have a
decomposition Kg = M + F as in [23], where F is an effective curve passing through
Z (and so that KgF > 3) with the following numerical conditions:

M?*>F* MF=>0, M’>0
2<(MF)2
- (M?)
K}=M>+2MF+F*>13

MF is even.

An easy computation show that these conditions have no solution. Then a general
point g € D has two pre-images through ¢. O

It is a well known fact that the only possibilities for a threefold Z of minimal degree
in P71 are

(A Z=P3 (p,=4).

(B) Z is a cone over the Veronese surface (pg, = 7).

(C) Z is a smooth quadric in P* (p, = 5).

(D) Zis a scroll of type Py pc, 0<a<b<c,2<a+b+c=p;—3.

Cram 2. If po(S) > 6 and K2 =3p,+¢ — 7, then g =0.

Proof of Claim 2. We will often use the following results on the irregularity of

a surface of general type:

(x)  (Beauville, [4]): p, > 2q — 4. If § is canonical, then p,(S) > 2q — 3.

(*x) (Xiao, [25]): if f : § —> P! is a linear pencil of general fibre F, then q <
(1/2)(g(F) + 1).

(% * x) (Konno, [19]): with the same notation as in (xx), is r is the rank of the sub-
sheaf of f.ws generically generated by its global sections, then g < min{g(F) —
r,r+1}.

Assume first that po(S) = 7 and that Z is a cone over the Veronese surface.

Choosing hyperplane sections of Z passing through the vertex and decomposing as

two components as sections of the Veronese surface, we have a decomposition:

Ks~2D+D

where |D| is a linear pencil on S, DD > 1 (by the connectedness of canonical divi-
sors) and that KgD =0 (D is contracted by ¢ to the vertex of Z; possibly D =0).
Then, the only possibility is that (K2, g) = (18, 4) and hence that g(D) < 7. But using
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(* % %) we obtain than r < 3 wich is impossible since ¢(D) is not a plane curve.
Assume Z is a scroll. Consider

M
N

IN<=——-IN

]P)l

Q
nN<—ui

z

—

where Z is the desingularization of Z. Let @ : § — P! be the induced fibration and
G be a general fibre. Note that, by construction (poo)g : G —> PP+~! induces on G
a base point free sublinear system of |Kg| and that (¢ o o) (G) € P? = T, where T is
a general ruling of Z.

Note that the singularities of (¢ o 0)(G), for G general, lie on Sing Z (produced
by the base points of |o(G)| on S) or on SingXNT. If a+b+c > 2 (we only exclude
the case Z = P? which is Case (A)) then p, > 6 and K2 > 11+q > 14 if g # 0.
Then, if Sing ¥ has one dimensional components, they must be double lines by Claim
1. Moreover we can assume that they are transversal to the general ruling. Since any
such line in Z corresponds to an epimorphism Opi(a) @ Opi(b) ® Opi(c) —> Opi(1),
under the assumption a +b +c¢ > 4 (p, > 7) we have that the lines transversal to
the ruling cut a general plane T in points which are on a line £ € T. Then we can
proceed as follows.

Assume first Z is smooth, i.e. 1 <a < b < ¢. We have then that S = S, 0(G) =
G and ¢(G) is a plane curve of degree d = 2g(G) — 2 with only double points as
singularities, lying all of them on a line if p, > 7. Let m be the number of such
double points (possibly m =0). Then we have:

d>2m,
d=GO()=GKs=GKs+G?>=2g — 2,

2g—2=%(d—1)(d——2)—m,

which forces d <5 and hence g = g(G) < 3. By (*x) we get a contradiction.

If pg(S) = 6 and Z is a smooth scroll of P> we can proceed as follows. Since
G C P? we have that r =3 and hence that g(G) > 6 by (x * x).

Take a general hyperplane section of ¥ and Z. We get an irreducible curve C ly-
ing on a smooth ruled surface V of minimal degree in P*. Let h, f be the hyperplane
divisor class and the fibre divisor class in V. We have that h?> = degV = p, —3 =3
and that C = ah + Bf with o > 1, B > —a (obeserve that V is P(Op & Opi(1))
embeded in P* by Co+2f (C} = —e), and hence e =1, C ~ aCo + (B +2a) f and so
B +2a > ea = a, following [2] page 69 and [10] Corollary V.2.18). Let C € |Kg| be
the smooth curve lying over C. Using that Ky = —2h + (p;, — 5)f we get

d=degG=GH=fC=qa
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d =GKs=KsG+G*=2g(G)—2> 10
K2 =deg(C)=Ch=a(p, —3)+8 >2a
K§ =3pg+q—T=11+gq

which is impossible.

Assume dimSingZ =1, iie. 0 = a = b < c. Take a general section I' of X
containing Sing Z. I" corresponds to a section |Ks| > C = ¢G + L where L is the
component of the sublinear system containing Sing Z (possibly L = 0).

We have then, since p, > 29 — 3

7
5c+5z3pg+q—7=1(§=c1<G+I<LchG.

Then, using ¢ > 3, ¢cG?> < KsG and evenness of KsG + G> we get that, in any
case 2p,(G) — 2 = KsG + G?> < 6. Then g(G) < p.(G) < 4. Again by (xx) we get
g <2 and hence g =0.

Finally assume dimSing Z =0, i.e. 0 =a < b < ¢. We have a Hirzebruch surfce
Y._p C PP«<=2 as a smooth hyperplane section of Z embedded by |Cy + cf| (Cg =
—e = —(c — b)). If we take now hyperplane sections of Z passing through its vertex
and having exactly the above decomposition when meeting ¥._,, then we produce a
decomposition

cD+D + D"
1
1
0

Ky
KsD
KsD'
KsD

IV v o

such that |D| is a linear pencil on S with ¢(D) a plane curve. Note that if b = ¢ (then
e = 0), then |D’| also moves on S. A case by case computation of the cases ¢ > 4,
c=3,c=2,b=1, and ¢ = b = 2 shows that we always get a contradiction by using
(*x) and (* * *).
We get then that the only possibilities for S with ¢ # 0 occur when p, < 5.
]

REMARK 2.2. Part (b) of Theorem 2.1 shows that inequality K3 > 3p, +q — 7 is
not sharp if p, > 0. Since surfaces with K2 = 3p, — 7 are known to exist (and are
completely understood, see [1]), it seems that a sharp bound should look like K§ >
3pg +aq — 7, with a > 1. There are several partial results in this direction:

(i) Letalb:S — alb(S) be the Albanese map of S. As a direct consequence of
the study of the slope of fibrations, Konno ([16]) shows that, if dimalb(S) = 1 then
Kf >3p,+7qg —1.
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(i) In the same paper Konno proves that if the cotangent sheaf of S is nef then
K2 > 6505 =6p, — 6q +6 which is better than K% > 3p, +q — 7 if p; > q.

(iii) Note that even if dimalb(S) = 2 but there exists a fibration 7 : S — B with
b = g(B) > 2 we have K§ > 3pg +2q — 7. Indeed, for a general fibration we have
K§ > AxO0s+@ = A)b —1)g — 1) (g = g(F), F smooth fibre of ). Note that if
S is canonical g > 3. Under our hypothesis = # alb and then Xiao ([24]) proves that
A > 4. Finally note that since b+ g > g ([4]) we have

bG-DEg-Dz=G-D+g—-—D=qg—-2 ifb=3
and (b-DE-D>b-D+g-1)—-1=2¢9g—-3 ifb=2.
Butif b=2 and (b —1)(g — 1) =g — 3 we have ¢ = b+ g. Again by [4] we can
say that S = B x F with b = g(B) = 2. This is not possible if S is canonical. Finally

we can apply () and we get the desired bound.
(iv) Let C € |Kg|; then we have

0 — H(Os) = Hws) — H(C, ws)c) > H' (O5) 5 H'(ws) — - .

Note that the above sequence is self-dual and then we can consider pc € Sym C4.

The correspondence HO(S, ws) N Sym C? is clearly linear since it is induced by the

q+1

natural map H(S, ws) ® H'(Os) — H'(S, ws). Then, if p, > ( N ) there must

exist C € |Ks| such that pc =0. For such C we have h(C, ws)c) = pg +q — 1.
Assume C to be irreducible. Since the linear system |Kg||c is birational we can
apply “Clifford plus” ([21] p. 195) and get

pg+q —1=h"C, wsc) < %(Kﬁ +4),
and hence K% >3p, +3q — 7.
3. Canonical threefolds
Theorem 3.1. Let T be a canonical threefold. Then
K% > 4p, +6g — 32
Proof. Since T is canonical (in particular, 7 is minimal), K7 is nef and big and

hence by the general Kawamata-Viehweg Theorem ([14] Thm. 2.17) and Proposition
1.2 we get

1
(1) EK% —3x0r = x1(@$*) = h%T, 0$*) > 5(h°(T, wr) — 2)
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and hence
K3 > 4p, + 6(h*(Or) — h'(Or)) — 14.
Assume h%(Or) > 2h'(O7) — 3; then we get
) K3 > 4p, +6q — 32,

and then the Theorem is proved under this hypothesis.

From now on we assume h%(O7) < 2h'(O7) — 4; then by [2] Lemma X.7 and [3]
Proposition 1 we obtain the existence of a fibration 7 : T —> B where B is a smooth
curve of genus b > 2.

Let F be a general fibre of m. Since Kr + Fjr = Ky we have that the general
fibre is a smooth canonical minimal surface (note that K7 is nef so in particular it is
7t -nef).

Then we can apply the results of Ohno ([20]) and state that (Main Theorem 2):

3) K7 —6(b — DK} =K} 5 > 4(xOpxOF — xOr)
except for a finite number of exceptions. We have

2(b — D[3KE — 2 Op] +4p, — 4h*(Or) — h'(Or)) — 4
2(b — D[3KE —2xOr] +4p, —4q + 12

K7

v

v

since we are assuming h’O7 < 2h'(Or) — 4. Note that since F is canonical
3K7 —2xOF = Tpg(F) +5¢(F) — 23 = 5(q(F) - 1)
and
2(b — 1)[3K% —2xOF] = 10(b — 1)(q(F)+ 1) > 10(g(F)+b) — 10

since b > 2, q(F) = 0.
Note also that from the Albanese maps associated to F < T —> B we get
q(F)+b > q(T)=gq and so

K3 >4p, +6q +2

which is stronger than we wanted.

Finally we must deal with the exceptions of Main Theorem 2 in [20]. Notice that
since F is a canonical surface we must have, by Section 2, K2 > 3pe(F)+q(F)—1.
From this, only a few exceptional cases hold. We divide them in three cases (following
[15] a canonical surface verifying po,(F) = 6, q(F) = 0, K,z,. = 3p,(F) — 6 = 12 is
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classified in two types according its canonical image is contained in a threefold of A-
genus O or 1). In all of them we will prove K%/B > 4(xOpxOf — xOr). Then the
same argument as above works.

Case 1. pg(F)=4,5.

We use the results of the relative hyperquadrics method of the Appendix. If £ =
mwwr,g and we consider the relative canonical image of T

=Y CPp(&) =

7

™"

Then formula (A.2) gives
T/B - (ng(F) 4)(XOBXOF - XOT) - 2deg K - 26(2)

where K = ¢, Jy z(2). Note that since T is Gorenstein, £(2) =0 ([8]).
If po(F)=4, K =0 and

K%/B > 4(xOpxOf — xOr)
which produces, as in (3)
4 K3 > 4p, +6q +2.

If po(F) =5 then tkK =1 and deg K = x for some relative hyperquadric Q =
2Lg —x F containing Y (see proof of Lemma A.4). Lemma A.5 of the Appendix gives
that deg K = x < (2/3)deg& since tk Q > 3. Then from the proof of Corollary A.2
we get

K%/B > 2pg(F)+1)degE — 6(xOpxOF — xOr) —2deg K
32
= —3”(1385 - 6(xOpxOF — xOr)
14
> ?(XOBXOF - xOr)

> 4xOpxOr — xOr)
which gives again (4).
CASE 2. pg(F) = 6,7, q(F) = 0 and K% = 3pg — 7 or p(F) =6, q(F) =0,

K 12, =3p, —6 and the canonical image of F is contained in a threefold of A-genus 0,
intersection of the quadrics containing it.
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Consider again the relative canonical image of 7.
v
T-—>YCPp()=2Z
nl /
B
If A € Pic B is ample enough we have an epimorphism

H°(Jy,z2Ls ® ¢*(A)) — H)(Tp pre1(2).

Let W be the horizontal irreducible component of the base locus of the linear sys-
tem given by the sections of HO(JY,Z(ZLg ®¢*(A))). Since under our hypothesis inter-
sections of quadrics containing F is a threefold of minimal degree (see [1] and [15])
W is a fourfold fibred over B by threefolds of minimal degree. Let W be a desingu-
larization of W.

We want to relate the invariants of 7 : T —> B with those of ® : W —> B. In
[17], Konno gives a general method for this. We refer there for details. Let H be the
pull-back of the tautological divisor of Z to w.

Lemma 3.2. (a) ®.0y(H)=m.wr/p.
(b) deg®.Oy(2H) = H* + 4 deg w7 B.
© K33 =2H*+2(xO0pxOr — xOr).

Proof. (a) Follows directly from the construction of W and H.

(b) Note that the formula we want to prove is invariant under the change of H
by H + ®*(A), A € Pic B. So we can assume |H| is base point free and hence get a
smooth ladder W = Wiy D W32 W, 2 W, 2 W, (ie., W; is smooth and W; € |Hw,,,|).
Notice that W, is a ruled surface over B. By induction one easily proves that

Vi>0Vm>1Vn>0 R"®.Ow mHw)=0
and hence that
deg dD*Owi (ZHIW;) = deg (D*OW(H) + deg CD*OW‘._I (2H;_y).

Finally note that deg®,Ow,(2H) = H*.

(¢) The natural map 0 — ¢, 03(2H) — 71,,0)%23 has a torsion cokernel since
it is an isomorphism at a general fibre. Then the result follows calculating deg n*w?/zB
as in proof of Corollary A.2 and applying (b). O

In order to finish Case 2 note that, since part (c) of Lemma holds, it is enough to
prove that H* > deg .0 (H).
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CramM. Let X be a smooth variety and f : X — B a filtration onto a
smooth curve. Let D € Div(X) be a nef divisor and let £ = f,Ox(D). Then D" >
deg f,Ox(D).

Proof of Claim. It follows easily by induction from [17] Lemma 2.1. O

CASE 3. po(F) =6, q(F) =0, K% = 12 and the canonical image of F is con-
tained in a threefold of A-genus 1, intersection of quadrics containing it.

In this case (see [15]) the canonical image of F is a complete intersection of two
quadrics and a cubic. We follow the notations of Case 2. Denote H; = Hy,. Now
W = W, is fibred over B by threefolds of degree four in P3, complete intersections of
two quadrics, and W, — B is an elliptic surface over B.

Then we have

Lemma 3.3. (a) .0p(H)=m.w71/8.
(b) deg ®,O5Q2H) > (1/2)H* +5deg ®,O (H).
(© Kj,p = H*+4(xOpxOF — xOr).

Proof. (a) Follows as in Case 2.

(b) Note that, as in Case 2, formula (b) is invariant under changing H by H +
®*(A) so we can construct a smooth ladder of (VT/, H). For i > 2 and t € B general
(W;), € Pi*l is a complete intersection so it is projectively normal. On the other side
R'®,Oy, is locally free for i > 1 (see [14]) and in fact R'®,Oy, = 0 except for
i = 2, for which it is a line bundle of degree —xOw,. Let E = (W,), any fibre of
® : W, — B. Since H, + E is nef and big on W, we have from Kawamata-Viehweg

vanishing and the exact sequence
0— H'(Wy, —E — Hp) » H°(Wz, —Hz) — H*(E, Og(=1)) > H' (W2, —E — H))

that h'(E, Og(1)) = h%(E, Og(—=1)) = 0 (recall that Ky = O since W, is elliptic) and
hence that R'®,Ow,(H) = 0. Then again by induction we have

Vi>0 VYn>1 R'®,0nH)=0,
Vi#2 R'®,0y =0.

Therefore we have exact sequences

0 — ©,0y,,(H) — ®,0y,.,2H) — &,0y,2H) — 0 for i > 0

0 — ®,0y,, —> .0y, (H) — ©,0p(H) — 0 fori#1

i+l

0 — .0y, — ,0w,(H) — ,0w,(H) — R'®,0y, — 0.
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Denote d = deg ®.0(H) = deg m.wr,c. Then we have

d = deg .0y, (H) = deg D, Ow,(H) = deg ®.0w,(H)
= deg @, O, (H) — deg R' ®,0y,

and then
deg ®,0(2H) = 4d + H* + deg R' ®,0y, = 4d + H* — x Oy,.
Note that, since ® : W, — B is an elliptic fibration, we have that Ky, = ®*(L)+

M, where M > 0 and contained in fibres and deg L = xOw, + 2(b — 1). So, Riemann-
Roch on W, and Leray spectral sequence yields

d—4b-1)

1 1
X @.0w,(H) = xOw,(H) = xOw, + 5H§ - 5 H:Kw,

IA

1
—xOw, —4b — 1)+ 5H4

since H} = H*, H, is nef and H®~!(¢) =4 for t € B. Then —xOyw, > d — (1/2)H*
and hence deg ®,03(2H) > 5d +(1/2)H*.
(c) The same argument as in Case 2 works. O

Now we only have to use H* > 0 and get K%/B > 4(xOgxOr— xOr) as needed.
Note that using good lower bounds for H* as in Case 2 we can obtain stronger bounds
for K3, in this case. O

ReMARK 3.4. The bounds obtained in Theorem 3.1 for fibred canonical threefolds
hold when simply |Kr| induces a birational map (it is not necessary that 7" be canon-
ical).

Appendix. The relative hyperquadrics method for threefolds

The method of counting relative hyperquadrics, originated in [22] and [6] was suc-
cessfully applied by Konno in [18] to study the slope of fibred surfaces with small fi-
bre genus. Here we construct the fundamental sequence and prove the first elementary
conclusions which are needed in the previous Section.

Let T be a normal, Q-factorial, projective threefold with only terminal singulari-
ties, and let # : T —> B be a relatively minimal fibration onto a smooth curve of
genus b. Following Ohno ([20]), if D is a Weil divisor on T and &£ = n,Or(D) we
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have

%

-y PR(E) = Z

<

W N<——n

where (1) ¢ is induced by 7*7,O7(D) — Op(D) and Y =Imy.

2) wu: T — Tisa desingularization of 7 such that A = ¢ o u is everywhere
defined.

3) roi*)Lg ~g u*(D — D) — E, being L¢ the tautological divisor on Z, D
the codimension one base Weil divisor of O7(D) and E is an effective Q-divisor u-
exceptional.

Proposition A.1. Under the above hypothesis we have an exact sequence
0 — . Jy.z(2Le) — S*m,07(D) —> 1,07(D)?!
(the generalized Max-Noether sequence associated to ).
Proof. From the exact sequence
0 — Jy,z(2Le) — Oz(2Lg) — i.0y ® Oz(2Lg) — 0
we have
0 — ¢.Jr,z(2Le) —> $*m,Or(D) —> pu(ixOy ® Oz(2L¢)).

Now the natural map 7*m,Or(D) —> Or(D) induces a map 7*(S?7,Or(D)) =
S2*m,0p(D) — (Or(D) ® Op(D)* = Or(D)?! and hence § : S27,0r(D) —
7.0r(D)2). Let K = kerd. For general t € B, K, = (¢.Jy.z(2L¢)):, and hence
K = ¢, Jy.z(2L¢g) since 7,07(D)2) is locally free. O

Corollary A.2. Under the same hypothesis we have
(1) K75 = (2pg(F) — #)(xOpx OF — xOr) — 2deg K — 2£(2)

where K = ¢, Jy z(2Lg) F =n~\(t) for t € B, and 1(2) is the second order correction
term of Reid-Fletcher to the plurigenera of T (cf. [8]).
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Proof. Let D = Kr,p (which is in general a Weil divisor) and take degrees in
the generalized Max-Noether sequence. Use

d =degm.wr/p = (xOpxOr — xOr) ([20] p. 656)

1
degn*wlrz/]B = EK%/B +3(xOpxOr — xOr) +£(2) ([20] Lemma 2.8)

deg SZJT*(UT/B = (pg(F) + I)d

I'kSZTF*C()T/B = (pg(];) + 1)
and that if C = coker(Szjr*a)T/B — Jt*a)[rz/]B), degC > 0 since n*wlrz/]B is semipositive
([20]). O

ReMARK A.3. For small values of the invariants p,(F), q(F), K ,2: it could be in-
teresting to consider D = mKr,g for m > 1. We obtain then bounds for K% /B which
are better than (1).

In general deg K is difficult to be computed or bounded. There are some special
cases where this is easier. Notice that rk K = h%(Ix p-(2)) where ¥ is the canonical
image of F and r = p,(F) — 1. Then following Lemma 1.1 we have

if ¥ is a non ruled surface

—2(r -3
W Ts 0 (2)) < (—'—%

h(Ts p(2) <

—D@r -2
(r__)z(r—) —¢q(X) if T is a ruled surface

r(r—1)

h(Jzp(2) < if ¥ is a curve.
Lemma A4. (a) If po(F) > 2 and £ = m,wr/p is semistable then deg K <

2(rk K /(pg(F)))d.
® IK=L,d - L (s=1kK) then

2
deg K < (rk K)gd
(in particular this happens if s <1 or b =0).

Proof. (a) If £ is semistable then so it is S?£. Then we use the natural inclu-
sion K — S2£.

(b) If x; = deg £; then there exists a section s € HOK®L; ") = H(Jy.z(2Lg)®
(’)Z((p*(Ll.“l)) — HYZ,0QLg) ® go*([li‘l)) so there exists a relative hyperquadric
Qi = 2Lg — x;0~'(¢t) (numerical equivalence). The result follows then from the fol-
lowing Lemma which is a slight refinement of [18] Remark 1.7, and the fact that for
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every i, 1k Q; > 3. OJ

Lemma A.5. Let Q =2Lg —x¢~'(t) be a relative hyperquadric. Let vy > vy >
- > v the virtual slopes of the Harder-Narashiman filtration of £ (k = tkE). Let
p =1k Q; then

. 2
x < min {v; +v,_;} < —degf.
I<i<p p

Corollary A.6. With the same notations as above, assume py(F) > 2.
(@) If £ =m,wr/p is semistable then

3 . .
K7p = (10— pg(F))(XOBXOF — xOr) —28(2) if T is a non-ruled surface
K3, > (6 —2 Opx O Or)—202) ifzi led

/B = ( - Pg(F)>(X BXOr — xOr) = 24(2)  if ¥ is a ruled surface

3 . .
K7/ p = (2 - pg(F))(XOBXOF —xO7)—2L2) if £ is a curve,

(b) If h%Tz p(2)) =0 then
K73"/B > 2pg(F) = M(xOrxOp — xOr) — 2£(2),

© If K(Tzp )@ =1 then

16
K35 = (2peF) = 3 ) XOrx 05 ~ xOp) = 242

Proof. Take degrees at the generalized Max-Noether sequence and use Remark
A.3 and Lemma A 4. O
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