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Introduction

For a closed 3-manifold M, it is very interesting to study the relation between
a Heegaard surface of M and an embedded surface in M. For this purpose W.
Haken has shown in [2] that if a closed 3-manifold M is not irreducible, then
there is an essential 2-sphere in M which intersects a fixed Heegaard surface of
M in a single circle, and W. Jaco has given in [4] an alternative proof of it. M.
Ochiai has shown in [8] that if a closed 3-manifold M contains a 2-sided pro-
jective plane, then there is a 2-sided projective plane in M which intersects a
fixed Heegaard surface of M in a single circle, and moreover he has shown in
[9] that if a closed 3-manifold M with a Heegaard splitting of genus two contains
a 2-sided projective plane, then M is homeomorphic to P2χS1. Succesively
T. Kobayashi has shown in [5] that if a closed 3-manifold M with a Heegaard
splitting of genus two contains a 2-sided non-separating incompressible torus,
then there is a 2-sided non-separating incompressible torus in M which intersects
a fixed Heegaard surface in a single circle. In this paper we will show a similar
result for a Klein bottle.

Theorem 1. Let M be a closed connected orίentable 3-manifold with a

fixed Heegaard splitting (Vv V2\ F) of genus two. If M contains a Klein bottle,

then there is a Klein bottle in M which intersects F in a single circle.

By the way it is well known that a closed orientable 3-manifold M with a
Heegaard splitting of genus one contains a Klein bottle if and only if M is homeo-
morphic to L(4w, 2n-\-\) for some non-negative integer n (c.f. [1]). Using
Theorem 1 we will give a necessary and sufficient condition for a closed orientable
3-manifold with a Heegaard splitting of genus two to contain a Klein bottle.
Namely we will give three families of closed orientable 3-manifolds, and we
will show that a closed orientable 3-manifold M with a Heegaard splitting of
genus two contains a Klein bottle if and only if M belongs to one of the three
families (Theorem 2).

I would like to express my gratitude to Prof. F. Hosokawa and Prof. S.
Suzuki and the members of KOOK seminar for their helpful suggestions.
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0. Preliminaries

Throughout this paper, we will work in the piecewice linear category. Sn

and Pn means the //-sphere and the real π-dimensional projective space respac-
tively. I means the unit interval [0, 1], C7( ), Int( ) and 8( ) mean the
closure, the interior and the boundary respectively. A handlebody of genus n
is defined by disk sum of w-copies of S1 X D2 where D2 is a 2-disk, and we call a
handlebody of genus one a solid torus. A Heegaard splitting of genus n of a
closed orientable 3-manifold M is a pair (Vu V2\ F), where V{ is a handlebody of
genus n ( ί = l , 2) and M= V^ V2 and Vxr\ V2=dV1=dV2=F. Then F is called
a Heegaard surface of M. According to J. Hempel [3] we call a closed orientable
3-manifold with a Heegaard splitting of genus one a lens space. A properly
embedded surface F in a 3-manifold M is essential if F is incompressible in M
and is not boundary parallel. A$B and A^B mean the connected sum of A
and B and that A is homeomorphic to B respectively. Furthermore for the
definitions of standard terms in three dimensional topology and knot theory, we
refer to [3], [4] and [9]. For the definition of a hierarchy for a 2-manifold and
an isotopy of type A, we refer to [4].

1. Proof of Theorem 1

Lemma 1.1. If a compact orientable 3 -manifold M contains a compressible
Klein bottle in IntM, then M^S'xS1 # M' or M^P3 %P3$M' for some com-
pact orientable 3-manifold M'.

Proof. Let K be a compressible Klein bottle in IntM> then there is a 2-
disk D in IntM such that Dr\K=dD and dD is a 2-sided essential simple loop
in K. And so there is an embedding DxIC IntM such that ΰ x {1/2} =D and
(DχI)r\K=(dDχI)r\K=dDxI. By W. Lickorish [7] there are following
two cases.

Case 1: dD cuts K into an annulus. Then (K—dDX I) v(DX {0, ί})=S
is a non-separating 2-sphere in M, so M^S2X S1 # M\ because K is one-sided
in M.

Case 2: dD cuts K into two Mϋbius bands. Then {K—dDxI)"J{Dχ
{0, \})—P^Pι is a disjoint union of two one-sided projective planes in M, so

Proof of Theorem 1.

Let M be a closed orientable 3-manifold with a Heegaard splitting (Vu

V2; F) of genus two. If M contains a compressible Klein bottle, then by Lemma
1.1 M^S2χSι$L where L is a lens space or M^P3#P3. In the both cases
it is clear that M contains a Klein bottle which intersects either Vx or V2 in a non-
separating disk. Hence we may assume that M is neither homeomorphic to
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S2X S1 # L nor to P 3 # P 3. Therefore any Klein bottle in M is incompressible.
For any Klein bottle in M by thinning Vx enough we may assume that the Klein
bottle intersects Vx in disks. Let K be a Klein bottle in M such that among all
Klein bottles in M which intersects Vλ in disks the number of the components of
Kr\Vι is minimal, and put Ki=ViΓ\K (i— 1, 2). We may assume that K2 is
incompressible in V2 because K is incompressible in M. Then as in W. Jaco
[4] we have a hierarchy (K\, tfi), (K2, a2), •••, (K2y an) for Kl=K2 which gives
rise to a sequence of isotopies in M where the ί-th isotopy is an isotopy of type
A at cii (i=ί, 2, •••, ή). In addition we may suppose that aiί\aj=φ (iΦj), so
we assume that each α, is a properly embedded essential arc in K2.

By W. Lickorish [7], each a{ is one of the following five types. We say
that cίi is of type I if α t meets two distinct components of dK2y a{ is of type II
if a.i meets only one compoent of dK2 and a{ cuts K2 into a planar surface and
Klein bottle with hole(s), a{ is of type III if a{ meets only one component of dK2

and a{ cuts K2 into an annulus (with holes), a{ is of type IV if a{ meets only one
component of dK2 and a{ cuts K2 into two Mϋbius bands (with holes), α t is of
type V if a{ meets only one component of 9X2 and a{ cuts K2 into a Mϋbius
band (with holes). (Fig. 1.1)

type II

type I
type IV

type V

type III

Fig. 1.1

In particular we say that a{ is a J-arc if as is of type I and there is a compo-
nent C of dK2 such that aiΓ\C3=φ and a} r\ C= φ for all j<i. Put K1=D1 ^D2

V...VD, where D{ is a disk and C~dDiy so 8ΛΓ 2=9X 1=C 1^C 2^ ^ C r .
Before the proof of Theorem 1 we show some lemmas.

Lemma 1.2. Any a{ is not a d-arc.

Proof. If some a{ is a d-arc, then by using the argument of the inverse
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operation of an isotopy of type A defined in M. Ochiai [9] we can show that there
is a Klein bottle K' in M such that each component of Kr Γ\ Vλ is a disk and the
number of the components of K'r\Vλ is less that that of Kr\Vλ. This is a
contradiction.

Lemma 1.3. Any a{ is not of type II.

Proof. If some a{ is of type II, then by the definition of type II there is an
arc β in dK2 such that βΓ\ai=dβ=dai and β u α , bounds a planar surface P in
K2. Since each ctj is an essential arc in K2y some α ; in P is a J-arc. Hence
the conclusion follows from Lemma 1.2.

Lemma 1.4. If some a{ which is of type V meets Cjy then Dj is a non-

separating disk in Vι.

Proof. By performing an isotopy of type A at aiy we obtain a Mϋbius band
in V\. Since Vλ is orientable a Mϋbius band in VΊ is one-sided, and so Dj is
non-separating.

Lemma 1.5. aλ is of type III, IV or V. Moreover we may suppose without
loss of generality that aλ meets Cλ) and Dλ is a non-separating disk in VΊ.

Proof. By lemma 1.2 and lemma 1.3 ax is of type III, IV or V. Suppose
that (Xι meets CΊ. If aλ is of type V then by Lemma 1.4 Dx is a non-separating
disk in Vλ. So we suppose that aλ is of type III or IV and Dγ is a separating
disk in Vλ. Let Ax be an annulus in Vλ obtained by performing an isotopy of
type A at ax and K' be the image of K after the isotopy. Then K'r\ V1=Ai

XJD2
w ^Dr and there is an annulus A' in dVλ such that Kfr\Af=A1r\Af=dA1=
3A'. Let K'^iK'-A^A', then K" is a Klein bottle in M and by pushing
A' into V2 we obtain a Klein bottle K from K" such that each component of
Kr\ Vλ is a disk and the number of the components of Rr\ Vx is less than that of
Kr\ V\. This is a contradiction. Therefore Dλ is a non-separating disk in V\.

Now by Lemma 1.2 and Lemma 1.3 a2 is of type III, IV or V.
Case 1: aλ is of type III or IV.
At first let a2 be of type III or IV. If a2 also meets CΊ, then there are two

arcs βly β2 in CΊ such that d(β1\jβ2)=d(a1

KJa2) and (β^a^(β2

yja2) bounds
a planar surface in K2y so there is a rf-arc α, for some ; > 3 . Therefore, by
Lemma 1.2, a2 meets only C2. Let K1 be the image of K after an isotopy of
type A at aλ and K2 be the image of K1 after an isotopy of type A at a2. Then
K2Γ\Vι=A1

KJA2

KJD3

KJ"'XJDn where A{ is an essential annulus properly
embedded in Vι (i=l, 2). By cutting F3 along a disk D parallel to D2 missing

we obtain a solid torus V containing A^' A2. (Fig. 1. 2).
So we obtain an annulus A' in dV missing the image of Z), so in dVly such
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Fig. 1.2

that A{r\A'=a component of dA~a component of dAf (i=ly 2) and K2r\
A'=dAr. By cutting K along A' and pasting A' to the boundaries of the
suitable comρonent(s), we obtain a Klein bottle K' such that K'r\ V1=A//KJ Dn

w

••• ^Dip (p<r—2) where A!' is an annulus and {Div •••, Dip} is a subset of {Z>3>
•••, Z)r}. In the case that A" is boundary parallel, then by pushing A" into V2

we obtain a Klein bottle which intersects Vι in jp disks. In the case that A" is
essential, then by performing an isotopy of type A we obtain a Klein bottle
which intersects V1 i n ^ + 1 disks. This is a contradiction. Therefore a2 must
be of type V. By Lemma 1.4 and Lemma 1.5 a2 must meet C1 and r = l . This
completes the proof of Case 1.

Case 2: ccx is of type V.
At first let α2 be of type III or IV. If a2 also meets CΊ and a2 is of type III,

then a.y a2 cuts Cl{K—D^) into a disk, and so r=\ by Lemma 1.2. If a2 also
meets C3 and a2 is of type IV, then by Lemma 1.2 a2 is an inessential arc in K\
where K\ is a surface obtained by cutting K2=Kr\V2 along αx. This is a
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Fig. 1.3

contradiction. Therefore a2 meets only C2 and is of type IV. Let Ax be a
Mϋbius band obtained by an isotopy of type A at alf and A2 be an annulus
obtained by an isotopy of type A at a2. If there is a properly embedded 2-disk
D in V1 such that D cuts Vx into two solid tori Tx and T2 and A{ is properly
embedded in T{ ( ί = l , 2). (Fig 1.3)

Then by the argument of Lemma 1.5 we obtain a Klein bottle K' such that
each component of K' Γ\VX is a disk and the number of the components of
K'r\Vx is less than that of Kr\ Vv This is a contradiction. Hence there is a
non-separating 2-disk D properly embedded in Vx with Dr\A~φ (i—l, 2).
(Fig. 1.4)

Let T be a solid torus obtained by cutting V1 along D. Since dAx and
&42 are mutually parallel simple loops in 3Γ, there is an annulus A' in d2T
missing the image of Z), so in dVυ such that Aίr\Ar=dA1=a component of
dAf and A2Γ\A'=a component of ΘA2=a component of dA'. By cutting K
along dA' and pasting A' to the boundaries of the suitable components we obtain
a Klein bottle Kf such that K'^V^S^Dn^...\JDip (p<r-2) where 5 is a
Mϋbius band and {Diυ , Dip} is a subset of {D3y •••,£>„}. Then by performing
an isotopy of type A we obtain a Klein bottle which intersects V1 in p+l disks.
This is a contradiction.

Secondly let a2 be of type V. If a2 also meets C1 then we have the following

two cases.
Case (a): Each component of C1—da1 contains one point of da2.
Case (b): da2 is contained in a component of Cx—dav

If Case (a) holds, then by Lemma 1.2 a2 is an inessential arc in K\ where K\
is a surface obtained by cutting K\=Kr\ V2 along av This is a contradiction.
If Case (b) holds, then a.y a2 cuts Cl{K—D^) into a disk, so r = l by Lemma 1.2.

If a2 meets only C2, then ar3 meets Cly C2 or C3. If a3 meets only C3, then
a3 must be of type IV. By a similar argument of the first case of Case 2, we get
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Fig. 1.4

a contradiction. If a3 meets either only Cx or only C2y then a3 is an inessential
arc in K\. Hence a3 is of type I and meets both Cx and C2. Let K' be the
image of K after a sequence of isotopies of type A at aly at a2 and at a3. Then
K' A V2 is a single disk. This completes the proof.

2. Statement and proof of Theorem 2

Let K be a Klein bottle and KI be the (orientable) twisted /-bundle over K.
Then KI admits two Seifert fibrations 2^, <32 where the orbit manifold of 3X is a
disk with two exceptional points of each index 2, and the orbit manifold of £?2 is
a Mϋbius band without exceptional points, (see Ch. VI of W. Jaco [4]). Let a
be a fiber of 3ι in dKI and β be a fiber of ΞF2 in 3JKT. In the following we give
three families of closed orientable 3-manifolds containing a Klein bottle.

C(l): Let M(k) be a two bridge knot exterior in S3 where k is a two bridge
knot (possibly trivial) (c.f. Ch.4 of D. Rolfsen [10]). Let μly μ2 be two disjoint
meridians of k in dM(k) and ~μly JJ^ be two disjoint simple loops in IntM(k)
obtained by pushing μx and μ2 into IntM(k). Let Mι be a 3-manifold obtained
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from M(k) by performing arbitrary Dehn surgeries on M(k) along ηzx and jz2.
Then C(l) is the family which consists of all 3-manifolds obtained from Mί and
KI by identifying dKI with dM1 by a homeomorphism which takes β to μv

C(2): Let M(k)> μ1 and 7^ be a two bridge knot exterior, a meridian of & in
dM(k) and a simple loop in IntM(k) as in C(l) respectively. Let M2 be a 3-
manifold obtained from M(k) by performing an arbitrary Dehn surgery on
M(k) along ~μγ. Then C(2) is the family which consists of all 3-manifolds obtained
from M2 and KI by identifying dKI with dM2 by a homeomorphism which
takes a to μv

C(3): Let L = F 1

U F 2 be a lens space where V{ is a solid torus (i=l, 2)
and F^A V2=dV1=dV2. Let L(&) be a one bridge knot exterior in L (i.e. k is a
simple loop in L and for ί = l , 2 (F,-, F, A&) is homeomorphic to (Axl, {p} xl)
as pairs where 4̂ is an annulus and ̂ > is a point in IntA). Let μ, be a meridian
of Λ in dL(k). Then C(3) is the family which consists of all 3-manifolds obtained
from L{k) and KI by identifying dKI with dL(k) by a homeomorphism which
takes a to μ.

Theorem 2. Lβί M be a closed connected orient able 3 -manifold with a

Heegaard splitting of genus two. Then M contains a Klein bottle if and only if M

belongs to one of C(l), C(2) or C(3).

For the proof of Theorem 2 we prepare the following two Lemmas.

Lemma 2.1 (Lemma 3.2 of T. Kobayashi [6]). Let V be a handlebody of
genus two and A be a non-separating essential annulus properly embedded in V.

Then A cuts V into a handlebody V of genus two and there is a complete system

of meridian disks {Dv D2} of V such that Ώλr\A is an essential arc of A, (Fig. 2.1)

Fig. 2.1

Lemma 2.2. Let S be a Mϋbius band properly embedded in a handlebody

V of genus n. Then there is a 2-disk D properly embedded in V which cuts V into

Vλ and V2 where V1 is a solid torus and V2 is a handlebody of genus n—ί and S is
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properly embedded in Vv

Proof. Since Mϋbius band can not be properly embedded in a 3-ball, by
using a complete system of meridian disks in F, we can find a non-separating
disk Dλ properly embedded in V such that D^SΦφ and there is a component
a of Dλr\S which is an essential arc in S and is innermost in Dv Therefore
there is a 2-disk D2 in Dx such that dDxr\D2=β is an arc and aΓ\β=da=dβ
and aKJβ = dD2. Then there is a proper embedding D2χlCV such that
D2x{ll2}=D2 and (D2xI)r\S=axL Let D3=(S~(aχI))^(D2x{0})^
(Dx{l}) Since S is one-sided in V, D3 is a non-separating disk properly
embedded in V. (Fig. 2.2)

Fig. 2.2

Let S1=D3

KJ(βX/), then Sλ is a Mϋbius band and S is obtained by pushing
Sτ slightly into IntV. Let N be a regular neighborhood of S1 in F, then N is
a solid torus and S may be supposed to be properly embedded in N. Therefore
D=Cl(dN—dV) is the 2-disk satisfying the conditions of this Lemma.

Proof of Theorem 2.
Let (Vl9 V2; F) be a Heegaard splitting of genus two of M. If M contains

a compressible Klein bottle, then by Lemma 1.1 M^S2χSι#L where L is a
lens space or M^P3 % Pz If M^S2 X S1 # L, then M belongs to C(3) because
S2X Sι is obtained from i£/ and a solid torus by identifying their boundaries by
some homeomorphism. If M^P3 # P3, then M belongs to C(2) by the same
reason as above. If M contains an incompressible Klein bottle, then by Theorem
1 we can suppose without loss of generality that there exists a Klein bottle K
in M which intersects Vx in a non-separating disk. For i = l , 2 put Ki=Kr\ V{

then Kλ is a non-separating disk in Vx and K2 is a Klein bottle with one hole in
V2. Let a be an essential arc in K2 which gives rise to an isotopy of type A at a
and K be the image of K after an isotopy of type A at a and put K~Kr\ V{

(1=1, 2). Then we have the following three cases.
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Case (1): a is of type III. For /—I, 2 K{ is a non-separating essential

annulus in V{. So by using a similar argument of §4 of T. Kobayashi [5] and

noting Lemma 2.1, we can show that M belongs to C(l).

Case (2): a is of type IV. Kλ is a non-separating essential annulus in Vx

and K2 is a disjoint union of two Mόbius bands in F"2. So by using a similar

argument of §4 of T. Kobayashi [5] and noting Lemma 2.1 and Lemma 2.2, we

can show that M belongs to C(2).

Case (3): a is of type V. For ί = l , 2 K{ is a Mϋbius band in F, . So by

using a similar argument of §4 of T. Kobayashi [5] and noting Lemma 2.2, we

can show that M belongs to C(3).

Conversely if M belongs to one of C(l), C(2) or 0(3), then by tracing back

the above procedure it is easy to see that M has a Heegaard splitting of genus

two and contains a Klein bottle. This completes the proof.

REMARKS.

(1) In the case that M is irreducible and has a non-trivial torus decom-

position and has a Heegaard splitting of genus two, then M is completely

characterized by T. Kobayashi [6].

(2) In the case that M is connected sum of two lens spaces L1 and L2 and

contains a Klein bottle, then it is easily checked that either Lλ or L2 is homeo-

morphic to L(4n, 2n-\-\) for some non-negative integer n or both Lλ and L2

are homeomorphic to P 3.
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