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Introduction. Equivariant stable homotopy groups of spheres with
linear involutions were first discussed by Bredon [4, 5] and then by Landweber
[10]. But the precise results of computation are not published except a few
number of examples even though it seems that they computed these groups to
a certain extent. In the present series of works we try to compute these groups
systematically.

We use the notations 7;, of Landweber [10] to denote these groups which
are denoted by 7;.,,, in Bredon [4, 5]. As is well-known there are two types
of homomorphisms; the one is the forgetful homomorphism r: =5, — n§,, and
the other is the fixed-point homomorphism ¢: =5, — =;. There are also exact
sequences involving these homomorphisms, i.e.

S S S S
T Wpiqg "> Wpqg T TWp—1,g > Tpag-1 > "
and
S ~ S S S
> Wga1 7> Npg > Wpg TG > e,

which are called forgetful and fixed-point exact sequences. These were certainly
two of basic tools by Bredon and Landweber, and we also use these as a part of
our basic tools.

Here we present two isomorphisms; the one is

Py, =Ty for p+4¢<0,

the other is that the fixed-point exact sequence splits in a large part and gives
the isomorphism

Ty A N; P for p<q or g<—1.

The first isomorphism reduces the computation of z;, for p+¢<0 to that of
ordinary stable stems. The second isomorphism reduces the computation of
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w5, for p<q or g<—1 to that of ordinary stable stems as soon as the restricted
equivariant homotopy group A,, is computed. Our computation will stop
at this stage, i.e. we will not go into computation of ordinary stable stems any
more.

It is known [10] that A;, is isomorphic to a certain stable homotopy group
of a stunted projective space, and hence to a certain homotopy group of Stiefel
manifold in the stable range. Thus we can read \;, as groups from Hoo-
Mahowald [7] in the range p+¢<13. But in the range p>¢>1 we meet with
technical problems to decide extensions in fixed-point exact sequences, so we
need to know generators of A;, from the view-point of equivariant homotopy
theory and can not use the table of [7]. We compute also A;, from our point
of view.

There holds the isomorphism

S __ : r—p,—q—1 7,0
Ap.g = col’lm s (ST .

We reach to Aj, by step-wise computation of equivariant stable cohomotopy
groups 75”7 (S%°) recursively on 7. For this purpose we use mainly the
exact sequence associated with the equivariant cofibration S}°c Si+:°— S/
S0~ 31%(S%% (occasionally we use the others for the sake of simplicity).

Clifford modules give certain periodic isomorphisms among equivariant
stable cohomotopy groups of S%:° which give rise to periodic isomorphisms among
A, as the above mentioned colimit is stable. These periodic isomorphisms
among A, are reflected on James periodicity [8] through the above mentioned
isomophisms between \;, and stable homotopy groups of stunted projective
spaces.

These periodic isomorphisms are given by multiplication with certain
periodicity elements. Observation of behaviors of these periodicity elements in
relevant exact sequences is crucial in our computation.

As it was observed by Segal [13], z5, is identified with the Burnside ring
of Z|2 (in our case) and hence 7§ ,=Z[p]/(1—p?). Observation of actions of
the generator p in equivariant homotopy groups is particularly important, which
helped us to decide non-trivial extensions in many places.

At the moment we have finished computation of z;, for p+¢<13. In
the present paper we present computation for p+¢<8. The rests will be
presented in subsequent papers.

§1 is a preparatory section. In §2 we discuss several commutativity
relations of used homomorphisms. In §3 basic properties of periodicity el-
ements coming from irreducible Clifford modules are discussed. We regard an
often used construction of Bredon [5] as a kind of squaring operation. Its
basic adding formula (Proposition 4.2) is discussed in §4, which gives rise to the
above mentioned splitting of the fixed-point exact sequences. In §5 we define
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an elementary homomorphism 6: #; — #5,. The combination of 6 and
the external squaring operation gives an interpretation of Kahn-Priddy theorem
[9] for Z/2 from view-point of equivariant homotopy theory. In §6 we define
equivariant stable Toda brackets. §§7-15 are devoted to our actual computa-
tion.

Notations and elementary results of [1, 2] are used freely. A cyclic groups
generated by x is denoted by Z-x or Z/n-x according as x is of order infinite or #.

1. Stable r-cohomotopy theory

Let X be a finite pointed 7-complex, p, g, 7, s, k& and [ be integers, and
k=p,[>q. We define a A-homomorphism

(11) gr o [Ek—p,l—qX, zk.l]'r — [2r+k-—p.s+l—qX’ 21+k,s+1]r
as the composition of the following sequence:

[Ek—p,l—qX, Ek,l]'r 2;" [2,,szk—p,l—qX) Er,szk,l]'r
pp"(T_l/\ 1)*°T*

[27+Iz—p,s+l—qX’ 2'+k.s+l]‘r ,

where p is the homomorphism defined in [2], (1.2), and T': SPeSrsaZptnats jg
7-homeomorphism of [2], p. 381.

For fixed p and ¢, {[Z¥#/79X, Z*" & } forms a direct system of abelian
groups. Put

(1.2) 7%4(X) = colim [SF#1-0X, Sk,
k,
and call it the (p,q)-th stable T-cohomotopy group of X. 'The group
7’1;5,4 — ﬂgp.—q(zo,O)

is the (p,q)-th equivariant stable homotopy group of sphere with involution
[4, 5, 10], which we call the (p,q)-th stable T-homotopy group of Z*° in con-
sistency with our terminologies. The groups z;:—,, pEZ, are called the
stable 7-homotopy groups of k stem.

Next we define a suspension isomorphism

(1.3) "% k(X)) =~ w1 (ErX)

in the same way as [2], (7.5). 'Then by the parallel argument to [2], §§7 and 8,
and defining the multiplications by smash products, we obtain

Proposition 1.4. z5*={z%'( ), o, 7; (p,9)EZXZ} is a reduced -
cohomology theory with the commutative multiplication. The forgetful and fixed-
point cohomology theories associated with n§* are both the stable cohomotopy theory.
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We remark that the definition of the 7-spectrum SR in [2], p. 386, is not
convenient for the present paper. Here we modify it as follows: take =™" as
the n-th term and the composition

8,, — (]”/\ I)OTZ El,lzn,n — 2n+1,n+1

as the n-th structure map, where J is the involution of Z"° in [2], p. 385. Then
restricting the double colimit (1.2) to the cofinal diagonal one, one can easily

identify z¥* with SR**. Hence as to T-cohomotopy theory z%* we can use
the results of [2].

The forgetful exact sequence [2], (5.1), of #¥* gives rise to the following
exact sequence

(1.5) S Wpag > Wpg > Wp-1,q > Mpag—1 >
in case X=3"° which is already used by Bredon [4, 5].

Next we define the fixed-point exact sequence of 7¥*. For our computa-
tion it is as important as the forgetful exact sequence (1.5). For a finite pointed
7-complex X and each (p,q)EZ X Z, we put

(1.6) A(X) = colim {75~ (SW°AX), p'EXrs

where &F.,, is the A-homomorphism defined in [1], §2. Landweber [10],
p. 126, defined the restricted equivariant homotopy group Aj,, which we can
identify with A5?"~%(2*°) as follows: since

Ek+p,1+q/2k+p—r,l+q — Sk+p,l+q+l/Sk+p—r,l+q+l
—~ (Sr,o X Bk+p—r.l+q+l U Br.o X Sk+p-—r.l+q+l)/Br.0 X Sk+p—r,l+q+1
T
— S:.'O /\ (Bk+p—r.l+q+l/Sk+p-—r,l+q+1)

= zk“_"”"“SQO ,
we have
w5 (SY0) = colim [ShHHo-rbtetLgro kT
= co}:i,m [2Iz+p.l+q/2k+p—r,1+q’ zk,l]f ,
hence
XEP'_"(ZO’O) — C‘zl,“,n [Zk+p,l+q/2k+p—r,l+q’ zk,l]-r
= co},i,m [zk+p.l+q/20.1+q’ Zk,lr
=Npq-

Consider the following commutative diagram:
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71'1’ q—l(X) ”p+r 4—1(X) '8’, n,i:+r q—l(Sr o/\X)
l lx LO Er-ﬂ,r
1 +r+1,q-1 '8”‘1 +741,q—1/ Qr+1,0 Or41
pq (X) 17 .q (X) p g (S+ , /\X)__, oo,

The commutativity of this diagram will be shown in Proposition 2.1. Since
the fixed-point homomorphism ¢: z4**"}(X) — z%!(¢X) is an isomorphism
for r>dim X—p—g+-2 by [2], Proposition 5.4, passing to the colimit of the above
diagram, we get the following exact sequence:

91 % b4 5.9 ¢
(1.7) = 5 (X)) — A(X) = 75I(X) — 7Y (X) = -

We call this exact sequence the fixed-point exact sequence of =¥*. In a sense
we may regard this exact sequence as a special case of the exact sequence of tom
Dieck [6]. In case X=ZX="° the sequence (1.7) is reduced to the following
exact sequence defined by Landweber [10], p. 126:

» S s s ?
(1.8) > ”fﬂ > Npg > Tpg > —> Xf,q_1 —

The T-cofibration S4°C S§7+1%— 8710/~ 519870 implies the following
exact sequence:

8' r+l,r
(1.9) e —> 75?‘1_11'_‘1_2(5'}{0) A —p —q— I(Sr O)E L.

r+1_p,_q-1(S:+1,o)771,r+1

3 nfg“""""_l(Si'o) —> ees

for r>1and (p,q)=€Zx Z. Since z%*(S}°)~=S,_,, we obtain

Proposition 1.10. &%, ,: z75? (S} —» o512~ Y(ST) ds disomorphic
for r= p+q+2 and epimorphic for r= p+q+1.
Corollary 1.11. A} ,~n5?~%"1(S%°) for r>p+q+2.

Because of Corollary 1.11 we often identify the fixed-point exact sequence
(1.8) with the exact sequence

X . B

(1.12) S Ty ga1 T Tp—yge —> 75 T TTH(SE) — >

associated with the 7-cofibration S%°C B%°—>3"% in the range r> p+q-+2.
g P+q

2. Relations between various homomorphisms

In this section we will give the relations between the various homomor-
phisms defined in [1], §2. Throughout this section X is assumed to be a
finite T-complex.
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Proposition 2.1. There hold the following relations (for positive integers r,
s and t);

1) Qs = 00,
ii) n;k'f-l-s-}—t == 77;k,y+s°77’rk+s,r+s+t ,
iii) E:!‘+s+t,t = Ef+s+t,s+t°§f+t.i ’
iV) 7]ik,r+s°:81+s =g,
V) Bd, = as,t ’
vi) 87+3°§;‘k+s.s = Prss ,
Vi) 8y ,4008Kres = Py,
viil) EXeson¥as = ay,
iX) Beoat, = EFe 08,
X) 8s+t.r°7]’rk,r+s = E:k+t,t°8t,r+s s
xi) 8,onf,1s = @08,

Xll) 77>rk+s,r+s+l°§;k+s+t.s+t = E;k+s,s°77;k,s+t .

Proof. Relations i), ii), iv), v), ix) and xi) are proved already in [1, 2].
Here we prove the rests. We will prove the relations only for the special
case X=pt to avoid too big diagrams. The proofs of general cases are entirely
parallel to the special case and will be left to readers.

Proof of iii). The commutative diagram

L0Qs+t,0
PRGNS

NARAE lz"ofsﬂ,t
E\, zr-i-s,OSi,b

r+sttt

induces the following commutative diagram

,0 *
z%—,.qﬂ(SiH,O) _f:__, ”%.ul(zr,oSiH,O) (E'““'SJ;') ”%.q+1(S:L+s+t,0)

(G [ %000" |

D—7,q+1/5s,0 Q1,0 o’ 5.4+ 1/5r+s,0 to(g’ﬂ“-‘)* P.q+1) Qr+s+2,0
gl (ER0G0) T e (S0 gt 0) S GE pgdgrsti)

$,0
Io- o_r+s

”g—r-s.q+1(si, 0)

which proves iii).
Proof of vi). The collapsing map B}**°~ (B"°Xx B*°), — (B"°X B*°)/(S"°
X B*%)=37°B%° induces the following commutative diagam
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S7+s:0 L"*“i Br+s0 Trts S0
l§r+s,s
2"01, Er.O”

S s
Z"oSi‘o > Er,oBi.O N 2r+s.0,

which induces in turn the following commutative diagram:

E3 r+s,0
”%.q(S:H.O) > nlg.qﬂ(zr-&s,O) ¢ nJg_—r—s,q-H(z0,0)

[ |

*
”lé.q(zr,oSi.O) ) ”/g.q+1(2r+s,0) a_s,o
Io_r,() Ia,r,o
pra*

”l;‘—r.q(Si,O) N ”{)S-—r.qﬂ(zs.O)

This diagram proves vi).

Proof of vii). We have 8;,,,0E%,:=/3:°8,4,08¥, ;. s=PB:°(p'8,)=p"8; ;, by
v) and vi).

Proof of viii). In the following commutative diagram

Er+s,s
Si+s,0 Er,OS:_,O
7,0,
lﬂr+s,r+s+r lz Ns,s+r

Ei+$+f s+r
S:+s+r,0 7 2"0Si+"0

the map 7,4, ,+5+, 18 T-homotopic to the map 77, r1sry Prws rasir(®y +05 Xras)=
0, =+, 0, &y, =+, %,4) for (xy, =+, %, ) €S since r>0. Then &, 4, 0
Prasrrstr=0o, A\ 1, where £, ,: Z*°C 3" is a canonical T-inclusion. Now it follows
the relation viii) from the 7-homotopy =" (110&,+, ==&, ,A1.

Proof of x). We have 85+t,r°7]:‘l‘.7+S:Bs+toar°’7:‘k,r+szﬁs+t°as°8r+szg?se+t,t°
Bt°8r+s=£’sk+t,t°8t,r+s) bY V).v lX) and XI)
Proof of xii). The following commutative diagram

Nr+s,r+s+t
0 ’ +5+1,0
Si-x-s, S S:. s
lEr+s,s lgf+s+t,s+t
»0,
b Ns,s+t

2"051'0 2"0Si+"0
induces the relation xii). []

Proposition 2.2. For positive integers r, s and t, the homomorphism a,
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commutes with the homomorphisms B;, n&..s, ¥, 8, and 3, ;.

Proof. This proposition is routine if we pay attention to the fact that
p=1onIm a, for r>0. []

Next we define the internal product
(2.3) 75U XL Qs (X ) = n (X )

by xy=d*(xAy), where xex%(X,), yEns*(X,) and d: X,—»X, A X, is the
diagonal map. Then #¥*(X,)=>)#%%X,) is a bigraded A-algebra with unit
0,9

1=n*1, z: X— pt, which is commutative in the sense of [2], §6.

Proposition 2.4. Forucz%(X.),u, u,En§*(X,) and vert*(ST'AX,),
there hold the relations:
1) a(umu) = a(u)u, = ma,(u,),
11) ﬁr(uluZ) = Br(ul)ﬁr(uZ) )
ii) 8, (vB (u)) = 8,(v)u,
V) 8.8, ()e) = p* I —1)ud,(v).
Proof. Relations 1), ii) and iii) are easily seen by routine arguments of

generalized cohomology theories. The relation iv) follows from the relation
iii) and the commutativity of 7-cohomotopy theory. [J

Proposition 2.5. For u, w, w,n§5*( SV 'AX,), veErd*(SPAX,)
and wert*(S°NX,), we have
1) E;k+s,s(7)77:k,s+r(u))= ;k-ks,s('v)u;
ii) 77:'k.r+.v(uluz) = 77?.7+s(u1)77;k,r+s(u2) ,
lll) 83,'(70773‘,1'-}:(”)) = 8s,r(‘w)7):k.'+3(u) .
Proof. The relation ii) is obvious. We will prove the relations i) and
iii) only for the special case X=pt to avoid too big diagrams. The proofs of

general cases are entirely parallel to the special case and will be left to readers.
Consider the following diagrams:

%
ﬂg'q(Si'o/\Si“’o) 3 ﬂ%’q(Si'o)
10‘"0 la_r,o
1Ad)*
(26) 7I"s+p’q(2"0Si’0/\S1+s’o) ( /\ ); ”§+ﬁ,q(2r,0Si.0)
1(Er+s,:/\ 1)* l(§r+s,s)*

d*
n§+p,q(sg+s,0/\Si+s,0) N ”g‘-rp,q(S:.-!-s,O) s
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where d'=(1 A7, ,+s)°d, and

1%

%S NASLH0) — %(S%)
10_0,1 0_0,1
1 17\ k
ﬂ%’1+q(20'1S:'0/\S:_+3'0)( /\d ) 71'%'”4(20’1:5':'0)
@.7) l(B/\l)* 5+
N
1 d/// sk
7t{’g’1+q(2"0Si’o/\Si+s’o)( /\ ‘;) 7[%'1+q(2"0Si'0)
Io.f.o o_r.O

111%
71'%_"“‘1(8'5;0/\‘31“'0) S n_{:g—r,Hq(Si.O) s

where d”=(1An,,4)od and d'"'=(1Azy,)od. Since d"™*(v Au)=vn¥, . (u),
d"*(wAu)=wnf, . (u) and d''"*(8, ,(w) Au)=3, (w)n¥..,(u), we get the relations
i) and iii) if we prove that these two diagrams are commutative.

Observe the following two diagrams:

srogpo A <AL srage
23) [Erant I
SEEOASEY e S0,

1Ad"

SMSTOASL e ZOIS
(2.9) [3/\1 Ia
1 d///
zr.OSi,O/\S:_-&s,O E/\ zr,OSi,O .

Obviously (2.8) is commutative up to 7-homotopy. The 7-homotopy com-
mutativity of (2.9) is verfied by the following 7-homotopy commutative dia-
gram:

1 dl/
ZO'IS:'O/\S:.+S'0 ¢ /\ EO’IS:.'O
t t
(S:.+S'OUCS:'0)/\S1+S'O ST‘S'OUCS.’,.'O
V !
(S:.+S’O/S:'O)/\S:.+s'o ¢ S:+s,0/s1,0
d 2

IAd"
zr,OSi,O/\Sf:s,O Zr.OSi.O
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Now the 7-homotopy commutativity of (2.8) and (2.9) implies the com-
mutativity of (2.6) and (2.7). [

3. Periodicity elements

As we discussed in [1], §3, an orthogonal multiplication u: R*X R"—>R"
induces the periodic isomorphism

(3.1) Q)k "t ﬂ'sq(Sk OAX+) ~ ”%—n q+n(S}i'o/\X+)
for any (P: (1) €Z X Z and a finite T—Comp]_ex X. Put
(3-2) Wy = mf‘;l(l)en'g—n(‘gﬁo /\X+)

(denoted by the same letter as [1], (3.2)). We see easily that w, , is an invertible
element and that o ,(4)=owr,u for usr¥*(SL°AX,). We call v, , a periodicity
element of type (k,n).

The periodic isomorphism o¥, depends on the choice of orthogonal
multiplications and is not defined uniquely.

We say that two orthogonal multiplications px and u': R*X R"—R" are iso-
morphic iff there exist two orthogonal matrices 4 and B in O(rn) such that p'=
Bopo(1x A). Let of,and wi¥ be the induced ones from p and p’ respectively.
By definition of w¥, and A-actions in T-cohomology theories [1, 2] we see
easily that

it = (det 4)- i, when det B=1,

3.3)
wi® = p(det A)-w¥, when det B= —1.

Thus, the periodicity element changes only by signs in 7-cohomology theories
as far as the inducing orthogonal multiplication changes with in the same iso-
morphism class.

Let p: R*X R"— R" be an orthogonal multiplication. We define an or-
thogonal multiplication : R* X R"—R" by f(x,y)=pu(x,4A'y), x € R* and yER",
where A€ O(n) defined by Ay=pu(e,, ), =(1,0,:-+,0). 7 is a normalized ortho-
gonal multiplication in the sense that #(e,, y)=y for any yER". We call 2
the normalization of u. Clearly any orthogonal multiplication is isomorphic to
its normalization.

As is well-known, a normalized orthogonal multiplication p: R*X R"—>R"
gives rise to a C;_;-module R" by ;- y=p(e;4,,), 1 <i<n—1,e,=(0,--+,0,1,0, -,
0) and y=E R", vice versa. Hence we may identify normalized orthogonal multi-
plications with their corresponding Clifford modules.

We regard for each orthogonal multiplication w its normalization Z as the
Clifford module. As is easily seen, the correspondence “up— /2" gives rise to a
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bijection between isomorphism classes of orthogonal multiplications and of

Clifford modules.

In the following we restrict ourselves to the case n=a, (4;=2%%*"", [3]), and
abbreviate w;k,,,k=a)2k, @4, 4,=®, and so on. For every orthogonal multiplication
p: REX R"—R", n=a,, its corresponding C,_;-module is irreducible [3].

In case £%0 (mod 4), there exists exactly one isomorphism class of ir-
reducible C,_;-modules [3]. Thus of is defined uniquely up to signs in -
cohomology theories by (3.3).

In case k=0 (mod 4), there exist exactly two isomorphism classes of ir-
reducible C,_,-modules [3]. Correspondingly we have two isomorphism classes
of orthogonal multiplications: R* X R"—R". Choose p and z: R* X R"—R" from
each isomorphism class and denote by of and @F the induced periodic iso-
morphism respectively. These are again determined uniquely up to signes in
T-cohomology theories.

Put w,=o¥ (1) (and »,=o¥ (1) in case k=0 (mod 4)).

Proposition 3.4. There hold the relations
oy, when k=3,5,6 or 7 (mod 8),
NE pr10py; = {03 when k=1 or 2 (mod 8),
@y, when k=0 (mod 4),
up to signs.

Proof. For two orthogonal multiplications x and up’: R*X R"—R" we
define an orthogonal multiplication p+pu': R* X R*— R by

(") (%91, 52) = (n(x, 1), 1'(%,32))

for xeR* and y,,y,€R". Let o,,, o}, and w,,, be the T-homeomorphisms
induced by p, p’' and p-+p’ respectively. The 7-homotopy commutative
diagram

dA1 INT'A1
SEONZIO—— SEOASEOAZHOAZHY —— SEIAZHOASLOAZ

4
lmkﬂn lwk,n/\wk,n

dA1 IAT'A1
SEONZ—— SLONSEOAZI I AZI —— SLOASMASLINZN"

yields the relation
r%
ko

L N S
W20 = P Wk nOWk,

Let ¢: C,_,—C, be the inclusion which extends the inclusion R*"'—R*,
For any irreducible C,-module M, by-[3], §5, we see that 7*M is also irreducible
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when k=3, 5, 6 or 7 (mod 8), that 7*M=<2M" for some irreducible C,_;-module
M’ when k=1 or 2 (mod 8), and that F*M=M'PM" for the representatives M’
and M”’ of the two distinct isomorphism classes of irreducible C,,_;-modules when
k=0 (mod 4). Thus we obtain the desired relations. []

The following theorem is a key to compute z¥*(S%°), r>1.

Theorem 3.5. Y(8,0,)=+42 and (8,w;) (E7i-1), k>1, is the J-image
of the generator of =i_,(0).

Proof. By definition, , is represented by the composition of the following
sequence:

pAI1

Sko/\zo;t Sko/\zno 2.0,

where , , is the T-homeomorphism defined by [1], (3.2), and p: S5°—>=%0 is
a 7-map to collapse S*° to a point. §,w, is represented by the composition of the
following sequence:

zk.n—l —~ (Bk,o U CSk'O)/\Zo’”_l — Sk,o/\zo,lzo,n—l

PAL

_Sko/\zon Sk()/\zno 2.0.

Thus the composition

pAL

AR i p 5o 5

(3.6) ZHm i~ (BLUCS:HYAZ - SN —S
represents yr(8,»,;), where B* is the unit ball in R* and S*! is the unit sphere in
Rt
Consider the following diagram
H(z
Ek/\zn—l ~ Sk+n—l ~ Sk—l*Sn-l ('u;) zSn-—l ~ 2”
(3.7) At ¢ |7 [pA1
BLUCSTHAZ I = SITTAZ —— SITTAZ".
(5 ) SA1 W(wik)
Let u be the normalized orthogonal multiplication which gives rise to the 7-
homeomorphism w, ,. Let 2:.S*7* x S""'—S8""! be given by #(x,y)=A:"(y), where
xS, yeS*! and 4,(y)=p(x,y). For a map a: AXB—C we denote the
Hopf construction on it by H(a): A*B—3C. f: S* *S*" 'S ASIAS 1=
S%PAZ" is defined by f(x, t, y)=xAtAp(y), where (x, ¢, y)ES**S*™' and
¢: S*1—37"1 is a homeomorphism. g is given by the composition of the
following sequence:

p/\l

Ek/\zn 1 ~ SSk l/\zn 1 Sk—l/\zl/\zn—l P Sk—l/\zn
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where SS*7! is an unreduced suspension of S*7! and p’: SS*!—>=S8%"" isa map
which collapses the two poles of the sphere to a base point of =S%~'. k: B: U CS%™!
—3* is the canonical homotopy equivalence. §&: B:UCS%'—3S%! is the
canonical map which collapses B% to a point. Itis routine to see that H(f) is
homotopic to (pA1)oyr(wiry)o f, that f is identified with g through the canonical
homeomorphisms, and that ge(2A 1) is homotopic to —8 A 1. Thus the diagram
is homotopy commutative up to sign, which implies that +r(8,w,)=-H(E).
Since H(p)=—H(E), we have r(8,0,)=-4H(p). When k=1, this yields
Yr(8,00,)=-2.

Now consider the case £>1. Atiyah, Bott and Shapiro [3] gave the gene-
rators of I’-C\é(S") in terms of Z/2-graded Clifford modules. Let M=M'®M*
be an irreducible Z/2-graded C,-module and let

o: BExX M* — B*x M°

be given by (v, €)=(v, —ve) for vEB* and eM'. The complex of vector
bundles

(3.8) 0—> B X M* > B*x M°® — 0
represents the generator of IEB(S")NKO(B”, S* 1, 13], §11. Let
o't B*XM° — Bfx M°

be defined by o'(v, e)=(v, —v(ee)) for vEB* and eM°’. The complex of
vector bundles
/

0— B*xM* % B*% M — 0

is isomorphic to the complex (3.8). Thus, through the isomorphism IZ?)/(S*)R«*
mi-1(0), we see that orthogonal multiplication corresponding to the irreducible
C,_;-module M’ gives the generator of zi_;(0O). As J-homomorphisms are
given by the Hopf construction, the above arguments establish the theorem. []

The periodicity elements w, (and @, in case k=0 (mod 4)) have been so
far discussed up to signs. Hereafter throughout the present work we fix the
periodicity elements w;, k>1, so that they satisfy the following conditions:

(3.9. 1) Y(d) = 2,

(3.9. i) 7¥rr1044; = ©, when k=3, 5, 6 or 7 (mod 8),
(3.9.1i1)  %¥ 4410441 = i when k=1 or 2 (mod 8),
(3.9.1v) ¥ is1044 = @0, when =0 (mod 4).

Such a choice of the periodicity elements w,, k>1, is certainly possible
by (3.3) and Proposition 3.4.
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Put
10,0 Q4,0
Cyp = [ONYONA E?I’s (S+ ) .
Then
. 2
(3.9.0v") 7 pi1084 = Cpois

cq is a unit of z°(S¥%) and n¥_1 peu=1.

As for the elements of stable homotopy groups we use customary notations.
By Theorem 3.5 we may identify yr(8,0,)="7, Y(8,0,)=v and Y»(Ssws)=0 and so
on. Thus #, v and ¢ are the generators of cyclic groups of order 2, 24 and 240,
respectively (not those of their 2-primary components !). Then we have relations

VYr(8303) = (8505) =Yr(Sse) =r(870,) =0, Yr(Sgws)=7nc and r(d,gw0)="7"c, as is

well-known.

4. External squaring operation

Bredon [5] constructed an element b(x)Ex,, for any xEz; such that
Yr(b(x))=x* and ¢(b(x))=x. We want to regard this construction as a kind of
external squaring operation.

A T-subspace B, , of R* is defined by
B

»

Through a standard 7-homeomorphism (B”?, S*‘)~ (B, ,,0B,,) we identify
sP*=B, [0B,,. A subspace B, of R" is defined by

.4 = {(uli ".)up) Uy, R ’Uq)ERP,qI Iut[ <1> [vjl <1} .

Bn == {(tla °cy tn)ERn, Ittl <1}

and we identify %"=B,/0B,. We regard 3"AX" as a 7-space with the in-
volution 7 defined by T(x A y)=y Ax for x, yEZ", and a space

Blrx = {(uls *0ty Uy, Uyy o0ty vn)ERznl |ui"“vil <2’ |ui+7)il <2}

as a 7-space with the involution 7 defined by 7(u,v)=(v,u) for (u,v)EB,,.
Define a 7-homeomorphism

&n: Bn,n/aBn,n g BZn/aBZn

by a,(u, v)=(u+v, —u+v) for (v, v)€B,,. Using a function ¢: R—~[—1, 1]
defined by ¢g(x)=1 for x>1, =« for |x|<1, =—1 for x<—1, we define a 7-
homotopy equivalence p,: B,,/0B,,—>B,,/0B,,=3" AZ" by p,(y, ***, thy, 01y ***, V,,)
=(q(wy), ***, q(u,), 9(v1), *++, q(v,)) for (uy, ***, u,, vy, *++, v,,)ef?z,,. Thus we obtain
a T-homotopy equivalence

Oy = PuoQy,: SV" — ZA\Z".
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Let B,: Z"AZ"—=3"" be a 'r-homotopy inverse to a,, and define a map
5q: [2n+k, Ek] —_ [2n+k,n+k, Ek.k]'r
by sq([f1)=p™[Bro(f A f)ott,.]” for [ flE[E"**, Z*]. Here we show the formula

(+.1) sq([Zf]) = Eix(sq([F])) -

Proof. Let T,: Z"'3"AZ"—3"" A3 be the composition of the following
sequence:

A1 T’
st AP N SIASIASPA S s Srt A St

where T" is the T-homeomorphism defined by 7"(u; Au, Av, Avg)=u; A0y Aty A0y
for u;, u,=3! and v,, v,€35". Then the following diagram is commutative:

zl,lzn+k,n+k zl 12n+k/\zn+k 1 lf/\le lzk/\zk

|7 |7... |7

SatktLatk+ a”+"+§ DAL as W Yol oo WA f/\ SHIASH

1Aan+k

which implies (4.1). O
By (4.1) we obtain a map
Sq; w3 —> maa
passing to the colimit of sq: [S"+*, ZF]— [Zrthntk FhiT
Proposition 4.2. For x,yEn, there holds the relation
Sq(x+y) = Sq(x)+Sq(y)+8:E 7 (xy) ,
where &: w5 1" (SY ) ~n3, is the canomical isomorphism. Moreover
poSq = id: n] —> m;
and o Sq(x)=x" for xEm,.

Proof. Let f:3***—3* and g: 3***—»3* be maps representing x and y
respectively. Let §': SrtbathsFntb-Lathtl A 1.0 he the T-map defined by

8’(317 **ty Sutks tly Y tn+k)
. {(81, Uy Sutk-1 23n+k+1, By s Lugns 1) _1<sn+k\0
(sla y Sutk-1y 1_25n+k) tl) *y n+k: +1); 0<sn+k<1 .

Let F=(fAg)od’, where we regard fAg:Z*** 3% as an element of
[Srth-tutktl A SL00 SE#]T through the canonical isomorphism [S#*#-latktt A §L0
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ShH " [S2F2% 5] given by restriction to S*HeLatktly {1} Since p=—1 on
7% *(S}°) and f A g is a representative of (—1)*EY(xy), we see that [F]" is a re-
presentative of p™§,E~(xy) by means of [2], (12.2). Hence it remains only to
prove the formula

3 (A F 8ol
= [(FAN)etui + (8N 8) o nss] + [0 F]" .
Since (f+g) is given by
flas+2,u), —3/4<s<—1/4,
(f+8) (s,u) =] g(4s—2,u),  14<s< 34,
*, otherwise,
for (s, u)=(s, m, **+, Uyrs-1) EE"*, (f+2) A(f+g) is given by
(A (f+8) (s, u,2,0)

flAs+2, ) Ag(dt—2, v), —3/4<s<—1/4, 1/4<t< 3[4,
flds—2, u)Agdt+2,v),  1/4<s< 3[4, —3/4<t<—1/4,
flds—2, u)Ag(4t—2,v),  1/4<s< 3[4, 1/4<t< 3[4,

*, otherwise.

jf(4s-|—2, WA gdt+2, v), —3[4<s<—1/4, —3/4<t<—1/4,

For —1<a<b<1and —1<c<d<1, we put K(a,b,c,d)={(s1,***, Sntrs F1s***» Ent)
E By pis| <8 +16,<b, c<—5;+-1,<d, |s;+2;| <1, | —s; 41| <1,2<i<n+k} C
Bn+k,n+k' Then:

(AN (fF8)otnrals, u, 2, 0)
f4(s+2) 42, ut+v) A f(4(—s+£)+2, —u+v) on K(—3/4, —1/4,—3/4,—1/4),
f@(s+1)+-2,u+v) A g(4(—s+2t)—2, —u+v) on K(—3/4,—1/4, 1/4, 3/4),
= g(4(s+1)—2,u+v) A\ f(4(—s+2t)+2,—u+v) on K( 1/4, 3/4,—3/4,—1/4),
@46+ -2, ut+v)ANgA(—s+t)—2,—u+ov)on K( 1/4, 3/4, 1/4, 3/4),

*, otherwise.

It represents [f A foa,.,]" on K(—3/4,—1/4,—3/4,—1/4) and [gA goa,+:]" on
K(1/4, 3/4, 1/4, 3/4) respectively. Hence if we define the map
F': Sk A Sntk _y SEASE
by
f@Cs+1, ) A g(2t—1, v), —1<s<0, 0<¢<1,
F'((s,u), (t,v)) = {g(2s—1, u) A f(2t+1, v), 0<s<1, —1<2<0,

*, otherwise,
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(4.3) is induced from the T-homotopy commutativity of the following diagram:

2n+k.n+k a"'”', 2ﬂ+k/\2n+k
(44) lF 11?
k

shh 2 SASE,

Let S'S»HE-1 ASIS#HE-1 A §10 be a T-space with the involution 7 defined by
7(s, u, t, v, §)=(s, v, t, u, —E), and condider the 7-map

8'/: zn+k/\2n+k — 212n+k—1/\212n+k—1/\S};0
defined by

25+1, 4, 2t—1, 0, —1), —1<s<0, 0<<]1,
8"(s,u, t,v) = {(2t+1, u, 2s—1, v, +1), 0<s<1, —1<1<K0,

*, otherwise.

Since F'=(fAg)o8”, the T-homotopy commutativity of (4.4) is induced from
that of the following diagram:

En+l¢,n+k Xntk

En+k/\2n+k
(4.5) 13' 13"
2n+k—l.n+k+lS}'-,0 a ) 212n+k—1/\212n+k—1/\s}‘:0 ,
where a is the composition of the following 7-homotopy equivalences
En+k~l,n+k+1Si_,0 ~ 2n+k~l,n+k—120,2S}'—,0

~ (En+k-1/\2n+k—1)/\20.2/\ S}l‘o
~ 212n+k—l/\212n+k—1/\8-1+,0 .

Now the T-homotopy commutativity of (4.5) comes from the following obviously
7-homotopy commutative diagram

LN TS

o

so2gle — 32glo

Thus the main formula is proved.
The relations between Sq and ¢ or +Jr are obvious. [

Corollary 4.6. XoSq: z;—>my_ . is a homomorhism for any nE Z.
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Corollary 4.7. For xEn, and an integer m>1, there holds
Sqlmx) — mSq(a)+m(m—1)[2- 37
Proposition 4.8. We have the direct sum decomposition
5 =N Pr; for p<q or g<—1.

Proof. Consider the fixed-point exact sequence (1.8). In case p<<q the
homomorphism X?~?0Sq: z;—7x; , gives the desired splitting. In case g<—1,
since 7§, ,~7; =0, we have z; ;,~\; ,Dz;. []

The multiplicative formula of external squaring operation is also easily obtain-
ed by routine a.guments.

Proposition 4.9. Let xEx; and yEx;, then
Sq(xy) = Sq(*)-Sq(y) -

5. Homomorphism 6§
Since
Ty = co’}im [Z+k, =]
= co}im {[=0n+k, 2247, & )

and {[Z"*** 34", & } is a direct subsystem of {[Z/"**, ="*]", &, }, inclusions
1,0

[Som+, Eo,k]'r_z_*_) [Shoth, SHHT
induce a map
(5.1) 0: 7y — 7S,
passing to the colimit. Obviously we obtain

Proposition 5.2. 0: n;—ni, is a ring homomorphism and satisfies the re-
lation

Yol = ¢pol = id: wy — =}
for any integer.

By this Proposition, we see that a part of the forgetful exact sequence (1.5)
splits to the following:

S
0—>7z’1_,,-—>7z'69‘n(__7r,§-—>0’

and we obtain
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Proposition 5.3. For any nEZ we have the direct sum decomposition

S ~ S S
750,n~”1,n@75n )

and p acts as 1 on 7},

We identify xE7z,; with 6(x)Ex5, and regard =7 as the direct summand
of 75 4 so that z%*(X) becomes a zg-module.

Next we consider the short exact sequence
¢
(5.4) 0> Nsw—>7sn—> 7y =0

for n>>0. In this short exact sequence, ¢ has two left inverses, i.e. 8 and X"Sq.
Since yrof=id and yreX"0Sq=0, 75, contains z; Pz, as a direct summand (the
one is the f-image and the other is the X"oSg-image). Moreover, since ¢(6—
X"0S¢)=0, we get a homomorphism

0 = 0—X"Sq: @y = A§.
by restricting the image, and there holds

ol = id: =y > 7y ,

where Jr=+r| A4 Ao.s—>m;. Landweber [10] showed that A§, is isomorphic
to ;(P5). Thus we obtain the split epimorphism

(5.5) 2 (PY) = A, 278 = 0

forn>0. Thisis the Kahn-Priddy theorem [9]in case Z/2. We owe this remark
to H. Minami.

6. Equivariant Toda brackets

Let W, X, Y and Z be finite pointed 7-complexes. For fixed integers p
and ¢, we put

(6.1) {X, Y}* = colim {[Z*»'"1X, Z'YT, &}

in the same way as (1.2). Obviously {X, Y}??is a A-module. For [u]'€[Z*'X,
37Y] and [v]'€[E™"Y, 3°Z]" we consider

6.2) éﬁ,q(@)og‘m,”(“) e [2k+m,l+nX, Eﬁ+r,q+sZ]-r .
As is easily seen
ga,b(gp,q(v)OEm,n(u)) - ga+p,b+q(‘v)°ga+m,b+u(u) .

Thus, passing to the colimit, we get the composition
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(63) {Y, Z}"SX {X’ Y}ﬁ,q —> {X’ Z}p+r,q+s R

For x={Y, Z}"* and ye {X, Y}#? we denote their composition by xoy. Ob-
viously the composition (6.3) is a bilinear A-module homomorphism. More-
over for xExy* and yen?(X) we have

(6.4) xoy = yAxEn1(X).

Now we discuss Toda brackets in -homotopy theory, which is defined in
the same way as [14], Chapter I, and the propositions parallel to it are valid.

Suppose the 3-elements [a]'€[SH'Y, E™*Z]", [b]'[2*X, Z*'Y]" and [c]"
E[ZP1W, 2 X] satisfy the relations [a] 0[] =[b]"c[c]"=0. Let H: S*'3» W
—3™%Z be a T-map belonging to the Toda bracket {[a]", [6]", [c]'}. We define
H: 52 W—3mnZ by H=Ho(T'A1), where T’:Z?H=3r03501 301541 jg
the switching map, and define the equivariant Toda bracket

{[e], [01, [} &[27"'W, =™ 2]

as the set of all the 7-homotopy classes of mapping given as above.
Obviously we have

Lemma 6.5. Let X —f+ Y >YU sCX d, 509X be a T-cofibration sequence.
For each p and q, we can construct the following r-homotopy commutative diagram:
b.ag b

sy 2 seayu,ex) T ey

| |71
SPUY ——> 3PV U 3o, CSPX — SOISPX

where T': 3PP =3213"1—>3Y1504 §s the switching map.

Because of this Lemma, we obtain easily the following

Lemma 6.6. For each non-negative integers p and g, we have
& oA[a]’, [6] [} C{&,.u([a])s €,,o([8]), &,.0([e])} -

Next consider a€{Y, Z}*%, B {X, Y}*! and vy {W, X}™" satisfying
aoB=RBeoy=0. Let a: X 9Y—3"Z, b: 3t ks~ X >37"2579Y and c:
Syrpthomssemloapy_s3r-p-ks=a-l ¥ be representatives of «, B and v respectively,
and assume that @ob and boc are T-homotopic to zero. In virtue of Lemma 6.6,
{{[al, [1", [c]'}", E, .} forms a direct system. Put

<a) ﬁ, ,),>‘r = colim {[a]'”, [b]‘r’ [c]'r}'rc {W’ Z}p+k+m,q+l+n—1

and call it the stable equivariant Toda bracket of o, 8 and v. Then <{a, B, V> is
defined as a coset module {X, Z}?™4+="loy Lgpo { W/, Y} #+m!+n-1,
By parallel arguments to [14] we obtain
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Proposition 6.7.

1) <a, B, v>'=01if one of &, B and 7v is 0.

i) <a, B, Y>0dc<a, B, Yo8.

iii) <a, B, vo&> <a, Bov, 8.

iv) <aeB, v, 5y"cla, Bov, 8.

v) aolB, v, ) Cp(—1)KaeB, v, 8", ac{Y, Z}r.

vi) <a, B, D708 = p?(—1)"alB, v, 8", ac{Y, Z}*.
vii) <a+a’, B, v>'Cla, B, v>)"4+<a’, B, 1.
viii) <a, B+B', 7> =<a, B, V>"+H<a, B, VD"

ix) <a, B, v+v>'Cla, B, VO +<a, B, v

x) o"¥a, B, VD" = p(—1)Xa, B, ).

xi) ¥(a, B, YOI Tl (a), ¥(B), ¥ (V).
xii)  ¢(Ce, B, VD7) (@), $(8), H(7))-

. s
Proposition 6.8. Let F LE EA B — 3Y'F be a T-cofibration sequence.

i) Assume that ac{Y,Z}**, e {X, Y}** and vye{B, X}** satisy aoB=

Boj*y=0. Then

i*la, B, j*7)T = ao8* 7 (Bev).

i) Assume that ac{Y, Z}**, Be{X, Y}** and vy {E, X}** satisfy aof3
=Roi*y=0. Then

8*a, B, t*y>" = —aoj* Y (Bey).

ii1) Assume that ac{Y, Z}**, Be{X, Y}** and vy {F, X}** satisfy a-B
=Ro8*y=0. Then

i¥a, B, 8*v>" = —aoi* (Bo).

Proof. Case i). Let [a]", [6]" and [c]" be the representatives of «, 8 and
v respectively which satisfy acb=,0 and j*(boc)==,0. And let g be an element of
8%} (boc). Then we obtain the following T-homotopy commutative diagram:

2*,*31/\8, 2*.1+*F —1/\; 2*J+*E :l_ﬁgl Sk1+¥p
TIAL I E VS T S
S*KAB 2(;,12*,*}7 __1,&_)/\1 SOIS** —»—!ALAJZ‘“E*’*B
(6.9) cl T if , 1/\4
S¥EX —S*Y  —— C(b) —> IMgFFY
1
i f

2*,*Y __a_> 2*'*Z
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where g=g’o(T"'A1). Since
acg = flo fo(T-A1)o(—1Ai)
— fo (=T ADe(1A),
(—ed" = (1Ac)e(1A1A)),

f'o(—f)o(T*A1) is a representative of <a, B, j*v>", and f'o(—f)o(T*A1l)e
(1 A7) is a representative of *{a, B, j*v>". Hence we have

aod* N Bov)Ci¥a, B, j*v>".

Since we are working in the stable range, for a given f'o(—f)o(T A1),
a representative of {a, B, j*v>", we may suppose that there exists g and the
diagram (6.9) is commutative up to 7-homotopy. Hence we obtain

ao8* Y(Boy)Di¥a, B, j¥v>".
Thus the relation i) is proved.

The proofs of cases ii) and iii) are parallel to the case i). []

7. Negative and 0 stems

Since the 7-spectrum SR is (—1, —1)-connected, from [2], Proposition 5.4,
it follows

Proposition 7.0. The fixed-point homomorphism gives the isomorphism
b7y, ~ny  for p+¢<0.

Thus the computation of the stable 7-homotopy groups of negative stems
is completely reduced to the computation of the ordinary stable homotopy groups
of spheres.

We identify z; with z%~%(S}°) by the isomorphism B,00: z;—>z%9(S%}).
Then we obtain

Proposition 7.1.
P %S}’ = P’ Q Z[w, wi'].
b9 r
And p acts as —1 on #%%(S}°).

The isomorphism £ in Proposition 4.2 is given by £ (2)=z20i™" for
zgEms,. Thus Proposition 4.2 implies

Corollary 7.2. For x, yEmn, there holds the relation

Sq(x+y) = Sq(x)+Sq(y)+38,(xyei™).
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In particular, for x&n; and an integer m=1 there holds the relation
mSq(x) = Sq(mx)—m(m—1)/28,(x*wi™").

In the exact sequence (1.9) for r=1, we have §,,01"=38, ¥ 03=0 and

8, 101" 1 =38, j(om¥.03)=2wi" by Propositions 2.1, 2.5 and (3.9). Hence, for
any a Exy, we have

(7.3) 8i(ct®™) = 0 and 8, (@) = 2awi" .
Thus we get a short exact sequence
(7.4) 0 — 78 Q Z[w}, oo, ® 78 @ Z[2[w}, wi?] 28
*
@ ¥ =171(8%) 15 Tor(niy, Z12)® Z[w}, 0i’lw,
p+a=r
Pr, ® Z[w}, 07?] — 0.

for any intege1 7.

Since £¥ ,0}"=EF 19¥ 203=Xo} by Proposition 2.2 and (3.9), (7.4) implies

Proposition 7.5. (zz""““(Si'O),p+q=O)
l) 2n 2n+l(Sz 0) Z. EZ lw
i) mlt oS30 = Z)2- Xol

for any integer n.

Now compute 7z}, for p+¢=0. Since A} ;~7z%?~4"}(S3?) for p+¢=0 by
Corollary 1.11, Proposition 7.5 describes A, for p+¢=0. By Proposition 4.8
the groups 7, for p+¢=0 are determined except 75, and z7 _,.

By [2], Proposition 12.5, we know that #z§,=Z-1®Z-p and §,0;=1—p.
Since 7§ —1~n3;=0, Proposition 5.3 implies that z7 _,=0. Thus we obtain

Theorem 7.6. (=, p+q=0)

i) 750=2Z-1PZ-p=A.
i) 7f_y=0.
1) 75y 2~ Z 8,0} "B,y for any integer n.
iV) 72';”.”,_2"_1wZ/Z'XBg&)z_”@ﬂfz,;_l for n =|=O
v)  There holds the relation
810)1 = 1—p .

8. 1stem

Regard the complex numbers C as a T-space by conjugation and identify
C=R"! as usual. The product of the complex numbers m,: C X C—C gives rise
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to a T-map m,: R*' X R"—>R"'. Restricting this 7-map to S"'XS"!, we get
a T-map ,;: St X S*'—S"!. By the Hopf construction on #, we obtain a 7-
map H(m): S1%S"1—-3"18"1,  Since S™#SV'a~, S§¥2~, 3*! and ISV~
SPISh0~ S we have a T-map %: '3, The element of z7{, represented
by % is also denoted by the same letter. It is obvious that r(%)=%, hence
Bi(f)=nwi'. $(%) is represented by the Hopf construction on ¢(#,): S x S
—S%1, the restriction of #; to the fixed points, which implies that ¢(%)=2.
Next consider the short exact sequence (Proposition 5.3):

O_)ﬂf_oﬁﬂg'o*')ﬂgéo.

I

Z-1PZ-p

Since Yr(1)=1 and Yr(p)=—1, we see that X: z7 ;—>2Z +(1+ p) is an isomorphism.
Since poX=¢: zio—>nm; and ¢(1+p)=2, the map ¢: z;—>n; is isomorphic.
Thus we obtain

(8.1) mio=Z+# and X = 1+4p.
Put
(8.2) Pun = S037 2" and % = 5, = 8,0, .

Then By(%,)=n0r*" and By(3)=pB\(n)=n by Propositions 2.1, 2.5, Theorem
3.5 and (3.9).
Proposition 8.3. (z%7~""1(S%°), p+¢=1)
D) 2T (SO = Z. Wi Z)2+ (14 p)o,
i) Z¢HTITSY) =22+ By( XA - ),
i) Yt (S20)=Z[2- X} P
for any integer n.

Proof. Observe the short exact sequence (7.4) for r=1:

*
0— Z[a)l, coi-l]@Z/Z.,] .&, ea n%—-ﬁ.-—q—l (Si'o)
p+9=1

7]?‘ 2
—5 Z[w?, 07%] = 0.
Since £ 1(nwl" ™) =EF 19¥ :(R03) =XAwi=(1+ p)w; and ¥ ;03 =w}" by Proposition
2.1 and (3.9), we obtain the identity i). Since £f1(n01")=EF181(H-u)=B(X%_sn)
and £, (noi™**)=EF 19¥ (nwi ") =Xnw;**", we obtain the identities ii) and iii). []

Next, using the exact sequence (1.9) for r=2, we compute z%?~91(53°) for

pte=1.
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Proposition 8.4. i) §,,01"=0, ii) §,,01""'=2w}"—(1+p)wi",
i) 8, 101" =By(XH_4n) and iv) 8, 01" *=2w3"*" for any integer n.

Proof. i) &;,01"=8; m¥s0i=0, ii) &, 01" =8 (0 iwl)=75;(v)w}"
=(1—p)os"=2w3"—(1+p)wi" since 8, 0,=B00,=F(1—p), iii) & wi"**=
B2dm¥ 205" =By(X 83" ) =By(XH-4n). 1v) Since 728, 101" > =5, ;01" *=2w{"*?
by (7.3) and 7¥,0}" ' =wi"*? we see that §, ,01""*=205""'+a-£F (yoi"*?) for
some a€ Z/2. On the other hand, §, ,(yw1"**)=8, 17¥s(foi*')=0 and §, ,(y»1**?)
=82,1(w§”+31;i",3,83(7)))2(82'@‘}“3)7] = a-Ef1(poi™Y), Le. a-Efi(rP01"*')=0. By
(7.4) ¥ 1(n*01"*") %0, hence a=0, which implies iv). [

The above proposition implies that

(8.5) Ker [8;,:: Ean?g“’""“(SL"’) — @ ¥ YSEY)
p+e= b+g=2
= Z[owl, o7 |Q{Z- 1P Z 203} ,
and we have the isomorphism

Bl @ w7~ NS/ Im Sy B kPN (SY)

p+a=1

by Proposition 1.10. Since Proposition 8.4 gives Im g, ,, we obtain

Proposition 8.6. (7% ?~7'(S%°), p+¢=1)
) wPr(SI0)=Z[4-Xol,
11) ﬂltsn+2,—4n—1(81,0):0’
lll) 7E43”+3'—4”-2(Si'0)=Z/2'£:>;k_2w§”+l@Z/2‘ ngk'zwgn-u
iV) ”§n+4,—4n—3(Si,0):le.xnggk'zwgrw1

for any integer n.

)

By the fixed-point exact sequence (1.12) for r=3, we have z; _,=0.

Proposition 8.6 describes A;, for p4+-g=1. By Proposition 4.8 the groups
75, for p+g=1 are determined except z7, and z; _;. On the other hand we
have already seen that 77 ,=Z+% and n;_,=0. Thus we obtain the following
theorems.

Theorem 8.7. (z;,, p+q=1)
) wSe=2Z-h.
i) 75 _1=0.
1) 78 —ans1~Z|2+%,DZ|2+ p3 P sns1 for any integer n.
V) Ziner,—an~w 4, for n 0.
V) Zinir—an1~Z[4X8305"Pr Sy, for n 0.

Vi) Zinss—an2 22 X1 s 4ns for amy integer n.
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Theorem 8.8. There hold the following relations:
) (Ip)i=(1+p)r (=8i(re) in =8,
i) Bi(f)=not', $(A)=2, ph=1 and X9=1+p.
iii)  X?3,,=0 for any integer n.

REMARK. X3#,, is non-zero, which is the generator of the first direct sum-
mand of zfu—1,—4s+1 (Theorem 7.6). But X%3,=X28,03 >"=0.

9. 2stem

Computation of #%?~"1(S%° for p+¢g=2. Observe the short exact se-
quence (7.4) for r=2. 7¥28:(H-s)=701", Ba(H-4s) is of order 2, n¥,(nwi**!)
=nwi**?, noi**? is of order 2, 7¥,(Hws)=7wi*"" and 290} =XH i =EF (Hol")=
EF1(7°0i"?). Thus we obtain

Proposition 9.1. (z%2~"1(S%°), p+¢=2)

i) (S = 212+ Bl ) DZ[2 i),
ll) ”§n+2,—4n—3(si,0)_:z/2.nw%i&]eaz/z.pﬂm%rwl’
i) 212820 = Z[4- o}

for any integer n.

Computation of z§?7471(8%°) for p+¢=2. &, :(nwi”)=38, m¥s(nw’)=0, &,
(nm§”+I)=82,]((‘)177;':.363(73—4’1)):(1+P)BZ(7§—M) of order 2, 32,1(770’1“2):32,1(@:”3
713B8:())=2%w3"*" of order 2 by Proposition 8.4, iv), and 8, ,(ywi"**)=8; m};
(Aw3*')=0. Thus we have

(9.2) Ker [32,111) 69_3”?9_1"_‘1-1(81'0) _)P @_sﬂ?s_p:_q(si,o)]
= Z[o1, oT*1Q{Z[2- 7P Z|2-noT'} .

The exact sequence (1.9) for =2 and (8.5) give the short exact sequence

%
00 @ mit 1S3 Im 8, — % @ =i?=i-i(s20)
p+9=2 ’ p+a=2

*
23 Z[ot, 0T Q{2 182207 — 0.

Since we have computed
Im [32,12 D n%‘ﬁ,—q-—Z(Si,O) —- &P ng-ﬁ.-q—l(si,o)]
p+a=2 pra=2

just above (9.2), remarking that £5 ,(fe3") =HE¥ 03" =HEF ¥ s0i=XA0i=(1+p)w}
we obtain
Proposition 9.3. (z%572~1(S%°), p+¢=2)
i) (I =Z wiD Z /4 (14 p)ol,
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i) #1830 =2Z)2+ By(XH—sn)s

iii) 7t‘§"+2'—4"_2(83'°)—‘Z'33,1w'{"+3®Z/2'ﬁE§k w2n+1

iv) zirts —4n—3(S3 o) /2'77§§‘,2w "D Z(2. R
for any integer n.

Computation of 7§79} (S%°) for p+g=2. §;,01"=8;, 17;1 Fa0i=0, §; ;0i"*!
=83'1((1)17]1 4(04) (1 p)a)3~2w3—(1—|—p) 603 of order oo 53 1(01 -—83 1M1 2(1)2”4'1
Ba(X8,05" )= B5(X#-,,) of order 2 and &, ,1"** is of order co, Thus we have
(9.4) Ker [83_,:’ D sng—ﬁ--q—l(Si,o) - e 3”35—1;.—4(‘31,0)]

+4= +g=
= Z[o}, 07! ]|Q{Z- 1P Z-20}} .
The exact sequence (1.9) for =3 and Proposition 1.10 give the isomorphism

Ela: @ a7 (SY)/Im 8y~ @ wbIT(SYY).

Since we have computed Im 8;, just above (9.4), remarking that £¥ ;03 =£F ;¥ s}
=Xw} we obtain

Proposition 9.5. (zt7~4"1(S%°), p+g=2)
) #8109 =Z/8-Xw},
11) ”4n+2,—4ﬂ—1(S4,0)_0
ili) 7Z,4n+3 4n—2(S4 0) Z/Z 654 2&)2"+1,
iV) n,4n+4 —4n—-3 (S4 0) Z/Z 7754 ngﬂ-}l@Z/z P77§4 zw%"“
for any integer n.

Proposition 9.5 describes Aj, for p-+g=2. By Proposition 4.8 the groups
7 o for p+g=2 are determined except =}, 73,0 and 75 _;.

Since Sq is of order 2 by Corollary 7.2, Sq: #{—z{, is a homomorphism.
Hence we have zi,=\ Pni=2Z2-%3PZ|2-Sqy. Since X: zi,—>ns, is a
monomorphism by Proposition 5.3, we see that #3=%y (by Theorem 8.8, i)),
p+Sqn=_Sqn and X-Sqn=n+7% or n+p#.

By the forgetful exact sequence and zo=Z+% we see that 75 ,=Z-#2.

By the fixed-point exact sequence (1.12) for =4 and #5°(S%°)=2Z/8-5,(X)
we see that 73 _;=0.

Summarizing the aboves we get the following theorems.

Theorem 9.6. (z;,, p+9=2)
i) 75o=Z-#.
i) 7§_,=0.

1) 7 —ans2Z|2 00, DZ|2+ p1%nD S sns2 for any interger n.
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V) a1, —ans 1~ Z[205, DS 4as1 for any integer n.
V) ”fn+2,—4nz7zf4n for n :*:O
Vi) Zinas—an1~Z[8-X8,w1" P75 4s_y for n=0.

Theorem 9.7. i) #u=%y, ii) p-Sgp=Sqn and iii) X-Sqn=n+% or
7+ p7-

10. 3 stem

Proposition 10.1. There is an element v Ex;, satisfying the following con-

ditions:
i) V(9)=v and $(3)=7.
i) By(P)=vroi? and By(d)=vrw3’.

Proof. Identify the quaternions H with R*? by the involution 7(g)=
—iqi for g= H. The product of the quaternions m,: HX H—H gives rise to a
T-map m,: R**X R**—>R*?. Inthe same way as the case of 9, we have a T-map
p: Z+3—>37%2 by the Hopf construction. The element of 73, represented by
» is also denoted by the same letter. Obviously yr(»)=-+v. Replace » by —»
when yr(9)=—v». Then we see that y»(#)=v, hence B,(?)=vwi’.

The fixed-point set of the involution 7: H—H is the complex numbers,
whence ¢(9)=2.

7¥28:(0)=B(9)=vor? It follows that B,(»)—vw;'&Ker n¥,=Im [E¥,:
25371 (SY0) w5t (S%)]=0, since 75* 7 (SY)=7i =0, i.e. By(d)=vwr'. [

Computation of 7% ?~4"1(S%°) for p+¢g=3. Observe the short exact se-
quence (7.4) for r=3. 7¥ 28 (7%H-4n)=1"w1", Ba(nH-4n) is of order 2, %¥,8,(H%-4,)
=n?01"", Bo(f%_4,) is of order 2, 7¥ 2(677m2”“) 70", Imws™*! is of order 2,
¥ (FPof")=7"01"? and 20%w}"=XA'w"=EF (B )i s08) =EF 1 (nP0l" ") = 12E,

(v@1*%). Thus we obtain
Proposition 10.2. (7% ?~"'(S%°), p+49=3)
i) =@ (SE)=2Z|2- By(1%-1) DZ|24-EF 1 (vel™ ),
i) #§ (8L =2Z2- el D Z[2- X 1 (vel”),
i) w20 = Z[2+ (Hod —6EF ,(vwi* ) D Z[24-EE 1 (vwi*?),
iv) (S = Z]2- By(h5 W) DZ[2- Eba (i)
for any integer n.

Computation of z5?~"71(S3°) for p+4g=3. &,,(7*wi")=38, ¥ s(r'w})=0,
8 1(1Peol™ 1) =8, ufa(ned™ ) =E£.8, (e} ) = E£ 1Byt an) = Ef a0t ) =
12881 (vo1™™") of order 2, &, \(n'wi"*?)=8, mfs(#’wi")=0 and &, ,(r'wli"*?)=
8y ¥ 3(Imwi*!)=0. Thus we have
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(10.3) Ker [32.1; ) 4”38_"_q_1(S1c°) _>,, D 5 U(S%Y)]
+q= +g=4
= Z[ol, o1*]Q{Z/2-*BZ|2- o' D Z[2-pfwi?} .
The exact sequence (1.9) for =2 and (9.2) give the short exact sequence

%
0= @ 24 =e-1(SH)Im 8, =3 @ mir?—i-1(S2Y)
p+g=38 p+a=3

E3
3 Z[o}, ot 1@ {Z/2+nD Z[2ni'} — 0.

Since 7 383(%-gn)=701", Bs(H-4) is of order 2, n¥;(hwi)=7wi""! and 29wi=
£¥2(%%«3"), by the computation of Im 8, , above (10.3) we obtain
Proposition 10.4. (z%72~"1(S%°), p+4¢=3)
i) z¢U(SY) =22+ By(5-in) DZ[2* pB3(1r-4n) D Z[2-EF 1 (ve0i" ),
i) 2l S30) = 22 By(Xoh ) D Z[12-EE (vl
iii) Y83 =2Z2- Ik 0d D Z[2-EL (vol®),
iv) 7SI = Z)4s (ol —3EL, (vol™ ) D Z[24- £ (v
=Z/8-703BZ[12+ (hei—EF 1 (vwi"™?))
for any integer n.
Computation of z4#7771(8%°) for ptg=3. 8, (nwi")=38; ¥ (nwi)=0,
83 1(nwt™* ") =283 ¥ 2 (w3 )= By XA%-4)= (1 p) Bs(#-4) of order 2, 8 (nwi™*?*)=

85 ¥ 2(nw3" ) =By(Xn%_,,) of order 2 and 8, \(w1***)=28; n¥ (hwi*!)=0. Thus
we have

(10.5) Ker [8;,: & 7580 —>’€B x5 ?(S30)]
pt+a=4 +9=4
= Z[o1, o7*]Q{Z/2:7D Z|2+noT} .

The exact sequence (1.9) for =3 and (9.4) give the short exact sequence

Efs
0—> @ z¥? 7Y(S3%/Im 8;, —> @ #?7(S40)
p+1=3 ’ b+g=3
7t

— Z[wt, o7 1Q{Z-1pZ-20}} - 0.
Thus we obtain

Proposition 10.6. (z§7771(S%°), p+¢=3)
) 2L =Z- D Z[8- (14 p)olD Z/12- {(1+p)i—EE (voi* )},
) Y (S = 212 (X ) DBl (vt
i) 2y H(SEY) =245, 0D Z(12-Ef (vol™Y),
iv) wgHIT(SY) =22 kT 208 D Z[2- L1 (vol”)
for any integer n.
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Computation of z%5?~71(S%°) for p+¢=3.

Proposition 10.7. i) §,,0}"=0, ii) §, 0" *=Ef (vel”), il) & 01"
=B(XH_1), 1V) & 108" = 20e;— (14 p)wiok and v) 3, i —Zw"“Ef{—
{(1+4p)oit o —EF l(vm1”+1)} for any integer n.

Proof. i) §,,0"=8, m¥swi=0. ii) & 0i"**=38, m¥ i wi=R,(X*wi"
@1)=E¥.18:(8,0i '@t = Ei"l(vwf”) since Yr(8,0,)=v by Theorem 3.5. iii) §, 01"

=8, 208" 1 =By(X 805" )= By(Xip-gn). 1V) 84101" =8, y(0r7i s05)=(1—p)oiw]
=20}w;—(14p)oia: by (3.9). v) Observe the exact sequence (1.12) for r=4.
Since 8,£¥1(vol"*!)=p®,(vol" )= —8(0,8,(8,0:i " "w}))=(p—1)8,0i '@}, we see
that §, {20} &t —((1+p)wiM el —E¥,(v0l** 1))} =0. By Theorem 7.6, iii), 754,
anta=2 8,03 DX nd, . Since By(X* w5 .4)=0, there exists an integer
a satisfying

a+8,101"* = 2075l —{(1+p)ot @i — &l (ml"“)}.
Apply 7¥+ to both sides of this equality. Since 7.3, ;0" =8, i I=208

i ol=0""* and 7} EF (voi*!)=0, we see that 2q-}" *= 20 $7+4 hence a
=1. Thus we obtain the relation v). [J

Propositions 10.6 and 10.7 imply that
(10.8) Ker [8,,: EB ns"’ - 1(S1 %) — 65 7r4 »-9(S%)]
= Z[wi, wr8]®{z 1@22 20} } ’
and we have the isomorphism

B © or el (SE)Im s, i~ @ a¥ ST

)+9 3

by Proposition 1.10. Thus we obtain

Proposition 10.9. (z%?747(S%°), p+¢=3)
i) ZY*SY)=2Z/16-XwiD Z[12- {2X i —E¥E (vl )},
7[4"+2 —4n—1(SS 0) Z/Z ES 1(7/0)4”_2),
i) S (ST0) = 2124 £ (ol Y),
7[87!4—4 -8"—3(S5 0) Z/Z ﬁﬂfs zc04n+1
n,8n+5 —8n—4(S5 0) Z/24 ES 4wn+l_u@z/8 (1_1_p)25 4CO“+1_",
vi) e, —8n—7(Si °)=Z/2-E’5",1(vco1”+4)€BZ/2 ﬁ")fs s
for any integer n.

Proposition 10.9 describes A;, for p-+¢g=3. By Proposition 4.8 the groups
m;q for p-+g=3 are determined except 73, 73, and 7 _;.

The forgetful exact sequence
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3 X
LA £ zs 7 (SY0) = w5y > wf, i R ()
induces a short exact sequence
X
0— Z[12:v8 07" — 731 — Z|2+(fm+Sqn) = 0.
By Proposition 10.1 we have z5 ,=Z/24 -9, 20=v8,07" and Xd=%5-+Sqgy. Since
By w31 —ns>71(SL) is isomorphic, p+d=—7.
By the forgetful exact sequence and 73 =Z+%* we see that 75 ;=2Z-%°
By the fixed-point exact sequence (1.12) for =5 and z%°(S%°)=Z/16-

Bs(X)PZ[12- {2B5(X)—EE 1 (vor?®)} we see that zf _,=Z/12-v8,w7°.
Put

(10.10) Bew = Syl "B and P = P, = Sy0, .

Then By(3g,)=vwr®" and B,(%)=p(»)=v by Theorem 3.5.
Summarizing the aboves we get the following theorems.
Theorem 10.11. (z; ., p+q=3)

D) wSi=Z[24-».
i) wSo—Z-%.
i) 78 _1=Z/12-v8,07°.
V) 78n g1 3 Z[24 55, DZ|8+ (14 )55, D7 s443 for any integer n.
V) ons1,—sns2 2|2 Wnse, P sas2 for any integer n.
Vi) iz —ani1~Z[1208,0T" DS 4y.1 for n 0.
Vil) Zinss,—an~Z[2- X807 PrS 4 for n 0.
Viii)  7gnse,—sn—1Z[16-XS505" D Z[12+ (2X 8505 " — 18,07 ) D7 Sg,_1 for nk0.
iX)  7Zines,—sn2 0 Z[2 X504, oD Z|2 fnianss D isn—2 for any integer n.

Theorem 10.12. i) (1—p)s=(1—p)» (=8,(vey)), ii) p-d=—> and iii)
v8 07 =20 and Xp="%n+Sqn.

REMARK. v8,07% 73, =0, is of order 24 and 12v8,07% 3=8X*3;05".

11. 4 stem

Observe the following exact sequence associated with the 7-cofibration
S3°c 8% 0—>3508%0:
1—-p,-¢~17 Q1,0 £ 6—p,—q—1( Q6,0 73s 6—p,—q—1( Q5,0
v > g7 SV = 2T (SYY) —> w5 TH(SY0)

)
223 2P g(SL0) o> e

Since 7§~ (Sy%)~xz{=0 for p-+g=4, the above exact sequence implies that
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(11.1) 77’5",5: D nf'g""""(Si'°)"~“
Ker[b‘ls GB n' S eSS °)—> @ k& §279(SY0)].
Proposition 10.9 and ( 11.1) imply the following

Proposition 11.2. (z%?797Y(S%°), p+g=4)
) mY(SEY) =216 Xot,
) (S0 = Z[2 X EE o,
iil) ”§n+3,—4n—2(si,0):0’
1V) 7[8$n+4,—-8n—3(Sfi,0):0,
V) 7:%”+5’_8”’4(S§'0)=Z/8-ﬁféuwzﬂﬁz,
Vl) ”ssn+8,—8n—7(S§_,0):Z/2.Xzzz}ggk'4wn+1(~oz,

for any integer n.

Proposition 11.2 describes A;, for p+g=4. By Proposition 4.8 the groups
75, for p--q=4 are determined except 73 ,, 751, 7i0 and 75 _;.
The forgetful exact sequence (1.5) induces the exact sequence

0—>7;,—> w1, Lb 73 for pt+q=+4.
This exact sequence together with Theorem 10.11 gives that #3,=2Z/2-Sq7?,
73 1=0, 73 o=Z-#* and #§ _;=0. Thus we obtain
Theorem 11.3. (77 ,, p+q=4)
l) 72':}9,1:0.
i) mSo=2Z-t.
i) 7S_,=0.
V) 7o —ans s Z[2- XS0} "D 7S 4nra for n1.
V) Zins1,—ans3~Z[8Nog, P Ssnys for any integer n.
Vi) Zinaz,—sns2a T g,y for any integer n.
Vil)  Zinss,_ans1 =S4y, for nE0.
Vi) Zgnss,—sn—1~Z[16+XSsws " Py, for n0.
1X) onss,—sn—2Z|2 X 0Dy, Dnq,_, for any integer n.
Theorem 11.4. i) #9=0, ii) 3,=0 for any integer n. ii1) DiHg,.=
X?5Dg,1 570 i1 iny5,—sn—z fOr any integer n.
Proof. 1) #ven3,=0, hence #5=0. ii) P3,=20,(Pwz**)=8(rw;*)=
2182(133”) 0 lil) Since X3 55 40.)"+10.)4_§5 (VCL)?"-“‘) Es l(vwf“s) XU&*zw%”+3,
we have 75, G(VEG 2(02”+3) XVEs 2(04n+3_X3 gs 4CO”+1 =75, e(x DEG 4w"+lm4) By
(11.1) we see that 2E¥ 05" *=X%E¥ ;0 "'@;. Applying §s to both sides of this
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equality, we get $8,05" " =X258,0; '@}, i.e. DH_g, 4=X"DD_g,. [

12. 5 stem

Since 7i{=~n3=0, the exact sequence associated with the 7-cofibration
S50 81038051 implies that

(12.1) P @ AP (ST @ Ak (SY),

p+g=5

Smce VEG 2(,04"+1‘—EG_Z(VO)%”-H):EG_Q(V(O%”):Es’zﬂzlg(vwg):0 and 7919:0 by
Thoerem 11.4, the stable equivariant Toda bracket

<7?, ﬁ, ggk.zw%n-k1>Tcﬂ§n+3,—8n—4(si,0)

is well-defined. By Proposition 6.8, i), we see that 7¥¢{%, 9, E& ;05" 1 D"=1%087}
(13(1)4”4-1)—'6082'4(”602”)9'6(()”4—10.)4 as 82 4(1)4 104—62(1) 8,,)—71(1)2 . Let

[nw§”+3]ee<ﬁ, ’5, Eé‘,zwg"“ycn%"+3‘—8"_4(5i'°)

be the element such that 770" *ly=%wi"®;. Then 7&;(XEFs[nwi"*])=

E¥ imfe[nol"t3)y=9E& 10l '@;. Thus from Proposition 11.2 and (12.1) we obtain
Proposition 12.2 (zs#777Y(S7%°), p+¢=5)

) =¥ (STN=2Z/16-Xw},

) (ST = Z)2 XEE o,
72,4n+3 —4n—2 (S'I 0) 0

iV) 72,8n+4 —8n—3 (S7 0) 0
”%n-ks -8n-4(S7 0) Z/8 Xf-, 6[770)21;”+3]

Vi) AT = 22 X5E sl

for any integer n.

Proposition 12.2 describes A; , for p+¢g=>5. By Proposition 4.8 the groups
75 4 for p4g=>5 are determined except 73 ,, 7i1, 750 and 75 _;.
The forgetful exact sequence (1.5) implies that

. S S
X: Tp,qg > Tp-1,q

is isomorphic for p+g=5. Hence by Theorem 11.3 we have 73 ,=2Z[2-X*
7y 1=0, 75 0=2Z-X"%* and 7§ _,=0. By [10], Theorem 2.2, there exists an element
v,Em5 o such that ¢(y;)=2%. Since ¢: #{o—>nj is a monomorphism, X3y,=7",
hence 75 o=Z+X*y;.

Put

(12.3) Vs = Ss[nei® ¥ se<4, v, P> C Tine3,—8ni 3

Then we obtain
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Theorem 12.4. (7}, p-+q=>5)
i) 735,=ZJ2:X0*

i) #$,=0.

i) 750=2Z-Xy,.

iv) 75 -1=0.

v) ﬂfn,—4n+5”*’7ff4n+5 for any integer n.

Vi) nf,,+1__4,,+4zZ/2-Xﬁ&ml'”@n‘f““ for n=+l.
Vii)  Zons2,—sns3=>Z[8 XV 13Dy, for any integer n.
viii) Tine3,—ans 2 M gy for n==0.

iX)  Zanre,—sn1~Z[16+X8107"Driy,_, for n=+£0.

X) Zana7,—gn-2 L2 X DDy s DSy, , for any integer n.

Proposition 12.5. i) z¥+3-84(S%%)=2Z/8:[7w}"**]s and p[nwi"*’]s=
[7603"*3]s. 11) Dy, is of order 8 and pPg,,s=Dg,ys. 1i1) Y(Fgyrs)=0" and Xy, 4
:ﬁf’s»x-

Proof. i) Consider the exact sequence

”%n—z,—Sn-4(S1 0) g“ 1 AR —8n—4(S6 0) 775 6 Y —8n—4(S5 0) —0.

Since Ee 1(”2 8"_2) = Eﬁl’??‘,eﬁs(ﬁﬁ—sn) = ﬁe(xs’”’ 8n) =0, ’75 6- 8“3 —Sn_4(S6 0)"*

n¥+3=8=4(8%.%) is isomorphic. 'The exact sequence associated w1th the T-cofibra-

tion S4°C S °—>34°S}° implies that nfs: z¥*378=4(§5.0) —» 7Y+ 3-84S is

isomorphic, hence 7§¢: 73 78=4(S§%%) — ¥+ =8=4(§%9) is isomorphic.
Observe the exact sequence

0 — 7 +3-81=4(540) 734 8= 9n-4( §3.0) 3 i —81=3(GL.0y

Since  §; 5(Rwi™) =8, mF4(hwit @) =0 and J y(hwi" ' —EF1(vei™?)=—0,,
(voi**?*)=—2v0}"*? of order 12, we have =¥*3 %4 S4")=2Z/8-hw;"'@;. The
above arguments prove i).

i1) is obtained from i) and Theorem 12.4, vii).

). U (Panas) V9 (86<H, B, EF sor ™15 e (Ch, 5, 7on>") <, v, 1> =17 by
Proposition 6.7 and [14], Lemma 5.12, i.e. Y (Vgq5)=72". And XW,,;=X?5
17" Tl =Srk o nor ™ s —8,(hok w1 =#5s. L]

13. 6 stem
The exact sequence (1.9) with 7§ ~75 =0 implies that
Efs: Zloy, o 1QZ[20 > @ 25+ 7(SEY) and
E¥.: pﬁ}ﬁn%"’""‘%Si"’) 69 a5 717(§%°) are isomorphic.

p+q=6
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Thus we obtain
Proposition 13.1. (z%7?727Y(S8%°), p+¢=6)
@ 75PN (SY) = DZ[2-EF\ (vl

p+9=6

By a routine argument using the exact sequence (1.9) we have -
(13.2) Ker[8,_,,: @ #5 7 (SY%) — @ 5172748710
p+e=6 p+qa=6
= Ker [8,_3,1: @ n’s'z"P"q“l(SL"’) - GB n's‘3"’"q(81‘3'°)] .

Computation of z%2797(S%°) for p+¢=6. The exact sequence (1.9) for
r=3, (13.2) and (7.3) induce the short exact sequence

— 3-p.=0-1( 3.0 z PS40
0 pﬁa e” (S ) p+q 6 (S+ )

T plt, 07| @224 v D 220} — 0.
7Y4B4(P_sn) =v0}", By(P_s,) is of order 24, i 4(vm4+1_”)-—vm1 ¢, dwit'@; is of
order 24, 7¥ 4(Poi)=vwi" %, do} is of order 24, nFB,(7mH_ 1) =7"01""", Bi(AnH_4n) is
of order 2, 7¥4(#’wi)=7"wi"? and 290 =X#'wi=X'y,0{=0, i.e. #°w} is of order
2. Thus we obtain

Proposition 13.3. (z4?717Y(S%°), p+g=06)
l) 71'4”—3’—4”(84'0)_Z/ "ﬁ%c)ﬁ@Z/ I(V C047;—-6)’
i) ¢S =2Z/24-50{DZ|2-E¥ (V0l"®),
lll) 7[4n—1 —4n—2 (S4 0) Z/Z 64(67777 4")EBZ/2 E 1(1’2 4n—)
v) ¥ (8L =2Z/24-By(P_s) D Z[2-EF 1(VVw0}"7d),
. V) 7[%’”4 -8n—7(S10)_Z/24 IJCDZ+1 n@Z/Z 54 1(va8n+1
for any integer n.

Computation of #¥?77Y(S%°) for p4g=6. §,,(vei’)=0, s, ,(vei"")
= 84,1(50113—8”) = 2:84(73—sn)_(1+P) :84(13—8';) = 2:84(’3—8n)—ﬁ4 (Xﬁf’—sn) = 2184(13—&)_
BiXP _g113)=2B4(P-ss) —EF 1(¥*0}"°) of order 12 by Proposition 12.5, §, ,(vei™*?)
=0, PP ) =B (X%05_g,)=EF 1(P*0}"7?) of order 2, &, l(vw8”+3) 34,1(ﬁw?"+5)=
20wyt @i 4-EE (V01" ") of order 12 by Proposition 10.7, §, (vl *)=0B,(Xvi_s,)
—-{:4 1(112&)?) of order 2, §, 1(1)(01’“'5) 21/(02”&)4—{(1—l—p)va10)4—&4.1(1)20)?"“)}
=20w}" '@} of order 12, §, ,(vw}"*®)=38, ,(pwi***)=0 and §, ,(voi"")=3, (Pei"*?)

=20} % ! of order 12. Thus we have

(13.4) Ker[8,,: @ ¥ }(SY)— @ w4 i(S%)]

= Z[o}, 01°|Q{Z/24 v *PZ|24- vDZ[12-: 2v0} D Z/[12 - 2vwi}
D Z[owt, 01 1Q{Z[2:Pwr ' DZ|2+p’w,} .
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The exact sequence (1.9) for =4, (13.2) and (10.3) give the short exact sequence

0—> 69 R 1(S“")/Im«3(41£—4+ EB n5 =071 §5:0)

77

=3 Z[ot, o' |@ {22+ D Z[2+ o D Z[2rfwi®} = 0.
Since ni'ig;(?")zwg)—n w3 2hlelt = Xﬁsa)g:f;k.«t( foiwl), 71 5)85('677 =7 i,
Bs(f1%-4s) 1s of order 2, 771,5,85(777‘;-_4”):7;2@‘}", Bs(n-4n) is of order 2, 7¥s(Am3e
[701"’]s)=n"wi"*? and 2%m¥s[nwi"* *l;="°€* 0" '@}, by the computation of Im
3,1 above (13.4) we obtain

Proposition 13.5. (2% ?727Y(S%°), p+¢=06)
i) 2§ 27SY)=Z/4- D Z[2-EE,(Vwi"%),

i) 2P LTSS = Z)2 By(h_g) DZ[2- XDt D Z)2- EX ,(P00i" ),
i) 722850 =22+ Bs(1%-5a) D Z|2+ pBs(m3i- ) DZ[2+ E¥ ,(P0ri*),
iV) ”8n+1 —8n— 3(Ss 0) Z/4 BS(XI; 8n))

Ts

8n+2,—8n—4 (Ss 0) Z/4 ﬁ’?S 6[77(4)1n+3]6’

Vi) mYITI(SY0) = Z (2 B(Bh-0a-) DZA-DE 4ok
vil) z@tTI (8L =Z)2+ B5(7-gn-0) DZ[2+ pBs(1%-8n-4)s
Vlll) ”%n+5,—8n—7(SiO) Z/Z VES 4wn+1 ”@Z/Z ES (1/2&)8”+1)

for any integer n.

Computation of w5~+(ST) for pg=6. 5s,(rfol") = Ss.(rfol™") =
85 1(nl"*®) = 0, 8 1(wl"*") = (1+p)Bs(nH-sm) of order 2 and 85 (Pwi™t?) =
85,1771,4(ﬁzw2“ 1= Bs(X°H*>_g,) =4B5(XP_g,)=0. Thus we have

(13.6) Ker[85,: @ z% 7S s S>) 77rs“""""(S§c°)]
p+9=17 +q=
= Z[co'}, w1—4]®{Z/Z'nZEBZ/Zﬂyza)l—l@Z/Z'nzcol_z} .
The exact sequence (1.9) for r=5, (13.2) and (10.5) give the short exact sequence

0— @ niro I(Sso)/ImBME——S-) GB O 1(860)
b+2=6
7716

— Z[wl, 1 4]®{Z/2 2D Z[2nw; 't —0.

Since 7t o8- u)=n0ot", B(#-u) is of order 2, n¥o(haf)—=nal™, 2ai—ELs(Had),
¥ e[nol" *li=nwi"*?, [nw}"**] is of order 8 and Im &5, is computed above (13.6),
we obtain
Proposition 13.7. (z%?717Y(S%°), p+9=06)
i) AP0 — Z[8. AulD 22+ EE (vl 0),
i) 7SSO0 = 22+ Be(55n) B ZI2 pBe-sn) DZ[2+ Xob
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BZ[2-EE (Vol"),

i) ZPTTH(SY) =22 Bo(XnH-5n) DZ/2+ EE (V0" ),
iv) #PrB=8=3(S80)=Z/4- Be(X?D _gn),
V) ﬂ8n+3 8n—4(S6 0) Z/8 [77(‘-) n+3]6,
Vi) YIS = 212 Bal-gn- ) B Z[2+ pBelr -0 ) B Z [ HEE 10}
vii) 80T (SY) =22 Bo(Xnh_su-s)s

Viii) e =87 (Sio)—Z/Z v§6,4w2+1w2®Z/2-§6 (v wa"“)
for any integer n.

Computation of z5#7¢7(S%°) for p4q=6. & (nwi")=0, & (noi"*)=
(1-+p)Bs(7-4n) of order 2, 8 1(nwi"*?)=Bs(XnH-,,) of order 2, 8 (nwi™**)=255 ;¥ 4

(i ™ '@h)=Be(X*HD _5,) =2Bs(X*5_s,) of order 2 and § 1(nwi™*")=0. Thus we
have

(13.8) Ker[8:: @ ns? 7Y(SY) = D #§5?74(SS)]
p+4=1 p+1=17
= Z[o}, 0T ]|Q{Z/2:- 7P Z|2-nwiPZ[2-nw7"} .
The exact sequence (1.9) for »=6, (13.2) and (10.8) give the short exact sequence
0 @ irr oK SEIm 8y, £ @ aoeisy
p+1=6

ﬂ—’»Z[ml,wlﬂ]@{z 1@2z 205} 0.

Thus we obtain
Proposition 13.9. (75?7 77Y(S7°), p+¢=6)
1) 78 (SY)=Z-0TPZ/8-(1+p)iDZ2-EF ,(Vwi"®),
i) 2§t TTNSY) =22 Bi(Xh-5n) DZ[2: XD TP Z[2- T (Verl"),
iii) 7§ (SY) =208, 101" B Z[2-E (e,
iv) ”§n+3,—8n—3(S1 N=Z/2- B X35 _g,),
v) mrhos (ST Z. 57'1w§"+5€9Z/8-E;",e[nw?””]s,
Vi) YIS0 = Z (24 BNy ) D Z A ES s
vii) 6. —8n— 6(S7 0) Z- 87 LT,
Vlll) 7[85‘”+7 8n—7(S7 0) Z/Z VE? 4Con-}l_n@z/ E;k'l(VZw?n-vkl)
for any integer n.
Computatlon of z§ 77971 S%°) for p+qg=6. 8;,01"=0, 8; 101" *=B/(X*5_s,)

of order 2, 8 101" =B4(X%_4,) of order 2, §; lws””——uw7—(1+p)w7 of order oo,

8g 0173, 87, lcos”“s and 8, ,0{**" are of order co. Thus we have

(13.10) Ker[5;;: EB a7y Sy °)—> 65 7S 5 79(ST%]
—Z[wl,w18]®{Z 1EBEZ 208 }
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The exact sequence (1.9) for =7 and Proposition 1.10 give the isomorphism
Efr: @ =57 7(SY0)/Im 8~ D #§H7(SY0).
p+9=6 p+4=6

Thus we obtain

Proposition 13.11. (z%?797Y(S%°), p+¢=6)
) AY(SY0)=Z/16- Xt D Z/2- E 1 (i),

) AN (SYY) = Z)2- X D Z[2- B (vt ),

i) Y ISR = Z)2. £ (vl ),

iV) ”%n+4,—8n—3(Si,0):O’

V) n,SSn+5,—8n—4(Si,0)=Z/8.ggk’e[nwgﬂ—h'i]e,

Vi) oSy (S80) = Zj4- v i ',

Vll) ”§n+7,—8ﬂ—6(Si,0)=0,
vild) SIS0 = Z)2+ 5EE sl @i D 22 (Vi)

for any integer n.

Proposition 13.11 describes A;, for p+g=6. By Proposition 4.8 the
groups 7, , for p+q=6 are determined except 733, 732, 751, 7o and 75 _,.
By Corollary 7.2 we know that SqgveEx3;; and is of order 24, Hence by the
fixed-point exact sequence (1.12) for r==8 we see that 73 ;=2/8-5;(PZ/24- Sqv.
By the forgetful exact sequence (1.5) we get that z{,=Z/2.9% 73 ,=0, 75 =
Z-Xy,DZ[2-v*8,07° and 77 _,=Z[2-v*§,01°. Thus we obtain

Theorem 13.12. (z},, p+¢="6)
) wf.—Z)2e5

)

il) 780=2Z+Xy,DZ[2-V*5,07°.

) 77 _1=Z|2-v*8,01°.

V) 7in—ani6~Z|2 905, DZ|2+ pig, D6 for any integer n.

Vi)  ina1,—sns5 T gnys fOr any integer n.
Vi)  Zgniz,—sns 4~ Z[4+ 055, PrSgu4 for any integer n.
Viii)  78ns3,—8n+3~ Z[8+ Dy s D545 for any integer n.

iX) ”gn+4,—8n+2z7r£8n+2 fOT n=0.

X) Tonss,—sni1~ 2|2+ 08,07 4Py, 1, for n=0.

Xi) Zonse,—8n~=Z|2+ XPnSsws "D Z|2 1?8 07 P nl,, for n 0.
Xii)  Zipe7,-sn1~Z[16+ X805 " D Z|2 V8,07 P nSy,_, for n=0.

Since 8, ,(voi"*?*) =200} @i +E£1 (Y0l "), we get
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Proposition 13.13. 25, =v5,07% .

14. 7 stem

Proposition 14.1. There is an element &Enis such that (8)=o and
$(6)=.

Proof. Let £ be the Cayley numbers and e,=1, e,---,e; the canonical
basis of & over R. Put E=e,ee;, then Ee;6=e; for 0<<i<3 and &e,6=—e; for
4<i<7. Identify @=R**=R{e,, e;, ¢, e;} DR{1, e, e,, e;} by the involution
T(x)=&xE for x=8. By parallel arguments to the cases of % and 7, the product
of the Cayley numbers gives an element & 75 ; such that Y(&)=-0 and ¢(&)
=+». Replace it with & or +pé if necessary, then we get a desired element.

O

Computation of nzs“""“"‘(Si"’) for p+q:7. Observe the short exact

sequence (7.4) for r=7. 7¥,(v?w})=1%}", v’w} is of order 2, n¥,(Psw}h)=v’wi""®

by Proposition 12.5 and 29,w3=XAP05=EF 1(B,(A%)wi") =EF (el *)=0, i.c.
D3 is of order 2. Thus we obtain

Proposition 14.2. (75 ¢7Y(S%°), p+q=7)
i) YPS(SE0)=Z2- P Z[240-Ef (o0l Y),
11) 7[2n——3 —2n— S(Sz 0) Z/2 373(.02692/2 E 1(0'602n_4)

for any integer n.

Computation of z5™#~47}(S%°) for p+g=7. &, (r’wi")=0, §,,(Vwi"")=
82’1’)71,3(53 +l) 0 82 1(”2 4n+2) 82 ¥ 3(1/1160 +1) Oand 82 1(”2 4n+3) 21/2(02"+l O
by Proposition 8.4. Thus we have
(14.3) Ker[8,,: @ #¥ 2 174(SL%) — B #5»79(S%9)]

p+9=8 p+9=8
= Z[w;, 07 |QZ/|2+ v

The exact sequences (1.9) for r=2 and r=3 give isomorphisms

E>3k.2: (S5 ﬂ?s_p'—q—l(S_zgo)% @ ﬂg—ﬁ.—q—l(si,o)’

Pp+9=1

Efs: @ a¥ PSS 0)~ 2P (§40Y

p+a=1 +4=17

Since X*_g, ;=% _g, by Proposition 12.5, we obtain

Proposition 14.4. (z§ 7771 (SY0), p+q=7)
i) 2 (SY0)=2Z)2- XWswiwi T DEI240-Ef (0wl T),
ll) ”471 -3, 4n—l(S4 0) Z/2.353§4 ngn—l@z/z.gzk’l(o_w%n—ﬁ),
i) Z2¥ 248 =2Z)2- XV wie; D Z[240-EF (w0,
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iv) 23S =2Z[2: B (1D _g,) D Z/2+EF \(c "),

v) 2SO =22 B (XD _g,) DZ|240-EF (c 0} ?),
vi) m¢tET(SL)=2Z)2: B(XPvD_g,) DZ[240-EF (00},
Vii) ”8n+3 —8n— 7(S4 o) Z/Z ﬁvw”“_”@Z/Z & 1(0‘(0
for any integer n.

Computation of z%?#777Y(S5%° for p+¢g=7. The exact sequence (1.9)
for r=4 and (13.4) give the short exact sequence

0— & 7t «l(S“) @ e 1(550)’7‘5

p+4=1

Z[w}, or'1®{Z/24- vaZEBZ/24 v Z[12- 200 P Z/[12+ 2vwi}
DPZ[w}, o' |R{Z/2- i P Z|2-7Pw,} — 0.
By [10], Theorem 2.2, we see that ¢(z7)=2'z5 and ¢(nio)=2%z;. By the

forgetful exact sequence (1.5) with this fact we know that Yr(y;) 0 and (2y,)
=0. Hence

(14.5) W(y:) = 1200, i.e. By(y7) = 1200077 .

¥ s(Pwl) =0l 2%5 E%",4(ﬁ"w7{61)=E§‘,4(X3y7w'4‘ai‘)=E L(Bi(y)wl") = 1208%,
(cw?™™), 771,5(1/(05) vwi" %, vwf is of order 24, 7¥sBs(Anh-gn)=7"01""", Bs(A0H-4n)
is of order 2, n¥sB5(9_g,) =vw}”, Bs(P_g,) is of order 24, 171“,5,85(v81w?”“3):2vw§”*2,
Bs(v8,01"*%) is of order 12 by Theorem 10.11, vi), 7¥s8s5(¥8,0!"*°)=2v0{"**,
,85(1/8@’}”5):(1/81@,_ )oi*! is of order 12 by Theorem 10.11, iii), and the periodi-

city, ¥s(9°n3; 6[’7“’1“3]6) 7ol and 24%p¥s[nei" le= "55,4@4‘"2“52) ESu(Xyn
n+1_n) EX 1(,31(3’7)60 n+4) 12055'1(0@ n— 3) Thus we obtain
Proposition 14.6. (z%57797(S%°), p+7=7)
i) 7% (SY)=2Z)2 {#0i—60E¥ (c0l” )} DZ[2- X20oEE s0iwi™
PZ/[240- % (i),
) AY (S = Z /24 Dt D B 25 s D Z[2 (o),
i) 2§ (SY) =22+ Bs(hnh-e) B Z[2- XVET swi@i
DZ/[240-£¥ (c0l"),
iv) 2§ (S =224+ Bs(5-5,) DZ[2+ (1+ p)Bs(9-5) DZ[2-EF1(0 01" ™),
v) oL —8n—4(S5 0) Z|2- {HE [nw8”+3] 605;“,1(0w§”_3)} BZ|2-B5(X*DD_sg,)
PZ/[240-£¥ (cwi*?),

vi) aYrETI5 (830 =2Z/12- B5(v8 0} ) D Z/|2 - EE 205" P Z[2-EE (0w} TF),
vil) YY) = ]2 Byl -n-) D B2 B0 r) D ZI240-Ed (5",
viii) 7z§g”+4"8"—7(Si'°)=Z/12°ﬁs(vslw§”+5)€BZ/2 ﬁy£?4wn+l_n®z/2 gs 1(0’&)
for any integer n.
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Computation of z%27¢4(S%°) for pt+g=7. 8&,(vel")=0, &, (veoi"*!)=
284(5-0n)— (14 p)Bs(F_sn) Of order 12, 8 (pol™*?)=0; (Do) =Bs(X05_yy) of
order 2, 85 (vo; 749 =B5(v8,07"*?) of order 12, § A(vai™ ) =Bs(X%b_g,) of order
2, 8,(voi"**)=Bsd,wi"*%) of order 12, & (vei"**)=38;,(Pi"**)=0 and §;,
(vw;"”) 85 1(P0?***)=20w5*" of order 12. Thus we have

(14.7) Ker [85,1:1’69_87;65—?»-«-1(31,0) — @ ﬂfs—p,—q(si,o)]
= Z[w}, 07 *]Q® {Z/24vor 265Z/24 vDZ[12-2v0i P Z/[12- 2vwi}

B Z[ol, 01 ]Q{Z/2 - Pwr ' DZ|2 pPw} .
The exact sequence (1.9) for =5 and (13.6) give the short exact sequence
0—> P =¥?e 1(S“)/Im&néﬁ——s» GB LR (M
p+a=1

s, Z[o!, o7 |Q{Z)2- D Z|2 T DZ |2 wi?} — 0.

fe(Hwt)=n"0l""?, 2%t =EEs(1°w5), 1T 6Be(Mh-sm)=n"01""", 7¥6Bo(n-sn)=7"0l",
'86(%7 4”) and ’86(7”3"4") are of order 2, 7¥s(#[nwi™**]s)= ’72&’8'“r2 29 [nol"* =
E¥ s(0Pn¥ 6[70}"*’]s) and Im 35,1 has been computed above (14.7). Thus we obtain
Proposition 14.8. (z%277(S%°), p+¢=7)
D) 280 =Z /4 {Hwli—30EE (0ol )} D Z/2- X5EE (ol
P Z/240-E¢ (cwi™T),
i) 7Y 1TSS =22+ Bs(ND_5a) DZ[|2- XD, P Z |2 V,EE re0s™
GBZ/Z EG 1(0‘&)8” 6),
i) ¥ Y (S%0) =22+ Be(n%-an) D Z 2+ pBe(n%-5n) D Z[2- X EE sy
D Z/240-E¢ 1 (cwi™®),
iv) YIS =Z 4 Bo(XD_5,) DZ[2+EE(c i),
V) 7r83”+2’_8”—4(S3'0)=Z/4‘{ﬁ[nw?"”](;—?ﬁog (o-a)sn 3)}@Z/240 E 1(0‘601" 3),
Vi) 7t85"+3‘—8"_5(si'0)ZZ/Z'ﬁe(ﬁﬁ—sn—l;)EBZ/Z g;fe,zw "“GBZ/Z fe 1(0‘608” z)’
Vii) ”§"+4'_8”_6(Sg'0):Z/2':86(’7;1—8n—4)69z/2‘Pﬁe(’?’?—sn—4)@z/240 56,1(060?”_1),
viii) n%””'”s”"(Si"’):Z/Z'ﬁﬁfé‘.4wﬁ+‘aX@Z/2-§,§il(gm§"
for any integer n.

Computation of -4 H(SEY) for pt-q=7. Boy(afel) =85 (rwt"™") =

S (01" *) =0, 8¢ (701" ") =(1+p)Bs(nh-4s) of order 2 and &, (7'wi"?)=
86 1(HP0l" ) =Bs(X*7*D_g,) =4Bes(X5_5,)=0. 'Thus we have

(14.9) Ker 8, 3 @sné‘p"q'l(Si'O) —>P+6q9=8 %52 71(S%0)]
= Z[wt, o1*|R{Z)2- D Z|2+ i P Z[2+Ywi?} .
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The exact sequence (1.9) for r=6 and (13.8) give the short exact sequence

0—> @ 7+~ 1(S"°)/Im8615—7> @ akrey(SL?)
bp+a=17
7717

— Z[ot, o1 °]Q{Z/[2- 907 ®Z[2-nD Z|2-n0i} — 0.

Since n¥(Awt)=nwi""", 290i=EF o(Hwl), 7F 1815 -sn)=101", Br(H-sm) is of order
2 and Im &, is computed above (14.9), we obtain
Proposition 14.10. (z5>~¢"(S%°), p+¢=7)
i) #2¥ ST =2Z/8 {hoi—158F 1 (cwi” )} D Z[2- X0 DEF sl
PZ/[240-£F (i),
i) 2§ N(SY) =22+ Bi(h-8) DZ[2 pBy(h-5,) D Z[2 XD}
BZJ2-vEF z(w“—l)@z/z’f;k,l(o'w?n_ﬁ),
i) ZYET(SL) =212 B(XnH_s,) DZ[2- X EF s0liw !
B Z/[240-£%F 1 (cwi™0),
iv) ¥ (S =24 B(X 5 -s,) D Z[2+ Ef 1(00i" ),
v) n,%n+3 —8n— 4(SZ_0)_Z/4 {ﬁ57‘6[7]w§n+3]6_30&%1(6w§n—3)}
PBZ[240-EF ,(c?"?),
vi) PHT(SL)=Z)2 B1(5-30-)) DZ[2* pBA(-s0-) DZ[2+ P T 003"
EBZ/Z 57 1(0'601" 2)
vil) a¥*S (ST =2Z12 B)(XnH_sy-s) DZ[240-EF (00} Y),
viii) a¥+SI(ST=Z2- 90k st @t B Z[2+EF (0wl

for any integer n.

Computation of z%#774(S%°%) for p+qg=7. &, (y0i")=8; (ne}"")=0,
871(noi™ ) =(14-p)B(%-4s) of order 2, &; ,(nwi"**)=0By(XnH_4,) of order 2 and
87,1(noi™* ) =38, ,(hwi***)=26,(X*5_g,) of order 2. 'Thus we have
(14.11) Ker[8;,: @ 7:85‘”"4“1(81{'0)%‘,69 75 79(S%0)]

p+9=8 +9=8
= Z[o}, oT%|Q{Z/2+n01 ' D Z|2- 7P Z/|2-nwi} .
The exact sequence (1.9) for r=7 and (13.10) give the short exact sequence

0~ @ ht e i(STOIm 8y, S5 @ abrr (st
—,71—8>Z[a>1, orflQ{Z- 1@22 202} > 0.
Thus we obtain

Proposition 14.12. (z%#~97(S%°), p+g=7)
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i) 7% (SY)=Z wiPZ/16-(1+p)wiDZ|2- X2 3EF s0oiwl ™
D@ Z[120- {(1+p)wis—EF (a0l )},
i) 72+ (SE) =22 Be(XH-5s) D Z[2+ X0 s D Z[2-PeE F 0™
@Z/Z &% ,1(0'0)1” 6),
i) 7Y Y880 =2Z 85 101" D Z[2- XVEF s0iwl T D Z[240- £ (g0t 0),
iv) a¥*3T(SE) =22 By(X?D_g,) P Z[2:EE (a0,
V) n,ssn+4,—8n—4(S8,0)_Z 38’1w§"+5@Z/4' {ﬁf?,s[nw?“s]s—3053",1(010?"_3)}
PZ240- £ [ (c0i"),
vi) a¥T TS ) =22 By(X_gu-1) DZ[2- VL 200l D Z[2- E s (a0} ),
vii) #¥HETIY(SY0) =285 01" "D Z[240-EF (0w ),
vill) ZYTTT(SY)=Z)2-95EF sl @I D Z[2- EF (00}
for any integer n.

Computation of #%#747(S%°) for p+g=7. By a parallel argument to
Proposition 10.7 we have

Proposition 14.13. i) 8;101""=0, 1i) 8 101" *=EF (cwl®™), iii) & 0"+
=Be(X35_g,), V) & 1w4”+2—.33(9¢77 ) V) 8101 =200t — (14 p)wiw) and
vi) 88,1w§6”“9—2w’§“‘6§~— {(1—}—p)wg“ws—’g‘g,l(aw‘e””)} for any integer n.

This Proposition implies that
(14.14) Ker[831 D 7 o 1(S1 9 — 69 z$?79(S%)]

= Z[wi®, o 16]®{Z 16 EZ Zcu } ,
and we have the isomorphism

ESs :pgaﬂﬂ’.’s“”""l(Si"’)/Im 88,1~p+?i77r%"""“(Si'°)
by Proposition 1.10. Thus we obtain

Proposition 14.15. (2% #~97(S%°), p+q=7)
i) Z¥L1(8%0)= Z/32 XD Z[120+ {2X 0 —EF 1 (c0i®™ ")}
D Z/|2-XpES so0i @i,
11) 7t’}s‘5”+9 —16n-8(S9 0) Z/240 E9 sw”“ @Z/16 (1+P)EQ 3&)3“(03
B Z[2-X25ES sl 152,
i) #¥** —8n= 1(S9 N=Z2-XEF sy D Z/2-D,EF 203" ' DZ[2-EF 1(ocwi™®),
QTS0 =Z[2- XVEE sl D Z[240- EF (0 i),
V) PSSO = Z[2. B (st ),
”8n+5 —8n-—4(S9 0) Z/4 {ﬁgg 6[77(0?”+3]6_3OE9 1(0’(0“ 3)}
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BZ240-£¥ 1 (c0??),
Vii) 7t§g"+6'_8"_5(Si’0)=Z/2'3353",2@;”I@Z/Z'Ef;k,l(o'm?”—z),
viil) 72§78 8(8%0)=2Z/240-£5 1 (a0l ),
ix) ZnEs1e=1(G9.0) _ Z/2 hSER it it
X) ”}96”4»16,—16”—15(S!i,0):Z/2.ﬁfj&;klliwiﬂ-l»z.m_in-i-1®Z/Z.E§l<'l(o_w}6n+8)
for any integer n.
Proposition 14.15 describes Aj;, for p+g=7. By Proposition 4.8 the
groups 7, for p+q="7 are determined except 733, 752, we1, m5o and 7§ _,.
Observe the following forgetful exact sequence (1.5):
L X LB

754 > 75 SY0) = 78y 5 7Sy = 25t (SLY).

Since 75 4=2Z[2-93PZ[2-cd 072, By: 75 4—>n5>H(SY°) is a zero-map. Since
¢(6)=v, we see that 75 ;=2/24-X6PDZ|8-7; by Theorem 13.12. Thus we get
the short exact sequence

X
0 — Z[240-(1—p)& — 753 > Z[24-X6D Z/4-2%, — 0,

as §)(cw1®)=08(v,6)=(1—p)é. Since X(246)=0 and p(1—p)é¢=—(1—p)é, we
have 24(1+p)é=246+p246=2446—246=0. On the other hand 24(1—p)é is
of order 10, hence 486 =485 —24(1+4p)6=24(1—p)o is of order 10. Thus & is
of order 480 and

12(1+p)é = 0 or 120(1—p)é .
This problem will be solved by discussions of 8 stem and, in fact, we get
(14.16) 12(1+p)6 = 120(1—p)& = 2404 ,

of which the proof is postponed until the next section below Proposition 15.25.
(Here we remark that the relation (14.16) is also proved by H. Minami [12] by
certain arguments of equivariant J-images.) Thus we obtain

wis = Z|480-6 D Z[12- {(1+p)6—208} P Z|4- {17,—30(1—p)é} .

By the forgetful exact sequence (1.5) it is easy to see that =35 ,=0, zg,=
Z|240-68,07°, 75 o= Z -y, DZ[2:93%,DZ[2+08,07° and 7z _1=Z[2- X5, D
Z120- 65,07,

Put

(14’.17) Oo'len == 83603%_”63_” and Oo' - Oo'o == 88(‘08 .

Then By(¢16,) =01 '* and By(6)=p\(c)=c by Theorem 3.5.
Summarizing the aboves we get
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Theorem 14.18. (7}, p+q=7)
1) 7{:=2Z/480-6P Z/12- {(1+p)6—206} D Z/4- {#9,—30(1—p)é}.
i) 78 ,=0.
iii) 75 1=2Z/240-58,07°.
) 7#30=Z-y,PDZ2:9:,DZ|2+55,07°.
V) 75 1=2Z2-X%55,PDZ/120- 55,07
Vi) 7ion 16007~ Z[240 616, D Z/[16+ (1+ p)616,D Z/|2+ X* 55165 P75 16047
for any integer n.
Vi) Somrs 1on 1 232+ X805 D Z[120+ {2X 05" — 8,07 T} B Z[2- XD SPrgnss
Pni6,-1 for n£0,
Viil)  775ns1,—16n4 67 Z|2HDD16, D5 16416 fOr any integer n.
1X)  7i6ns9, 1602~ Z[2+H5D16, 48D Z[2+ 08,07 P73 5, _, for any integer n.
X) Tinsz,—snrs~Z[240+ 08,01 Pny, 5 for any integer n.
Xi) 5ni3,—sn1 4~ Z[2+ Vg0, DZ[2+ 58,07 2Py, for any integer n.
Xii) ”gn+4,—8n+3zz/4' {6378,,4_3*300-31(01"8”'3} @Z/240' Galwl_sn_a@ﬂisnﬂ
Sfor n=0.
Xiil) Zgnes,—gns 2 Z[2+ 080T P r 4,4, for n=0.
XIV)  Zini6,—sns1 =22+ X202 Dg, D Z|240+ 08,07 5P 54,4, for n 0.
XV)  Tonsr, a2 Z2+ X0 8305 "D Z|2V3pgn 1 s D Z[2+ 08,07 P 7Sy, for n0.
Since (1—p)yr=3,(e/3:(yr)) =8:(1200w7 %)= 8,(1207¥ (4 w7")) = 120X5, =0,
we get

Proposition 14.19. py,=y, in 77 .

15. 8 stem

Computation of 75?7 ¢7%(S%°) for p+q=38. Observe the short exact
sequence (7.4) for r=8. 7¥,)(¢w})=cwl", s} is of order 240, 7¥.(y,w})=
12000i"™" by (14.5) and 2y,w3=XAy,ws=EF(Ay,0i")=1206F (row!*®)=0, i.e.
y,03 is of order 2. Thus we obtain

Proposition 15.1 (757797 S%°), p+¢=38)
i) 78S =2Z/240- 605D Z[2-E¥ 1(nowi )P Z 2 EF ((Ewi™ ),
ii) Z¥h(SY)=2)240- 60t D Z[2- L 1(no i) D Z2-EF (€01 ),
i) 2% (S =Z|2+ y,05DZ[2+EF 1(nowi” )P Z2- EF 1 (Ewi ")

for any integer n.

Computation of z§#~17(S%?) for p+q=8.
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Since 2v$=0 and 2£¥,03"*'=0, the stable equivariant Toda bracket
vd, 2, EF 205"t DT

is well-defined. By Proposition 6.8, i), we see that 7¥3;{v5, 2, ¥ .03 D=
5087 1(2w3" )= {r?%w1***}. By Propositions 6.7 and 9.3, 2<{vs, 2, £f,05"*'>"C
vs, 2, 0> =vpor§+* 43§49 =0, .c. all elements of {v5, 2, EF 103"+ are of
order 2. Next Y(8:Xv, 2, Ef 205" D) CY(<¥5, 2, $_4,»") <A 2, n>=1{&, 5} by
[14], (6.1). Moreover o£¥,03"*" is an element of the indeterminacy of <v3, 2,
E¥ 203" and Y(8y(0E¥F 05" !))=no. Thus there exists an element

(15.2) [PPwi™* ), €<vs, 2, EF 203" D TC R (ST0)
such that

(15.2') (B[t ) =

Put

(15.27) b = S[POT L E 5, 2, 5> Sl —anrs

By Proposition 6.8, i), we see that %¥;[1’ei"**l;=1%1""" and X%,,= X5,
[PPr " 5],="38,n¥ s[v’wi “***];=8,(V 1 " *?) =125,07*"*%. Hence we have

Proposition 15.3. i) »¥s[Pe!""*,=1%0{""?, [Voi**®), is of order 2, ii)
Bi(Eém)=Ewi*" and X*€,,=v*8,07*"*>.

Since ﬁll}:O and ﬁgfjk,l(vwfn—l):E;k'l(yza)gn_3)zg;k’lﬁl(g_8”+3):ﬁ7X686[77m§”+3]5
=0, the stable equivariant T'oda bracket

<ﬁ) l'}) E;k.l(wan—l)>‘r

is well-defined. By Proposition 6.8, i), we see that 7<%, 9, &Ff1(vel* )=
9081_,%5(1971601” 1) ‘;\]031 6(1/2&)8" 3)Bﬁ[nw§n+3]6. Let

(15.4) [Pl 2], €<, 9, B (valt)y Crlptt=si(STY)
by the element such that 7&/[7*0!"**],=%[ywi"**];. Put
(15.4") Esnrs = Si[n'r® l,E<A, D, 8,107 D Crdis, —ans3 s
then Y(&mss) EV(<H, 9, v8107*" DT C <y, v, 20>={¢, 5}.

Proposition 15.5. #¥**3~4(S%) = Z/8-[r?w}"* ], n¥ [’ *]), = plwi"*?
and P[’? m8n+2] __[’720)8n+2 -

Proof. Observe the foIlowing exact sequence:

1 7767

7[8n—4 ,—8n— 4(S1 0)

8n+2 8n—4(S7 0)
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2 —Bn=4( §8.0) _8‘_6) i =en=3(§L0)
Since z¥ 434S =2Z[2:-C0l" D Z[2-ncwi" ", EF 1(C0t ) =EF 181(E_snr)=
BrX*83[Vwr® ' ;=0, £ 1(nowi” ™) =EF 181(%-gn+40) =B7X’8y(c w3 1) =0, z ¥+ 5"
(S$°)=2Z/4- {H[nwi"**ls—30E¢ 1(c0l" )} B Z/240-£¢, (cwi™®), 81 6(Anwi™**ls)=
Bi(HP _gui3)=nv’0}" =0 and 8, £ 1(cwi"*)=—20wi""* of order 120, from the
above exact sequence we see that

772<.7: ﬂ§n+2,—8n—4(sl,0) — Z/S-ﬁ[ncof"”]s
is isomorphic. [

The exact sequence (1.9) for r=2 and (14.3) give the short exact sequence

0— & ¥ (S%%/Im 321———»&‘3 : EB Y-l (8§10)
bp+9=8
——’71—3>Z[co1, wr]®Z[2+v2 — 0.
8;1(cwi®) =0, 8, ,(cwi"!) = 2603"— (14-p) d0}" = 26w3" — Xfidw}" = 26w3" —EF
(nowi” ") of order 120, 8, )(cwi"*)=28ws"—EF 1(nowi” ) of order 120, 8 ,(cwi™*?)

=By(XH_4s0)=Ef 1(nowl”) of order 2 and §;,(cwi"*®)=20ws"*' of order 120.
Thus we have

(15.6) Ker[821: D nss"’""“(Si;")e 2 7:25“1"“"(53"0)]
= Z[wi, o 4]®{Z/240 o-GBZ/IZO 200D Z[2+1200w0,P Z[2- 1200 w7 '}

7 3( 3003) =V Zepin—3 2ﬁ3w3——xﬁg3w3—xz&w3—§3 1(.81(55)0) "= E¥ 1(&0;” 5) or &%,
(P01"®), n¥s(Pbws)=1?wi"* 2vvw3=/83(11231w4”_1) Bs(X?E _4nrs)=E¥1(C0i"™*) by
Propositions 13.13 and 15. 3 7¥a[PPwl"  ;=v%wi"", [PP0]"""]; is of order 2 by
Proposition 15.3, »¥s(vdwl)=1r’wi", vie} is of order 2 and Im §,, is computed

above (15.6). Thus we obtain
Proposition 15.7. (z%?~77Y(S%°), p+¢=38)

i) 2§ (SE)=2Z/4- X560 DZ[4+ Bs(V-s413),

i) 7§ 2" 4S%)=Z/4- 100 BZ/2+ X y,05,

i) #¢ (8L =2Z)2: [VPol" ;P Z[2- £ 205" D Z[2+EF 1 (nowi™ )
BZ[2-E%1(E0i"?),

iv) a8 =Z[2- v D 22+ i sl D Z[2- Ea(nowl™?)
D ZJ2-Ef1(Ewi™?),

V) ”§n+1 —8n— 7(Si°)—Z/4'X6"a)3"€BZ/4 ngnn

for any integer n.

Computation of 75?7 ¢7(S3°%) for p+g=8. &,(r’i")=0, & ,(*wi"*")=
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33'1(%&)‘;"”):0, 83’1(1/2a)4n+2) 83 1(1/110)‘1“”4) 0 and 33 1(1/2a)f”+3) 8 (co4"+51/11)""
20%05*! of order 2. Hence

(15.8) Ker[85;, :p@gn"é‘”"q'l(Sl")) —>ﬁ+€q9=9 75 9(SY)]
= Z[ot, o1'|Q{Z[2- VB Z[2+ Ve, D Z/2 vV}
The exact sequence (1.9) for r=3 and 4 give isomorphisms
ffsi GB ﬂeé_”_q—l(si’o)/lm 531%“64287!?”’_"—1(5‘3,‘0),
B, @ 74+ (S, @ A (S

p+a=8

Thus we obtain

Proposition 15.9. (z%?77(S%°), p+¢=38)

i) ¥ t(STO)=Z/2- i@ Z|2- XD DEF solml

i) 7@ (ST =22 6E¥ 205" D Z[2-EE s[VV0l" 1D Z[2-EE 1 (Ewi™T)
PZ2-EE (nowi™),

i) 7Y B Y(SY0)=Z)2- XvokE joiol T D Z[2+ yiEE 208" P Z[2EE 1 (Ew"P)
BZ/2-1(n00i"°),

iv) ZSTHT(SY)=Z[4- X6 o8 D Z[4+ B5(hP ),

V) wP TN SY0) = Z)2+ By(X 0D ,) D Z[2+ X yrE 40 B,

vi) aYrETIO(SS0) =22+ Bo(X v _g,) D Z[2+ yiES 207" D Z[2-E¥ (€l )
BDZ2-tE1(nowi"?),

vi)) 7§ IS =2Z]4- X6 i D Z[4- XV E 400l Bl

for any integer n.

Computation of 7% ?747(S%°) for p+¢g=8. The exact sequence (1.9) for
r=>5 and (14.7) give the short exact sequence

0~ & 75" “(S“)Laks @ mFrTIYSE) S e

p+9=8

Z[CO], w] 8]®{Z/24 Vw, ZEBZ/Z"' V@Z/lz ZVQ)IGBZ/IZ 2116011}
BZ[w1, 07 1R{Z/2Por' D Z|2- 7w} — 0.

7 e(RPws) =7'0""%, 20wt =E¥s(Hwk), 7T s(Pwl)=vwi""?, ok is of order 24, 7¥ B
(v an) =V@1", ,86(1/ sn) 18 of order 24, n¥eBs(1m%-4n) = 773 - L Bes(Am%_4sn) 1s of order

’ ¥ G(ﬁz[ﬂw n+3]6) 7]3 8n+1 2‘;)2[776023n+3]6 56 5(X2y7§5 4(04(04 l) ni‘feﬁe(v&mf“s):
2v0i"*?, By(r8,01"*?) is of order 12 by Theorem 10.11, vi), 7¥eBs(¥8wi"*%)=
2v03™** and By(v8,wi"*®) is of order 12 by Theorem 11.11, iii), and the periodi-
city. Thus we obtain

Proposition 15.10. (z%?777Y(S%°), p+¢=8)
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i) 7% 85 =2Z/4-9wsPZ|2-XD5EE 0iw;
i) #$ 278188 =2Z/24-90i P Z/|2+6E¥ 205" P Z[2- E¥ 3[VV0d* ),
DZ2-EE 1(80)8""7)@Z/2 E¥ ((pow?™),
i) 21880 =2Z/2 Bo(hnH_ss) D Z[2+ XvoEE 1000 D Z|2+ yiEE y05™!
DPZ[2-E¢ (60" YD Z2-EF 1(nowi™™®),
iv) #3840 =2Z/24-By(5_s,) DZ[4+- X605 D Z|4+ (14 p) Be(P - gn)s
v) ¥tLob4(S80 = Z/4- [0l B Z)2 Bs(XP0D_gn),
vi) a¥rEE3(85 0 =212 By(v8,0i" ) B Z|2+ 6EE s05” B Z2-EE [Vl s
BZ[2-E¢1(E0l"*) P Z[2-EE 1(nowi™ ),
vii) ¥ '8”—6(5'6 0) Z[2- Be(1m%-sn- )DZ|2- BG(Xavy_s,,)éBZ/Z y7§6 25"
DZ[2-E¢ (" *)DPZ[2-EE 1(nowi™?),
vit) w (S8 — Z[12- Bvdiol™ ) D ZIA- XD 2[4 X i
Sfor any integer n.

Computation of 75?7 97}(S%%) for p+qg=8. & (vwi")=0, & (vwi"!)=
2B4(P-50)— (14-p)Be(B-sn) Of order 12, 8 y(val™?)=8; (Dot ) =B(X*5_s,) of
order 2, 8 ,(vwi™**)=B(¥8,01"*°) of order 12, 86’1(1/(0?”“) Bs(X*v5_g,) of order
2, 85, (vt %) =Bu@8i0l™*%) of order 12, 8 (o™ ®) =08 ,(Pwt™**)=0 and 8,
(vai™") =38 1(Pwi"*?)=20ws"" of order 12. Hence

(15.11)  Ker [86.1:pg}dn?"""‘(SL’”) —>p§9=97t§""“’(Sﬁ'°)]

= Z[w}, 01t {Z/24-voT* P Z/24-vP Z/12- 2v0; P Z[12- 2v0i}
B Z[wt, 07" |R{Z/2-PoT ' D Z|2 7w} .

The exact sequence (1.9) for r=6 and (14.9) give the short exact sequence
0> P =it 1(S‘i‘))/ImB(“—é‘7—> €B ns P (S7T0)

bp+9=8

7)—17» Z[wl, w14]®{Z/2 7?DZ|2y o' PZ[2- nwlz} —-0.

’71 ¥l =rtw?" %, 202wl =EF o(H*0s), nE18:/(0%-sm)=1"w1""", Bi(f%_4,) is of order
2, nt 1B nh-sm) =7 w%n: Bi(1%-4n) is of order 2, nf[’wi" ), =n’wi"*?, [FP0l"*?]; is
of order 8 and Im &, is computed above (15.11). 'Thus we obtain
Proposition 15.12. (z%?~974(S%°), p+9=38)
i) sn—z,—an(S7,o)__Z/8 WD Z[2+ XD PES sl
ii) 7’8" " _8"_1(57 o) Z/Z :87(7777 sn)@z/z XWM@Z/Z 0'57 203"
PZ2-E¥ 3120l ;P Z[2-EF (0" D Z[2-EF 1(nowi™),
iii) 2878 A(SY0) =22+ By(n-8s) DZ|2+ pBr(nh-5x) B Z[2+ XvDET, s
@Z/Z y7§7,2w3“1@z/2 E;",l(Ew —6)@Z/2 57 1(770'508”— )
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) #YL(ST=2Z/8: B XD _s,) D Z|4 X607,
V) ”8S”+2 8n—4(S7 0) Z/8 [n2w8n+2]
Vl) 7t8"+3 —8n— 5(S7 0) Z/Z 37(_97] - 4)@Z/2 0_27 2w4n—1®Z/2 E7 3[y2 8n—]
PBZ2-E¥ (€ )P Z[2-EF 1(nowi™®),
vii) w8 (ST =212+ By -8 DZ[2+ pBo(1-0-1) DZ[2+ YoE T 207"
GBZ/Z 57,1(5&)?" 2)@Z/ 7,1(770'601” 2):
vili) z2¥+5 (S0 =2Z[4- X560} D Z[4+ XV EF sl o)
for any integer n.
Computation of #§#~11(8%°) for p+¢=8. & (vwi")=25(7"wi""®)=
87 1(FP0i" %) =0, 8; ;(P*wi™ ") = (14 p) B;(7%-4s) of order 2 and 87 (el =
87 1(HP?"**)=4B,(XD_q,) of order 2. Hence
(15.13)  Ker[§,,: @ o2 (S} — P 252 Y(S}O)]
p+9=9 p+1=9
= Z[wt, o7 |RQ{Z/2- *BZ|2-wi '} PZ[0}, 01 |RQ{Z/2- 0T} .
The exact sequence (1.9) for r=7 and (14.11) give the short exact sequence

0— @ zk? (8%0)/Im §, I—E"—i B mErSE)
p+9=8
T 2oty 07 1@ {212 07 D227 DZ[2enaf} 0.

Since 7¥s(hws)=nwt""", 290i=EF1(H%w?), 1T sBs(H-1s)=7101", Bs(%-1,) is of order
2 and Im §; , is computed above (15.13), we obtain

Proposition 15.14. (2% 2797Y(S%°), p+¢=38)
i) ZP 1S40 =Z/16-hwiP Z/2- Xp5EE sl
ii) #¥%~1(SY0)=2Z/2- Be(H-8s)PZI2 pBe(%-8s) PZ[2+ XD D Z[2+ 6EF 2005" 2
BZ2-E¥ [Vt ;D Z)2-EF 1(C " )DZ)2-EF 1(00t™ ),
i) Z¥L(SYN=2Z)2 B)(XnH_sn) D Z|2+ XviEE s00i0s D Z[2+ y,E y008"
PBZ2:-E¥ (€} )P Z2-£F 1(nowi"""),
iv) #YrE o8 3(S8 "N=2Z/4. Bs(X?0_5,) D Z[4+ X6 w5,
V) ”8ﬂ+3 87!-4(S8 0) Z/8 E 7[77 (08ﬂ+2]7,
vi) AT (SY0) = 22+ By -an-) D 212 PP -0 ) D Z[2- oE R 0ot
DZ2-Ef [0l ;B Z[2- £ 1(El™ ) D Z[2-E 1 (no i),
vii) 7§ TS L0)=Z)2 By(Xnh-sn-1) DZ[2+ y:EE 208" D Z[2- EE 1 (€0} )
BZ|2-E¥ \(nowi"?),
viii) Z¥ 08 (SE0) = Z/4- X5l D Z |4 XV ol
for any integer n.
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Computation of z5777(8%°) for p+g=8. 8 (nwi")=0, 8 (nwi"!)=
(14+p)Bs(%-4n) of order 2, 8 1(nei™?)=PRy(XnH-s,) of order 2, §,(yoi***)=
88 (ﬁw?"“) Zﬁg(x v_ 811) Of Order 2 88 1(7](1)16"+7) 88 1(1?0.)%6’”-8) 2ﬁ3(X0' 1671) Of
order 2 and & ,(nwi®*~')=0. Hence

(15.15) Ker[Bgl: GB n'?g_"""l(SL‘o)—) 69 n%"’""(Ss'°)]
= Z[wl y @01 16]®Z/2 nwfl@z[an, (O] 4]@Z/Z 7.

The exact sequence (1.9) for r=38 and (14.14) give the short exact sequence

0 @ P (S Im by, S @ atereei(sy)

—7)1—9>Z[co1,co116]®{Z @zz 202} > 0.

Thus we obtain

Proposition 15.16. (z%52797Y(S%°), p+¢=238)
) IS0 = Ze b D Z[16+ (14 p)bD Z/2- X05EF o}y,
11) ”§6n+8,—16n—8(si,0)zz. 89,1(1.) 6”+9@Z/16 ﬁgg 8wg+1_n®Zl2 vagg 4CDZn-H_Zn
iil) Z¥LEN S =Z)2 By(XH_5,) P Z|2+ GEF 05" > DB Z[2- X*HES 500}
PZ[2-E§3[V0l" D Z[2-E§ 1(E0t” )P Z[2-EF 1(no0i™™),
iv) YIS0 = Z 8, 0l D 22 Xudk sl D Z 2y sd!
BZ[2-E81(d" ) D Z[2-E¥ 1 (n0wi™°),
V) APTS9O Z12. By(Xo5_,) D Z/4- XSS E seol,
Vl) ﬂ%ﬂ+4'—8n_4(Si'0):Z°89.1w?"+5®Z/8'E 7[772 8n+2]7’
vii) 25 TI5(8%0) = Z)2+ Bo(X5 g i) D Z[2+ £ 208" B Z[2+ E [P0l
BZ[2-£51(Cal" ") D Z[2+ Efa(nowi™™),
vidi) YO 8(§50) = Z+ 8 10d" T D Z[2- ik s D 22+ EF 1 (Eerl )
BZ2-EF 1(nowi"?),
iX) 7:136n+7 16;1—7(S!_9+ °)——Z/2-69(X7&_16,,)EBZ/4-X *4602”“6%”,
X) 7t1_96”+15'_16n_]5(S3'0)=Z/ Xaofg 8mn+1 @Z/" ng ¥ 4&)Z”+2Ei”+l
for any integer n.

Computation of z¥ #747Y(S}"?%) for p+¢=8. By a parallel argument to
Proposition 10.7 we have

Proposition 15.17. i) §,,0i"=0, ii) &, 0i""'®=2X¢E§s0i"  os",
iii) 89 101" =By (X F-16n)y 1V) 88 it =g, (XV sn)y V) Op 1‘4’4“2——:89(7‘77-4”)’
vi) 801" =205"—(14p)ws" and vii) 801" =208"""'—(14p)ws™** for
any mleger n.
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This Proposition implies that
(15.18) Ker[891 EB YT 1(S1 °)—> EB 7% 7(S%0)
= Z[an , m;”]®{Z 1@2Z Za) } ,

and we have the isomorphism

«fog @ e I(SQO)/Im 391~ EB wl0-pa- 1(S1oo)

p+9=8

by Proposition 1.10. Thus we obtain

Proposition 15.19. (7' 7171(SY0%), p+9=38)
1) ZPL(SI00 = Z/32- X0} oD Z[2 - X05ES s0i"@i" 7,
H) T oame16(G10.0) . 30 R I Z)2 X0 pE S, st it
iii) 7P Om16m-8(S10.0) _ 2116 9E sl IGED Z[2+ XDSER, 40l I,
iv) ZYrE G = Z12. XWES, swi D Z[2- £y s[VV0l" ;D Z[2+ 6EF 203”0
BZ[2-£%.1(0i" VD Z[2-£F 1(nowi"),
v) mgrd i Z(Sw 0) Z/Z XVVflo oYIoHt IEBZ/Z y7§10 25"}
PZ2-Ef 1(Cat )P Z2- £ 1 (nowi™™®),
vi) #§HETRT(SY0)=2Z]4-X5GEY, o,
Vi) S s S10.0) — Z/8L Eh ([2win e,
vii) 7Yoo (S0 = Z/2. £ o[1P0t T ;D Z)2- 6E 20" T D Z[2- £y 1 (€™ )
BZ)2-E% 1(powl™d),
ix) YT oSS(SI0.0) 2Ly R oD Z2- £y ((E R D 22+ Ey 1 (no @l ),
X) wiRoInT(QL0.0y_ Zig Xp gk oI,
Xi) git16.-92m15(G10.0)  Zp EsER L InIgIngD ZI4.XDER it ipit Y,
Xii) Y -Imm3N(GL0.0)_ Zig NSER L 2 it D ZIR X ER, it e

for any integer n.

2n+l

2n+1
51090)9

Proposition 15.20. p&¥ swf

Proposition 15.19 describes A;, for p+¢=8. By Proposition 4.8 the
groups 7, for p+q=8 are determined except mj., 753, 732, w71, 7s,0 and
S
9, 1.

The stable equivariant Toda bracket
<, H, 0> Crss
is well-defined and ¢(<», %, #)>7)=<z, 2, n>={6v, —6v} by [14], (5.4). Let
(15.21) | e, h, 1) Cris
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be the element such that ¢(5)=6v. Then 5 is of order >4. Since (<2, %, #>")
C<v, 7, v>=1{s} by [14], Lemma 6.2, we see that y(5)=5. Next, 23, %, p>"
<o, %, 260"=<9, %, 8,(vor ")) =2Z2-X»* because: <b, %, vor' >’ C 75t H(SLY),
8(Ewr*)=8,81(8) =0, 8,(no0wi*)=8,8(2s)=0, and hence <3,%, ,(varl)>"D
8,(<?, %, vor ' D7)=0, i.e. <9, 4, §(vwr’)>"=its indeterminacy=Z/2-X3. Thus
b is of order 4.

Observe the fixed-point exact sequence (1.12) for r=10;

B X B

s 5,—4 ( Q10,0 1o S s
54 > T (S+ ) 75,3 75,3

Y80 .

Since 755 4~ =0, 7y ™S )=Z/8-E¥ 1[7wlls, 7553=2Z[24-X% and B (X%v)
=01(X°¢)=E¥ 1(cwr?) is of order 2 by Proposition 14.15, the above exact se-
quence yields the short exact sequence

(15.22) 0> Z/8-& — 7835 202§ >0
Since (396 —5)=0, there exists a€ Z/8 satisfying

(15.23) 396 —

=t aces .

>

Apply 4 to both sides of this equality. Then
&= no+v=23n0c+v = Y(396—5) = a- (&),

hence a is of order 8 and yr(&)=€. Multiply both sides of (15.23) by four.
Since £ is of order 4, we see that 1296=4&. Thus we obtain

Proposition 15.24. 1) =#$;=Z[24-%6DZ/4-5.
ii) & is of order 8, \r(€5)=¢ and 4é;=12%6.
ii1) 5 s the element of <0, %, 9>" such that \r(5)=>5 and $(5)=6v.

Proposition 15.25. 1) &g, 5ETinss,—sns3 15 of order 8 and py,i5=_Esnys.
1) Bi(Esnrs) =CT*™° and Xégyrs="Ngnss.

Proof. 1) follows from Proposition 15.5.

ii). Since 7¥:([*wi]07)=7r"w}"*?, there exists a< Z/4 satisfying

[Foi" ] = [rollwi+a-Es(# el ) -

Apply 8,; to both sides of this equality. Then we see that Bi(E-gnss) =

81,7[772‘0?“2]7 = 31,7([’720’%]7@'7')‘*‘“' 31,75 ;k.G(ﬁz[ﬂw?M]e) = ﬁl(és)w?"—l—a 'ﬁl(ﬁzf"-awa) =
€o}"~° by Proposition 15.24.

Xé8n+5=X37[,72w1—3”+2]7:86,737[712@;8"*2]7:86(-{)[7]@1‘8"“‘3]6):1)?8”3, J
Here we prove (14.16).
Proof of (14.16). Propositions 15.24 and 15.25 imply that 12(14-p)6=
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12X6 =4XEs=499,=120(1— p)4 =2406. [

It is now easy to compute the groups 754, 732, 771, 75,0 and z5_; and we
obtain

Theorem 15.26. (7}, p+q=38)
) 78— Z/24- 46 DZ/4-5.
il) 78 ,=0.
) 7= Z)2 y D 22+ 5o di0r D Z[2- E8107°.
iv) 78.0=2Z 0y, DZ[2+ %0 DZ[2+ pireoc D Z|2- D Z2 pés.
V) 71— ZJ2-Xb 55,
Vi)  7an—sns8™ Z[2+ XD 8ews "D Z|2+ 1p5y6 D Z|2 prpey6 D Z|2+ gy D Z[2+ pés,
D gnss for n 1.
Vi) 7ZPons1, 1604721696162 D Z|2+ X0 516, B 16047 for any integer n.
Viil)  732ns9,—32n1~2 Z[32+ 815010 D Z[2+ XD D D34 8P 3201 for n 0.
iX)  Z3ans25, 3017232 8w " D Z|2+ XD DD s34 24P 32017 for any integer n.
X) 7ionrz,—16n46Z |4+ XP3D15, D5 16046 for any integer n.
xi) 7z352,,+,0__32,,_2zZ/4-X931332,,+SEBZ/4°XG&d"aanG@ﬂfszn_z for any integer n.
Xii)  7352ns26, 32018~ Z |4 XV3D430 4 2y D Z[2+ X066 331 52PE 32015 fOr amy integer n.
Xiii) 7inas,—sns5Z[2% Vitan_sDZ|2+ 008,07 P D Z[2- 8,107 " T D nEsnys for amy
integer n.
XiV) 7l‘ssn+4,—8n+4NZ/2'738n+43'@Z/2‘ Pﬁsn+45'@z/2‘é8n+4@z/2' Pésn+4@ﬂ'§sn+4
for any integer n.
XV) Tsns5,—ans3~ Z|8 gy sPnEgnss for n=0.
xvi) ng,,+e’_8,,+2"=«“Z/4°X66'38w3—"@7f53n+2 for n=0.
XVii) 7817, —sns1 2 Z[2 XDy sD Z[2 058107 P B Z[2+ 68,07 D7 gnsn
for n==0.

Proposition 15.27. There holds the relation pSgws*"*'==8yws*"*' for any
integer n.
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