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ON MODULES WITH LIFTING PROPERTIES

Manasu HARADA

(Received April 21, 1980)

We have studied the lifiting property on a direct sum of completely inde-
composable and cyclic hollow modules over a ring R in [8].

In this note, we shall define the lifting property of decompositions with finite
direct summands in §1 and give characterizations of this in terms of endomor-
phism rings of R-modules in §2. We shall study, in §3, R-modules with
lifting properties and show that they are very closed to R-modules with direct
decomposition of completely indecomposable and cyclic hollow modules when
R is right noetherian.

We shall give the dual results for the extending property and its applications
in the forthcoming papers.

1. Definitions

Throughout this paper we assume that a ring R contains an identity and every
R-module M is a unitary right R-module. We recall here definitions in [8].

If Endg(M) is a local ring, we call M a completely indecomposable module.
We denote the Jacobson radical and an injective envelope of M by J(M) and
E(M), respectively. By M we denote M/J(M). If N is a submodule of M
and N/J(N) is canonically monomorphic into M/J(M), then we mean N both
N/[J(N) and the image of N/J(IN) into M/J(M).

If J(M) is a unique maximal and small submodule in M, we call M a cyclic
hollow module (actually M is cyclic). If, for each simple submodule 4 of M,
there exists a completely indecomposable and cyclic hollow direct summand
M, of M such that M,=A, then we say M has the lifting property of simple modules
(modulo radical). More generally, if for any direct summand B of M, there exists
a direct summand M’ of M such that M'=B, we say M has the lifting property
of direct summands (modulo radical). Finally if, for any finite decomposition of
M; M=C,®C,®-+-DC,, there exists a decomposition of M; M=M,DM,D-+
@©M, such that M;=C;, we say M has the lifting property of decompositions with
finite direct summands (modulo radical). If the above property is satisfied for
any direct decompositions, we say M has the lifting property of decompositions
(modulo radical).

We recall the definition in [8].
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(E-1) Every epimorphism of M onto itself is an isomorphism.

Let {M,}, be a set of completely indecomposable modules. We assume
each M, satisfies (E-I). We shall define a relation < in {M,},. If My~M,, we
put My=M,. If there exists an epimorphism of My to Mg, we put My>M,.
Then < defines a partial order in {M,},. We refer the reader for other de-
finitions to [8]. We call briefly lifting property modulo racical lifting property.

2. Lifting property on direct sums

Let {M,}, be a set of completely indecomposable modules and M=>1P M,.
I

In this section we shall study the lifting property of M when each M, is a cyclic
hollow module.
First we shall quote a well known property on semi-perfect module [11].

Proposition 1.  Let P be a projective module. We assume that P|J(P) is semi-
simple and J(P) is small in P. Then the following conditions are equivalent:

1) P is semi-perfect.

2) P has the lifting property of simple modules.

3) P has the lifting property of decompositions.

Proof. It is clear from [11], Theorem 4.3 or [5], Lemma 6 and [6], Propo-
sition 1.

We shall give an example which shows that the assumption on J(P) is
necessary in the above proposition.
Let R be the ring of infinite lower-triagular and column finite matrices

over a field K and let {e¢;;} be the set of matrix units. Then P:ﬁ Pe;iR is a
I

projective module with P/J(P) semisimple. Since e;;RAve;;R for i%j, P has
trivially the lifting property of decompositions. However, J(P) is not small in P
by [7] and so P is not semi-perfect.

In the above proposition, the lifting property of simple modules implies that
P has a decomposition Pzg @P, and the P, are cyclic hollow and completely

indecomposable modules. However this fact is not true in general for any
module N with N/J(N) semi-simple. We shall study this problem in the next
section.

Thus, we assume from now on that :}I_,_‘ @D M, and the M, are cyclic hollow

and completely indecomposables. We give one remark on any R-module M.

Proposition 2. Let M’ be an R-module. Let N, and N, be completely
indecomposable direct summands of M'. If N,=N, in M’', N, is isomorphic to N,.

Proof. Let M'=N,®N{=N,®Nj. Since N, has the exchange property



MoDULES WITH LIFTING PROPERTIES 191

by [12], Proposition 1, M'=N,dN, DN} (N{’SNj) or M'=N,DNj. Since
N,=N,, we have the latter decomposition and so N;~N,.

First we consider a special case. Let {M}x be the subset of {M,},; such
that M;A&M, for any q=#i. Then M =¥ EBM‘GBfZI‘:@M“ is a (special) decom-

position of M. Since M;A&M; for i=j in K, D)@ M, has the lifting property
K

and so M has the lifting property if so does > @®M,;. Hence, when we study
I-K

the lifting property, we may assume, without loss of generality, the following.

(#) For each o in I, there exists B(at)=*a in I such that Mpy~M,.

Let M be as above. Put Sz=Endz (M), S=End; (M) and J(S)=
Homy (M, J(M)). Then every element in S (resp. S) is expressed as an infinite
column finite matrix with entries fus&Homg (Mg, M,) (resp. Homg (Mg, M,)).
It is clear S2.S/J,(S). We shall take a partition of I; I= U I, such that for any
a, Bin I; Ma,zMﬁ, and for any &’ €1; and B’ € I;(i %), M, A<My. We assume
here that each M, satisfies (E-I) and M has the lifting property of simple modules.
Then the subset {My},, is a linearly ordered set with respect to the relation
< by [8], Theorem 2 for each . Further, we obtain a partition of I;= ] I;; such

jek;
that for a, B in I;; My~M, and for Y€1, 861,-,, (j<k) My>M;. For the
sake of simplicity we assume K;=(-++, €, -+, 9, -=*) and M;>M, for 6€/;; and
cel;,.
Now in general S~T1I End, (>} EBMy) and End,(>)@®M,) is the ring of
i I I
column finite matrices over the division ring A;=End, (M-,). For the partition

I=UlL;, by T(--,ILg, -, I,, ++-) we denote a subring of Endk(; DM,)
which consists of all lower tri-angular matrices '

I I
" T
0] O 0
L( [a& |8 0 0
. 0 2
L { | A; Al(n)
NANE

where Al{(E)=A,; if |I;;|= the cardinal of I;;>2 and A/(£)~Endg(My)/
Homg (My, J(My)) S A; if |L;g| =1.
We can restate [8], Theorem 2 as follows.

Proposition 3. Let {M,}, and M be as above. We assume that each M,
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satisfies (E-I). Then M has the lz'fting property of simple modules if and only if
S[J(S) is a subring H T(-, Lig, vy Iigy »++) im S via the natural monomorphism
S/Jo(S)—S.

ReEMARK. Since there exists a cyclic hollow module Q such that End,(Q)—
End(Qg, 0)—0 is not exact, we need the restriction Aj(£).

We shall consider the case S=S/J,(.S) after the following theorem.

Theorem 1. Let {M,}; be a set of completely indecomposable and cyclic
hollow modules. We put M =Z DM, and assume {M,}, is a semi-T-nilpotent set

[3].  Then the following conditions are equivalent:
1) M has the lifting property of simple modules.
2) M has the lifting property of direct summands.
3) Every direct summand of M has the above property.

Proof. 2)—3). (see [8], the proof of Proposition 2). Let M=T,HT, and
leA@B. We put C=4O Tz. Then from 2) we obtain direct summands
K; such that M=K @K, and K,=C. Since {M,}; is semi-T-nilpotent, K,
has the exchange property in M by [10], Theorem. Hence, M=K,®TiDT%;
T:cT,. Since TjcT,cC=K,, T}=0 and so T4=0 by [10] and the assump-
tion. Accordingly, M=K,®T{ and T,=T1®(T,NK;). On the other hand,
since M=R,®T,=C®T{, ANT;=0and T,UK,cT,NR=T,N(AD T,)=A.
Hence, A=T,NK,P(A4N T{)le NK, and T,NK, is a direct summand of T3.
3)—1). Itis clear.

1)—2). Since M is semi-simple, we may assume M=A@PB and A:%} DA,

with 4, simple. We assume X is a well ordered set. We show by induction
that for each >G>« there exists a summand N, of M such that Z BN, is

a direct summand of M, {N,}.cs < {Ne}wep if BB’ and EEBN 2 DA,
K<
If @=1, we have N;=M, by 1). Since X} P Ny islocally dlrect summand of M,
<=
by [9], Lemma 3 and [10], Theorem, it is a direct summand of M; M=2 P N;B
- plo

N and 2IPN=2PAs. Put A'=2PAsPA,s. Then A'=21PBA4sD(A'N
_ f<e ~ pla B fla

N)and A'NN~A4, is simple. Hence, there exists a direct summand N, of N
such that N,=A’N N by [8], Proposition 2. Therefore, > PNDN, is a direct

pla

summand of M and F‘Z}@NgEBNw:‘BE BA4sBA'N N)=4'".
<o <o
In the following theorem we consider an R-module M which has less as-
sumptions.

Theorem 2. Let {M,}, be a set of R-modules with M,|J(M,) simple (not
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necessarily either hollow or completely indecomposable). We put M=3>PM,.
I

Then the following conditions are equivalent:
1) M has the lifting property of decompositions with finite direct summands.
2) M has the lifting property of decompositions with two direct summands.
3) Homg (M., My) is lifted to Homy (My, M) for a0 in I.
4) S=S/J(S) (under the assumption (§)), where S=End(M), S=End (M)

and J(S)=Homy (M, J(M)).

Proof. 1)—2). Itis clear.
2)—3). Let f be in Homg (M, M;) and M,(f)= {#+f(%)|x = M,}. Then
M=M,(f)®(M,DM;D---). By 2) we obtain a decomposition of M; M=N,
@ N, such that N,=M,(f) and N,=(M,PM;B-). Let =;: M—N; and

pi: M— M; projections with respect to the decompositions I 222 @N; and
i=1
szl}éBM,,, respectively. Put g= p,m,| M;EHomg (M,, M,). Let m be in
M,. Then mzzzm(m) and nl(m)zz_,;‘ pa(my(m)). Hence, since M= m,(m)
i=1

and z,(m)==x+f(x) for some x&M, W=~ Accordingly, g()=g(m)=
pai(m)=p,(2+f(%))=f(*)=f(m). Hence, f is lifted to g.

3)—>4). Weassume (). Let p: My~M,q and a=p(a). For any g€End;(M,),
g=9 (pg). Then @7, pg are lifted to H < Homg(Mywm, Ms) and HE
Hompg (Ma, Myw) by 3), respectively. Hence, g is lifted to FH. Therefore,
S=S/J(S) by 3).

4)—1). First we shall show 4)—2). Let M =A®B and M:A@E@M‘;.

Now, M= EPGBM.,@Z @M;. Letz be the projection of M onto > P M; with
I- P P
respect to the decomposition M=ADIIDM,. Since S=S/J,(S), we can
P

choose, from the representation of column finite matrices, a homomorphism

f: M—>EP€BMB such that f=—=. We put Ml(f)z{x—}—f(x)leIZPGBM} cM.
Then M=M1(f)EBEP@Ms and M,(f)=A. Next we take the projection =’ of

M onto A with respect to the decomposition M=A@B. Since A=M,(f), there
exists g: M—M,(f) such that g=—=" (note M,(f)~ IZ_PEBMy and M=DM,()®

ZPGBMS). Put Mz(g)z{y-}—g(y)[yeg}@Ms}. Then M=DM,(f)PM,g) and
My(g)=B. Next we shall show 4)—1). Since M,(f)zIZPEBM-, and M,(g)~
SY®M;, we can prove it by induction on number of summand (note that
P

4) is satisfied for the direct summand My(g)).

ReEMARK. We know, from the proof and the remark before (), that 1)~3)
are equivalent without (§).
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Corollary 1. Let {M,}, and M be as above. We assume further each M,
is completely indecomposable and {M,}, is semi-T-nilpotent. Then the above
conditions 1)~4) are equivalent to

5) M has the lifting property of direct decmpositions.

Proof. 5)—1). Itis clear.
1)—5). We shal! use the same method in the proof 1)—2) of Theorem 1. Let
M :EL @ By. We shall prove it by transfinite induction on L. We assume L is

a well ordered set. We assume that for each p<<B<a there exist direct sum-
mands N, such that M= 3Y@N,P M’ and N,=B,. We note that every direct
P<B

summand of M is a direct sum of completely indecomposable modules by [10],

Theorem. Since T= >} PN, is a locally direct summand, T is a direct summand
P

of M by [9], say M=T@M'. Now H—3 ®B,® S ®By, M=TSM’ and

_ _ <o @<y

T=3 BNy=21PB,. Then we know from the proof 4)—1) of the theorem
<w

p<a
that there exists a decomposition M=T@M'(g) and M'(g)= 23 BBy. M'(g)
a<y
has also the lifting property of decompositions with two direct summands by
the theorem. Hence, we obtain a direct summand N, of M such that N,=B,
and M=) PN;HM".
B<w

If M, is a cyclic hollow module with (E-I), then Hompg (M, J(Ma))=
J(Endg(M,)). Hence, under the condition in Theorem 2, J(S)< J(S) if and
only if {M,}, is a semi-T-inlpotent set by [5], Proposition 2. If J(M) is small
in M, {M,}, is semi-T-nilpotent by [7], Corollary 1 to Proposition 1.

Corollary 2. Let {M,},; and M be as above. We assume each My is a
cyclic hollow module with (E-I). We assume one of the following.

1) J(S)<J(S).
il) {M,}, is a semi-T-nilpotent set.
iit) J(M) is small in M (e.g. R is right perfect).
Then the conditions in Theorem 2 are equivalent to 5).

Proof. Let M= P A, with A4, simple and let N, be a direct summand
I
of M such that N,=A4,. Then the inclusion map 7: >\ Ny—>M modulo J(M)
I
gives an isomorphism to M. Hence, { is an isomorphism if J(S)< J(:S) (cf. [3]).
Corollary 3. We further assume in Theorem 2 that M,~M, for all a in I.

Then the conditions in Theorem 2 are equivalent to
6) M has the lifting property of simple modules.
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3. Modules with lifting property

In this section, we shall study R-modules M with lifting property and
M| J(M) semi-simple.

Theorem 3. Let M be an R-module with M|J(M) semi simple. We assume

that M has the lifting property of simple module and satisfies one of the following
conditions.

1) M has the lifting property of decomposition with two direct summands.

2) S=S/J(S), where S=Endg (M), S=Endz(M) and J(S)=Homg
(M, J(M)).

3) For any cyclic hollow and completely indecomposable direct summand N
of M and an element f in Homg (N, M), if f: N—M is a monomorphism, so is f.

4) For any two direct summands M,, M, as in 3) and f =Homg(M,, M,), if
[ is an epimorphism, then f is an isomorphism.

Then M contains a submodule M’ satisfying the following.

a) M 'ZgEBM,,,; the M, are cyclic hollow and completely indecomposables.

b) M’ has the lifting property cf simple modules and decompositions witl.

[inite direct summands.
c) ZI] @M, is a locally direct summand of M.

d) M=M'-+J(M).
Conversely, if M contains a submodule M' above, M has the lifting property of
simple modules. Furthermore, if each M, satisfies (E-1), then M satisfies 3) and 4).

Proof. We assume M has the lifting property of simple modules. Let
N be the set of submodules N of M such that N= > Ny; the Ny are cyclic hollow
J

and completely indecomposable and N is a locally direct summand of M (with
respect to >J@Ny). Since M has the lifting property of simple modules, N is
J

not empty. We can define a partial order in NV by the members of direct sum-
mands of N. Then we can find a maximal element, say M'=>1DN,, in N by
Zorn’s lemma. Since N is a locally direct summand, M’ M. !

Case 1). We put M=M®K and show K=0. If K=0, we have a sim-
ple submodule 4 such that M=M'PK’'PA. Since M has the lifting property
of decompositions with two direct summands, M= L@N and L=M®K',
N=A. Let ] be any finite subset of I. Then M=§J] DNyDP. Since E, BN,

has the exchange property by [1], Lemma 3.10 and [12], Proposition 1, M=
SYON,BDL' BN, where L'=L'PL"” and N=N'PN”. Since N=N'PN"=A4,
J

N'=0 or N”=0. If N'=0, M= ®N,PL'cL. Hence N’ %0, and so
J
N”=0. On the other hand, N” is isomorphic to a direct ummand of >I®N,.
T
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Hence N”=0 and so N=N’. Therefore, DIPN,PN is a direct summand of
J

M, which contradicts the maximality of M’ in N. Therefore, M=M'+ J(M).
M’ has the lifting property of simple modules by [8], Theorem 2 and Proposition
2. Next we shall show that M’ has the lifting property of decompositions with
finite direct summands. Let N;, N, be in {N,},, then N,BN, is a direct
summand of M by c), say M=N,PN,PM*. We can apply the argument in
the proof of Theorem 2 to the decomposition M=N,BN,PM*, instead of
M =ZI]€BM,,. Hence, Homg(N,, N,) is lifted to Homg(N;, N,). Therefore,

M’ has the lifting property of decompositions with finite direct summands by
Theorem 2 and has the lifting property of simple modules by [8], Theorem 2
and Proposition 2.

Case 2). We also show K=0. Put Ny=>1@DN, for a finite subset J of
J
I. Then M=N,PP and M:No@Pzﬁo@Z@NyEBK. Let z’ be the pro-
I-r
jection of M onto N, with respect to the latter decomposition and z=x'|P.
Since S=S//,(S) and
S— (HomR(No: N;) Homeg(P, No))
~ \Homg(N,, P) Homg(P, P)/,

there exists f&Homg(P, N,) with f=—=. Then M=P(f)®N, and P(f)=

SIPN;DK (cf. the proof of Theorem 2). We assume K=0and K, is a
simple component of K. Since M has the lifting property of simple modules,

there exists a direct summand M, of M such that M,=K,. M, has the exchange
property and so M=M,PP(f)’ DN, and P(f)' S P(f), since M,< P(f).
Hence, M,®N, is a direct summand of M for any finite subset J of I. Hence,
M DN, is a locally direct summand of M, which is a contradiction. Therefore,
K=0 and M=M’. Tt is clear that every direct summand of M satisfies the
condition 2). Hence, M’ has the lifting property of simple modules and de-
compositions with finite direct summands by Theorem 2 (note the remark before

#))-
Cases 3) or 4). Let M, be a cyclic hollow and completely indecomposable
direct summand of M with M,=A4,. Put M'=3M,. Then M'=M. We
I

shall show >IM,, is a direct sum (cf. [8], Theorem 1). Let Z"_‘,M,-zM(n) be any
I i=1
finite sum in >YM,. We show M(n)=> @M, and M(n) is a direct summand
I i=1
of M by induction on #n. If n=1, it is clear. We assume M=M(n—1)DT.
Let 7 be the projection of M onto T' and f==|M,. Since f(M,) ¢ J(T), f(M,)
is a simple component of T and T has the lifting property by [8], Proposition 2 and
so there exists a cyclic hollow and completely indecomposable direct summand T
of T such that T\=f(M,). Let T=T,PT, and =, the projection of T onto 7.
Put g=nf. Then g(M,)= T,. Hence,zisa monomorphism and so g is a mono-
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morphism by 3) or 4). Accordingly, M=M,PDker 7,z =M, PT,PM(n—1)=
M(n)DT, and M(n)= z_”} @DM;. Cases 3)and 4) imply that {M,}, satisfies (E-I).

Hence, M' has the lifting property of decompositions with finite direct summands

by Theorems 1 and 2. Conversely, we assume M has the submodule M’. Since

M'=3 @M, is a locally direct summand of M, M=3XOM,=M’'. Let A be
I 1

a simple submodule of M. Then there exists a finite subset J of I such that
ACY®M,. Since M’ has the lifting property of simple module, )& M,
J J

contains a direct summand N with N=4 by [8], Proposition 2 and so N is also
a direct summand of M. Finally we assume that each M, satisfies (E-I). Let
N, be any direct summand of M asin 3). Since M=M’, there exists a direct
summand M, of M’ such that M,=N,. Hence, M,~N, by Proposition 2.
Accordingly, 4) is satisfied by Theorem 2. Let f be as in 3). Since M=M’
and M’ has the lifting property of simple modules, there exists a direct summand
T, with T,,zfm. T, is cyclic and so T, is contained in a direct summand
EJ‘, @M, of M byc). Hence, Ty is a direct summand of M. Letz be the pro-

jection of M onto T,. Then = f: Ny— T, is an isomorphism by the above and
Theorem 2. Hence, f is a monomorphism.

Corollary. Let R be a right artinian ring and M an R-module. Then M
has the lifting property of decompositions if and only if M has the lifting property of
decompositions with two direct summands.

Proof. If R is right artinian, every R-module N with N/J(NN) simple is a
cyclic hollow and completely indecomposable module. Hence, if M has the
lifting property of decompositions with two direct summands, then 4 has the
lifting property of simple modules and so M =21‘,EBM,,, by the theorem, where

the M, are cyclic hollow modules. Hence, M has the lifting property of de-
compositions by Corollary 2 to Theorem 2.

RemMarks 1. We note that if J(M) is small in M, M=M’in Theorem 3. If
further each M, satisfies (E-I), then all conditions 1)~4) in Theorem 3 are
equivalent when M has the lifting property of simple modules.

2. We assume M=M'DK with K=J(K). Then M satisfies 1) and 2) if
M’ satisfies a) and b). We do not know whether this fact is true or not without
assumptions.

3. Let Z be the ring of integers and p a prime. Put M=31DZ/p'D

E(Z|p) and N=(Z[p")PDE(Z|p), where (Z[p')" is the direct sum of |I|-copies
of Z|p'. 'Then M has the lifting property of simple modules but not of decom-
positions and N has the lifting property of decompositions.

Next we shall study R-modules satisfying the lifting property of simple
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modules.

Proposition 4. Let M be an R-module. We assume that M is countably
generated, M|J(M) is semi-simple and J(M) is small in M. Then if M has the

lifting property of simple modules, M =§}€BM; with M; indecomposable.
i=1

Proof. Let {m,, m,, +--,m,, -} be a set of generators. Since J(M) is
small, we may assume m; & J(M) for all . Further we may assume m;R is
simple. We assume there exists a set of indecomposable direct summands M;

ty ” J——
such that M(n)=>1PM, is a direct summand of M and 2Im;RCM(n). Let
i=1 i=1

M=Mm)PT and m,,,=x+t; x&€M(n), tT. If t& J(T), there exists an
indecomposable direct summand M, of T'such that M t,.,—tR by [8], Proposi-
tion 2. Hence, there exists a direct summand M(n-+1) of M such that

M(n—|—1)DEmR Accordingly, UM(n) Z}GBM,, =M, since J(M) is small
in M.

Lemma 1. Let M be an R-module and let 33D N,, 23D N,,, -+ be sub-
T T,

modules in M. We assume that the N, are colmpletely indecomposable and
QXD N, is a locally direct summand of M for all i. If N, A N,, for any
I ’

;€1 and any a; €15, ) ;EBNM is a locally direct summand of M.
Proof. Let J; be any finite subset of I, Then M =2 DN D M().
Since f‘_,EBN s has the exchange property, 1W~ZEBN EBZ] @N.,;EBM*(Z)

where M *(2)= M(2), since NgAvN,;. Repeating th1s argument we know
IIDIBN,, is a locally direct summand of M.
i I

Corollary. Let M be an R-module such that M|J(M)=> DA, with A,
I

simple and Ay Ag for a=BE1. Then M has the lifting property of simple mo-
dules if and only if M contains a submodule M’ wihch has the lifting property of
simples modules and satisfies a), c) and d).

Proof. If M has the lifting property of simple modules, we obtain a cyclic

hollow and completely indecomposable module M, with M,=A,. Then

MM, if a+G. Hence, 2M¢~M satisfies a), c) and d) by Lemma 1. The
remaining part is clear.

Theorem 4. Let M be an R-module with M|J(M) semi-simple. We assume
every cyclic direct summand of M is noetherian (e.g. R is right noetherian). Then
M has the lifting property of simple modules if and only if M contains a submodule
M’ such that a) M' = g‘, DM ,; the M, are cyclic hollow and completely indecomposa-
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ble, b) M’ has the lifting property of simple modules, c) 2 DM, is a locally direct
summand of M and d) M=M'+ J(M).

Proof. “If” part is clear from Theorem 3. We assume M has the lifting
property of simple modules. Let M;, M, be completely indecomposable and
cyclic hollow direct summands of M, say M=M, S N,=M,PN,. Then
M,~M, or M=M,PM,PN; by Lemma 1. In the latter case, since M,PM,
has the lifting property of simple modules by [8], Proposition 2, M,<M, or

>M, if M,~M, by [8], Theorem 2. Therefore, we may assume in any cases
Ml M, or M,;>M, whenever M,~M,. We note that every cyclic direct sum-
mand satisfies (E-I) by the assumption. Now let {1} ; be a representative set of
cyclic hollow and completely indecomposable direct summands of M with
My~M,, for all yEL (v, is fixed). Then {My}, is a linearly ordered set with
respect to >. Since My is noetherian, we have the minimal member M, and a
finite chain My>My_>+->M,. Hence, L is well ordered and so we may
assume {My},={M,} with M,>M, ,. We define the set N, of submodules
of M: N,= {T:agz}y @®M,,|T is alocally direct summano of M and M,,~ M,

for all e=I{}. Let T1=E @M,, be a maximal member in N,. Then M=
TAK, and T—E @M, LetA bea simple submodule of M not contained in

T,. Since M has the lifting property of simple modules, there exists a com-
pletely indecomposable and cyclic hollow direct summand N, of M such that
N,=A4,. We shall show Nya&xM,. Let J; be any finite subset of I,. Then
M—E BM,DM'. Letzy: M—M' be the projection. Since N CI:Z] eM,

N ~7rM/(N1) and so M’ contains a cyclic hollow direct summand N { with
Ni{=my/(N,) say M'=N{®DM" by [8], Proposition 2. Then M= DM, ,PH
T

M'PN!. Let z: M—-N{ and n': M'— N{ be the projections, re;pectively.
Then z(N,)=7"(7/(N,))=7'(N{)=N{. Hence, z| N;—>N{ is an epimorphism.
If Ny~M,, N{~M, since M, is minimal and so z|N, is an isomorphism by
(E-I). Therefore, M=N,Dker 7= NIEBE DM, BM”. Since ], is any finite

subset of I,, N,@®T, is a locally direct summand of M and N,~M,, which con-
tradicts the maximality of T, in N,. Hence, NyA&xM,. Now M= TIEBK1 and
M,®T, is a locally direct summand of M by Lemma 1. Let N,={T=
2 EBMWEBEEBsz is a locally direct summand of M and M,;~M,}. Let T,

be a max1mal member in N,. Then M= TEBE]EBMzBEBK Let A, be a

simple submodule not contained in T,and N, a cychc hollow direct summand
of M with N,=A4,. Since 4,%T;, N,AxM, by the above. Let J, and J, be
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any finite subsets of I; and I,, respectively, and M =Z} GBMMEBZ DM, DM*.
Let mys: M— M* be the projection. Since Nz_AZSE T, and EGBMMEB
2 DMy C T, 74+(N) &T, Let N} be a cyclic hollow direct summand of

M* with Nj=u7,:(N,). Since 7w (N2) & Ty, NiA=M, from the above. We
obtain the epimorphism 7 |N,—N} similarly to the above. If, since N;a&M),
N,~M,, we have a contradiction. Hence, N,A&M; (i=1,2). Since L is well
ordered, using inductively the above, we obtain a locally direct summand

T(7) = DO 0, 5 OMy, @+ LM, @ -, which has the lifting pro-

perty of 31mple modules and each M ia; 18 a cyclic hollow and completely in-

decomposable direct summand of M. Let {:Sy} » be the representative set of simple

modules in M. For each Sy we can obtain T(y) as above. Then 3 T(v)
P

is a locally direct summand of M by Lemma 1 and M=31®T(y) from the
P

above argument. Thus M'=2 P T(7) is the desired submodule of M by [8],
Theorem 2.

Corollary. Let R be a right artinian ring and M an R-module. Then M has
the lifting property of simple modules if and only if M= 33D M, with M, indecom-
I

posable hollow and {M,} satisfies the conditions in [8], Theorem 2.
Proof. If Risright artinian, J(M)is small in M and M/[J(M) is semi-simple.
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