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Introduction

Let M and B be C~ Riemannian manifolds. By a Riemannian submersion
we mean a C™ mapping z: M— B such that  is of maximal rank and 7 preserves
the lengths of horizontal vectors, i.e., vectors orthogonal to the fibre 7 '(x) for
x&EB.

In his paper [7] Richard H. Escobales, JR dealt with the problem of clas-
sifying (upto equivalence) the Riemannian submersions of standard spheres
S"(1) of unit radius in the Euclidean space R**! onto various Riemannian mani-
folds B under the assumption that the fibres are comnected and totally geodesic.
He proved (Theorem 3.5 [7]) that as a fibre bundle, the Riemannian submersion
z: 8"— B is one of the following types:

a) S!..> S
y
CP" n>2
b) S3 eus Gint3
¥
HP" forn>2

) Stes 193
S(3)
d) 82> 87
!
S4(2)
e) S7...> 8%
y
S%(%)

Further in cases (a) and (b), B is isometric to complex and quaternionic projective
space respectively of sectional curvature K* with 1<K*<4. In cases (c), (d),
(e), B is isometric to a sphere of curvature 4 as indicated in the diagram.

He also proved uniqueness in the cases (a), (b), and (c) but left the cases (d)
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and (e) unsettled.

The aim of this note is to prove uniqueness in all the cases. In fact we
will give an intrinsic proof which will cover all the cases simultaneously. We
will also classify base manifolds without using Berger’s pinching theorem (see
[4] as done in [7]). That is to say that we shall directly check that the base
manifold is locally Riemannian symmetric, simply connected and compact of
rank 1 and then use our method again to exclude the Cayley projective plane Ca
(P*)~F,/Spin (9) This way we will also avoid using Adam’s result [1].

The paper is organized as follows:

In §1 we collect some general results on Riemannian submersions which are
more or less well known in some form or other. In §2 we quote the crucial
theorem of Escobales (Theorem 2.2 [7]) concerning equivalence of the Rieman-
nian submersions with totally geodesic fibres and also another theorem which
gives a criterion for a z7'(S)S M to be totally geodesic where SCB is a sub-
manifold. This result is proved in [8] (Theorem 2.5). In §3 we classify the
possible base manifolds B. In §4 we prove the uniqueness and finally in §5, the
nonexistence of any Riemannian submersion of S"(1)— Ca(p?).

Acknowledgements. Thanks are due to Madhav V. Nori for some useful
discussions which I had with him and for some basic informations he gave to me
about Clifford algebras and their representations.

1. In this section we collect some general results on Riemannian sub-
mersions which we shall use later. We will use the notations mainly used by
O’Niell in his fundamental paper [12] on Riemannian submersions. The only
difference is that we use lower case letters to denote tangent vectors at a fixed
point and the corresponding Roman capitals to denote their appropriate ex-
tensions to vector fields in a neighbourhood. Any Levi-Civita connection will
be denoted by V.

For a Riemannian submersion z: M — B, we denote by V the vector sub-
bundle of T'M consisting of vectors tangential to the fibres and call it “‘the vertical
bundle”. Similarly, its orthogonal complement is denoted H and called ‘the
horizontal distribution”.

Following O’Niell we also define tensors 7" and A4 associated to = and defined
on M. For arbitrary vector fields E, F in M, put

TF = H(VaE)V (F))+V (V&) H(F))

where CV(E), JI(E) etc. denote the vertical and horizontal components respectively
of E etc.
We also put

AF = H(VHEYV(F))+V(VE)I(F))
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T and A satisfy following properties as proved in [12].
(1) Tg and A are skew symmetric endomorphisms of 7'M which inter-
change horizontal and vertical distributions.
(2) Te=TcyE) while 4y=A9(E)
(3) For U, V vertical, Ty V is symmetric namely T,;V=T,U. On the
other hand for X, Y horizontal, 4,Y is skew symmetric i.e. 4yY=
—AyX.

DErFINITION. A vector field X on M is called basic if

(i) X is horizontal

(ii) For p, g€ M with n(p)=n(q), we have my,(X)=my,(X). Thus we
get a vector field X, on B such that X is z-related to X.

Lemma 1.1 (O’Niell [12]). For X, Y basic fields on M, the following

are true:
() <X, V>=(Xy, Vydor
(i) JU[X, Y]) is basic and nrelated to [ X, V4]
(i) JH(VxY) is basic and m-related to V(Y 4)
and (iv) For V vertical, [X, V] is vertical.

Lemma 1.2 (Escobales [7], O’Niell [12]). Let X, Y be horizontal fields
and V, W be vertical. Then each of the following holds:

() AxY =X, ¥)

(i) VW= T,W+V(V, W)
(i) (a) VyX = JH(VyX)+T X

(b) If X is basic, H(VyX) = AxV
(iv) ViV = A V+(V, V)

ViY = H(VY)+A4,Y

Since H and V are subbundles of TM, they are equipped with canonical
connections coming from TM. We denote these connections by V* and V’
respectively. i.e. V&EX=4(V;X) for X horizontal and E any arbitrary vector
field on M

Likewise ViV = CY(VeV)

Both of these connections are Riemannian.

On the other hand H can also be viewed as the pull back bundle = (TRB)
and it can be furnished with the pull back connection coming from below. We
will denote the pull back connection by V*.

We then have the following lemma:



246 A. RanjaN

Lemma 1.3. For E an arbitrary vector field and X horizontal
ViEX—VEX = A, QV(E) .

Proof. Let pM and z(p)=beB. Let U be an open set around & and
{S’} an orthonormal framing of the tangent bundle TB|,. Let (%) be the con-
nection matrix of one-forms

ie. VS =316iS'on U.

Let {S’} denote the corresponding basic framing of H|,-1p. Then the con-
nection matrix for V* is (z*6%), i.e. V*S§'=31 z*(0})S’. Hence if V is a vertical
7

vector field defined on z~'(U)
then vESi=0

On the other hand V4S8'=4(V,S")=AzV by Lemma 1.2 (iii) (b).
Therefore, vESi—vES = AV Vi.

Since the left hand side of the above equation is tensorial (being the difference
to two connections) S’ can be replaced by an arbitrary section X of H. Hence
for a vertical field V" and a horizontal field X,

Vi X—ViX = A,V .
Secondly, if y is a horizontal vector at p, then

VS = 3 0;(m49) S
and vis = H(v,S)
Extending y to a basic field Y we get

V%S = J(VyS) = basic field z-related to V,,,S’
= basic field z-related to 33 0j(4 Y)S’
= 310} V)S
= VS
or VS —viS§i=0

Again, the lefthand side being tensorial, the basic field Y can be replaced by an
arbitrary horizontal field Y and equality will still hold.
In short we can write

VEX—VEX = A, V(E)

This proves the lemma.
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Corollary 1.1 (O’Niell [13]). Let v: J—B be a geodesic in B where [
is an open interval around 0 in R. Let v(0)=b and pcz~'(b) be an arbitrary
point in the fibre above b. If ¥ is the horizontal lift of v passing through p, then
¥ is also a geodesic in M.

Proof. By definition of horizontal lifts, ¥'(¢) is horizontal for every t& J.
Now V¥ (t) = HA(Vy¥ (1)) +V(Vin¥'(t))
4 ~7 ~ 1
= V¥ @O)+A507' ()
* o~y
= Viw¥'(t)+0
= Horizontal lift of Vy,7'(t)
=0

Hence 4 is a geodesic.

Corollary 1.2 (Hermann [11], O’Niell [13]). If v is a geodesic in M which
is horizontal at a point, then v is horizontal throughout and moY is a geodesic
in B.

Proof. Let v(0)=p be the point where 7 is given to be horizontal. Put
7'(0)=x. Let n(p)=b, my,(¥)=x4 and 7 be the geodesic in B such that
7(0)=>b and 7'(0)=u1.

Let # be the horizontal lift of 7 passing through p. By above corollary,
¥ is a geodesic satisfying

F0)=p and #'(0)=x.
Hence #=7 i.e. 7 is horizontal everywhere and zoy=nof=r is a geodesic
below.

We finish this section by collecting together the five basic equations of
submersions derived by O’Niell in [12]. His curvature differs from ours by a
sign. We denote by R the curvature tensor of M, by R that of fibres and by R*
that of B. The horizontal lift of R* to M will also be denoted R*.

Let U, V, W, F be vertical vector fields and X, Y, Z, H be horizontal.
Then the equations of submersions are

{0} <Ry W, F> = —<Ryy W, F)—<TyW, TyF)+<LTyW, TyF,
{1} _'<RUVI/I/) Y= <(VVT)UW$ X>—<(VUT)VW: X>
{2} =Ry Y, W) =L(VxT)y W, YO+L(VyA)r Y, W)—<TvX, Ty Y)
+<A4xV, 4, W)
{3} —<RXYZ’ V> = <(VZA)X Y, VO+<4xY, TvZ)
—AyZ, TyX>—<KA4,X, Ty Y
{4‘} _—<RXYZ) H> = —<R§,YZ, H>—2<Ax Y’ AzH>
+LA4yZ, AxH>+<A4.X, A H)
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Equation {4} also gives us the sectional curvatures of B in terms of sectional
curvatures of M and the tensor 4 namely

K(x, y) = K*(x, y)—3|A4,y|* for two
orthonormal horizontal vectors x and y.
Proof. See O’Niell [12].

2. In this section we will state two theorems proved by Escobales which
we will use in the sequel and also rewrite O’Niell’s equations in the case of
T=0. In fact from this section onwards we will exclusively deal with Rieman-
nian submersions with totally geodesic fibres henceforth simply referred to as
Riemannian submersions.

The equations of Riemannian submersions in the case T'=0 become

{a} <RyyW, F)> = <RyvW, F>

{b} <RyW,X>=0

{c} =Ry Y, W) =L(VvA)Y, WO+LAxV, AW

{d} —<RZ, V> =L(VA4):Y, V>

{e} <RyyZ, H> =<R¥vZ, H>+2{A,Y, A,H>—<AyZ, AxH)
—A4.X, A H>

Next we state the key result of Escobales which gives a criterion for equivalence
of two Riemannian submersions with totally geodesic fibres.

Theorem 2.1 (Theorem 2.2 [7]). Let =;(i=1, 2) be Riemannian submersions
from a connected complete Riemannian manifold M onto another Riemannian mani-
fold B. Assume that the fibres of = are connected and totally geodesic in M.
Suppose @ is an isometry of M which satisfies the following two properties at a
given point pE M.

(1) @x,: T,M—ToyM maps H,, onto H,y, where H; denotes the horizontal

distribution of ;.

(2) For e, fET,M, @y(A1f)=Aspuie)(Pxf) where A; is integrability tensor

of ;. Then @ induces an isometry P of B so that r, and m, become
equivalent.

Proof. See [7]
Finally in this section we state the following:

Theorem 2.2 (Theorem 2.5 [8]). Let z: M—B a Riemannian submersion
with totally geodesic fibres. Assume P is a totally geodesic submanifold of B.
Then z~'(P) is totally geodesic provided 4, X=0 whenever X is horizontal and
tangent to z~(P) and Y is normal to =~ '(P).
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Proof. See [8]

3. In this section we determine the possibilities for B when M is of con-
stant sectional curvature and prove that B is necessarily locally symmetric of
rank 1.

First we derive two equations from the fundamental equation {d} cf. §2.

Lemma 3.1. (1) <V((V.4),(z)) = —V(R, (x))
(2) A (V:A),(2)) = H(R:.(»))

Here as usual x, y, = are horizontal vectors at a point pEM and v is vertical at p.

Proof. (1) It is just the equation {d}.
(2) Let 2 be horizontal at p. Extend «, y, 2 to basic fields X, Y,
Z such that H{(V,X)=0 etc. for every horizontal vector e at p.
(This means that the corresponding fields Xy, Ty, Z4 on B
are covariant constant at z(p)). Also extend v to a vertical
V covariant constant at z(P) as a section of V ie. ViV=
YVV)=0VfeT,M. Now eqn {d} is

—Ry X, VD = (VxA)Z, V>
or restricting our attention at point p

_—<Rx,1)y’ 2‘> = <Vx(AYZ)_AV,Y(z)_Ay(VzZ)y 'Z)>
= {V(4yZ), v>—0(since (J(V,Y) = 0 = J(V,Z))

= {VUAyZ), v>
= x{AyZ, V>—<{A,z, VAV
= —x{Z, A, V>—0

= —V'Z, Ap>—<z, VH(A, V)
= 0—<z, V(4yV)) (since 2 is horizontal)
= —<7, (VSA);'(”)—["'AV:Y(‘U)+Ay(VxV)>
= —&, (V.4),(v)>+0+0

(since H(V.,Y) = 0= Y (V.]V))

Thus we get
H(V.A4),(v)) = H(R, (y)) which is equation (2).
Corollary. If M is of constant sectional curvature
V((V.A),(2)) =0 (3.1)
J((V:A),(v)) =0 (3.2)
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Proof. Use R, ,z2=c(<y, 2>x—<{x, 2>y) ¢ a constant for any x, y, & T ,M.

Theorem 3.1. If M=S"(1) and =: M —B has fibres connected and totally
geodesic, then B is necessarily compact, simply connected and locally symmetric of
rank 1. Here n>3.

Proof. We set about differentiating the curvature tensor R* of B. Equi-
valently we can differentiate its horizontal lift to M using the pull-back connection
on H in the direction of horizontal vectors. Further for a horizontal vector
e T,M, Vi=V¥ on H as we know from Lemma 1.3.

Hence for x, y, 2, e€ H,

(V:kR*)x.y(z) = (V};R*)x,y(z) .

As usual we extend #, ¥, 2 to basic vector fields X, Y, Z J(V.X)=H(V.Y)
=4H(V.Z)=0 for any vector ec H,.

From equation {e} of §2

R ?yZ = gﬂ(RXYz)+2AzAXY_AxAyZ_AyAzX
== <Y, Z>X_<X, Z>Y“|“2AZAX Y—AxAyz_AyAzX .

Also (VERY),,,(#) = (VARY)..,(%) = VA(RErZ)
= [ViKY, Z>X)—Vi(Z, XD Y)]+2Vi(A,(AxY))
—Vi(Ax(4yZ))—Vi(Ay(4.X))
= 0—0-+29{(V.A)(Auy)+ As,2(Ay)+ AV (Ax )
—similar terms
= 2 H{04+0+A4,(V,AxY))} —similar terms
(from eqn. 3.2 and the fact that (V,Z) = 0)
=2 A4, V((V.AxY))—similar terms
=2 A, V(V.A).(y)+Ae,x(¥)+A,(V.Y))—similar terms
= 2 A,(0404-0)—similar terms
(from eqn. 3.1 and the fact that H(V,X)= H(V,Y)=0)
=0
This proves that B is locally symmetric. Clearly B is compact and connected
and it is simply connected because the fibres are connected and dim S"(1)>3.

(This follows from long exact sequence of homotopy. We recall that since S"(1)
is complete z: S”(1)— B is a fibration as proved by R. Hermann in [11].)

It remains to prove that B is of rank 1. It is also easy. Take v: R— B any
geodesic in B. Let ¥ be its horizontal lift to S”(1). Then ¥ is also a geodesic
(see Cor. 1 to Lemma 1.3) and hence is periodic. Therefore, 7 is also periodic.
Thus every geodesic of B is periodic which means that B is of rank 1.
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From classification of compact, simply connected, Riemannian symmetric
spaces of rank 1, we conclude that B can only be one of the following:

1) S™r), m=2

(2) CP™(k),m>2

(3) HP"(k), m>2

(4) Cayley projective plane Ca(P?) (k)~F,/Spin (9).

Here S™(r) means sphere of radius r
CP" (k) means that the sectional curvature lies between & and 4k with both

extremes attained. Similarly, for HP"(k) and Ca(P?) (k).
We discuss (1), (2) and (3) now. (4) will be discussed in the last section. First
we prove an important equation which will be used again and again later also.
Proposition 3.1. Let p&M and x, yeH, and vEV,. Then
(4.4,+4,4,) (v) = —V(R, .y +R, ;%)
Here we continue to assume that T =0.

Proof. Extend x, y uniquely to basic fields X, Y defined all along the fibre
through p.

Then at p <V,(4x V), 0> = {(V,A)u(9)+ Ao, (9)+ AT, Y), 0>
= {(VoA)u(3), >+ 40y, 0 +<4. 4,0, v>
(using Lemma 1.2 (3) (b))
= AV, A):(y), ©2—<4,4,0, v>+<4, 4,0, v>
= {(V,4).(y), v>+<4.», 4,0>—<A4,v, A.v>
= AV, A):(9), v>
= (R, ,(y), v>—<A.0, Ay0>
(using eqn. {c} of §1)
Now lefthand side is skew symmetric in X and Y while the righthand side is
symmetric. Hence both vanish simultaneously. Thus

V,(AxY), v> = 0 for X, Y basic and v vertical *
and R,y v =<Ad,0, A0
S Ry, R, B> = A0, Aud+<Aw, A,p>
for every x, yeH, and v, wEV,
or <R, .y, wp+<R, %, wpy = —(4,4,+4,4,) (v), wp
Hence (4.4,+4,4;) (v) = —V(R, (y)+R,, (%))

Corollary 3.1 (Bishop [5]). If X, Y are basic fields on M then A,Y is a
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killing field along the fibres.
Proof. The equality (*) in the proof of the above theorem.

Corollary 3.2. For M=S"(1)

(4.4,+4,4,) (v) = —2{x, y>v
and Aiv= —|x|%

Proof. Obvious.

Now we go back to our classification of base manifolds.

(1) The case S"(1)—S"(c). Using the long exact sequence of homotopy we
find that the fibre is forced to be S™ (z,,-,(Fibre)~Z). So that n=2m—1.

Now let p€S*~! and x€ H, be of unit norm. Thus for veH,, Alv=—v
(by Cor. 2 to Prop. 3.1). Hence if we consider

A,: V,— H, we see that
IA,‘UIZ = <Ax7), A,,‘U> = _<A:25'Ua 7)> = I,UIZ
So A, is an isometric embedding of V, in H,. Since dim H,=dim V,+1
(m=(m—1)+1) and 4,(V,) is orthogonal to x, we see that 4,: VV,—x" is an
isometric isomorphism.
(Here and elsewhere if x& H,, then x™* is its orthogonal complement in H, only)

Also A, x-— V, is s.t. the composite

x AX .
Vy— x*——V,is equal to —1. Hence

A,: x~— V, is also an isometric isomorphism.

Now put z(p)=b& S™ and choose an orthonormal basis {x;, -+, x,} of T;,S™.

These give rise to basic fields {Xj, ---, X,,} along the fibre z~!(b) and trivialization
of the bundle H| -1

Put V,= Ay X,i=1,2, -, m—1

Clearly, {V3, ++*, V,,_1} is an orthonormal framing of V| ,-14~ T(z~'(b)).
Hence the tangent bundle of z7'(b)=~S™! is trivial. This implies that
“m—1=1, 3 or 7. See [2].
Thus the only Riemannian submersions of the spheres onto spheres are

S%(1) — S%c), S(1)—> S¥c) and S(1) — S¥c)

where ¢ denotes the radius.
In each case c=% as can be computed by O’Niell’s formula for sectional
curvatures of base. This has been done in [7]. One simply uses the fact that
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if x_| y are horizontal and of unit norm, then |4,y|*=<{4,y, 4,y>=—<A%y, y>
={y, y>=1. (Here AZy=—y since any yEx can be written as A,o for a
unique v &€V, of same norm as that of y.)

(2) The case S™(1)—CP™(k). Again by long exact sequence we get n=2m-1
and using O’Neill’s formula k=1 See [7].

(3) Same analysis holds for HP" and we get n=4m-+3

(4) For Cayley plane Ca(P?), dimension of the fibre is 7 and that of total space
is 23.

In both of the above categories also 2=1 i.e. the sectional curvature lies
between 1 and 4 with both extreme values attained.

REMARK.

(1) S31)— Sz( ) falls in S***! — CP" category, n>1

1
2
2) S(1)— S* (%) falls in S+ — HP" category, n>1
and (3) S%(1)— S* (%) falls in $**'(1) — Ca(P") category n=1, 2

4. We have put Riemannian submersions of spheres with connected totally
geodesic fibres into three categories

(a) Sl — S2n+l

/4
CP", n>1
(b) S3 > Gint3

Vv
HP", n>1

(c) 87— §ent7
Ca(p")yn=1,2.

We now prove that each member of the above three categories is unique upto
equivalence. We also know that except for the category (c), n=2 each of the
above Riemannian submersions exists. Later we shall prove the nonexistence
in the above exceptional case. But first we come to uniqueness.

Theorem 4.1. For each allowable n in each of the above category there
exists at most one Riemannian submersion upto equivalence.

Proof. For definiteness we will prove the uniqueness in the case of S**3—
HP", n>1 and the method will make it obvious how to proceed for S**!'— CP"
and S**7"— Ca(p") (n=1, 2).
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Let peS**3,  As usual H, and V, are horizontal and vertical subspaces of
T,5**3. Let us define a map A: ¥V, — End H, as follows:

A) (¥), 3> = <A, 3>
we shall denote A(v) by A’
Thus A'x=Av forxeH,.
It is trivial to check that A’ is skew symmetric.
Claim. ov— A’ has the following property:
A'A°+A4°A" = —2v, wy1d.
Proof of the claim. Let {x, y>€H,. Then

(A'A°+A"A") (x), y> = <A'(Aw)+A"(A.0), y>
= —<{4,w, Apv>—< 4.0, Aw)
= (4,4,w, v>+<A4. 4w, v>
= —2Xx, y> v, w) by Corollary 3.2.
= (2o, wox, ¥

Hence (A’A"+A4°A’) (x)=—2<v, w)x

This proves the claim.

But this is precisely the condition for 2 to extend to a representation of the
Clifford algebra C(V,) of the Euclidean space V,. Since V,is 1, 3 or 7 dimen-
sional C(V,) has at most two types of irreducible representations depending on
the action of the centre v,v,v,.

(Here {v, v;, v5} is an ordered orthonormal basis of V,) (See [6]). See also
remarks at the end.

Also each of this simple module is of dim 4. Since C(V,) is central simple
and U is a real representation it breaks H, into a simple modules.

We will check that % is an isotypical representation i.e. only one type of
simple module occurs # times in H,.

For this let x& H, with |x|=1
The centre acts by A'104"20A4".

Consider the function x —{A4"14"24"x, x> defined on the unit sphere in H,.

{A"AA% %, x> = —{A"2A"x, A1 x>
= —<AA,;037)2, A0 = <AzAA,u3(7)2)y v

Now 4,4 ,v(v)EV,
We check that it is a multiple of v,
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(1) <A3AA,,;3(‘1)2), V> = —-<AA‘,,3(‘Z)2), A, = —<A92(A‘v3), Ax2x>
= <Ax'03» (A”2)2x> = <A,v3, —x> =0

(i) <A 40(v2)s V3> = —<Ap0(02) 23D
= {0, Ap(A05)> =0

Hence 4,4,,,(v,) is a multiple of v,

Also A, A ,,(v;) = —A 4,0,(A:05)—2<x, A, 0> v, (Corollary 3.2)
== -—-AA,,,S(A,Q)Z) .

We claim that 4,,,(4,v,) is of unit norm and relegate its proof to the next
lemma. Assuming this conclude that

AxAszs(vz) = +7)1 or —v;
ie. <A A4, (v;), v = +1o0r —1
or <{A"A4"A%x, x) = +1 or —1 for every x

of unit norm in H,.

By continuity we conclude that {A4"14°24"%x, x> is a constant which without
loss of generality we can assume to be4-1. In case it is —1 we can simply
replace the ordered basis {v,, v, v5} by {—vi, v, vs}.

Also A"A"A" is an isometry of H,, we conclude by Cauchy-Schwarz
inequality that 414" 24"x=x or A"1A"A’>=+1d
This proves that H) is an isotypical C(V,) module.

/

If S35 HP" is another Riemannian submersion then choose geE Srt3
and consider horizontal and vertical spaces H; and V. Define L,;: V{—V, an
isometry such that C(V7) acts on H, with its centre also acting as +Id. Thus
we get the diagram

c,) _Q—I" End (H,)

)|,
O(V3)— End (H))

Since both H, and Hj become C(V;) modules of dimension 4z on which the
centre acts by +/Id. There exists an interwining isometry L,: H;— H, which
makes the above diagram commute.

By definitions of U and A’ we see that

L®L,: T,S*"*"*—T,S** is an isometry which maps H; to H, and maps
A onto A'. L,@PL, gives a unique isometry ¢: S**3— S§4*3 gending ¢ to p
s.t. @y, =L,PL,. Thus theorem 2.1 applies and we get the equivalence.

Lemma 4.1. |4,,A4.9,|°=1 where the notation is an explained in the
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proof of uniqueness.
Proof. Put SCH, the linear span of {x, 4,v,, 4,v,, A.vs}
For each 7=1, 2, 3, |4,(4.v;)|*=1
Hence by O’Niell’s formula we get
K*(myx, nyA.0;) = K(x, A,0;)+3|4,(4,2)|?
=143=4
On the other hand by geometry of HP”, there exists a unique totally geodesic
projective line HP' passing through z(p) s.t.

(1) T X E T,,,(A,)HPl
(i) For orthonormal vectors y, 2 & Ty, HP'

K*(y, z) = 4
(i) For y& Tp(HP") and 2 (T, HP')*
K*y,2)=1.

All this together implies that 7, S="T ., HP"

In particular K*(z4(4,v,), mx(4,v5))=4

which gives |4 4,,,(4,v,)|?=1
Some remarks are in order:

1) For S®"—(Ca(P") (n=1, 2) same proof goes through. In the case
of S+ —(CP", dim V,=1, and hence C(V,)~C therefore the reprn is auto-
matically isotypical.

2) The cases n=1 for (a) (b) and (c) actually become simpler because the
relevant Clifford modules are already irreducible so that one need not check
isotypicality.

3) The method is intrinsic and does not need explicit calculations of the
tensor 4 in the standard cases done by Gray [9] and used by Escobales [7].

4) The uniqueness of the Riemannian submersion S’—S* also proves the
uniqueness of the Riemannian submersion CP*:--> CP*— HP" left unsettled in [8].

5. Existence questions
Proposition 5.1.  The Riemannian submersion r: S®(1)—Ca(P?) does not exist.

Proof. Assume that it exists. Take p&S%=. As proved earlier H, becomes
C(V,) module having two irreducible components each of dimension 8. Let
x&H, be of unit norm. Then there exists a unique 8 dimensional subspace
SCH, with x& S such that 7z(S) is tangential to the unique Cayley projective
line Ca(P')~S%}) passing through z(p) and containing z(x) as its tangent
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vector.

If ye(z4S)™ then by geometrical properties of Ca(P?), K*(m4x, y)=1. This
means that if 7 is the horizontal lift of y in H,, it belongs to S* in H, and by
O’Niell’s equation for sectional curvatures

K*(myx,y) = 1=1+3 |4,5|*
orA,5=0

This implies on using theorem 2.2 that = *(Ca(P")) is tetally geodesic in S*
and hence is isomorphic to S§%(1). Also p&S™(1) and T,S®=V,HS. The
restricted submersion S¥— Ca(P') becomes the standard one with S as its
horizontal space at p. 'Therefore S is a C(V,) module and can easily be checked
to be an invariant submodule of H, under the original O(V,) action. Hence
we have proved that for any x&€H,, x+0 there exists an irreducible submodule
of H, passing through x. This is a contradiction if dim V,>4. Hence a
submersion S®— Ca(P?) cannot exist.

Addendum. Riemannian submersions of complex projective space

In [8] Escobales classified Riemannian submersions from complex projective
spaces under the assumptions that the fibres are connected, complex totally
geodesic submanifolds, he proved;

Theorem 1 (Theorem 5.2 [8]). Any submersion p: CP"— B with con-
nected complex totally geodesic fibres with 2<dim fibre<2r—2 must fall into one
of the following two classes:

(l) S2ueiie. > O P+l
y
HP"

(i) CP?-.» CP'
V
S%(%)

If we assume that the sectional curvatures K of the total spaces are normalized
so that 1<K <4 then the sectional curvatures K* of base also lie in the same
limits in case (i) and K*=4 in case (ii). Moreover for n>2 any two members
of class (i) are equivalent.

The author left two question unsettled

1) Whether S®..-> CP? is unique or not
v
HP'~S%(})
2) Whether the class (ii) is nonempty or not.
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We have already remarked in §4, Remark no. 4 uniqueness of the Riemannian
submersion S7— S%(}) implies an affirmative answer to Q1.
Here we give an answer to the Q2 in the negative.

Main Theorem. There can not exist a Riemannian submersion of CP'
onto S%3%) such that the fibres are connected totally geodesic and isomorphic to
CP3CCP'.

Proof. Suppose.the submersion in question exists. Take the composite

S‘5(1)1CP7—p>S8(%). pem is also a Riemannian submersion. If beS%%)
then z7' p~!(b)=7=""(CP?)=.S"(1) is totally geodesic. (See [8] Coroallry 2.6. Here
7 is the natural submersion). Therefore poz is a Riemannian submersion of
S¥(1) to S%%) with connected totally geodesic fibres. Hence by uniqueness
it must be the Hopf fibration.

Thus we have the following commutative diagram:

ST ——= §* LN S%(3)

Equivalently, there exists a complex structure J on R in which S™ sits
such that if b& S%}), then z7'p~!(b)~ S’ generates an R® which is stable under J.
We will prove that such a situation is not possible. For this we look at the
geometry of the Hopf fibration S™— S5, 8,
Let o: Spin (9)— SO(16) be the spin representation of Spin(9). It is known
that Spin (9) acts transitively on S®(1)CR'. Also Spin (9) acts transitively on
S%(%) via the natural double covering map Spin (9)—SO(9).

For any b€ S%(}), the isotropy G; in Spin (9) is conjugate to the standard
embedding of Spin (8) in Spin (9). Hence if we restrict o | Gy, then o | G, breaks
R into two # spin representations. Let us call them RY. Further R§ N S®=
H(b).

Let R® be the oriented Euchidean space in which S%3%) sits. If we regard
Spin (9) to be sitting inside the Clifford algebra C(R?®), then b C R® of dimension
8 is such that C(b) N Spin (9)=G;. For definiteness we give the unique orien-
tation to b which is such that on adjoining +b we get back the original orien-
tation on R®.

Now we have the following commutative diagram

G, — C*(b*)

) I
Spin (9) — C*(R?)
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where C* denotes the even component of C.
Since o is the spin representation, it extends to a unique representation C(a") of
C*(R%)=~M(16, R) (See [3]) such that C(c)|c++) breaks R in the above men-
tioned manner. Let {e, ‘-, g5} be an oriented basis of b then 2'=e¢,, -+, ¢; lies
in the centre of C*(b) and 2’ acts by +1d on R} and by —Id on R? (see Chevally:
Theory of Spinors). More, precisely C(c) (2')=-1 on R:.

Since R% N S®=H"'(b), R} is invariant under J and so is R:. Thus C(s)
(2') commutes with J.

Let 2 C(R®) be the generator of the centre of C(R®) which comes from the
chosen orientation of R?,

then 2= ¢+ b

’

or b= —eereeg= —2'.

Therefore, C(c) (2b) commutes with J for every b&S%3}) and hence for every
beR.
Consider the linear map

a: R® —> M(16, R)
b C(c) (2b)

It has following properties:
i) It factors through M(8, C) <= M(16, R) where (R, J) has been regarded
as C®

i) [Clo) (H)F=C(0) (b))=C(o) (16]%)= ||, Id.

Hence « extends to a homomorphism

C'(a): C'(R°)—>M(8, C) where C'(R?) is the Clifford algebra corresponding
to the quadratic form b——|b|%  (See [3]).

But from [3] again we know that C'(R°)~M(16, R)®M(16, R) so that the
above homomorphism is impossible to exist. This gives us the required con-
tradiction.

ReMARK. The situation where CP’—S® is topologically possible has not
been ruled out yet. It may be of interest to study it.
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