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Introduction. Let B be a finite plane domain with the smooth boundary
and A’(B) the class of all solutions @ of the differential equation Ap—pp=0

such that
D1 [ [0 (22 ot <.

where p=p(x, y) is a positive analytic function of real variables x and y in B. S.
Bergman [6] proved the existence of a function K which has the characteristic
reproducing property of a kernel function, with respect to the Dirichlet integral

Doy =[], [G2 505y Gyt isar

From the point of view of the axiomatic harmonic function theory, B is
a space with the pre-sheaf: U—A?(U), where U is any open subset of B.

The aim of this paper is to show that there exists a reproducing kernel of
a space formed by harmonic functions on harmonic spaces in the sense of H.
Bauer, to study some properties of the kernel function and to obtain the Cauchy-
type representation of harmonic functions by an integral kernel obtained from
the reproducing kernel. The results are immediately applicable to the clas-
sical harmonic functions on R” and the family of all solutions of the heat equa-
tion on R"*', and moreover to that of all solutions of more general differential
equations on Riemannian manifolds which satisfies Bauer’s axioms.

In the paragraph 1, we construct a Hilbert space R*(U), formed by har-
monic functions, with a certain scalar product, and in the paragraph 2, by ap-
plying the existence theorem of a kernel function, we discuss that there exists
a reproducing kernel of R*(U). In the paragraph 3, we show the monotoni-
city of the kernel function with respect to the domain of its definition on har-
monic spaces, which is an imprtant property of a class of kernel functions.
In the last paragraph, using an integral kernel obtained by the reproducing
kernel we study an integral representation of harmonic functions in Cauchy-

type.
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1. The spaces L*(c) and R*(U)

Lex X be a locally compact Hausdorff space with a countable base and
suppose that X is a harmonic space relative to a sheaf 4 of real valued con-
tinuous functions which satisfies the Bauer’s four axioms and the following one
more axiom: The constant 1 is superharmonic. pY is the harmonic measure
with respect to a relatively compact open subset U in X and a point x of U,
that is, the balayaged measure of Dirac mass at x to the complementary set
of U. Let » be a positive measure, defined on a dense subset U’ in U, whose
support Sv is the closure of U. In fact, as X is a locally compact space with a
countable base, surely there exists such a measure ». Then by the super-
harmonicity of the constant 1 we can define a positive measure ¢ on 9U, the

boundary of U, by o-(e)=§ rY(e)dv(x), where e is any Borel set on dU. Denote
v
by L*(c) the family of all real valued o-measurable functions f on U such that
S f?do is finite. We define the bilinear functional (f, g), and the non-negative
oU

functional || f]|,, on L*(a) as follows:

(h9. = fedo  foranyfgelio),

170 = ([, rdo)”  forany feIx).

Then (f, g), satisfies the condition of scalar product and, under the condition
that f is equal to g (denoted by f=g) if and only if || f—g||,=0, || fI|, satisfies the
condition of a norm. It is well known that L?*(c) has the structure of a Hilbert
space relative to the scalar product (f, g), and the norm || f|],.

The following lemmas are very useful for coming arguments.

Lemma 1.1 (H. Bauer [4]). Suppose that f is a real valued function, de-
fined on U, which is uY-integrable for any point x in a dense subset of U. Then f
is pZ-integrable for all points x of U and the function

x —> duY
{705
is harmonic on U.

Lemma 1.2. For f, g L¥(o), f is equal to g if and only if f(6)=g(6) pY-a.e.
for all points x of U.

Proof. By the definition, f=g signifies || f—g||,=0. On the other hand, we
obtain following equalities:

If=glli =, (F—grde
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— |\ O —gOrdng(@)ants)
=0,
which implies that, for every point x of a dense subset U” in U,
|, (rO-g@yaunze)=o.
By Lemma 1.1, it follows that
Sw( f(0)—g(0)ydul(6) =0  forallx€ U,
which implies
f(0)=g0)  upY-ae. forallxsU.
The inverse is evident. This completes the proof.

Here consider the following spaces of real valued functions for a natural
number p:

140y = £, 1f17do <],

L) ={g: | 1g17dnt <+eo).
Then we have

Lemma 1.3. For any natural number p, there is the following relation
between L*(a) and L*(nY),

LYo)c 0 LA(uE) -
Proof. For any function f € L?(s), we have
[, 1O12as@) = | | 10)12and@)as(@)<+oo,
which implies that, in a dense subset U”’ of U,
[, 1 70) 1 7dn2@)<+oo
By Lemma 1.1, we obtain, for any point x of U,
[, 17O Pdn@)<-+eo .
Therefore we have that L?(a) chULP(,Lf,f) .

Let us denote by R*(U) the family
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{Hf(x): H,(x) = S fdu¥ for all feLP(o)} .
o
Then there exists the following relation between L*(s’) and R*(U).

Lemma 1.4. R*(U) is a subspace of the space Hy of all harmonic functions
defined on U, and the correspondence

fELAe) ~ H,eR(U)
is 1somorphic.
Proof. Since L*(s)C L'(s), any function f of L*(s) is o-integrable, which
implies, by virtue of Lemma 1.3, that f is uY-integrable for all x of U. By the
resolutivity theorem [4], H f(x)=SaU fduY is harmonic on U for all f of L*(0).

It is evident that R*(U) is a vector space and it holds that, for any pair
[, g€ L¥(c) and real numbers a and b,

af+bg— H, .y, = aH +bH, .
Moreover Lemma 1.2 follows that, for f, g L’*(c), f is equal to g if and only if
H f(x):Sau fdul is equal to Hg(x):Swgd,u,g for all x of U. This fact implies
that the correspondence between f& L*(o) and H, € R*(U) is one-to-one and it

is evident that this mapping is onto. This completes the proof.

On R¥(U) we define the scalar product (H,, H,) and the norm ||H /|| as
follows;

(H,, H)=(f,g), for H, H,eR(U),
Hl=Ifll.  for H,eRY(U).

Then by Lemma 1.4 and the fact that L*(c) is a Hibert space with respect
to the scalar product (f, g), and the norm || f||,, we have immediately the follow-
ing theorem.

Theorem 1.5. R*(U) is a Hilbert space with respect to the scalar product
(H,, H,) and the norm ||H /||.

2. Representation of a function of R*(U) by a reproducing kernel
of R(U)

In this paragraph showing that there exists a non-negative reproducing
kernel of R*(U), we are going to consider the representation of every function
of R¥(U) by the reproducing kernel. In order to prove our theorem, the fol-
lowing theorem proved by H. Bauer [4] is very useful.
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Theorem 2.1 (H. Bauer). Suppose that U is an open subset in X, p a

positive meausre in U and F any compact subset in As N U, where zéis,, is the interior
of the smallest absorption set containing Sy, the support of u. Then there exists a
non-negative constant o depending upon F and p such that, for all non-negative
harmonic function u defined on U,

sup u(F)=< aSud w.

We can obtain the following analoguous theorem concerning R*(U) to
Theorem 2.1.

Theorem 2.2. Let U be a relatively compact open subset in X, v and o
the positive measures mentioned in the paragraph 1 and F any compact subset in
U. Then there exists a non-negative constant v depending on F and o such that

sup |u(F)| =v|lull  for allus R¥U).

Proof. By the hypothesis of v, Aos,, is equal to U and thus ﬁsuﬂ U=U.
By Theorem 2.1 it holds that, for any compact subset F' in U, there exists a
non-negative constant o depending on F and » such that, for all non-negative
harmonic function 4 in R*(U),

@.1) sup h(F)=ahdv .

On the other hand, by virtue of Lemma 1.4, there exists for each function u
of R*(U) a unique function f in L*(a’) such that u=H,. Thus we have, for any
point x of F,

@2 )l = 1| =[] <{ 171407 = H @,

Noting that f € L*(o’) implies | f| € L*o’) and applying (2.1) to A=H, ,, it holds
that

2.3) H, (%) <sup H.,.(F)gaSH,f.du :
Taking account of the fact that
(a0 = §1 £1d05((do) 1111,
and
1 flle = [1H || = [lull,
we have, by (2.2) and (2.3), the following results,
(2.4) lu(x) | Zllull,
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(2.5) sup [u(F)| =v|lull,
/2
where we denote by v the constant az(Safcr)1 . We complete the proof.

Here let us recall into our mind something about the reproducing kernel of

a Hilbert space.
Let M be an abstract set and let a system & of complex valued functions
defined on M constitute a Hilbert space by the scalar product

(f, &) = (f(x), &(*))x»

and the norm
= (/N

A complex valued function K (x,y) defined on M XM is called a reproducing
kernel of & if it satisfies the condition: for any fixed point y of M, Ky(», y)EF
as a function of x,

f) = (f(%), Ko(*, 3))x

and
f3) = (Ko, 3), f())s -
As for the existence of reproducing kernels, we have

Theorem 2.3 (N. Aronszajn [1], S. Bergman [6]). & has a reproducing
kernel if and only if there exists, for any x of M, a non-negative constant C,, de-
ending on x, such that

L@ =CAfIl forallfeF .

Let us go back to our argument and show that there exists a reproducing
kernel of R%(U). Then we have the following theorems.

Theorem 2.4. There exist a reproducing kernel K(x,y) of R*(U) with the
relation

(a) u(y) = (u(x), K(x,)) for all ue R¥(U),
and a complete orthonormal countable base {u,} of R*(U) such that
(b) K(x, y) = 2 un(x)un(y) ,

which implies the symmetricity of K(x, y), K(x, y)=K(y, x).

Proof. From Theorem 1.5, 2.2 and 2.3 immediately follow the existence of
a reproducing kernel K(x,y) of R*(U) with the relation (a). Since the basic
space X is separable, there exists, in R*(U), a complete orthonormal countable
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base {u,} with the property (b), applying theorem 1 in O. Lehto [10] or Satz,
ITI, in H. Meschkowski [11].

Theorem 2.5. The reproducing kernel K(x,y) of R*(U) is mon-negative.

Proof. For any function u of R*(U), there exists a unique function f of
L*(c) such that

u@ = 6)au¥(6)
and we define # by
a(x) = {1 60)1du¥(6).
Then the function # belongs to R*(U) and we have the relations

u(x) <d(x) forallxeU

and

llull = Nzl = 1111l .
Let us put

W) = o (@)
and

u (x) = %(ﬁ—u) .
Then u*(x) and u™(x) are obviously non-negative functions of R*(U) with the
properties
u=u"—u"
(w'u)=0,
and therefore it holds that, for any u of R*(U),
(2.6) w,u)y=@,u")—w",u")
=—(,u")
= —[lu"[’=0.

As, for every ye U, K,(x)=K(x,y) is a function of R*(U), K,(x) satisfies the
above relation (2.6), that is,

0=K5(y) = (K5, K,) = —|IK;1I",

which implies that K5 =0 and so K,=Kj; =0. This completes the proof.
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3. Monotonicity of the reproducing kernel with respect to the
domain of its definition on harmonic spaces

S. Bergman [6] proved the following relation related to the monotonicity of
a kernel function with respect to the domain of its definition on the complex
plane: Let B, and B, be respectively finite domains with the smooth boundaries in
the complex plane. If the domain B, is included in B,, then

Kp,(3,2)=Kp,(2, 2)

at any point (z, 3) in B,X B,, where Kp (2, 2’) and Kz, 2’) denote respectively
reproducing kernels of L*(B,) and _L*(B,), where L*(B) denotes the class of all func-
tions f(z) which are regular and single valued in B and

SBIf(z)lzdxdy@o :

In the previous paragraph, we have proved the existence of a non-negative
reproducing kernel K(x, y) of R%(U) in a harmonic space. The purpose of this
paragraph is to prove the above Bergman’s Theorem for our reproducing kernel
of R¥(U). To do so, it is necessary to prepare some lemmas.

Lemma 3.1. Let U be a relatively compact open subset of X. Denote
by (u, v)y and |lully="\/(u, u)y respectively the inner product and the morm of
R¥(U) defined in the paragraph 1. Suppose that x is a point in U. Then there
exists a function u, of R*(U) such that

||y = min{||u||,: ue RY(U), u(x) = 1}
= 1/NVKy(x, x),

where Ky(x,y) is the reproducing kernel of R*(U).

Proof. In order to prove this lemma, it is sufficient to apply to R*U)
the procedure of the minimizing problem to _L*(B) which S. Bergman [6]
discussed. In fact, by Theorem 2.4, there exists a complete orthonormal
countable base {u,} with ”f‘__,llu,,(y)[2<oo in U. Hence, for any u of R¥(U), we

have the representation

u(y) = RNam(y) iU,

where a,=(u, u,)y. Then, by following the same method as that of p. 21 in [6],
we can prove that there exists the minimum function #,(y), belonging to R*(U)
with #,(¥)=1, such that the norm ||u||; is minimum, that is,

llwolly = min{|lully: u€ R(U), u(x) = 1} ,
and that
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PIACHTHC)

u(y)=-—2———— in

PAOIE

On the other hand, as
Ky(y, ) = 2 uaun(x),

u, can be denoted by

_ Ku(y,%) i
Uuy(y) = Ky(x %) nU

and it holds that

2 _ (Ku(y,%) Ky(y,x)
] 3y = (Kz(x’ 0 2o,

|
T Ky(x, %)

Therefore we obtain the minimum value ||u,||,=1/v Ky(x, x).

From now on in this paragraph we suppose that U, and U, are relatively
compact open subsets in X such that U, includes U, and o, and o, are the
positive maesures defined by

oie) = SU_,LEf(e)dy,.(x) G=1,2)

where »;(1=1,2) is a positive measure defined on a dense subset U’ of U;, whose
support is the closure of U;, and v, is the restriction of », on U,

Let us denote by HY the general solution of the Dirichlet problem with
respect to an open subset U of X and a resolutive function f on 8U. Then we

have the following:
Lemma 3.2. If g and h are the following boundary functions on 98U,
concerning every function f of L*(c,):
) = {(H}"(H))z on dU,N U,
ey emou,nay,
H% ou,nU,
o )= {110 3o
(f(0)y on8U,NAU,,

then we obtain that
H(y)<HJ(y)=Hfy) inU,.

Proof. Since f belongs to L*(s,) and necessarily to L'(c,), by applying
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Lemma 1.3, the following function

— U,
u0) =, fe)duin)
is well defined in U, and we can write by
u(0) = H7:(6) in U, .

Then we have, by Schwarz’s inequality and the superharmonicity of constants,
that

(3. EAOY'S, (Foyduitn) i UL,

where, by virtue of Lemma 1.3, the function of the right hand is well defined
and harmonic in U, and the following representation is possible:

(3.2) HE0) = | (foydufin)  inU,.
It is well known that, using Corollary 4.2.5 of Bauer’s book [4],
(3)  HEO)=| WOMue)=Hip) iU,

which implies that % is pY-integrable for all y of U,. On the other hand, by
(3.1) and (3.2), it holds that, in U,

cH | edugos| woduo) = Hi).

This means the fact that g is also pJ-integrable for all y of U, and so we can
denote as follows:

(3.5) HE)= | @du6) inU,.
It follows from (3.3), (3.4) and (3.5) that
He()=Hi(y)=Hp(y) inU,,
which completes the proof.

Lemma 3.3. For any u of R*(U,), the restriction of u on U,, denoted by
u| U, belongs to R*(U,).

Proof. In the first place, consider the case that U,DU,DU,. Since the
restriction of # on 9U,, #|9U,, is continuous on 9U, and hence belongs to L*(s,),
we have the following representation:

up) = | wloU@ds0) inU,.
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Thus we obtain that the restriction of z on U,, u| U,, belongs to R(U,). In the
case that U, D U, and 8U, N 8U, is not null, we consider the boundary function f
on dU,,

H%@) ondlU,NU,

76) ={f(0) on 8U,N 0T, ,

where f is the function of L*(s,) in Lemma 1.4 such that
u(y) = [ f0)4u0).
Then it is well known that f is a resolutive function on 80U, and
u) =, FOdufx) inU,.
We are going to prove that #(6) is a function of L*(s,). In fact, it is evident that
(f6) =g@®) ondl,,
where g(0) is the function in Lemma 3.2 and then by Lemma 3.2 it holds that
HE(y)<Hp(y) inU,
and integrating by the measure v, the above inequality, we have
2 < Ui < 2
[ O 0)s | HAGYM0) S (A0 de6),
which implies £ is a function of L¥(q,).
We obtain immediately the following corollary of this lemma.

Corollary. For a fixed point x in U,, it holds that

K , U,
Icgf,}:(xof);) € {ueR(U,): u(x) = 1}
and
» _ (Ku(3,%9)|U;, Ky (3 %)IU,
”“oHUzé ( %Ul(x’ x) ) .tI]<U1(x, x) )Uz N

where u, is the minimum function in Lemma 3.1 to R*(U,).

We now prove the following lemma which plays the essentially important
role in studing our purpose of this paragraph.

Lemma 3.4. It holds that, for every u of R*(U,),

[lul Uplly, = |lully, .
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Proof. For every u of R*(U,), there exists a unique function f of L¥a),)
such that

uw = fojdu¥er) inU,.

Denoting by () the same function used in the proof of Lemma 3.3, it holds
that, by Lemma 3.3, f belongs to L*(c,) and u| U, does to R*(U,) and

uy =, FOduo) iU
Then by applying Lemma 3.2, we have the following:
Il Uiy, = [, () der(®)
S £OMFOYn,()
v, £(y)dv,(y)

b
J..
S H7i(y)dv,(y)
|
Ju,

I

IA

U

Hz(y)dvy(y)

U,

IA

o, S da(n)
= |lu H

where g(f) means the same function as that of Lemma 3.2. This completes
the proof.

We have immediately the following corollary of this Lemma 3.4.

Corollary. We obtain that

IKy,(y, %)| Uplly, 11Ky, (3, %),
Ky (% 2)" = (Ky (%)

where x is a fixed point in U,.

Now we are going to prove our main theorem in this paragraph.

Theorem 3.5. Let U, and U, be relatively compact open subsets such that
U, includes U,. Then the following relation between the reproducing kernels
Ky (9, x) and Ky (y, x) is held in U, X U,:

Ky (%, ) =Ky, (x, x) .

Proof. By Corollary of Lemma 3.3, for a fixed point ¥ of U, we obtain
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that

Ky,(9, %) U,

Ky (%, ) e{ucsR(U,): u(x)=1} .

We have, by the minimum property and Corollary of Lemma 3.4, that

. - |IKu (3, %)| Ullt,
N oer
< IKuy(y, 0)ll2,
Ky, (%, x))*
~_ 1
B KU1(x) x) .

On the other hand, by Lemma 3.1, we obtain the minimum value

ol =

Ky, (%, x)
Hence it holds that, in U, x U,,
Ky (%, x) < Ky, (%, x) .

This completes the proof of this theorem.

4. Integral representation of harmonic functions in Cauchy-type

In this paragraph it is very useful to recall into our mind Lemma 1.4:
The correspondence

fE€Lo)— H,eR¥U)
is isomorphic. For every y of U, the reproducing kernel K(x, y) of R*(U) be-

longing to R*(U) as a function of x, there exists uniquely the function k(6, y) of
L*(c) such that

K(x,3) = |, k0.9)du().

Then we have the following Cauchy-type integral representation, for every
function u# of R*(U), with respect to the integral kernel k(6, y).

Theorem 4.1. Let U be a relatively compact open subset of X and o
the positive measure mentioned in the paragraph 1. Then for any function u of
R(U), there exists a unique function f of L*(c) and u can be represented in the fol-
lowing manner so called, in the Cauchy-type integral representation:

u(p) = | _K0,9)/0)de(0).
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Conversely, for any function f of L*(c), the function of y
[, (0. 9)0)ds(0)

belongs to R(U)).

Proof. For any function u of R*(U), by Lemma 1.4, there exists uniquely
the function of L*(o) such that

uw) = f@)n26) inU.

Taking account of the relation between the inner product of L*#) and that
of R*(U) and the isomorphism between L*(f) and R*(U), we have immediately
that

u(y) = (K(x, y), u(x))
= (k(6, ), 1(9))-

— |, k6,5)/(0)do(0).

Conversely, for any function f of L*(c), consider the function of y

[, K©,5)1(@)da(6)

and denote this by u(y). It is sure that this function u(y) is well defined, since
k(8,y) and f(0) belong to L*(c). On the other hand, we consider the following
function u,(y) of R*(U) associated with this given function f of L*(c),

w(y) = #0)us(®).

We are going to prove that u(y) is equal to #,(y). By Lemma 1.4 and the re-
producing property of K(x,y) in the space R*(U), we have the followings:

u(y) = | k0, »f©)do(0)
= (k(0, y), 1(9))s
= (K(x, ¥), u(x))
= uy(y) -
We now define the spaces
L(U) = O L(u)
R(U)= {H, D H (%) = Sw £(0)du¥() for all f € L(U) and for all x U} .

By the Brelot’s resolutivity theorem, L(U) is constructed by all resolutive func-
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tions relative to Dirichlet problem for U and R(U) is the set of all general solu-
tions to all resolutive functions. Lemma 1.3 follows that L(U)DL*) and so
R(U)DR*(U). Weare going to discuss the Cauchy-type integral representation
of every function u of R(U) concerning a non-negative integral kernel k(6,y).
To do so we must prepare some lemmas.

Lemma 4.2. For any Borel subset e of 0U and any point x of U, we have
that

wle) = | KO, 9da0),
where k(0, x) is the same function that appeared in Theorem 4.1.

Proof. In the procedure of the proof of Theorem 4.1, we have that

Sw f(0)dn¥(6) = gw f(Ok(O, x)da(0)  for any fELX(o).

And hence it is evident that the above relation holds for all continuous functions
f on 8U. This fact implies immediately the result of this lemma.

Furthermore we can improve slightly Lemma 4.2 as follows:

Lemma 4.3. For any Borel subset e of OU and any point x of U, there
exists a nom-negative function k(0, x) such that

pie) = | KO, 0o 0)

and

kO, x) = k0, x)  in L¥(0).

Proof. If we note that the measures p? and o are positive measures, from
Lemma 4.2 immediately it follows that for any x of U

k(0, x)=0 g-a.e.on 0U.
We define the non-negative function (6, x) by

k(9, x) on 0U—E,

k9, x) =
(0, %) {O onk, ,

where we put for each x of U
E, = {0<0U: k(, x)<0} .
Then we have immediately

k0, x)e L¥ (o) forallxe U,
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pie) = | Ko, »da0)
and

k(0, y)dpz (0)

U

k(0, y)k(0, x)da (0)

U

k(8, x)k(8, y)da(0)

U

U
O )i

K(xy) =

I Il Il
Caam™y Cry Gy ey

I
A

(%),
which implies that, by Lemma 1.4,

kO, x) = k0, x)  in L}(o).

This lemma means that the measure p? has the density function k(6,x) with
respect to the measure o.
Thus we obtain the following extension of Theorem 4.1.

Theorem 4.4. Let U be a relatively compact open subset of X and o the
positive meaure mentioned in the paragraph 1. Then any function u of R(U) is
represented in the Cauchy-type integral representation with respect to the integral
kernel k(0, x), a function f of L(U) and the measure o, that is,

u(y) = [, k6,5)/(0)do(0).
Conversely, for each function f of L(U), the function of y in U,
[, 6, )/(0)d=(0)
belongs to R(U).

Proof. For any function u of R(U), there exists, by the definition, a func-
tion f of L(U) such that

u() = |, 70)ug(6).
By virtue of Lemma 4.3, we have the following expression,
u(y) = |, K0,3)1(0)d(0).

Conversely, for any function f of L(U), by the resolutivity theorem, we can
define the following function u of R(U)
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u) = | AO)5(6).

Using again Lemma 4.3, this function u(y) is equal to the function of y in U,

[, KO.»f©0)do(0).
This completes the proof of this theorem.

In the last place, let us note that we obtain as a special case of Theorem
4.4 the following result in the investigation by H.S. Bear and A.M. Gleason

[5]-

Theorem 4.5. Let U be a relatively compact open subset in X, T' the to-
pological boundary of U and H(U) the set of all harmonic functions on U such that
there exist their continuous extensions over the closure of U, denoted by U. Then,
for any u of H(U) there exist a Borel probability measure N on T' and a non-
negative measurable function ¢(6,y) on T XU such that in U

u(y) = | a6, 9f©)N0),

where f denotes the restriction of the continuous extension of u over U on the boun-
dary.
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