Ohyama, Y.
Osaka J. Math.
32 (1995), 431-450

DIFFERENTIAL RELATIONS OF THETA
FUNCTIONS

Yousuke OHYAMA

(Received September 20, 1993)

0. Introduction

There are many applications of modular functions or modular forms in
mathematics. The ring structure of modular forms is deepy studied from algebraic
viewpoint. But from analytic viewpoint, there are only a few results on modular
forms.

In 1881, Halphen solved a nonlinear differential system

d(uy +u,)
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dl
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by theta constants ([3]). He deduced the system above from the addition formula
for Weierstrass’ {-function. In 1910, Chazy considered a third-order nonlinear
differential equation

ym = 2y/yn - 3(yl)2’

for y=u, +u,+u,, in his study of Painlevé type equations of third order ([2]).
Recently it is studied that a reduction of the self-dual Yang-Mills equations
is related to Halphen’s system ([1]). We can consider modular functions as
special solutions for the self-dual Yang-Mills equations. It seems interesting to
study relations between ‘Integrable systems’, such as the self-dual Yang-Mills
equations or self-dual metrics, and modular forms.
In this paper we will study Halphen’s system (0.1). Halphen showed that

(1) A solution of (0.1) is given by logarithmic derivatives of theta constants.
(2) (0.1) is SL(2, C)-invariant.
(3) The action of the subgroup SL(2,Z) in SL(2, C) induces the perrmutation
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between u,, u, and u;.
He also considered generalized equation of (0.1), whose solutions are written by
hypergeometric functions. These equations are also SL(2, C)-invariant.

When we study automorphic forms by nonlinear differential equations, at first
westudy differential equations which are SL(2, C)-invariant, next we should consider
the action of discrete subgroups. In Proposition 1.2, we will give a condition of
SL(2, C)-invariance for special type of equations. It seems difficult to treat action
of discrete groups in the term of analysis, hence we will study examples of equations
whose solutions are given by modular forms.

Halphen’s equation is solved by modular forms of level 2. As is shown by
Halphen, generic solutions are written by theta constants. In secton 2, we will
determine the whole solution space of (0.1). Ifu,, u, and u, are distinct to each other,
solutions are given by theta constants as Halphen solved. In the proof,
SL(2, C)-invariance of (0.1) plays key role. If one u; is coincident with the other,
solutions are given by rational functions. Hence Halphen’s stsyem (0.1) may be
considered as the fundamental equations which dominates theta constants.

We can use (0.1) as a defining equation of modular forms of modular forms
of level 2. 1In section 3, we will study theta functions using Halphen’s equation. We
can start only from Halphen’s equation and the heat equation in order to study
theta functions form analytic vieqpoint. Other property such as addition
formulae can be deduced from (0.1) and the heat equation.

Chazy’s equation is solved by modular forms of level 1. Although Chazy’s
equation is also SL(2, C)-invariant, it is not the type in Proposition 1.2. In section
4, we will study relation between differential rings which are defined by Halphen’s
equation and by Chazy’s euqation. Halphen’s equation is a Galois extension of
Chazy’s equation with Galois group S;. The study of differential equations for
higher levels are problems in the future.

Historically speaking, it is Jacobi who first study a differential equation which
is satisfied by theta constants ([5]). Jacobi’s equation is founded again by Ehrenpreis
([8]). Itis difficult to find differential equations which dominate algebraic functions
because there are too many relations between their derivatives. But for transcenden-
tal functions, there are few relations between their derivatives, and there may exist
differential equations which dominate the transcendental functions. In section 5,
we will show the relation between Haplhen’s equation and Jacobi’s equation.

Since the natural boundary of theta constants is real axis, generic solutions
of (0.1) have a natural boundary. Hence (0.1) does not have Painlevé
property. Most of equations appeared in mathematical physics have Paimlevé
property and Halphen’s equation is exceptional. It may be interesting to study
more general dynamical system of Halphen’s type in order to understand the
meaning of Painlivé property.

The author would express his sincere gratitude to M. Sato who invited him
to the present subject.
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1. Halphen’s equation

It is customary to consider the following Theta-functions due to Jacobi (c.f.

(61, L7D.

©
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where z€C,31>0. We shall sometimes write 94z) instead of 9(z,7), when the

period 7 is fixed. 3,(z) is an odd function of z, and the other 3-functions are even.
From the definition, it follows immediately that

%94z, r)= 47::‘39 {z,7)

1.2 9
(12 022 ot

for j=1,2,3,4.

We can express products of §-functions with arguments x+y and x—y in terms
of those with arguments x and y. These formulae are an analogy of addition
formulae for the trigonometric functions. The addition formulae for the products
of two distinct even J-functions are given by

(1.3) 35(x +¥)33(x —3)9,93 = 9,(x)33(x)3,(1)93(y) — 31(x)34(x)31()34(»),
(1.4) 34(x +1)3,(x = »)9,9, = 34(x)3,(x)3,4(»)3,(») + 3,(x)9;3(x)3, ()35 (»),
(1.5) 3(x +)34(x — )34 = 3;3(x)34(x)33(1)94(») — 9, (x)9,(x)3,()3,(»),

where 9,=9(0,7). Although there are ten additon formulae for four 9-functions,
other seven formulae are deduced from the heat equation (1.2) and addition formulae
(1.3~5) (See Corollary in section 3).

Now we forget the definition of J3-functions (1.1). We shall study srbitary
solutions of functional equations (1.2) and (1.3~ 5). We use notation 6; instead of 9;
and §;’s shall be used only for the original Jacobi Theta-funcions. We note that
07s are functions on some domains in C although 9/s are defined on
H={teC;31>0}.

Assume that 0;#0 for j=2,3,4.

Set x=y=0in (1.3). Then we have 0,(0)20,(0)>=0. By the assumption 6,0,
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we obtain 0,(0,7)=0. Therefore 0,(z,7) is an odd function of z by (1.2).
Set x=0 in (1.3). Then we have

0,(7)03(—»)0,05=0,(»)03(»)0,05.

By the assumption 0,0, 65(z) is an even function of z. In the same way, 0,(z)
and 6,(z) are even functions of z:
Differentiate (1.3) with both x and y twice, and set x=y=0. Then we have

(1.6) (05905 — 20570 + 0,05°)0,0, =070 + 0,057,

an
where 0§"’=50,(0,r). In the same way, we have
z

(1.7) (0670, — 20205 + 0,05)0,0, = (090, + 0,65,
(1.8) (0570, — 265709 + 0,0$")030, =050, + 0,65)*.
We set

0
(1.9) X(v)= Zalogﬂ 40,7),

for j=2,3,4. By the heat equation, we have

209

" 4mi 0)’

ax, 2 (05,4) <og.2)>2)
di @m\ 6, \0,) )

Therefore we obtain Halphen’s equuation ([3]) by (1.6 ~8):

dX, dX,

22 B3 _ox,x,,

dv dt 273
1.10 —+—==2X,X,,
(1.10) A 4X2

W A

dv dt

Setu;=2X;. Then we have the original equation of Halphen in the introduction.
(1.10) is equivalent to the following system:

dx.
—d—3=X2X3 +X,X,— X, X,
T
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dx,
—=XX- X, X+ X3X,
dr
dX.
71_4= X, X34+ X, X, + X3 X,
T

Thus Halphen’s equation is holonomic with rank three.

b
For any A4 =(a d)eSL(Z, C), we denote
(4

_at+b

At .
ct+d

From now on, we will consider the SL(2, C)-action

4

(L.11) XO= M-

Proposition 1.1. If a triplet (X,(1),X5(1),X4(%)) is a solution of (1.10), then the
new triplet (X,(1),X (1), X,(x)) defined by

~ 0 at+b _
X{n)= 25;log(0 j(O, m)(cr +d)~ Y 2)

is also a solution for for any (a Z)ESL(Z, Q).
c

d 1
Proof. We have —A4-t=————. Therefore we have
du (ct+d)?
d . 1 dx; 2c c?
¥ = A ) —— XA 1)+ ———,
i ardr @& Y mra M ay
and
Fhm b XA DX D) — XA+ XA )+
X, = T “T)— (A1 T .
R cr+d* ! , (ct+d)3 "’ * (ct+d)?
Comparing two equations above, we obtain Proposition 1.1. O

From now on, we forget theta functions, and we will consider differential
equations which have SL(2, C)-invariance. We will consider only the following type
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of equations:

ax
“=F((X,Y,Z
7 W )

dY
1.12 L oF(XY,Z
(1.12) p 2 )

dz
—=F5X,Y,Z),
i )

where F; is a quadric polynomial of X, Y, and Z for j=1,2,3.

We will call (1.12) SL(2, C)-invariant if and only if for any solution X{(f), Y(¢)
and Z(t) for (1.12), X(s), ¥(r) and Z(¢) are also solutions of (1.12). We will
decide the condition for SL(2, C)-invariance for the equations of type (1.12).

Proposition 1.2. (1.12) is SL(2, C)-invariant if and only if (1.12) is written in the
Sfollowing form:

dx
—=X+a;(X=Y)* +a,(Y-2Z)* +a;3(Z-X)’,

dt
ay 2 2 2
"E=Y2+az1(X”‘ Y) +ay(Y—Z) +a,3(Z - X),
z__, 2 2 2
Z=Z +a3(X=Y)* +a3,(Y—Z)" +a33(Z - X),

Jor some constants ay e C (j,k=1,2,3).

Proof. In the same way as proof on Proposition 1.1, we have

do o o 1 i A ) 2)
EX(t) X() ~eid) 4<th(A H—X(A-1)* ).

Therefore, if we set
G1=F1—X2, G2=F2—Y2, G3=F3_ZZ’

we obtain

G{X(t), Y(0), Z(t) = G{X(A-1,Y(41),Z(A"1)).

(ct+d)*
Because each G; is quadric,

GAX(A- t)—clct+d), Y(A- ) — clct +d), Z(A - 1) — clct +d)) = G{X(A - 1), V(A 1), Z(A - ).
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If we set t=A-t, we get ct+d= Hence

—ct+a

G j<X )+ ¢
ct

)+ ——, Z(x) + —i—> =G {X(1), Y(1), Z(7)).
a ct—a ct—a

Since a and ¢ a e any complex numbers, we obtain

i 0 d
—G+—G;+—G,=0.
ox ' oy ! oz’

Because G; is a quadric polynomial, there exist some constants a; € C such that
Gj= jl(X_ Y)2+(112(Y_Z)2+a13(z—X)2,

for j=1,2,3.
The converse is evident. O

RemMARk. Halphen’s equation is equivalent to the following equations.

dX. 1 1 1
—2ng_—(Xz_X3)2+“(X3_X4)2_—(X4_X2)2,
dt 2 2 2
dX 1 1 1
—3=X§_’(X2_X3)2_‘(X3_X4)2+“(X4-X2)2,
du 2 2 2
dX. 1 1 1
— =X (X = X — (X = X — (X~ Xo),
dt 2 2 2

In [4], Halphen studied generalized equations of (1.10) which are SL(2, C)-
invariant. Solutions of these equations are written by Gauss’ hypergeometric
functions.

2. Solution space of Halphen’s equation

In this section, we will study the whole solution of (1.10).
Since Halphen’s equation is a nonlinear equation of rank three, three-parameter
triplet

0 at+b
X.=2—logl 3| 0—— d)~ 12 j=2,3,4
7 ot og< ’< cr+d)(a+ ) ) U )

gives a general solution of (1.10). But there may exist special solutions of (1.10). We
will consider the initial value problem of (1.10), and find holomorphic solutions
for any intial values.
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For ‘generic’ initial values, logarithmic derivatives of theta constants give
solutions of (1.10):

Theorem 2.1. Assume that holomorphic functions X,, X,, and X, satisfy (1.10)
near ze C and that

Xa(2)=k,, X3(2)=ks3, Xi2)=k,
Sfor any complex numbers k,, ks, k, distinct to each other. Then there exists a
b
matrix (a d)eSL(Z, C) such that
c

17 at+b
X{t)=2—log| 3 0; d)~1?
Q) ot og( ’( Ct+d>(“+ ) )

for j=2,3,4.

Proof. Let 2w, and 2w; be the elliptic integrals

j du
ax//A(u+ 2mike,)u + 2mike ) + 2mik,)

20)1:

d
2603 = J. ! s
o/ M+ 2mik ) + 2mike 3)(u + 2mik )

where the cycles o and f are shown in Fig.1. Since the intersection number o- f

is equal to +1, we have 3<&)>0.
Wy

ky

Fig. 1.
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The Weierstrass #-function is the meromorphic fundtion

9’(2)-——+ Y < ! - : )

mnez  \(Z—2mw, —2nw;)?* (2mw,+2nw;)?
(m, n)#(O 0)

Consider the functions
i,
2.1 xj(r)=26—log9!(0,r),
T

for j=2,3,4. Then the values e;=2(w,), e,=P(—w,;—w;) and e;=P(w;) are
given by

ai
“=—5 "’)z(xz(r) 4x2(r)+x3(r)+x4(r»)
2ni
(2.2) €= — ( 3("-’) —(x2(1)+x3(1:)+x4(1:))>
Qw,)?
ey=— ( (0 4x2(t)+x3(r)+x4(r»)
2wy)

where t=23 (cf. [6]).

Wy
1
If we replace the parameter k; by k,--g(k2+k3+k4) for each j=2,3,4, the

periods 2w, and 2w, are not changed. Hence we have
, 1
e = “‘27”<k2 —g(kz +ky +k4)) )
, 1
(23) €= _27"("3“5(/‘24‘]‘3 +k4))a
, 1
ey;=— 2m<k4 —§(k2 +ky +k4)> .
. (a b
Choose a matrix ( d) e SL(2, C) such that
c

1 W5 W3 W5 _ic_
. N ) A G A )

Because of ad—bc=1, we have



440 Y. OHvyama

_2cw3+1
20,
b=2w;—az,
1 W, @3 20,4
=—A X\ — ) +x3| — +X4 ——(k2+k3+k4),
6w, W, w4 Wy
d=2w,—cz

By (2.3) and (2.4) we obtain

1 az+b c
(cz4+d)? \cz+d) cz+d
for j=2,3,4.
Because the Cauchy problem of (1.10) has a unique solution, the triplet

Xf0)= 1 xj(ar+b)_ c
(ct+d)? \ct+d) ct+d

Sfoleea)
6 T+

is a solution of (1.10), and X(z)=k; for j=2,3,4. O

ReMARK. The choice of « and f is not unique. If o' and B’ are new cycles,

there exists (p q)el"2 such that
r.s
g) \r s/)\B)’

r2={<” q)eSL(2,Z);pE 1,=0,r=0,s=1 (mod 2)}.
r s

where

Let o} and w’, be the elliptic integrals over the cycle «’' and f', respectively. Then

we have
< '1) (" )( l)
W5 s N\w,/)

Replacing w; by wj, we get another matrix (a, Z)eSL(Z, C). Then we have
(4
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(¢ a)-C2C )
¢ d r s)\¢ d)
Therefore I',\SL(2,C) is a dense set in the solution space of (1.10).

If ky=k, we have X;(t)=X,(r) identically. By Halphen’s equation,

ax.
71-3=X§. Therefore we obtain
T

c
X3(1)=X\(7)= —__C‘L'-i-d’

for (c:d)e P*(C). In this case

4 a

2.5 Xy(1)= —ct+d+m’

for some constant a, which is considered as a section of the line bundle of degree
2 on PY(C).

The following proposition can be shown by direct calculations:

Proposition 2.2. Let 0(z,7) satisfy the heat equation for j=2,3,4 and let the
triplet (X,(7), X5(t), X4(v)) defined by (1.9) be a solution of (1.10). Then the triplet
(0~2(Za T)a 53(2, T)’ 54(25 t)) deﬁned by

~ z at+b cmiz?
0z =0, ray e (_ )
Az ’(cr +d ct+ d>(ct )" exp ct+d

also satisfy (1.2) and the triplet (X,(t),X (1), X (7)) defined by
o 0~
Xv)= ZEG 0,7)

is a solution of (1.10).

Given Ael',, we have for a suitable {, an 8th root of 1, that

944 -1)=Llct+ d)l/zexpCc’ZZ Z)s,{r).
T

Hence the action of SL(2,Z) in Proposition 2.1 is compatible with the action of
I', up to the constant multiplication.
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In the case of X5(1)=X,(1)= ———c—, we have
ct+d

1

Q/Ct+d.

03=04=

By the heat equation (1.2), we obtain

03(2,1)=04(z,7)=

1 ( cnizz)
exp| — ,
Jer+d ct+d

which is a well-known heat kernel. If we take 0(z,7) = 1 in Proposition 2.2, which
satisfies both addition formulae and the heat equation, we get the heat
kernel. Moreover, by (2.5) we have

ol ~3erva)
0,=———=exp| —— ).
ct+d 2c(ct+4d)

By the heat equation (1.2), we obtain
cmi a 1)\?
T+ ——
cr+£ \/Zni c) )
tex ( cmi (t 7.1)2>}
P ct+d 2ni ¢

h(‘/z"-"”)

0,(z,7)=

el
2 /ct+d

1 ( a cmiz? )
= exp| — - cos
fet+d 2c(ct+d) ct+d
3. Theta relations
In section 1 we derived a nonlinear differential equation for theta constants. In

this section we derive other relations for theta constants only from addition formulae

and the heat equation.
Differentiate (1.3) with respect to x and y and substitute x=y=0. Then

we have
(3.1 (0(22)03 - 020(32))9293 =- (0'1 04)2-

Differentiate (1.3) with respect to x three times and with respect to y once, and
substitute x=y=0. Then we have
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(05905 —0,05)0,05 = —(0,0,)07'0, + 30,09

9/// 0(2)
= —(0,0,) —‘+3—“—).
(6164) (0,1 b,

(3.2)

Applying (3.1) in (3.2), we obtain

dx, _dX
(2‘;3"' —d—f+X§—X§>=(X2—X3)(X‘ +3X,),
" X X
where X, = 2?# By (1.10), we have X, _dXs_ 2Xo(X,—X;). Hence, if X,#X,,
0, dt dt
we have
(3.3) X1=X2+X3+X4.

If X, = X3, the left hand side of (3.1) is zero. Therefore 0; =0. Because 6,(z,7)
satisfies (1.2), by the initial condition 6, =0 and 6, =0, 6, is identically zero. In
this case X,, X; and X, are rational functions of t.

Integrating (3.3) by t,

(3.4 0,=p0,0,0,,

for a suitable constant p. In the case 0;=3; p=mn (Jacobi’s derivative formula).
In the same way as (3.1), we have

3.5 (090, —0,09)0,0,=(0,05)*,
(0570, — 009030, = —(0,0,)*
Substitute (3.4) into (3.1) and (3.5),
X,—X;=—p?0%,
(3.6) X,—X,=p*03,
X;—X,=—p*03.
Thus we obtain
3.7 05=03% + 063
This is a famous identity for the theta constants.
Lemma 3.1. Let a set (0,(2),05(2),05(2),04(2)) satisfies addition formulae

(1.3~5). If the set (0,(2),0,(2),04(2).0,(z) defined by G{z)=A;0(z) also satisfies
(1.3~5) for some constants A;, then
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A% = azA %s
(38) Ai=a i,

where a;= + 1, and either all of a; are +1 or one a; is +1 and others are —1.

Proof. If 0’s are replaced by 0’s, the constant p in (3.4) should be replaced by

~

A,A3A
j=2080,

4,

If 0’s are replaced by (7}5 in (3.6), p should be replaced by 5 and X’s are the same as
before. Hence we have

A3A3=A34],
A2A2=A242,
A= A242

By this relation we obtain (3.8). O

Theorem 3.2. Let a set (0,(z,1),0,(z,1),04(z,7),04(z,7)) satisfy addition formulae
(1.3 ~5) and the heat equation (1.2). Assume that 0;#0 for j=2,3,4and 0 #0. Then

z at+b niz?
0 A9 d)~ 172 ,
fz0)= (cr+d +d)(r+ )7 e p( +d)

where the constants A; satisfy (3.8).

Proof. Since 0;#0, X,, X; and X, are distinct to eact other. Because the
triplet (X,(z),X;(1), X4(7)) satisfies Halphen’s equation, 0; are expressed as

0fz,7)= A9< z ar+b>( t+d) " %ex p( iz’ ),

t+dct+d T+d

by Proposition 2.1.
By (3.3), we have

0 at+b
X (t)=2—og{ ¥ 0,—— +d ‘3/2).
10 ot og( 1( cr+d>(cT )

Thus by the heat equation again, 0,(z,7) is expressed as in the Theorem. By Lemma
3.1, we get Theorem 3.2. O
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ReMARK. By the form of the addition formulae, the signature of A;’s cannot
be determined.

By Theorem 3.2, we get other type of addition formulae for 0z) than (1.3 5).

Corollary. Let a set 0z,7) satisfy (1.3~5) and (1.2). Then 0{z) satisfies the
Sfollowing addition formulae:

04(x +y)04(x — )03 = 0,(x)*0,(»)* — 0,(x)*0, (»)*
=05(x)205(y)* — 0,(x)*0,(»)*,
02(x +)05(x — )03 =0,(x)*0,(y)* — 0,(x)*0,(»)*
=05(x)*05(0)* — 04(x)*04()%,
03(x +)03(x — )03 =05(x)*03()* — 0,(x)*0, ()
=0,(x)?0,()* — 0,(x)*0,(y)".
01(x + )0 (x — )03 =0,(x)*04(»)* — 04(x)*0, (»)*
=05(x)20,(9)* — 0,(x)*030)°,
01(x+)0,(x — )03 =0,(x)*03()* — 03(x)*0,(»)*
=0,(x)20,(y)* — 0,(x)*0,()?,
0,(x+)0,(x— )03 =0,(x)*0,()* — 0,(x)*0,(»)*
=0,(x)*03(y)* — 05(x)*04 ().
01(x+y)0,(x — y)0304 =01(x)0,(x)03()04() + 03(x)0.4(x)0,(y)0(),
01(x+y)03(x —)0,04 =0,(x)03(x)02(y)04() + 0,(x)04(x)0,(")05(»),
01(x +)04(x — )0,05 =0,(x)04(x)0,(y)03(y) + 0,(x)05(x)0,(1)04().
Proof. By Theorem 3.2, 0;s are written by 3;’s. Hence the addition formulae
above are obtained from the usual addition formulae for Jacobi Theta

functions. Comparing both hands in addition formulae, we see that there is no
problem on the signature of A;’s. O

4. Chazy’s equation and ring structure

In this section we study three functions x,(t), x;(t) and x4(7) (see (2.1)). We
will show that x,, x; and x, are algebraically independent.
Consider the fundamental symmetric functions of x,, x; and x,:
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hl =X, +X3 +X4,
hy=x,X3+ X%, + X3%,,

hy=X,X3%,.

By transformation formulae of theta constants, we have

b
h,(“” ):(cr+d)2h1(r)+3c(cr+d),
ct+d

b
h2<a17 :d> =(ct 4 d)*h,(1)+ 2c(ct + d)>h,y (1) + 3c*(ct + d)?,
cT

b
h3<‘” id) =(ct+d)hs(0) + clct + d) hy(1) + cX(ct + d)*h (1) + et +d)?,

ct

a b

for any ( d) eSL(22,Z). Set
c
Fy=hy,— 02
2=h, “ghl
1 1 1 1 1 1

=(x, —§h1)(x3 —§h1)+(x2—§h1)(x4"§h1)+(x3 _§h1Xx4—§h1),

1 2
53 =h3—'§h1h2 +Eh?

1 1 1
=(x, —ghx)(xs —§h1)(x4—§h1)-

Then 4, and A, are modular forms of weight 4 and 6 for SL(2, Z), respectively.

(2.2), we have

1 1
— N, =— ee,+e,e5+e,e
(2w1)42 4—712(12 263+esey)
_ 15 1
4n® oz (mo, +2nws)*’
(m,n) #(0,0)
1 i
— hy=——ee,e
Qw,)t > 8x3 177
35i 1

87t3 m,neZ (2mw1+2n(l)3)6
(m,n)#(0,0)

By
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It is known that /i, and /i, are algebraically independent.
By (1.10), Ay, h, and h; satisfy the following equations:

h,l =h2’
@.1) h, = 6hs,
h’3 =4h1h3 _h%,

where ' means a differentiation by 7. We can rewrite (4.1) to a single equation
with h,:
4.2) hy =4k, k| —6(h})%.

If we set y=2h,, we get Chazy’s equation([2]).

Proposition 4.1. Let h,(t) be any solution of the equation (4.2). If
D =972k}’ +(24h3 — 108k, WK} + 4k} — (b, h))?

b
is not zero, there exists a matrix (a d)eSL(2, C) such that
c

0 at+b
h(t)=2—log| ¥ O; d)y~32 .
1(7) Py 0g< 1< ct+d)(cr+ ) )

And if D=0, there exist (c:d)e P(C) and ae O(2) such that

3c + a
ct+d (ct+d)?

hy()=—

Proof. D is the discriminant of the following equation:
3 —h > +Hyt—6h7=0.

By Theorem 2.1, if there ecists 17, € C such that D(ty,)=0, D is identically zero. If
D+#£0, X,, X5 and X, are distinct. By Theorem 2.1, h; =X, + X3+ X, is written
in the form of the theorem. If D=0, X,, X; and X, are rational functions, which
concludes the last part of the theorem. 0O

. . by. .
REMARK. In the first part of Proposition 4.1, the choice of (a d) is unique
(4
up to the left action of SL(2,Z). Therefore the solution space of (4.2) is

(SL2, Z)\SL(2, C))u O(2).
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Theorem 4.2. The functions h,, h, and hy are algebraically independent.

Proof. It is sufficient to prove that h,, h, and h, are algebraically
independent. Assume that there exists a polynomial

Rhy, by k) =0.

Let the weight of h; be 2j for each j=1,2,3. Decompose the polynommial F
into weighted homogeneous polynomials:

F= Z FZI(hlyﬁZaES),
j=0
where F,;is a polynomial of weight 2j. By the transformation formula we have
b
F(h,(m + ), 52<at + b), 53<a1: +b>)
ct+d ct+d ct+d

(ct+d)*F, ,-(hl(r) +

3
Py ci/;z('f), 53(1))-

-

J

Sending d to oo, we obtain F,,(h,,h,,h;)=0. Hence we may assume F is a weighted
homogeneous polynomial.
By the transformation formula again, we have

3
4.3) F(hl(r)+ct—id,ﬁz(r), h"3(t)>=o.

Fixing 7, we consider the algebraic equation
44 F(t,hiy(x),h3(1))=0.

3
If —ai;éo, the equation (4.4) has infinitely many zeros t=h1(r)+—c— by
ahl CcT +d

(4.3). Hence F=0. If ;TF=0’ F=0 because h, and h, are algebraically
1
independent.
We have proved that there exists no algebraic relation between h,, k, and
i, O

Theorem 4.3. The functions x,, x5 and x, are algebraically independent. All
of differential relations are generated by Halphen’s equation (1.10).

Proof. For the fundamental symmetric functions 4, h, and h, are algebraically
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independent, x,, x5 and x, are also algebraically independent.
The last part is obvious, because (1.10) is holonomic. O

5. Halphen’s system and Jacobi’s equation

In 1847, Jacobi showed that if y=0,, 0; or 0, y satisfies the following third order
equation ([5]):

-1 Oy = 15yy'y" +30y") +320y" = 3y") = —n?y'°(y" — 3y”).

In this section we will see a relation between Jacobi’s equation and Halphen’s system.
We can rewrite Halphen’s equation into a single equation of third order:

(5.2) —6X2XS 42Xy +AXIX — X — X3Xy + X, Xy =0.
Lemma 5.1. Halphen’s equation (1.10) is equivalent to (5.2) in the category
of algebraic functions of X,.
Proof. (1.10) is symmetric with respect to X; and X,. We set
Y=X3+X4, Z=X3X4.
Then from (1.10) we get the following system:
X,=X,Y-Z
(5.3 Y'=2Z
Z'=YZ-X,V?+4X,Z.

In order to obtain (1.10) from (5.3), we have to solve the algebraic equation
—Yt+z=0. We obtain from (5.3) that

X)=X,Y—-Z
(54) X, =2X,Y—2X,Z=2Y(X,Y—Z)—2X,Z
Xy =2X2Y?+4X,Y} —8X2Z —4X,YZ—4Y*Z 272,
Equations (5.4) satisfy (5.2). Conversely, setting
- ZXZX’
2(X 2Ax;,—X%)
X, X;—2Xy
2X;,-X3)

then we obtain (5.3) from (5.2). Hence nonlinear differential system (5.3) is
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equivalent to the single equation (5.2) in the category of rational functions. []
Now we will derive Jacobi’s equation from (5.2). First, we rewrite (5.2) in
terms of 0, instead of X,. Setting X, =2(logy), we have

(5.5) 18y — 18yy"'y" —24y%y"y"* +y3y" + 24y%y °y®

+2%y YD =yt = 3y3y Ty 4ty y =0,
(5.1) is not homogeneous with respect to y, and it includes a constant =. Since the
addition formulae, which are our starting point, are homogeneous equations, we
cannot determine the constant n from Halphen’s system. Hence we should
differentiate (5.1) in order to eliminate 7. Then we obtain 4th order homogeneous
equation, which is equivalent to (5.5).
The left Hand side of (5.5) can be rewritten as follows:

LHS of (5.5)=
Py -3y ((yl YO 15yy'y” + 305"+ 32y — 3y")3)
2029 =153y +30y") dx 0y =3y

Thus Jacobi’s equation is deduced from Halphen’s equation.
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