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Introduction

The study of regular boundary points for the Dirichlet problem is one
of the most interesting materials in the potential theory. In the case of bounded
domains of Euclidean space, various criterions of regularity are given by many
authors. Among all, we are interested in the characterization of H. Bauer [1],
on account of its extremal character. If we are going to discuss the Dirichlet
problem for the whole space, we shall need to introduce the ideal boundary.
This is nicely performed when we consider the resolutive compactification of
spaces. For the condition of resolutivity of compactification we know it fairly
well, but, in contrast with the resolutivity, little is known about the regularity of
boundary points. Our present investigations start from the question: does
every resolutive compactification contain at least one regular point ? However
this is negatively answered by a simple example (Example 1, §3). Hence, we
proceed to the problems to characterize the regularity, to give a sufficient condi-
tion for the existence of regular boundary points and to study some extremal
property of boundary sets. We observe that the lack of exterior points causes
difficulties, for in the classical case of bounded domains we know that the exte-
rior of domains plays an essential role.

In the sequel, we shall fix a resolutive compactification of a strict harmonic
space X in the sense of Bauer [2]. Hypothesis, definitions and notations used
in this paper are stated in §1. In§2, a regular boundary point is characterized
by its extremal property (Theorem 1). And conditions for the existence of at
least one or sufficiently many regular boundary points are given. §3 deals
with more restrictive regularity, the strong regularity and the pseudo-strong
regularity, and the relations among them. It contains also a new sufficient
condition for regularity. Relations between the minimal determining sets for
some family of hyperharmonic functions, i.e., the Silov boundary, and the
harmonic boundary are established in §4. In the last section, we consider
open subsets of X and obtain the result that every regular boundary point is
strongly regular.
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1. Preliminaries

Let X be a strict Bauer space with countable basis, i.e., X satisfies the
axioms I, II, III and IV of Bauer [2] and for each point x of X there exists a
potential p strictly positive at x. We know that X has a finite continuous poten-
tial which is strictly positive. We suppose that X is connected and constant
functions are harmonic.

Let X* be a compactification of X and A=X*\X. Given a numerical
function f on A, we consider a family of hyperharmonic functions % on X,
bounded from below and satisfy £1r{1 uw(x)> f(y) for every yEA. The lower

envelope of this family is denoted by H (a). We define also H,=—H_,. If
H,=H, and are harmonic on X, f is termed to be resolutive and the harmonic
function is denoted by H .

A compactification is called resolutive if every f €C(A) is resolutive, where
C(A) denotes the set of all functions finite and continuous on A. In the
following we shall consider a resolutive compactification X* of X.

For a non-negative hyperharmonic function v on X and a subset E of X,
we define the reduced function

By - . u is a non-negative hyperharmonic
R/(a) = mf{u(a), function on X satisfying u>v on Ef *

The lower semicontinuous regularization

RE(a) = lim RE(a’)

a’ya

is hyperharmonic. We have RE=R? for every open set E.
We set

I' = N {T,; p is a strictly positive potential on X}
and
A= A\T,

where T'y={xEA; lim p(a)=0}. T is called the harmonic boundary of X.

Throughout this paper we shall use the following notations:

H = {v: superharmonic and bounded from below on X} ;

for ve i,
u,: the greatest harmonic minorant of v,
p,: the potential part of v (we have v=u,+p,);
for x€A,
a probability measure on A satisfying
M = {”'; S vdp<a,(x)+ p,(x) for every ve H |’
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where f (resp. f) is the lower (resp. upper) semicontinuous extension of f on A.
A compact subset S of A is called determining for F C 9 if

infv = inf v for all vETF;
S Xx

the smallest set determining for & is called the Silov boundary for F and is
denoted by Sq.
Finally, a boundary point x is called regular if

laigl H (a) = f(x) for every f €C(A) .

It is known that each point of A is irregular.

2. Existence theorem

As we have mentioned in the introduction, it is not true that every resolutive
compactification has a regular boundary point. Thus it becomes an interesting
subject to find conditions under which a resolutive compactification contains at
least one regular boundary point. For this purpose, we characterize first a
regular boundary point by an extremal property, which is a version of that given

by H. Bauer [1].
Lemmal. Ifx<T then
lim H,(a) <f(x) <Tm H(a)  for every fEC(2).
Proof. Let f&C(A). We have a strictly positive potential p such that
lim (H,+p)>f and Tim (H,—p)<f  on AV,
Then,
lim H (a) = lim H (a)—lim p(a) = lim H (a)+lim [—p(a)]
<lim [H (@) —p(a)] < /() <lim [H (@) +p(a)]
<fim H (a)+lim p(a) = Fim H,(a), g.ed.
Thus we have

Corollary 1. A point xT is irregular if and only if there exists f EC(A)
such that

lim H (a) <lim H (a) .

Lemma 2. If x is regular then M,= {€,}.

1) [4] Lemme 3.2.8 and Lemme-clef 2.1.7.
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Proof. Suppose that y& ¥, and p =+ &, then there exist a point y, a
neighborhood U(y) of y, a function f€C(A) and a strictly positive potential p
such that

yESupp p\{x}, where Supp p denotes the support of u;

(2.1) xe U(y), s(ANT())>0;
f=0,f(x)=0. f>00n Uly)NA;
lim (H,+p)>f onA.

From (2.1) we derive

(tim o1, +-py = fan= | pan>o0.

uly)na

In view of the definition of ¥, and x&T
[ tim (#,+p)dp <limm H (a)
Since x is regular we arrive at the contradiction
0<lim H () = f(x) = 0,
which proves the lemma.
Theorem 1. A point x<T is regular if and only if M,={€,}.

Proof. It is sufficient to prove that under the condition x&T M, = {&.}
implies that x is regular. Suppose that x is irregular. Then, by Corollary 1,
there exists f,&C(A) with

(2.2) lim H /(@) <lim H ,(a) .
We select a number 7 such that
l,,i%;l H,(a)< 'y<15§ H,(a) and 7= fy(x).
For each f =C(A) we define
(2.3) P(f) = Tim H (a).

P is a positively homogencous subadditive functional on C(A), i.e.,

P(fi+f) <P(f)+P(f2) »
P(kf)=kP(f)  for k>0.

By the Hahn-Banach theorem there exists a linear form F on C(A) such that
F(f)=v and F(f)<P(f) for every f€C(A). F is positive, for if f<0 then
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F(f)<P(f)=lim H (a)<0. Thus F defines a Borel measure x on A. Further

w is a probability measure, since F(1)<P(1)=1 and F(—1)<P(—1)=—1. To
show that u & H,, let vE 9 and v=u-}p, where u=u, is the greatest harmonic

minorant of v and p=p, is the potential part of v. For feC(A) with f<v
(the lower semicontinuous extension of v on A) we have

H.<v=u+tp
and then H,<u. Then
| ran = F(H<P(f) = im H (2) <Tim u(a) +1im p(a)
and finally

[ wtp)du<atay+pe),

which implies &€ . H,. On the other hand, since

[ i = F(f) = v+ ),

p=*&, te., M.+ {E}. Thus the proof is completed.
ReEMARK. Let x€A and

a probability measure on A satisfying
7 — ) S g)d,u,gli?l k¥ for every bounded super- }
Z ’ harmonic function v defined outside a S

compact subset of X

where ¥ denotes the harmonization of 72.
Then, in the same way we can prove that a point x&ET" is regular if and

only if J1,={¢&,}.

Propostion. 1. Let X** and X* be resolutive compactifications of X. And
let X* be a quotient space of X** (i.e., there exists a continuous mapping = of X**
onto X* fixing each point of X). If x**&T** isirregular and n~(z(x**)yNT**
= {x**}, then x*=n(x**) is irregular.

In fact, for every measure p** on A** we define a measure u* on A* by
(2.4) p*(f*) = u**(f*or) for each f*=C(A*).

From our hypothesis there exists u**& M such that p**==€... Since

2) [4], p. 26.
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Supp p** CTH*, z(y**) = y*Fa* = z(x**) for every y**&Supp p**\{x**}.
We have

S Vxdp* SS Vs dp¥* KTFHF(¥¥) <uF(2%) 4-py(x¥) for every veE X ,

where v4, vxx, €tc. denote the lower semicontinuous extensions of v on A¥,
A** etc.. Thus, we have p*& M« with p*=E,..

Before establishing the existence theorem of regular boundary points we
shall introduce the family & of superharmonic functions each of which is bound-
ed from below and is extended finite continuously on I'.  For v&€S and x€T

lim v(a) = lim v(a) .

A non-empty compact subset E of A is termed T-extremal if for every x€E
and every u& M, we have Supp pnCE. It is obvious that a family of T-ex-
tremal sets is inductive and for xET, the extremal property of {x} implies the
regularity of x (Theorem 1).

Theorem 2. If for each pair (x,, x,) of distinct points of T there exists vES
such that v(x,)+v(x,) then A contains at least one regular point.

Proof. Let vES and a=inf {y(x); x&T'}. The number « is finite and
v>a on X3,
We shall consider

E= {xeT; v(x) = a} .
E is a non-empty subset of A and T-extremal, since
Sgdﬂ <o(x) =o(x) for every x€E and pE H, .

By Zorn’s lemma, the family of T-extremal sets contained in E contains a
minimal element E; in the inclusion relation of sets. E, is a non-empty com-
pact subset of T" and T-extremal. Suppose for a moment that E; contains two
points x;, x,. From the hypothesis of the theorem we can find v, S such that
0o(%,) Fvo(x,). The set

Ej = {x€E,; inf {v(y); yEE} = vy(x)}

is a non-empty compact subset of E, and Ej=+E, If we can show the
T-extremal property of E§, then we are led to a contradiction, since E, is a
minimal element, and we can conclude that E, contains only one point x, and
therefore x is regular. 'To show that E¢ is T-extremal, suppose that x€ E{ and

3) [4], Th. 3.1.6.
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pEM,. Then xE,and Supp nCE, Since
[ 2o <ox) = au(x),

Supp p CE§. Thus the theorem is proved.

Corollary 2. Under the hypothesis of Theorem 2, the lower semicontinuous
extension of vES attains its minimum at a regular boundary point.

Theorem 3. If

(1) for every pair (x,, x;) of distinct points of T there exists vES so that
o(x;) Fv(x,), and

(2) for every x<T and for every open neighborhood U(x) of x there exist a
neighborhood V(x) of x and a superharmonic function s such that

V(x)c U(x);
(2.5) s is bounded from below;

s is extended finite continuously on I' N V(x);
inf {s(y); yET\V(%)} > inf {s(y); yET}
then T is the closure of the set of all regular boundary points.
Proof. Let x€T and let U(x), V(x) and s be as in (2.5). The set
E = {x€T; inf {5(y); yET} = s(x)}

is a non-empty compact subset of V(x). As above we can see that E is T-
extremal and the family of T-extremal sets contained in E contains a minimum
E,, E, contains only one point x, and x, is regular. Since x,& U(x), the asser-
tion of Theorem 3 is proved.

In some compactifications we meet the case where the set of all regular
boundary points coincides with I". This is, in fact, the case of large compacti-
fications, e.g., the Wiener compactification?. Next theorem gives a fairly
wide class of such compactifications.

For a family Q of bounded continuous functions on X, let X¥ denote the
compactification of X such that all functions of Q are extended continuously on
X§ and separate points of X§.

A resolutive compactification X* of X is termed to be saturated if X% is
homeomorphic to X*, where

0= {flx; fECX*} U {H,: fEC(X*\X)} .

4) [4], Th. 4.6.
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We know that X ¥ is saturated®. In view of the definition of saturated com-
Q
pactification and Lemma 1 we can derive:

Theorem 4. If a resolutive compactification X * of X is saturated, then each
point of T is regular.

3. Regularity

In this section, we shall give definitions of regularity strengthened than
the usual one and investigate relations among them. The original form of
these regularities will be found, for example, in the classical case of Green
space [5].

A boundary point x is stromgly regular if x has a barrier, i.e., a positive
superharmonic function v on X such that lim (¢)=0 and inf {v(a); ac X \U(x)}
>0 for every neighbborhood U(x) of x.

A boundary point x is called pseudo-strongly regular if for every bounded
potential p harmonic in a neighborhood of x we have lam} p(a)=0.

Proposition 2. The following properties are equivalent :
(1) =« is pseudo-strongly regular ;
(2) for every bounded and non-negative superharmonic function v on X and
for every meighborhood U(x) of x we have
lim RXF\VV&)(a) =0 .
Proof. (1)=>(2): let us decompose RX\V® into the harmonic part  and
the potential part p:

RN — ytp .

We remark that both % and p are bounded, and RF\?@=y and R\V® =p.
Choose a neighborhood V(x) of x such that V(x)C U(x). From

T®) 0 X — —
RXm <RV <(sup w)RINVE)
u
(3.1) o
VEnx AT N T
RR;\F(,T) <RU®"X <(sup u) Ry ®" %
u
we have

A VEN X . A
Ryscn <(sup u) min (R, RI®NX)

Since X* is resolutive we see that the right hand side is a potential®.

5) This result can be obtained in the same way as in [3], Prop. 3.2, p. 43.
6) [4], Th. 3.2.23 b).
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. Vnx R . v@mnx . .
Since R;\yg)zRf\” "=y on V(x) N X, the potential I%R;\U—(,) is harmonic
u u

on V(x)NX, and we have limu(a)=0. We also lim p(a)=0, for Rf\Y® is a
bounded potential harmonic on U(x) N X.

(2)=(1): let p be a bounded potential, which is harmonic on U,(x) N X
for a neighborhood U,(x) of x. We select a neighborhood U(x) of x so that

U(x)c Uy(x). Then we have
RVW® = Hj®nx.X on Ulx)NX".

If a superharmonic function s>0 satisfies lim s>p on dU=[U(x)\U(x)]N X
then s> p on U(x) N X.® This implies

Hj®0xx — p on U(x)NX
and
lim p(a) = lim R{\"®(a) = 0, ged.
Corollary 3. A boundary point x is pseudo-strongly regular if and only if

lim RX\VG)(g) = 0

ayx

for every neighborhood U(x) of x.

Proposition 3. A strongly regular boundary point x is pseudo-strongly re-
gular. The converse is true if X* is metrizable.

Proof. Let p be a bounded potential and assume that p is harmonic on
U(x) N X for a neighborhood U(x) of x. By hypothesis, there exists a positive
superharmonic function v such that

3.2) limo(a) = 0 and inf {v(a); a€ X\U(x)} >a>0.

Let A be a positive number so that 4a>sup p. Asin the proof of Proposi-
tion 2, we have

Av>p on U(x)NX,
which implies lim p(a)=0.

Next, suppose X* is metrizable and let {U,(x)} be a base of neighborhoods
of x with U, (x)CU,(x). Then

v = 31 (1/2)RNT

7) [4], Cor. 1.2.9.
8) [2], Kor. 2.4.3.
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is a barrier of x. In fact, for a positive number & we may find an integer N so
that
S 1/20<ef2.
n=N+1

Since x is pseudo-strongly regular, by Corollary 3 we can find a neighborhood
W(x) of x such that

RIN-®<gl2 on W(x)NX forn=1,2, -, N.
Then,
v<E[2 ﬁ 12+ 31 1/2°<e on Wx)NX,
which means lim 9(a)=0. On the other hand, for an arbitrary U(x) there exists
U ,(x) with (7,,%)(: U(x). Therefore
inf {v(a); a€ X\U(x)} >inf {o(a); a= X \U,(x)}
>inf {(1/2)RY\V")(a); ac X \U,(x)} = 1/2>0, g.ed..
Lemma 3 For each point xE A there exists a neighborhood U(x) of x such
that RF\V =1,
Proof. For a point x€A we may find U(x) such that
Ux)NT = ¢ .

If a non-negative superharmonic function s satisfies s >1 on X \U(x), then
lims>1on T and s>1 on X, and finally RfW®=1, gq.e.d..

Proposition 4. A4 pseudo-strongly regular boundary point is regular.

Proof. Let x be pseudo-strongly regular. By Lemma 3, x€T'. We shall
show that HM,={€,}. Suppose for a moment that there exists p& M, with

n+E,. Then,
p = aé,+v, where 0<a<1.

We choose a neighborhood U(x) such that
(Supp Y)\U(%)* ¢ .
We then have
[ tim REV@d = o lim RO (@) + [ tim RV
<lim Rf\'G)(a) = 0.

ayx

On the other hand, the first integral is positive, since
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S lim RA\®dy>0,

which is a contradiction. By Theorem 1, we can prove the proposition.

The following examples (Example 2 and 3) show that the converse of
Proposition 4 is not valid in general.

ExampLE 1. Let G be aring domain of the complex plane: G= {z; 1< | 2|
<4} and X=G\{2,3} We consider a usual harmonic structure on X, i.e., a
function is harmonic if it is continuous and satisfies the Laplace equation. We
compactify X in the manner that the boundary consists of two points, one
corresponds to {2; |2|=1} U {2} and the other to {z; |2|=4} U {3}. This is
a resolutive compactification, whereas it has no regular boundary point.

ExampLE 2. The one-point compactification of the harmonic space X
in Example 1 is resolutive and the boundary point is regular but not pseudo-
strongly regular.

ExampLE 3. Let X be an open disc in the complex plane endowed with
usual topology. For the harmonic structure, we adopt the quotinent sheaf of

usual harmonic functions by 2=Re i+§
the point 1 with —1. Thisis a compactification of X which is resolutive. In
fact, for every continuous function f on A, which is a usual continuous function
on the boundary circle with f(1)=f(—1), the Dirichlet solution H, is a con-
stant function f(1). Hence the identified point 1 is regular. However, this
point is not pseudo-strongly regular, since some neighborhood U(1) is not con-
nected and on a component of U(1) the reduced function of Corollary 3 is
constantly 1.

Consider the closur X and identify

In view of the above examples, it is natural to ask the conditions under
which both regularities coincide.. In order to answer the question we consider
the following separation condition:

[S] (i) A contains at least two points;
(ii) for every distinct points x,, x, of A (resp. x,€X, x,EA) there exists
fEC(A) such that

lim H ;(a)>1lim H (a) (resp. H /(x,)>1im H (a)) .
asT) ayz, ayz,
We note that in the inequality in [S] x, and &, are reversible if we take —f
instead of f.

Theorem 5. Let X* be a resolutive compactification of X satisfying the
condition [S]. Then the following properties are equivalent :
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(1) s regular; ;
(2) x€<T and for every continuous function f on A

lim H/(a)<0 implies lim H,+(a) = 0;
(3) «x s pseudo-strongly regular.

Proof. Since (1)=(2) and (3)=(1) are immediately seen, it is sufficient to
prove (2)=>(3). Let U(x) be an open neighborhood of x and 8U= [U(x)\U(x)]
NX. We shall show that for every y 90U there exists 2 non-negative function
f,EC(A) satisfying

}_li:r_? H;(a)>0 = l}jn} H; (a).
In fact, by the condition [S], we may find p €C(A) such that
lim Hy(a)> o> 11?1 H,(a).
Putting f,=(¢—a)*, we have
lijr? ny(a)zgig;l H,(a)—a>0
and
0>£i§1 Hy(a)—a>lim H,_(a) .
Therefore, by hypothesis, la?rle 7,(@)=0. Thus, for each point y€9dU there
exists a triple (f,, V(¥), §,) such that

f, is a non-negative function in C(A),
Hf.v>8)' on V(y) nx »

(3.3) L
limH, (a)=0.

Now, we shall cover U by a finite system {V(y,)}?-, of such V(y), and let
d=min {§,,; lSiSn},f=2"fy‘. and V=" V(y;). Itis easily seen that
i=1 i=1

H;>8on VNX and limH(a)=0.

We may find a non-negative superharmonic function s, such that®

O 1 onaU
34 lim (HY®N XX _g g{ '
(34) im (H1 D=0 on T@NA

for every £>0.

9) [4], Th.1.2.3.
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In view of this, it is derived that
lim [1/8 H,—(HY®"*X_g5)]>0 on 08U U(U(x)NA).

Hence 1/8 H; > H{®"*-X_¢gs,, and € being arbitrary, 1/8 H, > H{®" %X =
R¥VW® on U(x) N X, which implies lim Rf\W®)(a)=0. Thus, by Corollary 3, x
is pseudo-strongly regular, g.e.d.. o

In the same way we obtain:

Theorem 6. Suppose that x is regular and following condition is fulfilled :
[T] for every point y & X* distinct from x there exists a non-negative superhar-
monic function v such that

lim v(a) = 0<lim v(a) .
ayy a5z
Then x is pseudo-strongly regular.

We can see later (§5) that when we consider a relatively compact open
set as a harmonic space and its closure as a compactification, the condition [7]
is fulfilled. Thus all regular boundary points of relatively compact open sets
are pseudo-strongly regular and therefore strongly regular.

ReEMARK. If we drop boundedness from the definition of pseudo-strong
regularity we shall be led to an exceedingly strong condition. For, if we have
lim p(a)=0 for every potential p which is harmonic in a neighborhood of x,

then x is completely regular, i.e., lim H (a)=f(x) for every resoluvtive (not

necessarily bounded) function f continuous at .

At the end of this section, we give a condition which affirms a boundary
point to be regular.

Theorem 7. Let U(x) be a fundamental system of neighborhoods of x. If

lim [lim RY\Y®)(a)] <1, then x is regular.
Ula)

Proof. First, we shall show that x&T'". For, otherwise by Lemma 3 there
would exist U(x) € U(x) such that R{\V®=1.
Let ap=lim [lim Rf\Y®(a)]. By hypothesis, for every neighborhood V(x)
u .

X,
of x there exists U,(x) € U(x) such that

(3.9) Uf(x)CV(x) and  lim RF\®(g) <1 .

Hence, we find W (x)=U(x) and «; satisfying
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Wix)cUyx),
(3.10) a<a,<1,
RV <, on Wix)NX.
Therefore, for every neighborhood V(x) of x there exist V (x), Uj(x), Wi(x)E
U(x) and v;=R\"1® such that
Wx)c Ux)CV(x)CV(x)CV(x),
(3.11) v, <a,on Wi(x)NX,
9,=1 on X\V(x).

Next, for Vy(x)eU(x) with V,(x) CW(x) one may find U,(x) Wy(x)EU(x)
satisfying

Wy(x) CUy(x) T Vy(x),

RV <y on Wy(x)NX .

Since RY):? <R\ on Uyx) N X, if we put '02:1?;,"1\”2(‘), then we have

v,<ajon Wy(x)NX,

3.
(3.12) 2,=1 on X\V(x).

By induction, we can construct U,(x), W,(x)EU(x) and v,=R $\a® such that

W (x) CU(*) SV (%),
(3.13) v,<afon W,(x)NX,
v,=1 on X\V(x).

To prove Theorem it is sufficient to show that #,={€,}. Suppose, for a
moment, that (9, contains p such that p=a&,+v and 0<a< 1. We may find
Vo(x)eU(x) with the property v(A\V,(x))>(1—a)/2. If we construct above
V. (x), U,(x), W,(x) and v, starting from V(x) with V(x)CV,(x), then we are
led to a contradiction. For, choosing # so large that (1—a)/2> a? we have

at>1im 0,(0) 2 | 2,du> | 0,00 20(A\Vi(0)> (1—-a)2.
Thus the proof is completed.

4. Characterization of the harmonic boundary

In this section, we shall give a characterization of the harmonic boundary
T" as a minimal determining set for some function families, z.e., the Silov boun-
dary. Asa consequence one can derive a condition under which T is the closure
of the set of all regular points. First we prove:
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Theorem 8. Let X* be a resolutive compactification of X. Then
(4.1) T' = {x€A; lim R{\Y®)(a)=0 for every neighborhood U(x)}

and
4.2) T'={x€A; R\ =1 for every neighborhood U(x)} .

Proof. Let A4 and B be the sets described on the right hand of (4.1) and
(4.2), respectively. It is obvious that 4 CB, and by Lemma 3, BCT is derived
immediately. In order to complete the proof, we shall show that TCA. Let
x&€T and, for a moment, suppose that xé=A4. Then one can find an open
neighborhood U(x) of ¥ and a number « such that

(4.3) 0<a<1 and RAV®>q on Ux)NX.

For an open neighborhood V() of & with V(x) C U(x), p=min(R¥\®), RY=nx)
is a potential. Since p=Rf\Y® on V(x)NX, p>a on the same set, which
contradicts xT, q.e.d..

To proceed the minimal property of the harmonic boundary, we recall that

Y = {v: v is a superharmonic function, bounded from below} .
Further we define

' = {u-+p; u is a bounded harmonic function and p is a potential} .
Of course, 4’ contains all bounded harmonic functions and is contained in 4.
Theorem 9. T is the 9 (resp. ﬁ’)—é’ilov boundary.

Proof. We know that T' is J{-determinig®. Let S be a non-empty com-
pact subset of A, determining for % (resp. H’). We shall prove that T'C.S.
Suppose, for a moment, that xI"'\S. Then for every point ¥’ &S there exist
f»€C(A) and a potential p,/ such that

f,’ZO, fx'(x) =0 ’

(4.4) ) .
lim, (H ,(a)-+p./(@)>lim H,,(a) = 0.

In fact, (1) for ¥’ €T, we may choose f,» and p,/ so that f/(x')> f,/(x)=0 and
lim (H;,+p.))=>f, on A, and (2) for ¥ €A we may only choose f,=0 and p,/,
satisfying lim p./(a)=+-oo™.

In view of (4.4), one may find a neighborhood V(x’) of x” and a positive
number 8§,/ such that

10) [4], Th. 3.1.5.
11) [4], Th. 3.1.3.
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4.5) H; +p>68, on V(x)NnX.

A finite number of V(x'), say {V(x/)}7.,, covers S. Letting fzé fes
i=1
8=min {3,,; 1<i<n} and p=3p..,, we conclude that

(Hs+-p)=8 on S,

and H,+p>8$, since S is I (resp. A’)-determining. This implies also H,>38.
On the other hand, by Lemma 1, § <lim H /(a) < f(x)=0, which is a contradic-
tion, Thus I'CS, g.ed.. -

Let & be a family of bounded harmonic functions containing {H,; f&
C(A)}. We assume that a compactification satisfies the following condition [S’]
weaker than [S] in §3.

[S]  for every distinct x,, x,EA there exists a function f €C(A) such that
lim H (a)> 11?1 H (a) .
We have then

Theorem 10. Suppose that the condition [S'] is fulfilled. Let R be the set
of all regular boundary points. Then, R is dense in T if and only if R is F-deter-
mining.

Proof. It will be sufficient to show that T" is the F-Silov boundary. Let

S be a compact subset of A which is F-determining and suppose that x&T"\S.
By the condition [S’], for every y €S we may find f,&C(A) such that

lim H (a)>0 = lim H, (a) > f,(x)
a5y bad

and consequently there exists a neighborhood U(y) of y and a positive number
3, satisfying
H; >3, on U(y)ﬂX.

A finite number of such U(y), say {U(y,)}i-., covers S. Putting f=max{f,, ;
1<i<N} and §=min{3,,; 1<{<N}, we have

lim H,>8>0 onS.
Since S is F-determining, H,>§ on X, but this leads to a contradiction
0> (%) >lim H,(a) .

Thus we have proved that every &-determining set contains I'.  Since T" itself
is F-determining, it is the F-Silov boundary.
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5. Regular boundary points of open subsets

In the present section we consider an open subset of X as a harmonic space
and discuss the regular boundary points for the Dirichlet problem.

Let G be an open subset of X. We may introduce into G a harmonic struc-
ture from that of X. We may compactify G so that its compactification G°
contains the boundary 0G U {»}, where G is a relative boundary and o is an
ideal boundary. In the compactification G2 deleted neighborhood of  is the
intersection of dG UG with the complement of a compact subset of X. We
consider the Dirichlet problem on G2. Dirichlet solutions for functions which
vanish at o, i.e., normalized solutions are frequently used. To construct
normalized solutions precisely, let f be a function on G*\G and we consider

. . { hyperharmonic on G, bounded from below, s>0 }
HY = inf{ s;

outside a compact subset of X, lim s> f on 3G

and H}y=—H?{_,. If H}=HY and harmonic, this is called a normalized solu-
tion and is denoted by H?. It is known that every bounded Baire function has
a normalized solution.!?

It is immediately seen that for a bounded Baire function f on G°\G
vanishing at w, we have Hj=H, where H, is the solution considered in the
preceding sections. We shall show

Proposition 5. G*° is a resolutive compactification.

Proof. Let f=C(G®), f(w)=a and

hyperharmonic on G, possessing non-positive
h{* = inf { s; subharmonic minorant, s> f outside a compact
subset of X, lim s>0 on 0G

and A§* = —RpEX.
The following inequlities are derived immediately from the definition

I-_Ix(w)giif'x and H, >h¢*,

=X{p) =
where X, is the characteristic function of {w}. Since the constant function 1

is harmonic, A{ ¥=h¢*¥ 19 We have thus

aH.

_ pG.X
o) — ha* .

Denoting by

12) [4], Th. 1.2.7.
13) [4], Cor. 2.2.3.
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£ { f on G
T 0 at o
and f,=aX,, f=f,+f,. Hence
H,+H,<H,<H,<H,+H,,.

But, by what we have remarked above H, =H/ since f, is a bounded Baire
function vanishing at w, g.e.d..

We shall note that if a point x€0G is regular, then for every resolutive
function f which is bounded and continuous at x we have

lim H (a) = f(x)

Next, we shall show that every regular boundary point of an open subset
G of X is pseudo-strongly regular. If we prove the following proposition,
this will be seen immediately by the argument used in the proof of Theorem 5.
(Cf. also Theorem 6).

Proposition 6. Let x<0G be regular and let U(x) be a relatively compact
neighborhood of x and K=08U(x) N G. For every yEK there exists a non-negative
superharmonic function v in G satisfying

lim v(a) = 0<lim v(a) .
ayx ayy

Proof. Let p, be a positive continuous potential on X with p(x)== po(y)*.

In the case (i) po(%) <Po(¥)s V= H Qaxtro-poiw.0+[Po—H?3,] is the desired one,
where H° denotes the normalized solution in G. Indeed, lim H ¥(a)=f(x) for

every Baire function continuous at x implies limv(a)=0, and lim v(a)>
ayx ayy

{%1[}1 po-0(@)+ po(@)—H 3 (@)] = —po(%)+po(y) > 0. In the case (ii) po(x)>

po(y), v=H, fulfills the requirement, where

F= i max ( po(x)—po, 0) on 0G
L po(x) at o .
For, putting
max (Po(z)_Po: O) on 8G
fHi= 0
at o
and
0 on oG

fo= { o) at o

14) [2], Kor. 2.7.3.
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we have f=f+f, and H,=H+hi. Thus we have limv(a)=0 since
ko =po(x)Hy,,. If we put
_ max(“Po» _Po(x)) on 0G

o at o

and
g2 = po(x) (the constant function),

then g, and g, are resolutive and f=g,+g,. We have hence
lim v(a) = lim [H  (a)+po(*)] = 1im (H2,(a) +-24(x))
ZPTI? (Po(%)—po(a)) >0, g.e.d..
In view of this proposition we have

Theorem 11. Let G be an open subset of X. Every regular boundary
point is strongly regular and, in particular, regularity of boundary points is a local

property.
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