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1. Introduction

In this paper we study the multiplicities of the lower defect groups of a
p-block of a p-solvable group with abelian defect group. Let G be a finite group,
(K, o, F) be a p-modular system such that K is a splitting field for all subgroups
of G, and By, B, -+, B,:-- be the p-blocks of G. We denote by E, the block
idempotent of FG corresponding to B, and for a conjugacy class C of G we denote
also by C the class sums in the group rings KG, oG and FG.

(%) With each B, it is possible to associate k(B,) conjugacy classes C;, 1< j<
k(B.), such that the following conditions are satisfied.

(1) Each conjugacy class of G is associated with exactly one p-block.

(i) {CIE.|1<j<k(B,)} is an F-basis of Z(FG)E,.

In the above, I(B,)=#{C7}|Cj is a p-regular class, 1<j<k(B,)}. We shall
call an association of the conjugacy classes of G with the p-blocks which satisfy
(i) and (ii) in (*) an association of the conjugacy classes of G' with the p-blocks
shortly. We put m(B,, )=4#{C7|C; has @ as a defect group, 1<j<k(B,)} and
m(B,, Q)'=#{C7 is a p-regular class and C7] has @ as a defect group, 1< j<k(B,)}
for a p-subgroup @ of G. When m(B,, @)=%0, @ is called a lower defect group
of B, and m(B,, @) is the multiplicity of @ as a lower defect group of B,. IfQis
a lower defect group of B,, then @ is contained in a defect group of B,. For
further properties of lower defect groups, see Feit [3, chapter V, §10], Nagao-
Tsushima [8, chapter 5, §11] and Watanabe [11, §§2 and 3]. The following is

our main result.

Theorem. Let G be a p-solvable group and B be a p-block of G with abelian
defect group D. Let b be a p-block of Cg(D) such that b°=B. For a subgroup
P of D we have

m(b”fi”’), P) = m(bNG(D)nNg(P)’ P) ,
m(bNe®)| P) = m(bNeP)"NeP) P)’
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In the same situation as in the above theorem Broué conjectured in
[1, §6] that (G, B) and (Ng(D), b¥¢?) are of the same type for an arbitrary G.
If this is true, then our theorem will follow by [1, Theorem 4.8]. However we
shall prove it directly by character theoretic methods.

It is well known that under the assumption of the theorem k(B)=k(b"e(P)
and /(B)=I(b"¢®) (see Fong [4, Theorem (3C)], Okuyama-Wajima [9, Theorem]
and Dade [2]). To prove our theorem we shall use [9, Theorem 2] which was
a key result for the proof of [9, Theorem]. When D is cyclic, our theorem holds
for arbitrary groups by Broué [1, Theorem 1.5] and Linckelmann [7], since in
that case a lower defect group of B is either trivial or conjugate to D.

For the notations, see [3], [8], [11] and Isaacs [6].

2. Preliminary results

Let H be a normal subgroup of G and & be a G-invariant (ordinary) irredu-
cible character of H. We set G=G/H and #=xH&G. We say that & is {-special
if § is extendible to <H, x, ¢ for all c€G with [x, c]€H, according to [6, chapter
11, Problems] (Gallagher says that x is good for { in [5]). We also say that a
conjuacy class C of G is {-special if it consists of {-special elements. By [5,
Theorem], the number of irreducible constituents of £¢ is equal to the number
of conjugacy classes of G which are {-special.

For an irreducible character X of G we denote by e, the centrally primitive
idempotent of KG corresponding to X.

Lemma 1. Let H be a normal subgroup of G, & be a G-invariant irreducible
character of H and X,, X,, -+, X, be the irreducible constituents of £¢. Then we
have the following.

(1) (See [6, chapter 11, problem 11.15]). For x&G, & is §-special if and only
if X;%0 on xH for some i (1<i<s).

(i) Let C,, Cy, -+, C; be the conjugacy classes of G such that {Cje;|j=
1,2, ., s} is a K-basis of Z(KG)e; and x;€C; (j=1,2,+--,s). Then {&;|j=
1,2, -, s} forms a complete set of representatives for the &-special conjugacy classes
of G.

Proof. Let {, be an extension of § to <H, x>. Then we can set Xz .=
n; .aN), where n; ., is a non-negative integer and A is regarded as a

&

# Ae:§<z>3
character of (H, x>. Itis clear that ® is {-special if and only if {i=¢, for all

cE€G with [x,c]eH. If wesetp;,,= 31 ;)\, then
A€Irr(z))

(1) Xi(xh) = E(xh)p;, (%)  (h€H).

(i) Suppose that ® is not {-special, Then for some ceG with [x, c]EH,
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§2=C.p, where p is a non-trivial linear character of <%)>. Since (Xyg,,5)’ =
Xica,xys Mi,xp = Wiz, a=M;, z w2y ==+ for any A&Irr(<®>). Hence p; (%)=0 and
X;(xh)=0 for any A€ H and X,.

As is well known the rank of the matrix (X,(2)) (1<:{<s, 2€G) is equal to s
and hence it is equal to the number of {-special conjugacy classes of G by
Gallagher’s theorem. On the other hand for any x&G, vectors (X,(xh), X,(xh),
-+, X4(xh)), he H are linearly dependent by (1). Combining these with the if
part, if ¥ is {-special then X,;==0 on xH for some i.

(it We note that Z(KG’)&;z_E_s Ke,,, since e;——-g ey, For C; in (ii) we

have

Ciec = 2 - Ciéx(Jl))l i, +0.

Hence by (i), #; must be {-special. Let z&H and C be a conjugacy class of
G containing x;4.  From (1) we obtain

Ces = 31(1G: Colw) | oo ®DX (Ve
— (162 Cliegh) /1 G Colo) N(EnfxMIE () C

So by the assumption, if j &k then X; and &, are not conjugate. Therefore (ii)
holds. This completes the proof of the lemma.

We prove Theorem by Fong’s reductions. In the following we show how
the multipilcities of lower defect groups behave under Fong’s second reductions.
For a conjugacy class C of G we denote by D(C) a defect gruop of C. For sub-
groups K and L of G we write K=;L, if K and L are G-conjugate.

Lemma 2. Let H be a normal p’-subgroup of G, § be an irreducible character
of H which is extendible to G and T be an extension of { to G. Let B be a p-
block of G and B=CB, i.e., B is the p-block of G which contains EX, R B. Then
for a p-subgroup Q of G we have

m(B, Q) = m(B,Q) and m(B, Q) = m(B, Q)',
where Q=QH|H.

Proof. Let B,, B,, ---, B, be the p-blocks of G and B,=&B,. Then it is
well known that B,, B,, -+, B, are the p-blocks of G which covers the p-block of
H containing ¢ and that k(B,)=k(B,) and I(B,)=I(B,). Let Cj, 1<j<k(B,), be
the conjugacy classes of G associated with B, in an association of the conjugacy

classes of G with the p-blocks. Since e =§’1 E, {CIE|1<j<k(B,), 1<t<r}
forms an F-basis of Z(FG)e;, where & is the block idempotent of FH correspond-
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ing to §. Hence {Cje;|1 <j<k(B,), 1 <7<r} forms a K-basis of Z(KG)e;.
Let x;€C}. By Lemma 1, {x}|1<j<k(B,), 1<7<r} forms a set of represen-
tatives for the conjugacy classes of G, because { is extendible to G and hence any
conjugacy class of G is ¢-special.

Let f be the isomorphism from Z(KG)e; to Z(KG) defined by f(ezz)=e; for
X€Irr(G). Let C be an arbitrary conjugacy class of G, x an element of C and
C be the conjugacy class of G containing ®. Since Ce;= 37 (|G : Cy(w)l

E@R®)/(C()XD)ezz and C= 31 (| G: Co(®) | XE)/(D)es, by the second

orthogonality relation we have *€'™

(2) f(Ceg) = ((1G: Co(x)1/1G: C5(®) ) E(*)/E(1))C  and
O =M™ H)y

where y ranges over the set of elements of G such that ¥ and & are G-conjugate.
In particular f(Ce;)€Z(0G) and fYC)EZ(0G)e;. Therefore f induces an iso-
morphism from Z(0G)e; to Z(0G), and hence an isomorphism from Z(FG)E, to
Z(FG)E3., for any 7, where Ejz, is the block idempotent of Z(FG) corresponding
to B,.

Let C7 be the conjugacy class of G which contains x}. By the above
argument and (2), {C;Ez.|1<j <k(B,)} forms an F-basis of Z(FG)E3, and
D(C;)=5D(C3). On the other hand, if @ and @’ are p-subgroups of G and
if they are not G-conjugate, then @ and Q' are not G-conjugate, because H is a
p’-subgroup. Further C7 is a p-regular class if and only if Cj is a p-regular class.
From these and the definitions of m(B, @) and m(B, Q)’, we have m(B,, Q)=
m(B,, Q) and m(B,, Q)'=m(B,, Q) for any 7. Since B is one of B, B,, --, B,
we obtain the equalities in the lemma.

Lemma 3. Let Z be a central p’-subgroup of G, N be a linear character of Z
and C,, C,, -+, C, be the \-special conjugacy classes of G|Z. If B is a unique p-block
of G that covers the p-block {\} of Z, then for a p-subgroup Q we have

m(B, Q) = #{C;|D(C,) =¢/2 QZ|Z} and
m(B, Q)'= #1C;|C,; is p-regular with D(C;) =¢,,QZ|Z} .

Proof. First we note that, by the assumption and Gallagher’s theorem,
the irreducible characters in B are the irreducible constituents of A°. In
particular s=k(B). We put G=G/Z, Q =QZ|Z and £=xZ (x&G). Let
{C;|1<j <k(B)} be the conjugacy classes associated with B in an association
of the conjugacy classes of G with the p-blocks, and let y,&C;. Then
{C;ex|1<j <k(B)} is a K-basis of Z(KG)e,. Hence by Lemma 1, {§,|1<;<
k(B)} forms a set of representatives for the A-special conjugacy classes of G.
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So we may assume that §; belongs to ¢ ;(j=1,2, .-+, k(B)) by a suitable renum-

"\
bering indices. Since Z is a central p’-subgroup of G, D(C:‘,-)=aD(C,-).
Therefore we obtain the equalities in the lemma by the same way as in the
proof of Lemma 2.

The proof of the following proposition will be reduced to the preceding
lemma.

Proposition 1. Let H be a normal p’-subgroup of G, ¢ be a G-invariant
irreducible character of H and C,, C,, -+, C, be the {-special conjugacy classes of G.
If B is a unique p-block of G that covers the p-block {t} of H, then for a p-sub-
group Q of G we have

m(B, Q)" = ${C;|C; is p-regular with D(C;) =< Q} .

Proof. By [4] or [3, chapter X], there exists a central extension

1—>Z—>GI>G—>1

of G by a p’-group Z such that there is a normal subgroup H of G isomorphic
to Hby f and that the irreducible character ¢o f of H is extended to G. Let &
be an extension of ¢o f to G and B be the inflation of B, i.e., B is the p-block of
G containing Xo f, XEB. Since Z is a p’-group, there exists a p-subgroup @ of
G such that f(Q)=Q. By Lemma 2, we have

) m(B, Q) = m(B, Q) and m(B, Q) =m(B, Q).
We can set B=FB’ with B’ a p-block of G/H. Then by Lemma 2 again,
4) m(B, Q) = m(B’, QH/H) and m(B, Q) = m(B’, QH/H)" .

Let {A} be the p-block of ZH/H covered by B’. Then A (as a character
of Z) is a unique constituent of 3. By the assumption, B’ is a unique p-block
of G/H covering {\}. We put G=(G/H)/(ZH/H) and é:((@H/H)(ZH/H))/
(ZH|H). Then f induces an isomorphism f from G to G. For x&G, let £ be
the element of G with f(£)=% We see that & is {-special if and only if £ is
a-special.  Therefore if éj: FC;), then ¢, C,, -, C, are the A-special con-
jugacy classes of G. Hence by Lemma 3 we have

m(B', QH|H) = ${C,|D(C;) =4 &} = #{C,;|D(C;) =: @} and
m(B', GHJHY = ${C,|C; is p-regular with D(C;) =¢ @} = #{C;| C;
is p-regular with D(C;) =¢ Q}.

Combining these with (3) and (4), we get the proposition.
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3. Proof of Theorem

We may assume that P is a normal subgroup of G. Putting B,=5%¢?) it
suffices to show that

(5) m(B, P) = m(B,, P) and m(B, P) = m(B,, P)’ .

We prove (5) by induction on |G|. Let H=0,(G) and suppose that B covers
a p-block {¢} of H containing an irreducible character ¢. As is well known,
there exists a p-block B, of T'(¢) such that B, covers {t} and Bf=B, where T({)
is the inertial group of { in G. Replacing ¢ by an G-conjugate of § if necessary,
we may assume D is a defect group of B,. In particular ¢ is D-invariant. Let
0 be the irreducible character of Cy(D) which is the Glauberman correspondent
of §. By the uniqueness of 8, T(0)=T(¢) N Ng(D), where T(6) is the inertial
group of @ in Ng(D). Let B, be the p-block of T(£)NNg(D) such that
B,=Bi®. Since 6 is a unique irreducible character of Cg(D) such that
PN (Ecany 8), it is easy to see that B, covers {§}. Hence BY“" is defined and
B,=B}¢® by the first main theorem on p-blocks as B=B§. By [11, Lemma 2]
and by the same way as in the proof of [11, Theorem 1], we have

m(B’ P) = m(Bl’ P) ’ m(B’ P)’ = m(Bl) P)’ »
m(By, P) = m(B,, P) and m(B,, P)’ =m(B,, P)’.

So if T(¢)<<G, then by induction (5) holds.

Suppose that T(§)=G. Then by [4, §3], B is the unique p-block of G
covering {¢} and D is a Sylow p-subgroup of G. Since G is p-solvable and
D is abelian, G=HN(D) and O,(N4(D))=Cg(D). Hence Byis also the unique
p-block of Ng(D) covering {0} .

We put G=G/H, P=PH/H and =xH (x=G). Suppose that x is an element
of Ng(D) such that ¥ is £-special. Let y € Ny(D) with [x, y] € Cy(D) (and hence
[x,y]€H). Then { is extendible to <H, x,y>. By [6, (8.15)], { is extendible to
HD. Hence by [6, (11.31)], ¢ is extendible to <HD, x, y>. Therefore by [9,
Theorem 2, (3)], 0 is extendible to {Cy(D), x, y>. So xCy(D) is -special.
Similarly, we can show that if x is an element of Ng(D) such that xCy(D) is -
special then X is {-special.

Let C,, C,, -+, C, be the {-special conjugacy classes of G and C} be the con-
jugacy class of Ng(D)/Cy(D) corresponding to C; by the natural isomorphism
from G to Ng(D)/Cx(D). Then Ci, C3, -+, C{ are the #-special conjugacy
classes of Ng(D)/Cy(D) by the above. Putting G'= Ny(D)/Cyx(D) and P’'=
PCy(D)/C (D), we have

#{C;|D(C;) = P} = #{C}|D(C}) = P’} and
#4C;|C; is p-regular with D(C;)=P} =#{C}|C} is p-regular with D(C})=P"}.
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So by Proposition 1, the theorem follows.

4. Some consequences

As an immediate consequence of the theorem and [11, §§2 and 3], we get
the following.

Corollary. With the same assumption and notation as in Theorem, for a p-
subgroup Q of G we have

m(B, Q) = I m(p"«™, R) and m(B, Q") =3 (4™, R)’,

where R ranges over a set of representatives for the Ng(D)-conjugacy classes of p-
subgroups of Ny(D) which are G-conjugate to Q.

In the same situation as in the above corollary, if R is normal in Ng(D),
then m(b¥e?, R)=m(b™®, R), m(b¥¢®, R)' =m(b™®, R)’ and m(b™®, R)= 3}

m(bC™ T R)’, where T(b) is the inertial group of b in Ng(D) and 7 ranges
over a set of representatives for the 7T\(b)-conjugacy classes of D. For m(b7®,
R)’ we have the following

Proposition 2. Let D be a normal abelian p-subgroup of G, B be a p-block
of G with defect group D and b be a p-block of Cg(D) covered by B. Suppose that
b is G-invariant and let ¢ be the irreducible character in b which is trivial on D.
If {x;Co(D)|1<j<r} is a set of representatives for the {-special conjugacy classes
of G|C(D), then for a p-subgroup Q of G we have

m(B, Q)" = #{x;Co(D)| Cp(x;) =¢ @} -

Proof. LetX;, X,, -:-, X, be the irreducible constituents of {¢. Note that
X; is trivial on D and is of defect 0 as a character of G/D, since D is a defect
group of B. In particular X; is irreducible as a modular character and X5,
Xag, ***s Xsc, are different from each other, where G is the set of all p’-ele-
ments of G. Since {( my, is a2 unique modular irreducible character in b,
every modular irreducible character ¢ B is a constituent of (§cqn,)°. Hence
¢=X;c, for some 7. In particular r=[(B) and the X;;,(1<i</B)) are the
modular irreducible characters in B. Let C,, C,, +++, Cy(5 be the p-regular classes
associated with B in an association of conjugacy classes of G with the p-blocks,
and let y;€C;. Then by Osima [10, §4] or [8, chapter 5, §11], the [(B)x(B)
matrix (X,(y;)) (1 <7, j<I(B)) is non-singular. From the proof of Lemma 1,
{y;Ce(D)|1 <j<IB)} is a set of representatives for the {-special conjugacy
classes of G/C¢(D). So we may set y;=c;x; (c;EC¢(D), 1<j<UB)). If Qisa
Sylow p-subgroup of Cq(y;), then @ is a lower defect group of B and hence
Q<D. So we have D(C;)=¢Q=Cp(y;)=Cp(x;). From this and the definition
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of m(B, @)’ we get the proposition.
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