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1. Introduction

The purposes of this paper are to generalize a result of E.M. Stein con-
cerning hypersingular integrals and to give its application. The same problems
for singular difference integrals are discussed in [2]. Let R" be the n-
dimensional Euclidean space and for each point x=(x,, -+, x,) we write |x|=
(x}+---+x3)2 For a multi-index y=(v,, =+, 7,) we denote |y|=9,+++Yn
yl=o,! a1, &'=xN .-+ xJ» and D'=D}1..-D}». The Riesz kernel «, of order
a>0 is defined as

|x]®", a<nor a=n, d—n not even

o) = |

(84,s—log|x])| x| %", a=n, a—n even

where 8, , is the constant (see [1]).
For 8>0, €>0 and a positive integer /, we consider the integral (hyper-
singular integral)

where (R}u)(x) is the remainder of order /, namely
(Riu)(x) = u(x+2)—( 3 Du(x)/y))e.
WI<T-1

We denote p!*P(x)=H}{Pk,(x). E.M. Stein showed in [3; p. 162] that
ph*?eLl! for 0<a<?2. In §2 we generalize this result (Theorems 2.3 and
2.14). R.L. Wheeden [4; Theorem 1] established an inequality of the following
type for functions # in Bessel potential spaces:

1H 2 Pull,<Cllull,p

where || ||, is the L?-norm and || ||, is the norm in Bessel potential spaces.
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In § 3 we give integral estimates of H!-*u for Beppo Levi functions # (Theorem
3.7).

Throughout this paper, the letter C is used for a generic positive constant
whose value may be different at each occurrence.

The author expresses his thanks to Prof. Fumi-Yuki Maeda who gave the
proof of Lemma 2.12.

2. Hypersingular integrals of Riesz kernels

For a positive integer /, C' denote the space of all / times continuously
differentiable functions on R". For a point ¢ in R" we write t'=t/|t| By
Taylor’s formula we have

Lemma 2.1. If ¢=C', then

(Rig)) = 13, § "W yDreoryas.

Ivi=¢ Jo

For x, yeR", we put L, ,~={sx+(1—s)y; 0=<s<1} and L,=L,, We
denote by d(y, L,) the distance between y and L,. By Lemma 2.1 we obtain

Corollary 2.2. (i) If p=C", then
|(Rig))I=1tl" 2 (1/v!) max [D'¢(z)].

2€Ly y it

(i) If I>a—n, then for d(y, L_,)= |t| |2 we have

[(Rix)(y) | =C 2] p]*717.

Proof. (i) By Lemma 2.1 we have

(RiaY) st [ W=D Dy s

0
<IS(1y)) max | D(a)| S:I(ltl—s)"lds

=|t]’m2=l(1/'y!)zgax | D¥¢(2)].

v,y +t

(i) We note that if d(y, L_,)= |¢|/2, then
IyIB=]y+st'| <3|yl

for 0<s<|t|. Further, if |y|=I[and I>a—n, then
| D7k (x)| SC ]
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Hence by Lemma 2.1, for d(y, L_,)= |¢|/2 we have

(R e [ U D o)

lvi=1Jo

=cx Sl“,('tl—'y—;s.)_l;l IStl—*—yl‘_l—"d\f

171=1J0

sclyios (U= g

1=t Jo !l

=Clt|'|y|*".
For a>0, >0 and a positive integer /, we set

1,0 R: Ke

and

wity) = (eI gy

We note that uy*#(y) is finite for 8>a—n, 8>I—1 and y=0.

2.1. Integrability of p'*-P

For 1< g= oo, we denote the conjugate exponent to g by ¢’, namely, (1/¢)+
(1/¢"Yy=1. At first, we prove

Theorem 2.3. Let 1<¢<cc and B>a—(n/q).
(i) Ifl-1<a—(n—q)<l, then pp*PeL?.
() If lis an odd number, then for I—1<a—(n/q)<<l+1 we have p'*PcL?.

Proof. (i) By Minkowski’s inequality for integrals we obtain
1= ({121 e

- (S(Sltlgllg%ﬂr,,)f—g})ldt )ﬂ’dy)uq,

dt 1 o Ja\Va!
S [ o o @RI e

Further, we have

(Ji®ReI @)1 dyyes( |(Rbka)(3) | “dy)e

d(y,L_p2ltl/2

+({ |(Ria)(3) |y

d(y,L_¢)<l|tl/2

= 1—|—Iz .
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Since I>a—(n/q)>a—n, it follows from Corollary 2.2 (ii) that

LSCII([ 1yl ety = C e

Moreover it follows from aa—(n/q)>I—1=0 that

< o Jy\Ve!
L=( Sd(y,L_c)<ltI/2 IK.(y+i)| dy)

+, 3, e | Do)y

d(y,L_p<Itl/2

{ [2]*-@ a—n is not a nonnegative even number
[¢]®~ /(14 |log|t||), a—n is a nonnegative even number .
Thus

[¢]*- (0 . . :

S 75~ 4t, a—nisnot a nonnegative even number
I<c 1z |2
= @ (n/q) ) .
12] (1+[log|?] | dt, oa—n is a nonnegative even number.
Itz |28 ;

By the condition 3>a—(n/q), we obtain /<<co.
(i) LetIbe an odd number. We have

J = (1ut=r) vayyee

= (S ‘ SItlZl.ltlZzlylls(R]t |:)+(ﬁy)dt

>1/q’

(Rixa)(3) 4,|" )W,
+(S , Sltlal,lt|>aly|h lt|“+ﬂ dt dy
=Ji+/:-
Since ! is an odd number, we see that
smzl AIPAPNTE |t|n+pd =0.
Hence we have
—_ I+1M’)(y) g/ Ve’
Ji= (S ’ Smgl.mszm/a_-ltT,,T t dy)

dt
= R — 1+1 q/ llq’
B S“"’-l [t]+f (Slylaamlz “(9)1 &)

Note that |y|=3|t|/2 implies d(y, L_))= |t|/2. Since I+1>a—(n/q)>a—n
and 8>a—(n/q), we obtain from Corollary 2.2 (ii)
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RSO, B (e
1z [¢|**8 Cigizsinze

@-(nlq)
TESU A kot

In the same way as in (i) we obtain J,<<oo since a—(n/g)>I—1=0 and B>
a—(n/q). The proof of the theorem is complete.

2.2. Integrability of z**
By Taylor’s formula we have
Lemma 2.4. If P is a polynomial of order m and 1>m, then (R}P)(x)=0.

The symbol & denotes the LF-space of all C~-functions with compact
support and 9’ stands for the topological dual of 4. For f€9), the Riesz
potential of order « of f is defined as

VL) = | eale—y)f(o)dy

We easily see

Lemma 2.5. Let fe9. Then
(i) Ulec-.
(ii) For |y|<a
D'U(x) = | Dea—)fo)dy

(i) If |v|=Iis odd, then

tim{ D))y

>0
exists for all x and

D'Uf(x) = lim

>0 Slx—ylze

Diey(x—)f(y)dy .

If ¢—n is not a nonnegative even number, then the Riesz kernel «,(x) is
homogeneous of degree a—n. Hence
(2.1) Dk, (Ax) = A" MDYk, (x), A>0.
When a—n is a nonnegative even number, we have

Lemma 2.6. Let a—n be a nonnegative even number. Then

D7k (Ax) = A~ M=%((—log \)D"X,(x)-+D'x(x))
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with X (x)=|x|*".

Proof. By Leibniz’s formula we see that
D'icy(x) = (8u,s—log [ [)D*X,(x)+ 3 4C sD°(84,,—log| x|)D""*X ()
with yCy=7!/8!(y—38)!. For >0, we have

D¥(s,,,—log |x|) = Lo

[

where Py(x) is a homogeneous polynomial of degree |§|. Hence we have

- _ Py(Ax) pyr-s
Dyx,(hx) = (8,'” log I AX I )DVX, (7\.x)+0<82§y 1C8M;—Iszy x¢(hx)

— (—log MA* 17 D", (x)+(3 s —log | x| A" ~"D7,(x)
+ 3 ,Cpaemn Py(x) D'Y'BX,(x)

0<85Y | x| 28
= A5 —log N) DX (x)+Dy(x) .
Thus we obtain the lemma.

Lemma 2.7. Let I be a positive integer, and moreover we assume that 1>
a—n in case a—n is a nonnegative even number. Then

(1)  Ric)(y)=12]""(Rine)(3/12]),
(i) (Rir)(3)=1y1""(Rinnka)(y").

Proof. (i) If a—n is not a nonnegative even number, then by (2.1) we
have

(Rie)y) = |y+11*"= 53 (D))
(|l s D12 gy
=tz (| ez, POl )

1isi-1 !
= [t|*"(Rixa)(y]12]) .

If a—n is a nonnegative even number, then by Lemma 2.6 we see that

-7

(Rik)(9) = (Ban—logly+2)| y+21"7"— 33 (D'k(y)lo )"
L-}—t'

= 121*{((5.,—log 2
- Dk (y) (t')”}

m<i-1 1):! ‘ t I"'l‘YI"n

—logltl)]%ﬂ’
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L+t’ L2

= |t|*" {(8,.,,—log ]

—log 2| )‘if—l+t'

—, 31 (tfr(—logl DDyl 1)+ Dely/1 e

=1
= le1=(logleN(| Lt [ = = @enmE))
w_n _ Y o\ ’y-n- Dv"a(y/lti) ny
+l {<8"'” log |t|+t()]t|+t | (t)}

= [t]*7(—log|¢|)(RiXa)(y/ 1E])+ 12" "(Rim)(y/I£]) -

Since I>a—n, by Lemma 2.4 we obtain the required equality.
Using (2.1) and Lemma 2.6 we can prove (ii) in the same way as in (i).
We complete the proof of the lemma.

Lemma 2.8. Let fe9.
(i) Let I<a+1, and moreover we assume that I>a—n in case a—n is a nonnega-

tive even number. Then
(RIUD@ = 111° [ (Riw)@)f e 121 s
(i) If lis an odd number, then

(R U (x) = |¢]' lim Sm;!(sz“x,)(z)f(x— It]2)dz .

Proof. (i) Since I—1<a, by Lemma 2.5 (ii) we have
(RIUDE = Ulls+)—_ 3} DULrYe

= | tedett=9)—_ 3 (Dela—y)r Y5y
= | Ric)=—5)f()dy

= [ Rik) = —)ay

Furthermore it follows from Lemma 2.7 (i) that
(RIUD@) = [81° { (R3¢ 1)fw—y)dy
= 111° [ (R @ w1112z

(i) By Lemma 2.5 (ii) and (iii) we have
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RUN@) = Ulr+9— 3 (DU )

= [t fOMy— 3 @) | Dei(s—3)3)dy

<i-1

— 2 (#"/v!) lim Dey(x—y)f(y)dy

1=t >0 Jlz—ylzeltl
= lim

>0 SI:-;IZ!MI (R ) (x—3)f(y)dy

(R ) (9)f(x—y)dy .

= limS
>0 Jlyl=ell

By Lemma 2.7 (i) we see that

(REPUDE) =lim 111 (RIa)(5/1E)f(z—p)dy

=tim [t | (RE) @ |2l 2)ds
Thus we obtain the lemma.

Corollary 2.9. (i) If a<l<a-+1, then (Rix,)(y) is integrable as a func-
tion of y and for all teR"

[ R )ty = 0.

(i) If 1is an odd number, then (Ri*'x;)(y) is integrable on {|y|=€} (6>0)
and for allt =R"

2.2) lim sz!(mﬂx,)(y)dy ~0.

>0

Proof. (i) We easily see that (Rix,)(y) is locally integrable for /<a-+1.
It follows from Corollary 2.2 (ii) that

|(Rix)(y)| =C | y|*~*"

for |y|=|2]/2. Hence for a<l<a+1, (Rix,)(y) is integrable with respect to
y. Next we shall show

[ ®eanay=o0.
Since
[ Ric) )y = 1217 | Rz

by Lemma 2.7 (i), it suffices to show
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| Ry = 0

for all |E|=1. Let |E|=1. We take a function f€9 such that f(0)=1.
By Lemma 2.8 (i) we have

(RO = 7 [ (REe)@f —ra)ds
Since I>a, it follows from Corollary 2.2 (i) that

RRUDO) o ().

On the other hand, since (Rix,)(2) is integrable we see that

[ R @f—ra)z > [ Rk = 0).
Hence we obtain

S (Rik,)(z)dz = 0.

(i) We easily see that (Ri*'«;)(y) is integrable on {|y|=&}. For (2.2) it
suffices to show

lim{|  (REe)9)dy =0

e>0 Jlyl2e

for |£]=1. We take a function f €9 which satisfies the condition f(x)=1 on
{|x]<1}. By Lemma 2.8 (ii) we have

REUHO =limr' | RE)E@f—ra)dz.
It follows from Corollary 2.2 (i) that

lim 1imSmg!(Rng,)(z)f(—rz)dz —0.

>0 &->0

We easily see that the left hand side is equal to

lim Shm(Ré“x,)(z)dz :

>0
Hence we obtain the required property.

Lemma 2.10. Let 8>a—n, B<<l—1, and moreover we assume that I>o—n
in case o—n is a nonnegative even number. Then
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- 1 S (Rixa)(¥")
1,%,8 — L) dz .
w0 0) | y|2+8=% Jiazuigt | 2|**R o
Proof. By Lemma 2.7 (ii) and the change of variables #/| y| =z, we have

worgy=| R g

itz1 || nte

_ S Ly 1" "(Ripyika)(¥") 3¢
1121 |[£]|"P

. S (Rix)(5")
[y|»+B=* Slzlzlllyl [z|*+8 az

ReMARK 2.11. Let

Mﬁ”’ﬁ(y) — S Mdi .

ltze ||+

Then

1

o Ried)(y'
peP(y) = = Ree)') g

Slznzi/m | z|"*P
Lemma 2.12. Let K,(x, y)=H§‘_, (D' o(x)[yV)y".  Then for |x|=|y| we
Yi=m
have K, (%, y)=K,(y, x).

Proof. Let |x|=|y|. We set F, (s)=x,(x+sy) for —1<s<l. We
easily see that F, (s)=F, ,(s). Hence (d"/ds")F, ,(0)=(d"/ds")F, ,(0). Since

(@%[ds")F, (0) = 25 (m![y)Dk(x)y"
we obtain the required property.

Lemma 2.13. Let B>a—n, B>1—1, and moreover we assume that
l<a—n in case a—n is a nonnegative even number. Then

; 1 (Ryrea)(@)
RoB()y = = oTap '
1 "N (y) [y[*+P=® Slvlélyl |o|*® 4

Proof. By Lemma 2.10 we have

1

1 ’
uhr(y) = |y|"+ﬁ~" (Rura)(y") du .

S;ulzmyl |u|*+®

Let a—n be not a nonnegative even number. By the inversion u=v/|v|% we
see that
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v [*"

1%, — 1 -
W)= Smsm loI” ( [o]

[y [
= 3 Dyl ) o]0 o

<

vy +

By Lemma 2.12 we have
2 (Do) )] o|* M"Y

IYI<i-1

-~

-

I
iM

0177 53 (Dey)i (el Io])"

-~
i
-

I

1% 53 (Dol Iy )y

0

-
I

1

3 3 O
=, 3 (Do)

vi<i-1

I

Further, since | [v|y'+(v/|7|)|=|v+y’| by an easy argument, we have

12,8 = .__1..__ p-a 1| ®-n__
B0 = i g 1210 1 2

I7<i-1
| Reoy,

- |y|*B=® Jwisiyt |o|®7#

D, ny
Zed) )y o

Next, let ¢—n be a nonnegative even number. By the inversion u=v/|v|?, we
see that

1

1,8,8 — ry 9
,‘L (y) lyl,ﬁ.p—m |7)'y +[7)|

19122 (8..4—1og

@ —n

+loglvl)

S lvl=lyl

loly'+—2-

X
o]

Dk (y") | “‘z""“”fv")dv .

wigi-1 gl

By Lemmas 2.12 and 2.6 we have
3 (Dl(y)rY)lv]*Emne?

vi=i-1

= 31 (D'e(0)fy!)(y)+loglel) 35 (D"Xu(0)r)(5)"-
<=1 v=i-1
Therefore, by Lemma 2.4 we obtain

1 - -
1,8,8( 1)) — p-o _ ’ r|@-n
B0 = i fyyy 19177 (Beslogloty Dioty|

Dk (V). 1y /| @-n DX (), ny
-, 5, oy oglon (lo+y 17— 53 P2 yy)ao

Iy <i-1 1YI<I-1

B m—lﬂ“ﬁ Slvlgl,. |21 (Rye,)(0)+(log |0 )Ry X, (0))do
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-1 (Ryrkeq) ()
|yl Slvlsm Tvl'—"rdv .

The proof of the lemma is completed.

Now we prove

Theorem 2.14. Let 1<g<oo. If I—1<a—(n/q)<i, then up"**cL?.
Moreover, when 1 is an odd number, p"**< LY still holds for I—1<a—(n/g)<<l+1.

Proof. In case 1<<q<<oo, the conclusion follows from Theorem 2.3 since
a>a—(n/q). Hence it is sufficient to show that if [—1<a <, then p"**e L},
and that if / is odd and /—1<a<I+1, then p"** L.

First let I—-1<a<</. By Lemma 2.13 and a>I—1, we see

1
lyl=1/2 ly l "

NS B (IO

Slylélh

Since a<l<a+1, by Lemma 2.13 and Corollary 2.9 (i) we have
10,0 _ 1 7
B0 0) = e ] (RRI@N

1 ik v
- WSI:DUI (Ryea)(o)do -

Hence by Corollary 2.2 (ii) we obtain

!.ul,a,o (y) |dy — Sl—;l—" | S (Rj,x,)(v)dvldy

S|y|>!/2 lol>1yl

1 Lot et ]
=C S|y|>llz [y]” S|nl>1yl Il dvdy

—_ ¢-I—nd
¢ Slyl>1/z |1 Yoo
since /I<a. Tnus p"**€L! for I-1<a<l.
Next let / be an odd number and I<a<l+1. Since a>I>I—1, we see

1,0, oo
{ By <

by the same reason as above. Since / is an odd number and I<a, for |y|=I
we have

S tols Iyl Dliefv)do = 0.

Hence by Lemma 2.13 we have
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1,0, __ 1 4 — 1 1+1
B0 =l b= s R ) @de

Furthermore, because of a<</+1<a-1 by Corollary 2.9 (i) we obtain

-1
[y]"

Therefore by Corollary 2.2 (ii) we have

() Slal>lyl (R wa)(2)do

|u"**(y)|dy gC’S ; Slo|>|y| [o]* " dody

Sum/z >z |y |*

— G—I—l—nd
CSIy|>l/2 |y| y<°°

since a<</--1.
Finally let / be an odd number and a=I. We easily see

S I9ls1/e (! (y) |dy<oo .

Since [ is an odd number, for |7y |=1[ we obtain

s D'e(v)dv =0, &>0.
e<lol=iyl

Hence by Lemma 2.13 and Corollary 2.9 (ii) we have

1,1,1 — 1 1
B = o R o
1

= T n lim (Rj;/-}llcl)(‘v)d'v
|y

>0 Se<|v|$|y|

- IyLl Shw (RLky)(0)do.

Therefore by Corollary 2.2 (ii) we obtain
1

1>z |y "

I“I'I"(y)ldyécs S|u|>ly| ol dvdy

slyl>l/2
=c| gy <o
Iy1>1/2 Iyl y<ee

The proof of the theorem is completed.

2.3. py"P-potentials
For a locally integrable function f we set
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Vhaal®) = | k™ ()fx—3)dy

Theorem 2.15. Let f be a nonnegative L?~function, B>o—(n[p) and B>
I-1. If a—(nlp)<i<a+], then V7 ,g(x)<<oco for almost every x. In parti-
cular, if a—(n/p)<l<a—(n[p)+1, then V] , g(x)<<oo for all x.

Proof. We have

dt

R! —)d
ez | g]"*P Sd(y.L-t)glillzl( #a)(9) | fl@—y)dy

Vhous®) = |

+{ fe—spay (R g

It1zLdly,o)<itle | E]|*TP

= Vl(x)+ Vz(x) .

It follows from Corollary 2.2 (ii), Holder’s inequality, a—(n/p)<</ and 8>a—
(n/p) that

dt S
itz |2 Jiyiziee

= LN @=1=mp’ gy Vo’
~Csmg1|t|ﬂ+ﬁdt(g |y VPN £l

I9lz1t1/2

viw=C| 171y f—y)dy

|£] %o

S dt<<oo .
iz |2]"*P

=ciifl, §
For V,(x) we see that

Viw={ fe—yay | Ira(y+0)] 4

lzL,dG,Lop<lelfz | E|*FP

|t I 71
1t121,d(y,L-)<Itl;2 I t I n+p

+¢, 30 (1D fe—s)ay §

=Vu(x)+Va(x) .

Let @¢—n be not a nonnegative even number. Since

|J"|‘t|u~” d C: B
————dt=C(1 ,
Smgl,a(y.z,_,)qn/z |g]|*+® =C+1yD

we obtain
Va@=SC [ (141 91)# flx—y)dy<oo

because of 8>a—(n/p). By B>I—1 we have
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171

<i-1

$|yl"‘”"”f(x~y)dy S 1™ 4

1t121,d(5,L_<ltlsz ||

IA

C 5 {Iy1mm (1131 Pr f—y)dy

IM=i-1

IA

c 1= iy 5 [ 17 ey

1<t -1 S|y|<l IvIsi-1

=V (%) + Viyo() .

It follows from B>a—(n[p) that V,,(x)<<co for all x. Moreover, by I—1<a
and Young’s inequality we obtain V,,(x)<<oo for almost every x. In particular,
if /I—1<a—(n/p), then by Holder’s inequality we have V,(x)<<oco for all x.
In case a—n is a nonnegative even number, the proof is similar. Therefore we
obtain the theorem.

3. Hypersingular integrals of Beppo Levi functions

* For an integer k<<a, we set

(RE k) (—y) , 0=k<a,

’Cu,le(x: y) = { x,(x—y) , kE<—1.

Further, for a locally integrable function f we set

ULa(0) = | e, )00

We denote by [r] the integral part of a real number r and by f |z the restric-
tion of a function f to a set E.

Lemma 3.1. ([1]) Let k=[a—(n/p)] and f€L?. If a—(n/p) is not a
nonnegative integer, then UL , exists, and if a—(n[p) is a nonnegative integer, then

UL, and UL, exist where fi=f |, fi=f—f, and B,={|x| <1}.

Lemma 3.2. Let k=[aa—(n[p)] and f = L*.
(i) If a—(n[p) is not a nonnegative integer, then for a—(n/p)<<l<a+1 we have

(RIULY® = | (Rl fx—y)dy
(i) If a—(n/p) is a nonnegative integer, then for a—(n[p)<<l<a-1 we have
(RUU L+ UL = | (Rik))f(e—3)dy

where f, and f, are as in Lemma 3.1.

Proof. By /—1<a, !>a—(n/p) and Lemma 2.4 we have
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(RIVLYE) = Ulaa+)— 3 (DL
—  (eatt—3)— 2 (0 BOD e =)y
— 31 (@01 [ (rle—3)— 3, (80D e~ (2)dy
— (et t—9— 33 @r)DUee—3)(9)dy
- 3 [(@rod— 53 @)D ED () )y
= [ R 0)dy— 3, | RUBND el —)f(3)dy
= [ Rk I=—)y

Since the proof of (ii) is similar, we obtain the lemma.

Remark 3.3. Let feL?. Then for a—(n/p)<l<a-+1 we have

(IR =) 1y <o
for almost evrey x. In particular, if a—(n/p)<I<a—(n/p)+1, then
IR dy< o

for all x.

For a positive integer / and >0, we set

. _ (Riu)(x)
HPu(x) = Smg.m—wdt’ £>0.

Recall that in Remark 2.11 we defined p'** as

ph®B(y) = szg(th’T)‘f(g) dt .

Proposition 3.4. Let a—(nfp)<Il<a+1, B>a—(nlp), B>1—1, k=
[e—(n/p)] and f = L*.
(1) If a—(n[p) is not a nonnegative integer, then

HPULy(3) = [ w0 —)dy

(ii) If a—(n/p) is a nonnegative integer, then
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HXU Lyt UZ)@) = | s 0)fx—)dy
Proof. (i) By Lemma 3.2, Theorem 2.15 and Fibini’s theorem we have

(RIUL)(%)

HPUL (%) = S r[eee 4t

ltl2e

= A (R0 —ny

lelze |t |"FP

- Sf(x—y)dy Sm;e (Ifili:)*(g) a

= [ e a—y)ay

The proof of (ii) is similar. Hence the proposition is proved.

Lemma 3.5. Let 8>a—n, B>1—1, and moreover we assume that 1>o0—n
in case a—n is a nonnegative even number. Then

1 p
i) = i),

Proof. This lemma follows from Remark 2.11.

Let R; (j=1, -+, n) be the Riesz transforms, namely

Rif(s) =time, | BV 3y

0 lz-ylze |x—y|**!
with ¢,=T((n+1)/2)z~®*D2 for feL?. For a multi-index y=(v,, ***, V,) We set
R = RY; ese RZ» .

For a positive integer m and p>>1, the Beppo Levi space L} is defined as fol-
lows:

Lo = WED'; lulny= 3 1D, < oo}

Lemma 3.6. ([1]) Let k=[m—(n/p)] and uc L.
(i) If m—(n[p) is not a nonnegative integer, then u can be represented as

u(x) = S ap®+ Ul a(x)
18l1sm-1
where f=c, 4 >3 (m!/y")\R'D"u and c,, , is the constant.
=m
(i) If m—(n/p) is a nonnegative integer, then u can be represented as

u(x) =|815}»;""—1 agx®+ U Lo 1(%)+ U (%)
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where fi=f | p,, f=f—/f, and f is as in (i).

Theorem 3.7. Let uc_[%,.
() If n<g<oo, p=gq, B>m—(n/q) and (1/r)=(1/p)—(1/q), then

[HPull,<CemB-"D |y, , .
(i) If B=m, then
|HPull,<CE™Plul,,, .

Proof. Let m—(n/p) be not a nonnegative integer. By Lemma 3.6 (i) we
have

u(x) = Is!§_1a3x7+ Ul a(x) .

By Lemma 2.4 we 'see that H?.Pu=H™PU} ,. Therefore by Proposition 3.4
we obtain

HEPu(@) = | wrm(y)fe—y)dy
Hence by Young’s inequality we have

HH P ull, < pe" Pl f1l, -

Consequently, (i) and (ii) follows from Theorems 2.3, 2.14, Lemma 3.5 and
IfI,=C|%|m, In case m—(n/p)is a nonnegative integer, the proof is similar.
Thus we obtain the theorem.
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