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A ring R is called right bounded if every essential right ideal contains
a nonzero two-sided ideal which is an essential ideal as a right ideal. If R is
both right and left bounded, then we call R bounded. The boundedness is
well studied for noetherian rings ([1]). In this paper, we study (Von Neumann)
regular rings which are right bounded. This class includes all regular rings
whose primitive factor rings are artinian. We know from S. Page [3] that
a regular ring R 1s a FPF-ring if and only if R is a self-injective ring with bound-
ed index of nilpotence. As a result, it follows that regular FPF-rings
are bounded.

In Proposition 1, we shall show that right non-singular right FPF-rings
are right bounded. In our main theorem (Theorem 1), we shall show that a
regular right self-injective ring R is right bounded if and only if R=T]M,,(R,)
X I1T,, where each R, is an abelian regular self-injective ring and each T
is a right full linear ring. In Theorem 2, as an application of Theorem 1, we
shall give a necessary and sufficient condition for the maximal right quotient ring
O(R) of a regular ring R to be Type I,.

1. Preliminaries

Throughout this paper, R denotes an associative ring with identity element
and we assume that all R-modules are unitary. We freely use terminologies
and the results in [2].

Let R be a regular, right self-injective ring. R is called Type [ if it con-
tains an idempotent e such that eR is faithful right R-module and eRe is an
abelian regular ring. R 1s called Type II if it contains an idempotent e such
that eR is faithful right R-module and eRe is a directly finite regular ring, and
R contains no nonzero idempotent f such that fRf is an abelian regular ring.
R is called Type III if it contains no nonzero idempotent e such that eRe is
directly finite.

Goodearl and Boyle have shown that if R is a regular, right self-injective
ring, then R=R; X R, X R,, where R, is Type I, R, is Type II and R;is Type 111
(Theorem 10.13 [2]). Furthermore, they have shown that if R is a regular, right
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self-injective ring of Type I, (T'ype I and directly finite), then R=T[M,(R,),
where each R, is an abelian regular, self-injective ring (Theorem 10.24 [2]).

For any ring R, we use B(R) to denote the set of all central idempotents
of R. If A and B are modules, then the notation 4<,B means that 4 is an
essential submodule of B.

Let A be a nonzero right R-module over a regular, right self-injective ring
R. Put X={e=B(R)|A(1—e)=0}. Since B(R) is a complete Boolean algebra
by Proposition 9.9 [2], there exists an element e in B(R) such that e=AX.
We call e the central cover of 4 and denote it by cc(4).

2. Structure theorem

A ring R is said to be right bounded if any essential right ideal I of R con-
tains a two-sided ideal J such that JC,I as a right R-module. If R is both
right and left bounded, R is simply called bounded. A ring R is called right
finitely pseudo-Frobenius (FPF) if every finitely generated faithful right R-module
is a generator in the category of right R-modules.

S. Page has shown in [3] that, for a given regular ring R, the following con-
ditions are equivalent: 1) R is right FPF. 2) R is left FPF. 3) R is
a right self-injective ring with bounded index of nilpotence. Therefore, com-
bining this theorem with [2, Lemma 6.20 and Theorem 7.20] we see that regular
right FPF-rings are bounded rings. 'This result suggests the following.

Proposition 1. If R is a right non-singular right FPF-ring, then R is a
right bounded ring.

Proof. Let I be an essential right ideal of R, and let J be the right an-
nihilator ideal of R/I. Assume that J=0. Then R/I is a generator, since
R is a right FPF-ring. Hence R/I generates R. However this is impossible
since R is a non-singular right R-module and R/I is a singular right R-module.
Therefore J=+0. Now, by Proposition 3 [3], we can obtain a central idempo-
tent ¢ of R such that J<,eR;. We claim that e=1. If e%1, then IN(1—¢)R
#+0. Put M=((1—e)R/(I N(1—e)R))PeR. Then it is easy to see that M
is a faithfyl right R-module. Thus M is a generator by the assumption. Hence
there exist a positive integer # and an epimorphism f from the direct sum nM
of n-copies of M to (1—e)R. Since n((1—e)R/(I N(1—e)R)) is singular and
(1—e)R is non-singular, we see that the restriction of f on 7n(eR) is an epimor-
phism. But this contradicts that eR(1—e)=0.

Now, we are concerned with regular, right self-injective rings which are
right bounded. Let R be a regular, right self-injective right bounded ring.
By Theorem 10.21 [2], there exists a decomposition R=R;X R, such that R,
is directly finite and R, is purely infinite, where a regular, right self-injective
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ring R is called purely infinite if it contains no nonzero central idempotent e
such that eR is directly finite. Clearly each R; is a regular, right self-injective
and right bounded ring. So we may observe R by dividing into two cases;

the directly finite case and the purely infinite one. First we mention the directly
finite case.

Proposition 2. Let R be a directly finite regular, right self-injective ring.
Then the following conditions are equivalent.

(1) R s right bounded.

(2) R s bounded.

(3) Ris Type 1,.

Proof. (3)=(2). According to Theorem 10.24 [2], R is isomorphic to
IIM,(R;), where each R, is an abelian regular, self-injective ring. Since
each M,)(R,) has bounded index of nilpotence, it is bounded. Thus R is
bounded.

(2)=(1). 'This is clear.

(1)=(3). By Theorem 10.22 [2], there exists a decomposition R=R,XR,
such that R, is Type I, and R, is Type II,. We shall show that R,=0. As-
sume that R,=#+0, and put R=R, for brevity. For any finitely generated pro-
jective right R-module P, there exists a decomposition P=P,®P, such that
P,=P, by Lemma 11.19 [2]. We use repeatedly this result. First we shall
constiuct orthogonal idempotents e;, e, -+ in R such that R,=<2"(e,R) and

(lﬂi}eiR)gR/EBe,-Rg_e,,R for all #n. In fact, we can take an idempotent e,
i=1

such that ¢,R=(1—e)R. Put I,=(1—e¢)R. Since there exists a decomposi-
tion I,=],J, such that ;= ], there exist orthogonal idempotents e,, e,
such that J;=eyR and J,=e,R, and 1—e =e,+€,; by Propusition 2.11 [2].
Put e,=e,. Then ee,=ee,=0, R=2%e,R) and R/(e,RPe,R)=e,R. Con-
tinuing thss procedure, we have desired idempotents {e,}. Now we put
I :6"9e,,R. First we shall show that I does not contain a nonzero central idem-

potent. Suppose that there exists a nonzero central idempotent e in I. Then
12

e is in Pe,R for some positive integer ¢. This shows that e-e,=0 for all n>¢.
n=1

On the other hand, 2"(e-¢,R)==¢R for all #>1. Consequently, we obtain that
e=0. Therefore I does not contain a nonzero central idempotent of R. Next
we shall show that I does not contain a nonzero two-sided ideal of R. We
assume that ReRC I for some x=0. Since R satisfies the general compara-
bility by Theorem 9.14 [2], there exist f,&B(R) such that f.e,<f,xR and
(1—f)xR<(1—f,)e,R for all n. If f,=0 for all n, then n(xR)<R for all n.
By Corollary 9.23 [2], we have that xR=0. Hence there exists ¢ such that
f:#+0. Since feR<fxRCxR and fR=2'(feR)<2'(xR), we obtain that
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Jf{RSRxR by Corollary 2.23 [2]. Hence (0=%)f,€1, a contradiction. Finally
we shall show that 7 is an essential right ideal of R. Suppose that I N fR=0

for some idempotent f of R. Since fR ﬂﬂG:B e,R=0 for all #, we obtain that
/R SR/néale,,Rge,R. Since #(fR) <2'(fR)<2'(e;R)==R for all ¢, we have that

R=0 by Corollary 9.23 [2]. This is a contradiction. Therefore a regular,
right self-injective ring of Type I, is not right bounded. Thus R is Type I,.

We note that the general comparability is left-right symmetric, and more-
over, for idempotents e, f of a regular ring R, Rf << Re implies fR <"eR. There-
fore by Proposition 2 and it’s proof, we have the following corollary.

Corollary 1. Let R be a regular, right self-injective ring of Type II,. Then
R is neither right nor lefi bounded.

Corollary 2. Let R be a regular, right slef-injective and right bounded
ring. Then R is directly finite if and only if R is left self-injective.

Proof. If R is a directly finite, then R is Type I, by Proposition 2. Hence
R is left self-injective by Corollary 10.25 [2]. The converse is clear by Theo-

rem 9.29 [2].

Now we consider the case that R is a purely infinite, right self-injective,
regular ring. Let Z(R) be the center of R and S be the socle of Z(R). There
exists a central idempotent e of R such that SC,eZ(R);). Therefore we have
a decomposition R=R, X R, such that Z(R,) has an essential socle and Z(R,)
has a zero socle.

Proposition 3. Let R be a purely infinite, regular, right self-injective ring
whose socle of Z(R) is zero. Then R is neither right nor left bounded.

Proof. According to Theorems 9.7 and 10.16 [2], there exist orthogonal
idempotents e, ¢;, -+ in R such that E'I?e,,R is an essential right ideal of R and

e,R=R; for all n. TFirst we show that R is not left bounded. Assume that
R is left bounded, then since Re,= ;R for all n, we set H=(PRe,)P I, where

I is a complement left ideal of @Re,, in R, and take a nonzero two-sided ideal

Jin H. Choose a nonzero element x in J and set c=cc(xR). Since Soc(Z(R))
=0, we can write ¢= V¢, for some orthogonal, countably infinite, nonzero cen-
n

tral idempotents ¢;, ¢,, -+ in R. Since Re,= R, we have a nonzero ¢, Hom,
(Rxc,, Re,) for all n. We define an R-homomorphism @: @Rxc,— PRe, by

(X2 rxc,,)=<p,,(‘”4." r.xc,). Furthermore, each ¢, can be extended to an R-
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homomorphism ¢=($,): II Rc,— II Re,, and there exists a natural isomorphism
0: Rc—]IIRc, gwven by 0(rc)=(rc,) [2, Proposition 9.10]. Hence @ is given
by the right multiplication by some element @ of R. Therefore we obtain
that @ is the right multiplication by a. On the other hand, since J is a two-

sided ideal of R, xac J S P Re,PI, so we can write that xa=i‘, r,.e,+r for some
n n=t

r,€R and r&1. But we observe that xae,,,&(Re,., N iRe,,EBI ) (=0). This
n=¢

is a contradiction. Consequently H can not contain any nonzero two-sided
ideal of R. Therefore R is not left bounded. Similarly we can show that
R is not right bounded. Now the proof is complete.

Proposition 4. Let R be a purely infinite, prime, regular right self-injective
and right bounded ring. Then R is a right full linear ring.

Proof. Since R is a prime, regular, right self-injective ring, R is inde-
composable as a ring. Hence Soc(R) is essential or zero. We claim that Soc(R)
is essential. If not, then we can take a minimal ideal I of R by Theorem 12.23
[2]. Now there exists nonzero orthogonal, infinite, idempotents {fg}gex in 1
such that ? feR< Iy since Soc(R)=0. If GBB feR=1, then we can take count-

ably, infinite orthogonal idempotents {gg,} in fgR for all B, such that Pgs,R
&, fR since Soc(R)=0. So we may assume that @ fgR=+1. On the other
B

hand, since / is a minimal ideal of R, @ fgR can not contain nonzero ideal. This
8

contradicts that R is right bounded. Therefore Soc(R) is an essential ideal
of R, as claimed. Then [2, Theorem 9.12] shows that R is a right full linear
ring.

Corollary. Let R be a purely infinite, regular, right self-injective and right
bounded such that Soc(Z(R)) is an essential ideal of Z(R). Then R=TIR,, where
each R, is a right full linear ring.

Proof. Let {e,}se; be all central primitive idempotents of Soc(Z(R)).
Evidently, we obtain that Ve,=1 since Soc(Z(R))<.Z(R). Then by Pro-

position 9.10 [2], R=]]e,R, where each ¢,R is a prime, regular, right self-

injective and right bounded ring. Then Proposition 4 shows that each ¢,R
is a right full linear ring.

Now we shall prove our main theorem.

Theorem 1. Let R be a regular, right self-injective ring. Then the follow-
ing conditions are equivalent.
(1) R is right bounded.
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(2) R=1IM,u»(R,)XIIT,, where each R, is an abelian regular, self-injec-
tive ring and each T is a right full linear ring.

Proof. (1)=(2). We have a decomposition R=R, X R, such that R, is

directly finite and R, is purely infinite by Theorem 10.21 [2]. Since each
R; is also right bounded, R, is Type I, by Proposition 2 and R, is isomorphic
to a direct product of right full linear rings by Propositions 3 and 4. Further-
more, Theorem 10.24 [2] shows that R=<]J]M,,(R,), where each R, is an abelian
regular, self-injective ring.
(2)=(1). It is easily seen that a direct product of right bounded rings is also
right bounded. Moreover, we have pointed out that a regular, right self-
injective of bounded index of nilpotence is right bounded, and by Theorem
9.12 [2], we see that a right full linear ring is also right bounded. Therefore
R is right bounded.

Corollary. Let R be a regular, right self-injective ring. Then if R is right
bounded, then R is bounded.

Proof. This is clear by Theorem 1.

3. Application

In this section, we apply Theorem 1 to a right bounded regular ring which
is not necessarily self-injective.

Lemma 1. Let R be a regular, right bounded ring such that every nonzero
two-sided ideal of R contains a nonzero central idempotent. Then the maximal
right quotient ring Q(R) of R is also right bounded.

Proof. Let I be an essential right ideal of @(R). Then clearly I N RS, R,.
Since R is right bounded, there exists a nonzero two-sided ideal J of R such
that J<,I N R. From the assumption, J contains a nonzero central idempotent
e of R. Note that e isalso central in @(R). Thus I contains a nonzero central
idempotent of Q(R). Let H be the ideal generated by all central idempotents
in I. We claim that HZ,Q(R)ew. If not, then low(H), the left annihilator
ideal of H in Q(R), is not zero and H Nlgk(H)=0 since Q(R) is semi-prime.
Hence there exists a nonzero central idempotent f in J(lgw (H) since
J Nlgw (H) is a nonzero two-sided ideal of R. On the other hand, f is in H
since f€ J<1. But this contradicts that H Nl (H)=0. Consequently, H is
an essential right ideal of Q(R), as claimed. Therefore Q(R) is right bounded.

Theorem 2. Let R be a regular ring and Q be the maximal right quotient
ring of R.  Then the following conditions are equivalent.
(1) Q=IIM,(S,), where each S, is an abelian regular, self-injective ring.
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(2) There exist orthogonal central idempotents {e,,} such that e, ,R==M,,,
(A,s), where each A, is an abelian regular ring and > Pe, RS, Ry.
t; @K,

() For any nonzero two-sided ideal | of R, J contains a nonzero central
idempotent e such that eR is isomorphic to a full matrix ring over an abelian regular
ring.

(4) R is right bounded and every momzero two-sided ideal of R contains a
nonzero central idempotent of R.

Proof. (1)=(2). Since Q=IIM,(S,), there exist orthogonal central
idempotents f;, f,, «-+ in @ such that f,Q=DM,(S,). Clearly, f,@ has bounded
index n(t), so RN f,Q has also bounded index n(¢) by Corollary 7.4 [2]. Thus
in view of Theorem 7.2 and Lemma 7.17 [2], we have a central idempotent
¢, I RN f,Q such that ¢,,R=M,(4,,) for some abelian regular ring 4,,.
It is easy to see that e, is a central idempotent of R. For a maximal family
{/0} scx, Of orthogonal central idempotents of f,@ N R as above, we note that
dEKEBenggf,QﬂRanm. Next we show that > @Pe, RS, R;. Let I be
SKy

t;®EK,

a right ideal of R such that > @Pe, RNI=0. Since P f,Q is an essential

t; €K,
right R-submodule of @, if I is not zero, then f,@NI=0 for some z But,
then since > Pe,R is an essential R-submodule of f,@ N R, this is impossible

®EK,
by our assumption. Hence I must be zero, so > Pe,R is an essential right
t; BEK,
ideal of R.
(2)=(3). Let J be a nonzero two-sided ideal of R. Since >} @De,R is an

t; BEK,

essential right ideal of R, there exists a positive integer #, such that ¢, ,RN J
+0. Now since ¢,,R=M,,(4,,) for some abelian regular ring 4,,, Theorem
6.6 [2] shows that JNe,,R contains a nonzero central idempotent e of R such
that eR is isomorphic to a full matrix ring over an abelian regular ring.

(3)=>(4). We shall show that R is right bounded. Let I be an essential right
ideal of R. First we claim that I contains a nonzero central idempotent e of R.
Choose a nonzero element x of R. Then RxR contains a nonzero central idem-
potent f of R such that fR is isomorphic to a full matrix ring over an abelian
regular ring. Since [ is essential, I N fRS,fR;. Now since an essential right
ideal of a full matrix ring over an abelian regular ring contains a central idem-
potent, it is easy to see that I contains a nonzero central idempotent e of fR.
Clearly, e is also central in R, so I contains a nonzero central idempotent e of
R, as claimed. Let H be the ideal generated by all central idempotents in I.
We show that H is an essential right ideal of R. If not, then I;(H), the left
annihilator ideal of H in R, is nonzero and H NIx(H)=0. On the other hand,
since I is an essential right ideal of R, I NIx(H)==0, so I NIx(H) contains a
nonzero central idempotent % of R. But this is a contradiction. Therefore R
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is right bounded.

(4)=(1). By Lemma 1, @ is also right bounded. Hence we have that
Q=@Q,XQ,, where @, is Type I, and @, is a direct product of right full linear
rings by Theorem 1. By the assumption, every nonzero two-sided ideal of R
contains a nonzero central idempotent of R. Clearly, the same property holds
for . But it is easily seen that a right full linear ring does not satisfy this
one. Hence we obtain that @,=0. Therefore @ is isomorphic to a direct
product of full matrix rings over abelian regular, self-injective rings.

Corollary. Let R be a regular, right self-injective ring. Then R is iso-
morphic to a finite direct product of full matrix rings over abelian regular, self-
injective rings if and only if

(1) R is right bounded.

(2) All prime ideals of R are maximal.

Proof. Since R is right self-injective, the condition (2) is equivalent to
the condition that, for each xR, the two-sided ideal RxR is generated by a

central idempotent. Therefore Corollary is an immediate consequence of
Theorems 1 and 2.

Remark 1. Without (1) or (2), Corollary can fail, as the following exam-
ples show.

There exists a prime regular, right self-injective ring which is right
bounded, but not simple and not directly finite.

For example, choose a field F, let V be a countable-infinite dimensional
vector space over F and set R=Endg(V) and M= {x&R|dimp(xV)<<oo}. Then
clearly, R is a prime regular, right self-injective ring. Given any x&R—M,
we have that dimy(xV)=dimz(V) and so xV' =V, whence xR=Rj. This shows
that R is not directly finite. On the other hand, R is right bounded by Theo-
rem 1.

Furthermore, there exists a simple regular, right self-injective ring, which
is not right bounded and not Type I,.

For example, choose fields F,, Fy, -+, set R,=M,(F,) for all n=1, 2, -,
and set R=]I R,. Let M be a maximal ideal of R which contains R,. Then
R/M be a simple right and left self-injective ring of Type II, by Example 10.7
[2]. Therefore by Proposition 2, R/M is not right bounded.

ReMARK 2. Let R be a regular ring whose maximal right quotient ring
Q(R) is right bounded. Then according to Theorem 1, R is also right bounded.
But we don’t know whether Q(R) is right bounded when R is right bounded.
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