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1. Introduction

We consider an N-parameter Wiener process {w(t): t€RY} with values
in R? (see Definition 2.3); the parameter space RY is the subset of points of R¥
with all components nonnegative. We call a subset A of RY an ““interval”, if
A is the product of N one-dimensional intervals, and denote its volume by |A].
Let I be a fixed integer. Our problem is the asymptotic behavior of increments
W9A) over intervals A (see Definitions 2.2 and 2.3) as |A| | 0 under the
restriction that the ratios of length of the /-th shortest sides of A to the shortest
sides are bounded. In case /=1, this restriction is trivial and Orey-Pruitt [3]
already took up the problem and derived integral tests for the uniform con-
tinuity and the local one-sided growth. In connection with [5], however, we
need integral tests for the growth rate of %?(A) in case that /=N, and accordin-
gly, when the ratios of length of the longest sides to the shortest sides are bound-
ed. The growth rate in this case is different from the rate given in [3]. Moti-
vated by this, we study the general case that 1</<N, and observe the relation
between such restrictions and the asymptotic behaviors under restrictions.

Our results are stated in Section 2. Theorem 2.1 answers the question
for the uniform continuity. In case /=1, this reduces to a result of [3]. The-
orem 2.2 deals with the local two-sided growth problem in the sense of Jain-
Taylor [2]. Section 3 contains proofs of the theorems. The outline of proof
is the same as that of [3]; however, the manner of discretizing the unit interval
[0, 1]¥ is simpler.

Finally, the author wishes to express his gratitude to Prof. N. Kéno for
his advice on the whole of this paper.

2. Continuity properties
We begin with some definitions. Let (Q, 3, P) be a complete probability
space.

DerFINITION 2.1, An N-parameter Wiener process {w(t, o): t€R{} is to be
a separable real-valued Gaussian process with mean 0 and covariance
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Efw(sy()] = i{ls,/\t“,

for s=<s,, **+, sy> and t=<¢,, -+, ty> of RY.

We sometimes write simply t=<#,> for ¢ of R}, and denote the product of
N one-dimensional intervals (su, 2,) by A(s, 2) for s=<s,> and t=<#.> with
su<tu. Leta>1andbefixed. For 1</<N, aclass Q(I) of intervals is defined
as follows: an interval A(s, ¢) belongs to O(/) if and only if A(s, #) is included
in[0,1]" and

0<l-min (tp—su) <o min (fu—sy) ,
“ "
where I-min denotes the /-th smallest value. For example, if a,<a,<---<ay
then /-min a,=a,.
M

DErFINITION 2.2, 'The increment w(A(s, t)) over an interval A(s, 2) is defined
by
N
w(A(s, 1)) = w(t)—yz_‘1 w(tyy *oy Suy 0y Ey)
E ‘Zl)(<t1, "')sll‘l, "')sil-gy "')TN>)
1<K <PEN
— e (—=1)Na(s) .

In this paper we consider an N-parameter Wiener process in R?,

DEFINITION 2.3, An N-parameter Wiener process {w'(t, ): tERY} in R®
is defined by

w(f, 0)=(w(l, ©), -, wy(t, »)), teRY

where w,(t), 7=1, --+, d, are N-parameter Wiener processes, and they are inde-
pendent. Furthermore its increment w?(A) over an interval A is defined by

wi(A) = (wy(A), -+, wy(A)) .

Let || denote the N-dimensional Lebesgue measure and ||+|| denote
the d-dimensional Euclidean norm. Our main results are the following two
theorems.

Theorem 2.1. Let ¢ be a nonnegative, non-increasing, continuous funciion
defined for small pcsitive arguemenis. For almost all o there exists 5(w)>0 such
that for all intervals A of Q(I) with |A| <(v),

(2.1) [lo¥(A, )| < [A]2p(|A])
if and only if the integral

(2.2) 3 AN (log 1/x)I T x) exp (—p¥(x)/2)dx
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converges.

Theorem 2.2. Let ¢ be a nonnegative, non-increasing, continuous function
defined small positive arguements and le. u be a fixed point of (0, 1)V. For aimost
all o there exists 3(w) >0 such that for all intervals A of Q(l) withucsA, |A| <8(w),

2.3) (A, o)lI<A1g(Al)

if and only if the integral

(24) [ 7 010g 1)) 1g+4-2(x) exp (— () 2)
converges.

In addition to the above theorems, we mention a result about the local
one-sided growth.

Theorem 2.3. Let ¢ be a nonnegative, non-increasing, continuous function
defined for small positive arguements and s be a fixed point in [0, 1)". For almost
all o there exists 8(w)>0 such that for all intervals A(s, t) of Q(I) with | A(s,2)| <

&(v),
o (A(s, 2), )< TA(s, 2120 (1 As, 2)1)

if and only if the integral

[ #700g 1)1 472(x) exp (—7x)/2) d
converges.

In case /=1, this theorem reduces to a result of Orey-Pruitt [3]. From this
theorem we can derive information about the asymptotic behavior of w(¢)
as t—>o0, by using the following property: {w(f): t,>0, p=1,+--, N} and
{|A@) |w({tz>): >0, p=1,.,N} have the same distribution, where
A()=A(0, 2), 0=<0,---,0>. Let Q'() be a class of intervals A(¢) with
tu>1, =1, -+, N, and

max £ < l-max f,< oo,
® ®
where /-max denotes the /-th largest value.

Corollary. Let +r be a momnegative, mon-decreasing, continuous function
defined for large arguements. For almost cll o there exists M(w)>0 such that for
all t of RY with A(H)€Q'(]), |A()| =M(w),

llw’(z, )| < TA@) (1 A#)])
if and only if the integral
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["at0g wyv-ry e o-a(w) exp (—y(@)2)d

converges.

3. Proofs

We deal with mainly the proof of Theorem 2.1. Our arguements follow
closely Orey-Pruitt [3], and the main point of proof that requires some care is
how to discretize the unit interval [0, 1]¥ for each problem. For Theorem 2.2
we only refer to a few relevant differences. As for Theorem 2.3 its proof is a
mere variant of the proof of Theorem 2.2, so we omit it. In the following we
use the convenient practice of letting ¢ stand for unimportant positive con-
stants which may even change from line to line.

Proof of Theorem 2.1. We assume that the integral (2.2) converges.
Let i=(3,, **+, iy), m=(my4y, +++,my). Define the time sets

K(i, m, p) = {(s, ) ERYX RY: 27771 <t —5,<27%,
277 <y —su<a27?, p=2,,1,
27 < g, <27, w=I1+1,- N,
L2 S )2, p= 1,
127" <t <(tp+1)27m 71, =141, -, N}

and the events

B(i,m, p) = {o: sup [[wi(A(, 2), o)l AG, ] 2> plal 20}

(s, DEKG,m,

where r(m, p)=Ip+ f} myu. The parameters will be restricted to the following
p=il+1
ranges:

0<i<2M—1,  p=1,m1,
OSZ'F,SZMM-H_I’ n= ]—+—1’ ...,N’
0<m.<p, w—=I+l, - N, p=3.

Since E[w(A)w(A’)]=|ANA’| for any intervals A, A’ by the definition of
increment, it is easy to check that

E[{w(A(s, £))| A(s, £)| T 2—w(A(s,” t) | A(s”, 2')| 732
Sa"‘ZNH {g(ltﬂ_t{b | + IS,;.—S“)ZP

N

+ 2 (lt,b——t,’,,|-|—|s,,,—.s,’,,|)2m#}

k=1+1

holds for all (s, 2), (s, t') of K(z,m,p). Define a metric A\ in K(, m, p) by
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!
7\‘((3, t)’ (S', t')) == {E(Itﬂ‘_tép_l_ |s“_s{‘|2)22p
+u=2iq(lt“_t“2+ | Sp—sp|2)2%mu} 12,

Using this metric A, let N(€; B, \) be the minimal number of sets of diameter
at most 26 which cover B. Then it holds that for n’=a''2¥*'\/2N, N((2v%a*)7*;
K(i, m, p), M) <c a*¥ for a>0, where ¢ does not depend on 7, m and p. Applying
Lemma 2.3 of [5] to {#?(A(s, 2))/1 A(s, )| ¥%; (s, t)E K (i, m, p)} and (K (2, m, p), 1),
we have

P(E(, m, p))<c'¢*V (! 1277 ™) exp {— X (a2 9)[2}

where ¢’ does not depend on 7, m and p. Therefore
SYP(EG, m, )
SC 2 Zr(m.p)¢4N+d—2(al—12—r(m,p)) exp {_¢2(al"‘12—f(m,ﬂ))/2} .
m, b

There are at most ¥~/ ways of choosing myu, p=I+1, -++, N, and p to accomplish
r(m, p)=r. Thus

SYPEG, m, p)
SC ’iza Z’rN—I¢4N+d—2(al—12—r) exp {_¢2(al—12—r)/2} .

This sum is seen to converge by comparison with the integral (2.2). We can
easily verify (2.1) by using the Borel-Cantelli lemma and the same arguement as
in [3].

We now assume that the integral (2.2) diverges. It is sufficient to prove
the theorem for ¢ satisfying

(3.1) (log 1/x)2 < p(x) <2(log 1/x)"2.

This is proved in the same way as in Sirao [4], so we do not repeat it. Let
i=(iy, -+, i), J=U > Jn)> B=(ky, -+, ky) and m=(m,,, +--, my). Define the
events

F(i, j, b, m, p) = {o: [[w(A(s, £),0)|1> | A, £)]20(1 As, 2)|)}
where
_ 1 (utjulp)27?,  p=1,1,
" Gutup)2™,  p=I4+1,-, N,

4 — { (hl'—l—kl"/P)z—p ’ r = 1: ) l)
" (utkufp)2™, p=I+1,-,N.
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The parameters will be restricted as follows:

0<i,<2—1, p=1,-+,1,

0<i<2"—1,  p=I+1,--, N,
0<7.<p/10, 9p/10<k.<p, p=1-,N,
1<m.<p, p=I+1,- N, and p>3.

The above intervals A(s, £) belong to Q(/) under the assumption that a>2. (To
do without this assumption, only a slight modification of the ranges of j and %
is needed.)

We apply the extension of the Borel-Cantelli lemma by Chung-Erdés to prove
the latter part of the theorem. First, we verify the condition (i) of Theorem 1 of
[1]. Since |A(s, £)| ~c27"™? a well known estimation ([3], Lemma 1.1, p. 141)
leads to

P(F(, j, k, m, p)) Zcd* (27 P) exp {—*(277™PT)[2}

N
where r(m, p)=Ip+ >} mu. On the other hand, the condition (3.1) ensures us
K=1+1

the existence of positive constants a,, @,, independent of 2, j, &, m and p, such
that

(3.2) a p < H(| A, 1)) <ap?,
where A(s, t) is the interval involved 1n F(z, j,k, m, p). Thus

3 P(FG,j, kom, )

i J,kym,

ZC 2 2r(m,p)¢4N+d—2(2—f(m,p)) exp {_ ¢2(2—1(m,p)—1)/2} .
m, b

There are at least ¢’ 7V~ ways of choosing m,, [4+1<u <N, and p to accomplish
r(m, p)=r. Therefore
>3 P(F(, j, k, m, p))

isi, k,m,
Zc'ZZSNZ’r” TP ta(27r) exp (—H(277)/2) .
This sum is easily seen to diverge by comparison with the integral (2.2). Thus
the condition (i) of Theorem 1 (extended Borel-Cantelli lemma) of [1] has been
verified. Next, to verify the condition (iii) of the theorem by Cbung-Erdos, we
order the events so that the volume of the involved interval decreases. Fix an
event F=F(i, j, k, m, p) and let F'=F(i’,j', k', m’, p’) be an event following
F in the order. We write A=A(s, t) and A’=A(s’, ¢) for the intervals involved
in F and F’ respectively. Let p=E[w,(A)w,(A")]. Since by (3.2),

ai(pp'y < d(1ADG(1A"[)<ai(pp')”,
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Lemma 1.5 of [3] shows that P(F NF')<cP(F) P(F'), if p’<(aspp’)”. Thus
as the events Ej; in (iii) of Theorem 1 of [1] (with taking F as E;) we choose the
events F' which give rise to values of p satisfying

(3.3) (azpp)'<p?.

We can easily see, using the same arguements as in [3], that there are at most
O(p*"'log p) intervals which satisfy (3.3). In order to verify the condition
(2) of (iii) of Theorem of [1], we divide the sum >3 P(F N F’) over F” satisfying
(3.3) into DYHP(F NF') and 2)»P(F NF'), where >); means the summation
over F’ which satisfy (3.3) and

(3.4) pPP<1—pV2,
and XY, means the summation over F’ which satisfy (3.3) and
(3.5) pi=>1—p 2,

If F' satisfies (3.4), then by Lemma 1.6 of [3], P(F N F')<c’ exp (—cp?)P(F).
This shows that 23,)P(F NF")<c”"P(F), since p*"~'logp exp (—cp"?)=0(1).
To estimate >}, P(F N F’), we subdivide the condition (3.5) as follows:

(3.6) l—g/p<p’<1—(¢—Dp, g¢=1,-,p".

Then, as before, we have by Lemma 1.6 of [3], P(F N F')<c’ exp (—cq)P(F).
We can also show that the number of events F’ satisfying (3.6) is O(¢*Y), by a
variant of the arguement in [3] and the fact that

(7 Ikl = 0@, lji—isl=0@), w=1,,N.
Thus D)pP(FNF)<c’ i_‘, ¢V exp (—cq)P(F)<c"P(F). 'This verifies the con-

dition 2) of (iii). To check (3.7), it suffices to consider the next two cases:

(a) Su<sp<tu<tf,

(b) su<sL<th<tu.

Using the inequality

(3.8) :_ [ANA'P _(GuAti—su Vi)

O AHA T (fw—su)(th—sk)

we can easily obtain the estimates (3.7).

Finally, we verify the condition (ii) of Theorem 1 of [1], using the same
arguements as in Orey-Pruitt [3]. The events F(3,f, k, m, p) have been ordered
so that |A(s, 7)| decreases, and we use a single subscript. Then the events F,
are of the form {w: ||U,||>c¢,}. To compare P(F,|Fj:F;) with P(F,), since
Fg, -+, F; are of the form {w: ||Ul|<c:}, we replace F,, by
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G, = {o: ¢, <||U,l<2,},
and use the well-known estimate
P(F,)<2P(G,).
To apply Lemma 4 of [4], it remains to check that

pm =max E[U;U,] — 0, as m —> oo ,
1<ign

and 2¢,<py", for some y<<1. Let p’ be the p parameter corresponding to

the event F,, and p” be larger than the p parameters corresponding to F,, «--, F,.
Then we have

77 _ .7

P 20724012
by (3.7). This implies that p,—0 as m— oo, and that
2¢,, = 2¢(|A(s, 1)) <cp™ < pu?,

for sufficiently large p’, where A(s, £) denotes the interval involved in F,,. Thus
the proof of Theorem 2.1 has been completed.
Next we give a brief proof for Theorem 2.2.

Proof of Theorem 2.2. We assume that the integral (2.4) converges. Let
m=(my,,, **+, my) and define the time sets

K(m, p) = {(s, )=RY X RY:

27071ty — 9, <2701 O<Luy—5 <277,

z—p—létﬂ-—uﬂ'gaz—p-H ’ OSMH—SFSC(Z_P ’ B = 2) % l)

z_m“_lstﬂ_—uﬂ-gz—m"*-l ’ Ogulh—sﬂ-szvm"' ’ B = l+1a Tt N}
and the events

E(m, p) = {o: sup [lw¥(A(s, 1), o)ll|A(s, §)] 7
($,)EK(m, p)
> p(3Na! 127 Em))
The parameters will be restricted as follows:
1<m.<p, p=I1+1,-, N, p=>3.

Define a metric A in K(m, p) by

4
MG 16" 1)) = £ (1ta—th |+ [ su—s2122
o 3 (a2t [ su—sla| )2 2
p=i+1

Then the proof goes as before.
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We now assume that the integral (2.4) diverges. It suffices to prove the
theorem for ¢ satisfying

(log log 1/x) **< ¢(x) <2N (log log 1/x)"*.
Let j=(j1, ***,jn), k=(ky, **-, ky) and m=(my,, -+, my). Define the events
F(j, k, m, p) = {o: [lw*(A(s, 2), o)I> | A(s, ) o] A(s, £)1)}
where

— { (ul“‘jﬂ/logp)zﬂp_l ’ =1 -1,

“T (uu—juflog p)2-"t, p=I+1, -, N,
. { (utkuflogp)27?t,  w=1,-,1,
* (up+kuflogp)2™™, p=I+1,--,N.

The parameters will be restricted as follows:

9logp 10£jl1- ) kp.glogp, n = 1, ...’N,
1<mu<p, p=1+1,--,N, p=3.

We have, here, assumed that 1/4<u,.<3/4, w=1, -+, N. This is, however,
not essential and it is clear how to do without this assumption. Then the
proof goes as before except that p is replaced by log p in many estimates; this
is done, for example, in (3.2)~(3.6).
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