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0. Introduction

Serge Ochanine [8] determined the ideal .# of Q5°® Q, generated
by all the oriented bordism classes [CP(£")] of the total spaces of
odd-dimensional complex projective space bundles over closed oriented
smooth manifolds. He showed, in particular, that a multiplicative genus

¢ : Q°RQ - Q

annihilates the ideal # if and only if its logarithm g(u) is formally given
by an elliptic integral

u du
gu)= f ; = .
0 /1=2¢([CP, 1)+ ¢([H, 5])u

In this note we examine an unoriented bordism analogue of the
above results. Namely, let #® be the ideal of the unoriented bordism
ring R,, consisting of all the bordism classes [RP({*™)] of the total spaces
of odd-dimensional real projective space bundles over closed manifolds.
We will prove that a multiplicative genus

¢ : R-o Z,=7/2)
annihilates #® if and only if its logarithm g(u) is given by

u du
gu)= f
0 \/1—2¢([RP,])u* + $([HR ]

=J" _duw
o 1+ @([RP,u?’

which means ¢([RP,;])=¢([RP,]) for i=2.
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Let 22 (2) be the subalgebra of R. generated by the bordism classes
of real projective spaces of dimension a power of 2; {[RP,], [RP,], [RPs],
[RPy¢l, -+-}. It is easy to see that the natural composite homomorphism

PR (2) > R, - R,/IR

is surjective. It will be proved below by computations of the unoriented
elliptic genus that the polynomials in 2 (2) consisting of odd number
of monomials are not annihilated by the homomorphism above. The
investigations on polynomials with even number of terms will be carried
out elsewhere by computations of other types of genera (Shibata [11]).

ReMARK. [ was informed by R. Stong that a result of Cappobianco
[3] implies that

R,/T = Z,[[RP)QE,({[RP,]—[RP,)* " s22)),

where E,() denotes the exterior algebra over Z,.

1. Ideal #

aobo"f‘albl +--- +aibi=0.
The natural projection

is a (j—1)-dimensional projective space bundle and hence the bordism
class [HF, ;] belongs to the ideal SR when i<2j.

i
For i,j>1, the Stiefel-Whitney number S, ;_;, of HE, is (' if>
)

the mod 2 reduction of the binomial coefficient.
When 7 is an odd integer with n+1 not a power of 2, n is expressed
as 2%(2e+1)—1 (d,e integer =1) and

zd+ 1€+ 24
S(")[Hgd'2d+le]=< 2d =1.
(2)

Thus the class [H%4 5a+1,] can be chosen as an n-dimensional multiplicative
generator of R.. When 7 is even which is not a power of 2, n is expressed
as 2/(2g+1) (f,g integers=1) and
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S(n)[H§f+ 1,27+ lg] =<

y

27t 2f +1>
27 +1 @
and the class [H‘z‘fﬂ,yug] can be taken as an n-dimensional multiplicative
generator.
Here we have used the well-known fact about the mod p reduction
of binomial coefficients;

Theorem 1.1. (Lucas [6]). Let p=2 be a prime integer, and
i=ap+a_ p* 1+ +agp®, and n=bp*+b,_p* 1+ +bp® be the
p-adic expansions of integers i and n. Then it holds that

()= @ G) = G) moae
n bk bk-l bo

Now, for each integer k=1, let #,.,, be the ideal of R, generated
by even-dimensional classes [H’;,H‘z,q] (k=f=1, g=2) and all the

odd-dimenional indecomposable classes [Hba 5a+1.] (d,e21).
Then

Fisc Fsc 0 © Fogqg © oo c SR < R,,

and we define # = U Foryy

k21
Notice that a system of irredundant multiplicative generators of R,
is given by {[RP,]; iZ1, [H3apa+1); dieZ1, [H3ryy20+1,); @21}
This implies the following fact.

Proposition 1.2. Let P2 (2)={[RP,], [RP,], [RPs], [RPs], ---} be
the subalgebra of R, stated in the introduction. Then the natural composite
homomorphism

PR (2) > R, » R,/ IR
is surjective.

2. Dyadic derivatives
Let A be a division algebra over Z,=2Z/(2), and A[[x]] be the formal
power series ring over A. For an element f(x)= Z ax' of A[[x]], we

i=0

define the n-th dyadic derivative D™f(x) of f(x) by
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D™f(x) =Z,.°=°,,< l) ax'""e A[[«]],
n/2)
where <l) denotes the mod 2 reduction of the binomial coeflicient.
n/(2)
For example,

w (1 . © .
D(“f(x)=zi=l<1) ax' 1=Z,~=002i+1x2: and

(2)

w (1 . © ; ;
D®fx)= Zi=2<2> ax'"?= Z.‘ —o(@ai+ ¥ ag xt ).
(2)

Thus the first derivative DVf(x) does not contain enough information
to construct the second derivative D'®f(x). However, the following
lemma follows directly from the definition of the dyatic derivatives and
Lucas’ theorem 1.1 for binomial coefficients.

Lemma 2.1. For any series f(x)e A[[x]] and any integer j=1 with
dyadic expansion j=a2*+a,_ 21+ +ay2° and any permutation o of
{0,1,2,---,k}, it holds that

D(j)f(x) =D(a,(,<)2cr(v<)) ...... D(a,(o)2¢r<o))f(x).

Here we mean D as the identity map.
Note that (D"(f)) (0) =a,, and so we have the Taylor expansion formula

f(x)=zi:0(D(i)J‘)(0)xi. The n-th dyadic derivative D™f(x) cor-

1\ & . .
responds to (——i> df(x) in the case of characteristic zero.
n!/ dx,

One of the important properties of the D™ is the Leibniz formula.

Proposition 2.2. (Leibniz formula) For any series f(x), g(x) € A[[x]]
and for any integer n=1, we have

Df(x)g(x))= )., DO(f(x))D""(g(x)).

0<isn

Proof. Comparing the coefficients of the binomial expansions of the
equation (x+y)*=(x+y)(x+y)* "/, we obtain that
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()2 ()62

n =0 \i) \n—i

for every j (0=<j<k). Using this equality, it is easily verified that the
both sides of the equation of the Proposition coinside.

Another important property of the D™ we need is the derivation
rule for composite functions.

Proposition 2.3. Let f(x) and g(x) be elements of A[[x]] such that
g(0)=0. Then the composition f(g(x)) is well-defined in A[[x]], and we have

(2.3.1)  DU(f(g(x))=(DVf)(g(x)DVg(x),  and
(2.3.2)  D(f(g(x))) = (D) (g(x))(DVg(x))> +(DVf)(g(x)) DPg(x).

Notice that (2.3.2) can not be obtained from (2.3.1) and the Leibniz
formula since D'® # DW.DW =0,

Proof of Proposition 2.3. When f(x) =x', we have f(g(x)) =g(x)’, and
both (2.3.1) and (2.3.2) are obvious consequences of the Leibniz

formula. Thus, for each finite sum Ziivoaixi, the Proposition holds by

the linearity of the D™. For general f(oc)=zi foaixi, since g(0) is assumed

to vanish, the both sides of the equation of the Proposition for the finite
sums converge to those for the infinite series f(x) as N — o0. Q.E.D.

For an element f(u,v)€e A[[u, v]], we define the n-th dyadic partial
derivative D, ™f(u, v)€ A[[u, v]] with respect to the variable v by applying
D™ to f(u, v) viewed as an element of A[[u]] [[¢]]. The n-th partial
derivative D,"f(u, v) is defined similarly.

REMARK 2.4. We can define the p-adic derivatives for any prime
integer p=2. They all satisfy the similar properties as those of dyadic
derivatives stated above. But what we concern in this note is oly the
case p=2.

REMARK 2.5. The definition of the dyadic derivatives D™ can be
extended to the finite Laurant series ring A((x)), and Propositions 2.2
and 2.3 still holds in A((x)) (Shibata [10]).
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3. The formal group law and its logarithm in R,-theory

Let FN(u, v)=u+v+z,- jz lAijuivje R, [[u, v]] =R (RP, x RP_) be the

formal group law of R,-theory and
GY(w) =}, 2 Xa' ' € R[[u]] = R(RP,)

be its logarithm. The even degree coefficients X,; are represented by
the projective spaces RP,; (Shibata [9]). If we set"

HYu, v)=u+v+Y, ~ [HNJu'v eR [y, o],

the Atiyah-Poincare duality between R, (RP;x RP;) and R'(RP;x RP))
applied to the class of the natural inclusion map [¢: Hfj < RP; x RP;] gives
rise to the following proposition.

Proposition 3.1. (Buchstaber [2], Theorem 4.8.) It holds that

HN(u, v)=G"u)G"(v) FN(u, v),

where GN(u)’ = Z:O[RPZ,-]u2i denotes the first derivative DVG®(u).

Applying (2.3.1) to the equality
GN(FN(u, v))=G"(u)+G"(v),

we obtain

3.2) (DVGM(FN(u, v))D,VF¥(u, v)=DVG"(v),
and thus

3.3) D, MF¥u, v)=DVG(v)B(F*(u, v)),

where B(v)€ R,[[v]] denotes the multiplicative inverse of DVGN(v).
Setting v=0 in (3.2) above, we obtain Honda’s equality [5]

3.4) G¥uyD,VF"(u, 0)=1.

Now, exactly in the same way as in Ochanine [8], we input the
Taylor expansion
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F¥u, v)=u+D,YF"(u, 0)v+D,PF"(u, 0)v*+ D, F"(u, 0)v3
mod v*

into Buchstaber’s formula above, and then using Honda’s equality (3.4),
we deduce that

H"(u, v)=G"@w)'{G"(u)u+v+G"(u)D,2F*(u, 0)v?
+GN(uyD,PF (u, 0)v*} mod v*.

If we set R(u)=z:l[H§,2i]u2", we see that

R(u)=G"(uyD,F"(u, 0),

since G¥(v)’ consists only of terms with even exponents of v.
By Lemma 2.1 and (3.3), we have

D,®F¥u, v)=D,®D,VF¥u, v)
=D ,(DVGN(v)B(F (u, v)))
=D®GY()B(F"(u, v)) + DVG(2)D,?(B(F"(u, v)))

by virtue of the Leibniz formula and the fact that Do DWW =0,
Now Proposition 2.3, (2.3.2) implies that

D, 2(B(F¥(u, v)))=(D®B)(F"(u, v))(D,F"(u, v))>
+ (DY B)(FN(u, v))D,?F"(u, v)
=(DPB)(F"(u, v))(DVGY(0)B(F"(u, v))?,

in view of (3.3). Notice that DYB(v)=0 since B(v) consists only of
terms of even exponents of v.
Summarizing, we have obtained

R(u) = G™(u){[RP,1B(u) + (D® B(u)) B(u)?}
= [RP,]+(D®B())B(u),

since D®G¥(0)=[RP,]. Therefore, if we set

Bw)=Y,” B,u®, it holds that

o) . 0 i—-1 i
(3.5) 2i= 1 [Hg,zi]uzl =Z,-= 1 {B4i+ 2 +[RP,]By;+ Z,-=OB4j+ ZB4(i—j)}u4
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+Zi=0(B4i+2)2u8i+2'

The comparison of the coefficients of the both sides of the equality
above yields the following results.

Proposition 3.6. Concerning the unoriented boridism classes of the
Milnor hypersurfaces, it holds that

(3.6.1) [H§,8i+6]=0-
(3.6.2) [H§,8i+2] = (B§i+2)2; a square.

4. Multiplicative genera for R,

Let A be a division algebra over Z,=Z/(2) as in section 2. A4
multiplicative A-genus is a ring homomorphism

¢ : R, - A
A A-genus ¢ induces algebra homomorphisms
¢, + Rllu,v]] - Ally, v]], and
¢, : R[]l - All]l

The images of FN(u, v), G¥(u), R(u), B(u) by the homomorphism
¢, are henceforth denoted as f(u, v), g(u), r(u), b(u), respectively.
From formula (3.5) and Proposition 3.6, we obtain the following.

Lemma 4.1. If a multiplicative genus ¢ : R, — A annihilates
the ideal #;, then

(1) ¢(B4i+2)=0 for all i=1, and
(i1) either

(ii-a) @(B,)=0, or

(ii-b)  @(By4;) =0 for all i21.

In case of (ii-b) above, we have b(u)=1+ ¢([RP,])u?, and thus

(1) — 1 - 2 2,4, ...
D Vg(u) 15 (RP, i 1+ ¢([RP,])u’ + ¢([RP,])*u* +
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and consequently,
gw)=u+P([RP,))u® + ¢([RP,])*u’ + ¢([RP,])3u” +------ )

In the remaining part of this section,we examine the case (ii-a) of the
Lemma above.

Lemma 4.2. Let n22 be an integer. If ¢p(F ny () =0 and ¢(B,,)=0
for all 2k #0 mod 2", then it holds that ¢(B,,) =0 for all 2k #0 mod 2"* !,

Proof. First, the coefficients {B,=1, B,=[RP,], ---, By, ---} of
B(u)=(G'(v)) ™! and those {X,=1, X,=[RP,], ---, X,j, ---} of G'(u) are
mutually expressed as polynomials of the others, and the hypothesis
¢(Byi)=0 for all 2k#0 mod 2" implies ¢(X,,)=0 for all 2k#0 mod
2". In that case, we have

) =Y, 2 ¢ (Xpmu?"* 1,

and the inverse function g~ !(x) of g(u) is also of the form
g W)=Y, 2, Goma®™ .

Then

flu, )y=u+o+Y, ” | H(A)u'v) =g (e(u) +g(v))
—_ Zk °=°0 Em{Zi :’0 ¢(X2..i)2"(u(2"i +12n g 2ni 1)2")}k

{Z:o ¢(X2"i)(u2"i+l+7)2"i+1)}

Consequently, ¢(A4;;)=0 unless either (i) ;=0 mod 2" and j=1 mod
2" or (i) i=1mod 2"and j=0 mod 2". In view of Buchstaber’s formula

Y b v’ =g (We (), v),
t,J

the above fact implies that 4; ;=0 unless either (i) =0 mod 2" and j=1 mod
2", or (ii) =1 mod 2" and j=0 mod 2". In particular, hzn,y ;=0 if
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2i#0 mod 2".
Now, exactly in the same way as in the proof of (3.5) for R(u) = R;(u),
we define

Rynyq(w)= Z,- :1 [H§.. + 1,2ni]u2"i, Tony(U)= ¢.(R2" +1(u)),

and we input the Taylor expansion of f(u, v) into Buchstaber’s formula;

n4

h(u, v) =g (@){gWu+v+Y . g@D,Pf(u, 0¥}  mod v*"*2,

and deduce that

ony 1 (u) =g’(u)(Du(2n * l)f)(u, 0),

since g'(v) is of the form Z:O O([RP,n )0,
By Lemma 2.1, formula (3.3), and the Leibniz formula, it holds that
(D2 Df)(u, 0)=(D,2D,Vf)(u, v)
=D,*"(g'()b(f(u, v)))

=Y 0<iz2n DO @)D, ~N(b(f(u, v)))

=g'(v)D, " (b(f(u, v)))+D? (g (©)b(fu, v))
since DYg'(v)=0 for 1<i<2".

In order to compute the 2"-th derivative D/2"(b(f(u, v))), we need
the following lemma.

Lemma 4.3. Let e(u) and h(u) be elements of A[[u]] such that e(h(u))

is well-defined, DVe(u)=0, and that DPh(u)=0 wunless i=0 or 1 mod
2". Then it holds that

D) e(h(u))) = (D?"e)(h(w)) DV (h(u))*".
Proof. If e(u)=u?", then by the Leibniz formula,
D‘”’(e(h(u)))=D<2”><h(u)2"')=<22',',‘)(D<“h(u»2"h<u)2'"‘2"

=(D®"e)(h(u))DV(h(u))*"
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as desired. The general case follows from the same convergence
arguments as in the proof of Proposition 2.3. Q.E.D.

Proof of Lemma 4.2 (Continued). By Lemma 4.3 above, we have

(D" O)(u, v)=g (UDZb)(f(u, V))(D,fu, v))*"
+(D®DWg(v))b(f(u, v))
=g (0)(D?b)(f(u, v))g'(v)*"b(f(u, v))*"
+ (D" Dg(0))b(f(u, v)),
and thus

g @)D, " Pf(u, 0)=g (w){(D*"b(u))b(u)*" + x,.b(u)}
= (D®b(u))b(u)*" ~ + x,.

Therefore, Z:l O([HEny g pmi))u®™

00 l n(— [e2] n n—
=x2"+(zi=1 <1> bzniuz ( l))(l +Zk=l bznkuz k)2 l.

Up to now, we have only used the second hypothesis of the lemma;
d(B,)=0 for all 2k#0 mod 2".

The computational result just obtained above implies that the first
hypothesis ¢(#,n41)=0 of the lemma is equivalent to

n <3} n+1; 0 n, n_
(4.4) Bon g 2ot =%3n+ (Y _ Bangais 1% l')(Zk:(,bznk“z k2" L
Comparing the coefficients of «°, u?", ¥*"*" and u*"® in the equality (4.4)

above, we deduce that b,n=x;.=0, Aznyqa=(5,.)>=0 and byn3=0.
Therefore the equality (4.4) reduces to

9 2n+1i LY n 2n+l(2n—1k+j)
Zi=2b2"(2i+l)u -Zj,kzzbzn(zj'u)(bz"k) u )

from which it is immediately verified by induction that b,n;;, 1,=0 for all
i=2. This completes the proof of Lemma 4.2. QED.

Now in case (ii-a) of Lemma 4.1, if ¢(#5)=0 then the hypotheses
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of Lemma 4.2 for n=2 are satisfied, and we conclude that ¢(B,;)=0 for
all 2k#0 mod 8. In this way, the inductive applications of Lemma
4.2 show that the hypothesis ¢(By;4,)=0 for all k=20 and ¢(F,)=0
imply that ¢(B,;)=0 for all k21. This in turn implies that ¢(X,,)=0
for all k=1, i.e. g(u)=u. Summarizing, we have proved the following.

Proposition 4.5. If a multiplicative genus ¢ annihilates § ., then
the induced logarithm g(u)= ¢, (G™(u)) is of the form

g)=u+¢([RP, 1)’ + $([RP1)*u’ + $([RP,])*u’ +

DEerFINITION 4.6. A multiplicative genus ¢ which gives rise to a
logarithm of the form given in Proposition 4.5 is called an unoriented
elliptic genus.

Proposition 4.7. The bordism formal group law and the related power
series induced by an unoriented elliptic genus ¢ are described as follows;

(4.7.1) g7 W)=Y, 7 IRP¥ 2" 1,
(4.7.2) f(xy) =g7 ' (g(w) +2(v))
=u+v+Y, " (RP,)) (Wo'*!+u'*'oY), and
(4.7.3) h(u,v) =g'(u)g'(v)f (u,v)
=Zo§i§j h2j+1'2,-(u2j+102i+u2i2)2j+1)
=Zo§i§j ¢([RP2]i+j)(u2j+1'02i+u2i'z)2"+1)
Proof. If we out
gw) =Y,7 ¢(IRP;]*~")o*'"* 7!, then
gow=Y, " $(RP,1* Mo,
and replacing v by g(u), we obtain

22w =Y, " $(IRP,1* (e
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=Y 2 SRP,1Z )T, 2 S(IRP, Ik +1)2!
j

= Zj’:: 0¢([RP2]21(2k +1)— 1)u2{zj(2k+ 1))
=Y, 2 BRPI ™ Hu? = ug(u).

Thus {g(g(u)) —u}g(u)=0, and so g(u)=g '(u), which proves (4.7.1).
Next, by (4.7.1) just proved above, we have

{67 (e + 2N He(w) +2(0)} =, 7 HIRP,I ~)(e(w) +g@)*"*
=3, 7 BRP,I (Y, & IR, @+ 4 g2/ i )
=Zk:o¢([RP2]k)(“2k+2+'02k+2)
=Z.:0¢([RP2]J')(uivf+1+uj+1,vj)}{zi:’0¢([RP2]i)(uzi+1+vzi+1)}

J
=2, Lo (RP, )@/ !+ o)} {g(w) +(2)}-

This proves (4.7.2)
Finally, inputting the result just obtained above into Buchstaber’s

formula, we have
Y2 gBURP (Y~ SUIRP )OI, 7 SIRP, 1Yok ! +ut+ 10k}
=Zi,j,‘:g0¢([RP2]i+j+k)(u2i+kv2j+k+ Ly g 2itk+ 1vzj+k)
= Zn‘:od,([sz]n)Zi:O(uZivz(riH g2ttty n=Dy
=ZO§i§j¢([RP2]i+j)(u2iv2j+l T IAS MDY

as desired. This completes the proof of the lemma. QED.
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Corollary 4.8. A multiplicative genus ¢ annihilates the ideal ¢ if
and only if it is an unoriented elliptic genus.

Proof. By (4.7.3), if ¢ is an elliptic genus, then %,;,, ,;=0 for all
274+1 and 2i such that 2j+1<2i. And ¢(R,44) =0 by definition. Thus
¢(F.)=0 and the converse of Proposition 4.5 holds. QED.

5. Multiplicative sequences and a residue theorem

A multiplicative genus
¢ :R - A

can be described in terms of a multiplicative sequence in the
Stiefel-Whitney classes w; exactly in the same way as in Hirzebruch [4],
§1. Namely, a multiplicative sequence {Kj; 7=0,1,2,3,---} is a sequence
of polynomials K; in the variables w; such that K,=1, satisfying the
condition that

(5.1) Zj:)on(wl,wz,-..,wj)xj

={z,':oKi(wlhw’Za"')w;)xi}{zkzoKk(wlllrwlzly'")w:)xk}
if 14w x+w,x%+--
=(1+w)x+whx? + - )(1 +wix+uwjx®+ ).

Such a sequence is uniquely determined by its characteristic power
series

Q%) =Y, 2 Ki(1,0,--,0)a".

The main purpose of this section is to prove the following proposition,
which is a mod 2 analogue of a theorem of Novikov ([7], IV').

Proposition 5.2. Let {K;} be a multiplicative sequence which gives
rise to a multiplicative genus ¢: R,—>A such that ¢(R,qq) =0, and O(x) be
its characteristic power series. Let g(x) be the logarithm of the formal group
law f(x,y) induced from that of R,-theory via ¢. Then it holds that

X
Q(x)zg“(x)'
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For the proof of the above proposition, we define the residue of a
finite Laurant series as follows.

DEerFINITION 5.3. Let A((x)) denote the finite Laurant series ring
over A. The residue R, (h(x)) of a finite Laurant series h(x)=zi:i Na,-x‘e

A((x)) is defined to be a_;.

Lemma 5.4. (Invariance of residue with respect to a change of

variables)
Let h(w) be a finite Laurant series and w=f(x) be a change of variables

of the following type;

(5.5) fE)y=x+Y,, ax®* ' eAll]], ie.
ay;+1=0.

Then it holds that
R,,(h(w)) = R (h(f(x))f (x)).

ReMARK 5.6. The above lemma corresponds to the invariance of
integral with respect to a change of variables;

1 1 ,
= $g(w)dw =% $ 2(f(%))f (x))dx.

Proof of Lemma 5.4. Since R_: A((x))-»A is a A-module
homomorphism by definition, it suffices to prove the lemma for the
following three cases.

case (1). h(w)=z:oa,-wie/\[[w]]. In this case, we have obviously

R, (h(w))=0=R,(h(f(x))f (x)).

case (2). h(w)=a_,w”!. In this case, we have R, (h(w))=a_,, and

R (M(f()f (%) = Rx<13‘—‘f'<x)) = Rx(“—‘—‘) —a_y,
(x) X

since f(x)=xf'(x) by hypothesis (5.5).
case (c). h(w)=w"' for some i=2. In this case, we have obviously
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R, (h(w))=0, and on the other hand, we have

R((F)f () =R L ‘x),.).
®)

When i is even, both f'(x) and f(x) consist of only the terms of even
exponents of x. Hence their ratio f'(x)/f(x)' does not contain a monomial
of exponent —1. When 7 is odd=3, we express i as i=2°2b+1)+1
with a=1, $=0. Then

f@_ 1 (f()” ‘)2"‘2“”
f)F At x!

Since f'(x)”! consists only of monomials of even exponents of x, the
numerator in the above formula consists only of monomials with exponents
divisible by 2°*!. Thus it does not contain the term with exponent

t—1. This implies R C(x)) 0. QED.
(x)'

Proof of Proposition 5.2. In view of the fact that g(x)=z:o

d([RP,;])x**! (Shibata [9]), ¢([RP,;]) can be interpreted as the residue
R.(g'(x)/x**1), where g'(x)=DWg(x)=g(x)/x. If we put w=g(x), then
x=g !(w) and we have

g _ g®)  \_o( !
R*<W>"R"<{g—‘(g(@)}”“)’R‘”(g"(w)”“)

by Lemma 5.4. Hence we obtain

1
(5.7) $(RP,;]) = R( — )2'“>.

_l(w)
On the other hand, let 7 be the tagent bundle of RP,;. Then

TP 1g=(2i+ 1)y, where n is the Hopf line bundle over RP,;, and
consequently w,(t)=(1+4w,)**!, with w, =w,(n). Therefore we obtain

1
(5.8) $(IRP))= <Q(w;)%* ! [RP,]> =R ( e Q(w)z'“>

Now that (5.7) and (5.8) hold for every i=0, we conclude that
O(w)=w/g™ ! (w). QED.
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6. Cohomology of projective space bundles

Let {("—>M be a real m-dimensional vector bundle over a closed
smooth manifold M, and RP({)—»M be its associated projective space
bundle. If we denote the Hopf line bundle over RP({) by # and its first
Stiefel-Whitney class w,(y) by te H'(RP(); A), the structure of the
cohomology ring H*(RP({); A) is described as follows (Borrel-Hirzebruch

(11, §15).
(6.1) The natural projection n: RP({)—>M induces an injection
*: H*(M;AN)— H*(RP({); A),

and H'(RP{); A) is a free H'(M;A)-module via n* with basis
{1,t,t%,---,#""1}. The multiplicative structure is determined by the
following equality;

(6.2) "+ (wy (O™ + o+ T (W - 1 ()t + 7 (,(0)) =0.
Hence, each element y of H*(RP({); A) can be expressed as
y=bo+byt+--+b,_t" ' bje H'(M:A),
and it holds that
<y, [RP{)]> =<b,,_, [M]>€A.

Now that T(RP)@P1g~nm"T(M)PD nQRn*(), the multiplicative
sequence K(T(RP({))) factors as n*K(T(M))K(nQ=*¢).

Following exactly in the same way as in Ochanine [8], we examine
the conditions for the vanishing of the coefficient of " ™! in K(n® ().

If we formally split w,(n'() as [] (14+w), then K(n®n))=

1<k=m

O(t+u,), and equality (6.2) becomes

1<5k=m

1A

(6.2 [T (t+u)=0.

15ksm

According to Proposition 5.2, we consequently have

H (t+uk)

63) K )= :
(6.3) (hQ@n'C) B v

Notice that the right side of (6.3) above is a non-homogeneous formal
power series in tuq,---,u,, but we regard each homogeneous part as a
polynomial in ¢t with coefficients in A[u,,u,, - ,u,], and divide it by the
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left-hand side of (6.2)’, which is a polynomial in ¢ of degree m but is
also regarded as a homogeneous polynomial in tu,,---,u, so that the
formal series computations below should be considered degree-wise as
polynomial computations.

Thus we obtain

(6.3 Kn@@n)=F(uy, upt)+{ (t+u)}Auy, - upt),
1

kEm

A
HA

with F(u,,-:,u,,,t) a polynomial in ¢ of degree less than m with coefficients
in Alluy,uy, - u,ll-
Since Q(w)=1+ ¢([RP,]))w?+---, it holds that

(64) F(ul»'“rum’ui)= H Q(ui+uk)

k#i

for every 1=1,2,---m. (We are working in characteristic 2.)
Let us put

G(uh"')umyt)={ H (uj+uk)}F(u1)"'yum)t)

1<j<k=m

- <ismi 11 (uj+uk)}{hl—l O(u; +uy)(u, + 1)}
#i

1<j<ksm
j#Fi#k

Then G is a polynomial in ¢ of degree m—1 with coefficients in
Allu,,usz, -+ ,u,]]. By vertue of (6.4), t+u; divide G for every i=1,---m.

This implies that the product l—[ (t+u;) divides G since Alu,u,,--,u,l(t]
15ism

is a unique factorization domain. Hence we conclude that G(u,, -, u,,,t) =

0 by degree arguments. Therefore we have shown the following.

Lemma 6.5. Let F(u,, --,u,,t) be as defined in (6.3)’. Then the
coefficient of "' in { || (wj+w)} Fluy, - ,umt) is given by

1<j<ksm

Zl §i§m{ Hk (u;+ uk)}{hl;[_Q(ui +u)}.
Lis !

1

IIA

=IIA

<,

The rest of this section is devoted to the proof that the coefficient
of ™~ 1 given in the Lemma above vanishes for elliptic genera in case m
is even.
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First we have the following lemma.

Lemma 6.6. Let O(u) be the characteristic power series associated to
an unoriented elliptic genus ¢: R,—»A. Then it holds that

0w =1+Y,, {$URPu}.
Proof. If we put

q(u) = 1 +Z]% 0{¢([R-P2])u2}2j)

then, by virtue of (4.7.1), we have

g(u) =1+ ¢([RP;])ug ™" (w).
Consequently, it holds that

g7 (wqw) =g~ () + $([RP,Dulg ™ (u)}*

=Zj;o{¢([RP2])2f— 120011

+@([RP,]uY,, J{O([RP,1)> " 2?7772}

=u.
Therefore q(u)=u/g ™ (u)=Q(u). QED.

Corollary 6.7. Let Q(u) be the characteristic power series associated
to an unoviented elliptic genus ¢: R,—~A. Then it satisfies the following
Sformulas;

(6.7.1) Ou+v)=14+0w)+Q@), and
(6.7.2)  Qu)*=@([RP,])u’*+ Q).

Proof. Since we are working in characteristic 2, it holds that
(u+v)*=u*+v*. So the corollary follows directly from Lemma 6.6.

Notations and Definitions 6.8.

(6.8.1) Let S;(m) denote the j-th elementary symmetric function of Q(u,),
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O(u,), -+,Q(u,)}, and S;*>(m) denote the j-th elementary symmetric

function {O(u,), Q(uz),“'\l'"',Q(“m)}-

(6.8.2) Let T\(u), U(u) (k=0,1,2,---) be the polynomials in u defined
inductively by

T0=0, U0=1, and
Tyv1=U, Uk+1=¢([RP2])u2Tk+ Uy for k20.

Lemma 6.9. Let Q(u) be as in Corollary 6.7. Then it holds that
(6.9.1) {Ow) + 1} = Ty (w)O(u) + Uy(u), and

6.9.2)  [I OQMitu)=3 ;cp_SHM)Tp-;(u).

1<hsm
h#i

Proof. Equality (6.9.1) is easily proved by induction on k, using
(6.7.2). And (6.7.1) implies

H O(u;+uy) = . n {O@w)+ 1+ O(u)}

hs=m m
#

1

=lA
JIA
=lA
lIA

h
#1

-
-

=Y ocisme 1S m{Q@) + 13"~

=85 (MU, ()
+Y o< jeme2 0S5 MQ@) Ty — j) + ST (MYUp—y -4 ()}
+ 8 5 (m)O(u) To(w;)

=20§j§m— ISf(m)Tm—j(ui)y as desired.

Lemma 6.10. Let n be an integer greater than or equal to 2. We
have a congruence

. -1 -2 1 0
ﬂ (“j+“k)= Z u:;(l)u:(Z)“'ud(n—l)ua(n)
j<k

1 <n oePyn

1A

modulo 2, where P, denotes the permutation group of {1,2,-~-,n}.
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Proof. The lemma is trivial when n=2. Assume it is also true up
to n—1. Then the left-hand side of the above formula is

(uy +uy) H (u;+w)

25ksn 25j<ksn

A

= {Zogtgn— luiISn— 1 —i(u2)u3)" '&um)}{ Z u:(_z)z"‘ug(n)},
pePy, 4

where S, _, _i(uy,u;, --,u,) denotes the (n—1—1)-th elementary symmetric
function in {u,,us,---,u,} and P,_, denotes the permutation group of
{2,3,---n}. Since this is a symmetric function, it is sufficient to consider
the terms wuiul?---ul" with i, >i,>---21,, namely the cases i=n—1 and
n—2. When i=n—1, the term in question is «%~ '3~ 2---u? and this term
gives the desired one in the right-hand side of the formula of the

lemma. When i=n—2, the terms in question among

-2 -2 .0
ul “(u,+uz+ - +u,,){ PZ u:(z) ---up(,,)}
PELy — 4

are
n—2 n-2  .n—(k—1), n—k 0
Z3§k§n{ul w(uy T T T g uy)
n—2 n—2 n—(k-1), n—k 0
Fui Twy g Uy "y Ui uy)}
=0 modulo 2.

Corollary 6.11. For any even integer m=2 and any nonnegative
integer n<m—2, we have a congruence

Y { Tl +wu)}ui=0 mod 2.

1sism 15j<ksm
itk
Proof. First, let us consider the terms corresponding to i=m in the
above summation. By Lemma 6.10, they are congruent to

-2, m-3 0
{ Z u:'u) u:r"(Z)”'u:(m—l—n)“'uo'(m—l)}u:'n O0=n=m-2).
0€Pm -

Each of these terms have a unique counterpart among the terms
corresponding to i=d(m—1—n). Hence, summation being taken for all
the 7, all of these terms are cancelled out modulo 2. The situation is
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the same for all the other cases of 7 in the summation, too. This proves
the Corollary.

Corollary 6.12. The coefficient

Zx gigm{ H (uj+uk)}{nQ(ui+uh)}-

1sj<ks=m h#i

j#i%k
of t"~! given in Lemma 6.5 vanishes when Q(u) is the characteristic power
series of an unoriented elliptic genus with m even.

Proof. In view of Lemma 6.9, 6.10 and Corollary 6.11, it is sufficient
to show that, when m is even, T,_;(u) is a polynomial in u of degree
less than or equal to m—2 for every j (0<j<m—1). But it is easily
proved by induction arguments that T,,(u) is of degree<2n—2, and that
T,,+1(w)=U,,(u) is of degree<2n. This proves the corollary.

Corollary 6.13. Let ¢: R,—»A be a multiplicative genus. Then the
following three conditions are equivalent;

@ ¢(L,)=0,

(i) ¢(FR)=0, and

(i) ¢ is an unoriented elliptic genus, i.e. P([RP,;]))=¢([RP,]) and
$(Roq) =0.

Proof. The equivalence of (i) and (iii) are already proved in Corollary
4.8. Now by Lemma 6.5 and Corollary 6.12, (iii) implies (ii). And
since ¢, <SR, (ii) implies (i). QED.

Corollary 6.14. Let
PR(2)->R,-R, /IR

be the natural composite homomorphism defined in the introduction. No
polynomial in PR (2) consisting of odd number of monomials is annihilated
by the homomorphism above.

Proof. Let ¢y R,—Z/2Z be the unoriented elliptic genus defined
by ¢o([RP,;])=1 for every i=0. And Let X be any polynomial in %
(2) consisting of odd number of monomials. Then ¢4(X)=1 by definition,
and so X does not belong to K. QED.



UNORIENTED ANALOGUE OF ELLIPTIC GENERA 453

REMARK. 6.15. In the complex bordism ring U,, the classes [CP,]
and [Hj; ,] are algebraically independent, and Ochaine [8] shows that the
image of U, by an elliptic genus is generated by those of [CP,] and
[H;3,]. In contrast, in the unoriented bordism ring R,, it holds that
[H% ,]=[RP,]* and we have shown in this note that the image of R, by
an unoriented elliptic genus is generated by that of [RP,]. This difference
is the main reason why the unoriented elliptic genera are not rich enough
to determine whether # , =.#® or not, while the elliptic genera in U,-theory
are so.

Added in proof. After writing up the present note, the author recognized that the left-hand
side of the formula in Corollary 6.11 is a Vandermonde determinant, and it consequently vanishes
not only modulo 2 but integrally if we replace the plus signs by the minus ones.
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