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On Algebras of Bounded Representation Type®

By Tensho YosHIt

Let A be an associative algebra with a unit element over a field
n_ I

K and let A=>" > Ae, be a direct decomposition of A into directly

k=1 ¢=1

indecomposable left ideals where Ae,; =~ Ae,,— Ae,. It is well known that
if A is generalised uniserial a directly indecomposable left module is
homomorphic to one of Ae(c=1, ------ , ). But in general a directly
indecomposable left (or right) module of A is not neceassarily homo-
morphic to Ae. and there may exist directly indecomposable left modules
of arbitrary high degrees®. In his paper [2] T. Nakayama propounded
the problem to determine the general type of rings which possess arbi-
trary large directly indecomposable left (or right) modules and in [3]
D. G. Higmann proved that every group has not indecomposable modular
representations of arbitrary high degrees of characteristic p if and only
if it has cyclic p-sylow subgroups.

Now in this paper we shall study necessary and sufficient conditions
for an algebra to be of bounded representation type in a special case
where N*=0 (N is the radical of A)* and K is algebraically closed.

First the chain {Ne,, - , Ne,} means that Ne;,,==Ne; and Ne,,,
and Ne; contain simple left ideals isomorphic to each other,” namely
Ne; ., D Auf?y, Ne; D Aui, and Auly, =~ Aui®. If Ne,, Ne, and Ne, contain
simple left ideals isomorphic to each other, namely Ne, > Au{®, Ne, > Aus",
Ne, > Au§® and Aui® =~ Aus® = Aus®, we define Ne, to be divided into Ne,
and Ne,. Then we shall prove that if N*=0 and K is algebraically
closed A has not directly indecomposable left (or right) modules of
arbitrary high degrees if and only if the following conditions are
satisfied ;

(1) Ney(eaN) =1, ----- , n) do not contain at least two simple

1) This means that the degree of the directly indecomposable representation is bounded.
Cf. James P. Jans [4].

2) T. Nakayama [1].

3) H. Brummund [6].

4) If N?2=k0, it is very difficult and our conditions are extended as necessary conditions
to the case where N?2=0. But it is not proved yet that these conditions are sufficient for an
algebra to be of bounded representation type. Cf. James P. Jans [4].
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components isomorphic to each other.

2) Ney(enN) =1, :----- , n) are the direct sums of at most three
simple components.

(3) There is no chain such that {Ne,=Ne,, ---- , Ne,,, Ne,,, =
Ne,, -+ }

(4) If Nec(eN) is the direct sum of three simple components and
Ne, (e,N) is the direct sum of three simple components or divided, there
is no chain which connects Ne, and Ne,(e.N and e, N).

(5) If Ne, Ne, and Ne, (e,N, e¢,N and e¢,N) are direct sums of two
simple components, Ne,(¢,N) is not divided into Ne, and Ne,(e,N and e,N).

(6) Suppose that {Ne,, ------ , Ne,} ({e,N, ------ , ¢,N}) is a chain.
Then Ne, or Ne,(e,N or ¢,N) is the direct sum of three simple components
or, if Ne;(e;N) (j=£1, 7) is the direct sum of three simple components,
the chain is {Ne,, Ne,, Ne,}, or {Ne,, Ne,, Ne;, Ne;} where Ne, is the direct
sum of three simple components and Ne, and Ne, are simple.

Last autumn Professor Brauer informed me that he and Professor
Thrall obtained almost the same results as ours but their works are not
published®. The author expresses here his hearty thanks to Professor
Brauer and Professor Thrall for their valuable advices. .

1. G. Ko6the®” and H. Brummund” showed that, when A is commuta-
tive or A is the group ring of a p-group over a field with characteristic
p, A has directly indecomposable left (or right) modules of arbitrary high
degrees if Nie/Nt'e contains at least two simple left ideals isomorphic
to each other. In general if the ground field is algebraically closed,
this is true. This is proved by the same method as Brummund’s because
(ede.: Ky=1. But if the ground field is not algebraically closed, it is
shown by the following example that Brummund’s method is not used
and it is possible that even if Nie/Ni*'e contains two simple left ideals
isomorphic to each other we have not a directly indecomposable left
module of arbitrary high degrees.

Example :

(A U €, A U,
e &, u 0 0 0
u u ae, O 0 0 where a€ K and K< K(/ @.)

e, 0 0 e u, U,
U U, u, O 0 0
u, u, auy, 0 0 0

5) See [4] for the outline of their works.
6) G. Kothe [5].
7) H. Brummund [6].
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Then A=r¢,A+¢,A= Ae,+ Ae,, e N=0, e, N=u,A, Ne,—= Au,D Au,, Ne,=0
and Au, =~ Au, ~ Ae,. If we construct an A-left module = Aem, + Ae,m,

where wu,m,=u,m,, it is easily shown that 9 is directly decomposable.
Thus we have

Lemma 1. Let the ground field K be algebraically closed. If Nie/N*'e
contains at least two simple left ideals isomorphic to each other, A has
directly indecomposable left modules of arbitrary high degrees.

2. From this chapter we assume that N*=0 and K is algebraically
closed and each Ne, (e [N) is a direct sum of simple left ideals not iso-
morphic to each other. Moreover it is clear that A is of bounded repre-
sentation type if and only if the basic algebra A of A is of bounded
representation type. Hence from now on we shall assume that A is
the basic algebra.

Then we have the following

Lemma 2. [If Ne is a direct sum of at least four simpl left ideals,
there exists a directly indecomposable left module of arbitrary high degrees.

Proof. Suppose that Ne= Au,® Au, P Au,P Au, and Au; = A¢;. Then
we construct an A-left module 9 as follows;

‘))’E=;Zx;Aem,- where wum,==0, u,m, =0, u;m,==0, um, =um,,
Uy ;== UMy UMy =0, UMy, =0,
UyMyjy =UMyj15, Uyjiy==0; UMy, =0,
UMy == Uty g veveeeeennneeens
UMy == 0, um,,==0, um,,;~=0.
Now if it is proved that 9 is directly indecomposable, this lemma
follows immediately. Hence we shall prove that W is directly inde-

composable.
First the representation R(a) by 9t has the following form:

L,xy 0 0 0 0 ®

Quxzy ILyxx 0 0 0
R@)=| Q. x2z, 0 I, xx, 0 0

Qs X 24, 0 0 I xx, 0

Qu X2y 0 0 0 I xx,

s
—~—~—

1
8) IS=[ ]and X, ¥, 2ii €k
1
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where a=ye+ x,e, + x,6,+ x.0, + x,0,+ 2,1, + 2, U, + 2, 0ty + 2,0, +

T. YosHIT

and 0 ” s s
Q, 0 ] 1 ...... 0 Oeeeee- 0
Ra)=| 0 = P L0
0 0 Qeeeeen 1: -t
0 OJ Q--veesQ Qeeereel
s s where
OQeeeeee 010 1.--0 0---0
R(uz) - QZI [ . : ) . ' 1---0
l ......... : Qn—— 01 ' .. ’
Qeeeee 0 0eeeeee 1 0---0 0---1
( 1
A_,\_—S ~A_.—\S Q21: i 0) e ’
Rlw) — Lewerns 0 0 ...... 0 L 1
(us) = @ . I ’ 1 \
;o N Q:n: | . 0 : »
Q-eeeen 1 0eeeees 0 | 1 |
s s [ 1 1 )
—A— — A Q — .. |
1eeeeee 01..... 0 a9 | . [»
R(u,) = Q41 == , 1 1 |
[ Oceeeeel Qeeeend

and s is an arbitrary integer. Then any commutator B of R(a) has the

following form :

10)

where @B, = B/1Qu , @B,=HB,Q,,
Q;uB1 = B,3Q31 ) Q4IBI = B,-:Q«u .

/
B, ,

This is easily obtained from BR(a) = R(a)B if a=wu,, u,, #,, #,. Now from
Q,.B,=HB,Q,, and @, B,=B’,Q,,, we have B, = { B, and next from

B,

9) From now the empty place means zero, namely x;=y;=2,,=0 if z,5z,, x;, y;.
10) This is broken up into submatrices to correspond to the divisions of R(a).



On Algebras of Bounded Representation Type 55

QuB,=B',Q,, we have B,=B,= B, and moreover from Q,B,=B,Q,, we
have

b b

ub .-.b

Thus any commutator of R(e) has just one eigenvalue and therefore R(a)
is directly indecomposable™. Hence M is directly indecomposable.

3. Here we have the following

Lemma 3. Suppose that there is a chain such that Ne,=Ne., -+ ,
Ne,, ,, Ne.,= Ne,, - . Then there is a directly indecomposable A-left
module of arbitrary high degrees.

Proof. Put Ne,=Aa® ® Au®, Ne,=Au® D Au®, - , Ne, ,=
Aa“ P P Au™ where Au® =~ Ai‘?'®?. Then we construct an A-left module
Nt as follows,

M= Ae.m, ,+ Ae m, 4o + Ae,,_m,_,
+ Aenml’z—l- AeK2m2,2+ ------ + A(,?,(Fln'z,_l’2
+ Ae m, o+ Ae m, + e +Ae,, m;_,
where ﬂ(nml,l:i: 0, u<z>m1’1=ﬂ(2)m2’2’ ...... , utm -—__—ﬂ(t—l)mt_l’l ,
— 7C — 572 (t—-1) —50t-1)
u(l)mt—l,l =u Dml,Z? u(Z)ml,z - u( )mz,u """ ’ u mtVZ,s'—u mt—l,s’

um,_, 40

and s is an arbitrary integer.

Then if we prove that I is directly indecomposable, this lemma
follows immediately. Hence we shall prove that 9t is directly inde-
composable.

Now the representation R(a) by 9t has the following form :

11) R. Brauer [7] or Brauer-Schur [8].
12) Au$ means that Au(d==Ae;.
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I %y,
R(a)=
0 """"""""""""""""""""""""""""""""""" 0 L X Y4
Qll x 211‘ O """"""""""""""""""" 0 Ql,fﬂl le’t—l ’ Is+1 Xxl
Qzl X 25 sz.XZZZ L — 0 0 Is?‘<x2
Qt—l,t—z th—l,t—-z Qt—l’t—l xzt_l't_1 0 """"""""""" O Is XXy,
where
a:ylen_{- ...... +yt~lext~1+xlel+ ...... +xt—1et—1+z1,1ﬁ(l)+ ...... +z1’t~1u(1)+ ......
and s s
e e, — —
1eeeeee 0 1
Ra®) =| Q. |=||i™ ||, Ru=| Q |= | ™ ,
0eeennl '
Qeevees 0 1
S N
[ N— — e,
1 1
R@®) = @z = ’ R®) = Qs = >
1 J 1
s S
— Qeevvee 0
et 1 ) 1oene0
R(u( )) — Qi—1,t—1 — , R(ucl,) — Ql,t»l —
1 | Oeeeel

Then by the same way as lemma 2, any commutator B of R(e) has the
following form:
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B,
_| B
B = IB’I
B,
where @,B,=B,Q,, @QuB=58.Q,, Q.B,=B,Q,, Q.B,=BQ,, - ’
Qt—l,t-th-z = B,t—th—1,t-2y Qt—l’t—lBt—l = B,t—th—-l,t—lv Ql,t—1Bt—1:
B/1Q1,t—1-
Now from @,,B,=8, oy e and Q,_,,Biy =B Q.1 We have
B=B=B,=:w.=P8,,=B,,. Next from Q,B = B,Q., and
Ql,tdBt—l:B,lQl,t_l, we have
b b
B,.,=B, = " . and B, = N .
b b

Thus B has just one eigenvalue and R(az) is directly indecomposable.
Hence 9 is directly indecomposable.

4. Lemma 4. Suppose that Ne, is the direct sum of three simple
left ideals and Ne, is the direct sum of three simple left ideals or divided.
Then if there is a chain which connects Ne, and Ney, there is a divectly
indecomposable left module of arbitrary high degrees.

Proof. In order to prove this lemma we must consider two cases
depending on whether Ne, is the direct sum of three simple components
or divided.

(i) Suppose that Ne,= Au‘®P AuP P Au®, Ney= Au’D Au® P Au™
and Ne,q:Aa‘”@Au(”, NekzzAﬁ(”EBAu(”, ______ , Nexl_l_____Aﬂct—l)@Au(n
where Aa® =~ Au‘® = Ae;.

Then we construct an A-left module 9 as follows;

M= Aem, ,+Ae M, A eeeeeeene +Ae,,_my,_, + Aexm, ,
+ Aexmy, ,+ Ae,,_ My, | A+ oo +Ae m,, ,+ Aeam, ,
+ 14(3‘(1/,7’(,3 e eeeeitriteiieiieat e + Ae,qul,ZS + Aexmx,zs ,
where u(m)mx’l =0, u(B)mK,l =0, u(l)m’c’1 — ﬁ(nm’(bl , eeeees , u(’)m,c,_l,1 = ﬂmm)\,l ,

€)) - m. — 2,(M, (€)) J— i7C8D, — (D
u®my ==0, umy ,=u"m, ,, wSm, , =0, aCm, ,=uCm,_ ., ,

i7C1) — /(1. Ca), - B>
u ml‘l,zs—u mkl,zs: U wmx,zs:!“ O; u 8 mx,zs:*zo .

Then the representation R(e) by 9t has the following form;
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L <y,
0 ILsxy,
];snxyt—l
O ------------ [ O Izsxy)\
R(a) = QNK del( O ---------- O IS'{'I Xxm
Qﬂx xzﬁ:c 0 """"""""""""""""""" """"""" """"""" O stxﬂ
lelem angu Qe """""""" S— 0 stx,
) Qn *ZIA 0
Qm\xzm\ O e 0 Is><x,,
where a=y.e.+ye.,+ F Py F IO Xy Xy + Bl P A e
+zﬂ)\u("')+ ......
and s s
.1 ...... 0 Oee--e- 0
Ru®) =| Qu |=|i™ P10},
Qeer e 1 ’
Qeeeees 0 0Q-e-ee- 1
s s 2s
Qneeees 0 Teeo-er 1
Ru®) =| Qs |= , Ru®) =| Q. |= t } ,
Qeeees Qeeeeee1 1
2s 2s
1 1
Ra = @ |= | - ||, R =| Qu |= { ] ,
1 1
2s 2s

1 1
Ru®) = Qt,t—l = { ] s R@‘?) = Qt,)\ — { ] ,
'.1 '.1
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s s s s

1o 0nnnnn0 10-010---0

R(u<§))= QE,X — . R(u(n))____ an — : 1
Oceeveel QeeeeeeQ Oeeeveel Oeeeene 1J

B,

where
chBx = B/wan ’ QBKBK == B,BQBK ’ QIKBK = B/1Qn< ’ QnBl = B/lQll )

........................

Qt,t—lBt—1=B/tQt,t—1’ Qt,)\B)\zB/tQt,)\y Qg,xBAzBngE,x, Qn,xBx':B/nQn,A-

From QIKBlc:B,lQlK) Q11B1=B/1Q11, """ and QQB)\ZB,,Q”\, we have

B.=B,=:=By,=B,=-+---=B,. Next from QB,= B'sQs., We have
% % : B 0

B.= {0 B/B) and from QpB,=B:Q:, we have B, = (O B’,;J. Next

from @Q,.B,=B",Q.,, we have B',=By=B's and from QB,= B 4Qu, We

S T

have B, = bb and B, = Thus B has just one

b

eigenvalue and R(e) is directly indecomposable.

-b/

(ii) Now suppose that Ne,= Au‘®PAu®PAu®, Ne, = AuDAu®,
------ , Ne,, . =Au"""PPAu®, Ner,=Aui”DAu, Ner,= Aus”D Aus” where
Au® =~ Ag® and Au® = Aui® = Aus”. Then we construct M as follows;
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M= Aexm,, ,+ Ae,,_ My,  + = +Ae,m,, ,+Aem, ,
-+ Ae,‘m,(,2 +Ae m,, ,+ e +Ae,,_m.,_, ,+Aexm,, ,,
+Aexmy, ,+ Aey, My | o+ oo + Ae m,, .+ Aem,
+Aem, + Ae, my, A+ cooo + Ae,,_my,_, +Aexm,, ,
+ Aef\lm)‘lﬁ doeeee + Ae"l My s + A)‘lm)‘lyzs ’
where
u(lz)mhl,lzizoy uinm)\hl — u(t)m‘(t_l’1 T , ﬂ(‘)m,‘lyl — ucl)m’c’1 , uts)mx,‘:t:(),
um, , =u*m,,, uPm,,=0, uPm, ,=a"m,,, - , uPm,
== u(zt )m)\z,l ’ u(2n )mA2,1 = uéﬂ)mkz,z ’ ”énmxz,z == u( Dmx, _,30 T ’ uu)mxl —1,48

— ) _
- uit mhl,zs ’ u(lé)m)\l,zs = 0.

Then the representation R(a) by I has the following form;

R(a) =
Ly %y,
0
S
Qer, X 2, Qs
0 Qur, X 2, '

Qi X2Zn,, Qn,X2n,

0

Qu X ) le X 21 0 """""""""""""" O Ls X Xy
Qpe X gy Qoo 0 L,xxg
wa X O """""""""""""""""""""""""" 0 -[23 XX
where
a :y)\le)‘l [E R +yxex + Xl doeenens + Xl + zg)\lu(lf) Heoeeenee + zm(u('”) deeeeen
and s s W
T 0 0------ 0 ’
Ru®) = | Qa, { SR I
0 R
C0eeeeesQ Qeeeeel
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) 0 [RERTRIPRORY ) INPURORVINTI
0 Oerevnencnnne Qevereremennnen
0 Qeeeeneennnen Qeererenerenenes
RS )= | Qun, | =0 0Q-eveer--- 0 1 Qeeevmcennnn ,
O Leveveeoennne 0 Oecvrerrenens
0 Qevevenneennnns Ocevveernnnne
O Ocveonennnenns 0 Qeevereneen
0 Qeeeveernennn O Leeevreeenens
S s
s s
R(u(zﬂ)) = Qﬂ’)\z - E ‘., S E ‘., E ’
Oeeeeen 1 Qeeeee 1
Oeeeoreernnnnnnn Ocerernnrnnnnnns
1 Qeeevevnnnens Oeerernnrnnnnnns
Ocvevernnnnnn 01 Qceeveeveenne
R@”) = | Qia, | = || 0 Qeeveerrerens 0 Qeeveeenennn ,
0 Qeevveeeneeennen Oeevrrerennnn
O 1 Qeeeevnnennne Oeeeorernnnnn
0 Q-evveeennnen 01 Qceeneenes
0 Qeeerenvnenenens Oeeevemnnnnen
s s
4s
1
Ru®) = Qt,t—l = [ J ’
1
4s 4s

—A— m— A

R(ZZ(D) — Ql,l e ( 1... , R(u(l)) P Ql,x —] [1... } s
._1 . )
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.....................

RuP)=| @, | = 00

I

R(u( wj) - Qm, x

and any commutator B of R(a) has the following form;

‘e
.
/
B,

where Qg, ’\1B"1 = B'ngy A Qt, A,B)\l = B/;Qt,A, ’ Qy,, )\ZB)\Z = B/nQn, Ay Qt, AZB)\Z =
B/tQt Attt Q1, KBK = BllQl, K QBK P B,ﬂQﬁK) Qw, KBK - B,mQa,K .

Then from Qt,t—lBt—l = B/tQt’t—l’ Qt—1,t—1Bt—1 = Blt—1Qt—1,t—1> """ and
Q,.B.=B.Q,,, we have B, ,=B, ;= =B,=B,=+=B),.

Now put B, ,=B=[(};;] and from Qp.B.=B'sQs We have

511 0 513 ORI 51, 4s-1 0
—521 zgz 523 """"" b_z, 4s-13 bz,4s
531 0 533 ORTIREE 53,45—1 » 0

................................................

511 513 """ 7)1,4.;—1
and Bg = | . Buceeee Bo,isr |

ol
I
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On the Other hand from Qt, AlB)‘lzB,tQt,)‘l’ Q,’ )\ZB)\ZZB,tQt Ap> QH,AZB)\ZZ
B'1Q, », and QuB.=B',Q., We have B, =B,,= [Bo ] where
B,

b 0 Bz Dot
Bo= "M 2 By and Blu= | g, g
Next from @\ B\, = B':Q, we have
b b ‘ b
B, = | and B; = . Hence B=|
b b * b

and R(a) is directly indecomposable and 9t is directly indecomposable.

5. Lemma 5. Suppose that Ne,—= Au{® P Aus®, Ne,= Au$ D Aus®,
Ne,= Au$® P Aus® where Aut’=Auf®=Aus>. Then there is a directly in-
decomposable A-left module of arbitrary high degrees.

Proof. We construct an A-left module 9t as follows;
M= Aem, ,+ Ae;m, \+ Ae;m, ,+ Aesm, \+ Ae;m, ,+ Aeym, ,+ Aem, j+ -+
+ Aesma, 2s + Aelml, 252
where

2) ¢S} (A 3 3
u®m, \#0, uPm, ;=um, ., uFm, =uPm, ,, -

o8 — N @
U3 My 55 = UT My 55, UL ml’ZS:’ZO‘

Then the representation R(a) by 0t has the following form ;

Lixy
0 L% y,
0 0 L%y,
R(a) = | QuX2n @uX2y QX2x Ly X X,
Q1 X 2y 0 0 0 I,xx
Qsz X 245 O cevnvnnnnnnannnns 0 ]s X X3
QX 24 ODeeecrennnniennnnns 0 ]s X x,
where
A== 3,0, + 3,0, + Wl + Xplr+ X0y + X380y + X, (+ 20U+ oo F 2 GUSD e .

and
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2 QO

2SS
» e O

LS

o-.O-O- .o
RSN
...O.A.U cee

eSS .

S

OoOc ooooo o-1-nI‘
s*m oL

O cenens =)

......

QM

R(uf)

= | G

R(u3)

R(us®)
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and any commutator B of R(a) is as follows ;

Where QMBl = B/)\QM ’ Q)\zBe = B/AQ)\Z ’ QA:;Ba = B,)\QA:; ’ Qlel = B’ZQZl ’ Qssz ==
B.Q., Q.,B,=B’,Q,,. Hence by the same computation as above lemmas,
from QMBl = B,)\QM ’ QAsz == B/)\Q)\z and Q)\:,‘Bs =B\ s WE have

500 B B B
By=|0 B 0|, B=|"_|, BB="_1 and By =|" _ |.
_— Ba Bl B3
0 0 B , \ J

Next from QazBa = Blstz and Q4aBa = B,4Q43 we have B, = Ez = Es = B’a =
B’,. Moreover from @,B,=B,Q, we have
b b ) b
B=| ". |=B=B, B,=| . |. HenceB=|_". |.
b b b
Therefore R(a) is directly indecomposable and 9t is directly indecom-
posable.

6. Lemma 6. Suppose that Ne,= Aui>@P Au{*?, Ne,= Au{>® Au;"?,
Ne,= Au{**P A" D Aui*®, Ne,=— Au{*?, where Auii+’=Auyy. Then there
exists a directly indecomposable A-left module of arbitrary high degrees.

Proof. Now we construct I as follows;

M= Aem, ,+ Aem, ,+ + Aem, .,
+ Aeym; + Aeym, ,+ + Aesm, ;.
+ Aezmz’ .+ Aezmz’ B ETLTTTTPEPRRTRRTY + Aezmz’ st
+Aelm1,1+Aelm1,z+ .................. +Aelm1’zs+l
where u(“0m, ,=u"m, ,+uom, +uivm, , wrOm, = Vm, +uOm, -+
UMy gy e bSO, UM o+ USI, USOM oy UM, =0,
uom, ,=0, wu"m, , =0, um, =0, wu’m, =0, u"m, =0, - ,

u:(f"")ma, 6s-1=0, ugmma, 6s-3 =0, u§x3)m3, 6s—2 0, ug"‘)ms, es-1—— 0, ugn)ml*, 6 0,
ugo)ma, I 0, ué"s)m3, 1= u(2K3)m2, 1 u§K3)m3, 2= u;‘(a)mz, 2 ug"a)ma’a = u(z“a)mz’ 3y
ué"a)mz,at = ug"a)ma’ 5 + u;"s)ms, 6y Tttt ’ ug"a)m3, A= ué"a)mz' A=2p> ug"a)mz, 4+4q =
ugixa)ma,sﬂiq + ugxs)ma,ew%q’ ué"z)mz’l = ui“z)ml, 1 u(lxz)ml,z = u;"?)mz,z + u(ZKz)mz,a ’
u;"z>m2’4=0’ """ ’ ugxz)mz, )\ZuiKZ)ml, A-2p» ugwml, zp:‘u;xz)mz, z+4(p—1)+u§"2)mz, 3-+4(p—1%
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wSom, =0, u*'m, =40, w;*’m, =0,

==0.

T. YosHIl

Then the representation R(a) by 0t has the following form ;

Ls>y,
0 Lnxy,
0 0 L. %y,
0 0 0 Lonxy
Rl@) = | Q.x2,, Qux2, 0 0 I4s+1xx'<4
QX2 0 0 0 IL;xx,
Qus X 235 Q%X 25, 0 0 0 Iss+1xxx3
QZZXZZZ QZIXZZI 0 O 0 Ii;s+lxxK2
\ Quxzy 0 0 0 0 L.xx,

where a=ye,+ -+ 36+ X, + *** + X o, + 2, U+ o+ 2P+ -

and 1 Qeevvenennnnnnnnnnenne
1 Qeeverecnernnnnnncnnns
R(u§‘4’)= Q“ — 110 ceeevieninnnnnns
01 Qeevvvevrenenneanes
’ 011 0ccevvevennennns
: 01 Qceevrevrenennee
0171 Qceeveenennes
« 0
............ 11
............ 01
............ 01
3s+1 3s
10 Oceeevrenennnnenenennnne. O 00 Qeeeerrerrrnrneecnanns
Ru{)= | Q,; = (O T O PO N I ) B IR T R T P PP PP PR
0 0 Qervernmrmrnereanmecneneaton. O L Qeeeevrvcnvneeneenenns
0 0 Qceecreneannereeenecnennln.. 0 0 Leveereororeoneasnnnns
......... 10 Oceeevvenernenniivneeneeneecs O Qeveveeennnns
......... 01 Qceevrenrrnencenloninneneeecc) O Qevevvvneenes
......... 0 0 Qcevvvevennennenloninaneeecc) 1 Qeeevvnneenes
......... 00 Ocevveevernrncietoenneeneenc) O Levvveeneenns
............ 10 0ieveenrernnnecneneeen.0 00
............ 01 0-ieeeeieeiienieinenneeeen0 0 0
............ 00 0iveerrreniennnennnneneee010
............ 000 Q-eeveerercnrrnnnnenneeens0 0 1
............ 000 1eveeeeceeeneerarnnnaen0 00
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OOOOHO

------ 000
RN oo CoOooOo0o
R oo  |..... . eHoooe
Jiiiiil, RN B coonne
M) 1 1000 A dorooror R S - OHOOOO
R =) RN R RN AR SRR N
P imoQ R A . AR
SISISIEE S RN N R A A R R
o-HO coco- I R N U S A I
—Hoo [ i Do coocoo I P 1oooHH A
ol So6s ©Omooo A - S At S Pl
HEEEEE R OO o e LS S Q@O R A
R coo Tt P SARESE S SRR A
A Do cooHCoOo A R
R . .000 s cCOoOHOOO O rerrerrsi m.00001
AN - oo —_HOoO0O0O0O R I I RN Sco-ooOo
i Pl ciiiiino Jiiiiiiiiii LJocoooo
B 100 Pl loooHO A R A S
P 1eeo Ll loonHoo oo RN P Y
119090 il i Hoocoo IR R =Y
corH L SSSHS Pl oSS Hoocoo
coo cComoo o+ SS oo
coo N Y==-1=- . —oooOo
Il I Il
—
2 2 3
< < <
- o a
u X s
& & &
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i ‘ 2s+1 2s
| 1 Qeverenvrnrnnnnnnenaennn O O Qeereerremnmnnnnnn
Rui>)= | @, ; — O Oeverevenrenenenceenenne T (s NPT
‘ O 1............-..........S...O O ..................
! i | 1 Oeeeveevenninemnnitnn, O Qeeevvvennnnn
f O Oevevneneernnnnenns O 1 Qeevveeennnne
| O Teeerrereeoneeennns Teeeeiin O Qeeneereenns
|
S 1 N PO 00
O Qeeleernnnrunenenneenenens 10
O 1 Ocevnverervnnenenencenns 00
O O Levervrorneeoeeeannenns 00
( s+1 s
1 Ocevvennnnnns O Oeevvrevennns B
R(ui“z’): QZ! el 0 ............... E...l 0 .........
O Qeerrevnnennn Tl Qeeeeennes
1 0Qceevennns Teeeens Oevvneens
Oevvvnrncenns T Teeeerannn
Oceerrnnnnnns Teeein Levevnennn
1 Qeevevenvrennennns 0
Oevevererrnrnnennnnns 1
O Qeeverennnennnnnnn 1
O Leveereerennnnaens 0
] s+1 S
Ru)=| @, = P ,
) Qeevveen 1 0eeeees 0
and any commutator B of R(a) has the following form;
[ B,
B,
B, »
B,
B = B,
* B/
B,
B.

where Q,,B,= B,K4Q44 » QuB,= B,x4Q43 y QuBi=BQy, @:B,= B/xaQaa ,
Q.B,= B/x3Q32 , @,B,= B,xz Q2 QB = B/szzl , @B, = B,len .
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Then from Q,B,= B, Q,, we have B,= [B’ﬁ 2] Next from QuB,=

*
B/K4Q43 y ot and, szBx =S5 B,"z QZI , We have
By 0eveens0 by Oeeeeeeoe N b, by
0 bz2 0-eveees 0 bze ; b33 b37
‘ 0 b33 0--- ‘ b“ ..
0 b44 | bsz 66 ¢
B/K4 by, O by R B, = ' KN
be, | :
| ' | :
| J -
and from Q,B,=B',,Q,, we have
bu ' b11
B’K4 = . .. J ) .. ,
bll bll
by, ) ] by, ) ) b, )
B, = . , and B; = " , B, = v .
b, b, b,

Hence B has just one eigenvalue and R(a) is directly indecompos-
able. Therefore 9 is directly indecomposable.

Moreover by the same way as this lemma we have the following

Lemma 7. Suppose that Ne,— Au{"’, Ne,= Au\**P Au\*>, Ne,= Au*?
+ Aui + Aul® and Ne,= Au(® + Au{*Y where Au{*’=Au$?,. Then there

exists a divectly indecomposable A-left module of arbitrary high degrees.

Proof. Now we construct an A-left module I as follows:

M= Ae1m1, B LCEITERTRPRRPRRPRRPPRTR + Aelmh »s

F A, e + Aezmz’ gs1

F Ay A + Aeama' i1

FAe g, A +A€4m4,5s+1
where u{Vm,  =ui"Vm, , +uvm, ,+uvm, ,, - , WSVm, L =usVm, o, +
u(le)mz 6s—1 +u;"1)m2 est1r Ui 1)m2 4 —0 u“l)mz s=0, u )mz, 0w =0, u;ﬁ)mz,lzzo’
..... , u;x )mz’ os—2 -——O u(x ) My o= O u(xz)nzz u<K2>m3’“ u(znz)mz,zzu(xz)ma ,+
uSrm, ,, wSIM, =USTm, , wSTm, = utm, Fusrm, o, uitm, =uirm,
u(zxz) m, e = u;"2 )m3 10 +uy )ms wr Uttt > u(Kz)mz, 655 —— u;"z) M 115-105 u;"z)mz 6s—4——
u3 2)m3, 115*9+u§‘.2 m3, 115—8) uz Z)mz 65—3 :u( )ms 11s-72 u(K )m2 65—2 u(x )m3 11s—4 +
u(K2>m3 115-39 u(z“z)mz’ 6s—1 uéx )nlsy 1152 » u(ZK )mz 6s — uf’r‘(z)ms 1s-1 +u ms,us ’

Dy

g (KS) K) (Kg) (Kp) (Ko J—
Uy 2My 51— Uy 2 My 415105 Uy O, =0, u ¥m,, :=0, u; Omss"'o Us 0m3,4'—0’
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u§‘2)m3, 5 = 07 ug,‘a)mS, 6 = 0) ugKO)mS, 7 = O’ u(3‘0)m3, 8 = 0, u§‘2)m3, 9 = 0’ ugxa)m3, 10 = 0)
ug‘o)ms’ p =0, e ’ u§"o>m3, us-10 = 0, uéxe’)ma, us-s = 0, u;"o)ma, us-s = 0,
u§"0)m3’ 1ns-7 — O) ung)ms, 115 -6 =0 ’ u;“s)ms’ ns-5— O) ug"o)ma, 1s—4 O; ug'(o)ms, 1s-3 = 0)
ug,‘z)ma, ns-z 0, ugKS)ma, us-17— 0, ug"o)ms, 1s =0, ué“o)a’ 11s+1 =0, ui"a)m" 1= ué"a’m3’ 1
uSIm, = UMy, USEm, = uiIm, FuiIm, , uIm,  =uCm, A+ uiom,
uj"a)mh 5T ug"a)may 9 + ug‘3)m3, PR ’ ui"@mh ss—4 u(sxa)ma, 115 —109 u(A"a)md, 553
ug"a)ma, 115-8) ui“a)m4, ss-2 uf(ix3)m3, 11s-7 + u(ﬂka)ma, 115-69 ug"a)ml‘, ss—1—— ug“a)ms’ 1154 +
u§K3)m3, 115-3 = O» u(4x3)m4, 58 = ug%)ma, 115 -2 + u§‘3)m3, 118 ug“a)md, 55+1 = u§‘3)m3, 11s+1»
ul(i“‘)mh 1#0’ u;"ﬂmm 2= O» uﬁ"4)m4’ 3T O’ u§‘4’m4, P u§K4)m4, sy "TTUCT ’ u§‘4)m4’ 5s—4:i:0;
ugﬂ)mb 5s-83 0) u§‘4’m4, 5s—2 0) u§x4)m4, ss—1—— u§K4)m4, 559 u;"A)m4’ 58 :l: O-

Then it is shown by the same method as above that I is directly
indecomposable.

7. In this chapter we shall prove the main theorem. First we
shall prove the following

Theorem 1. Suppose that Ne= Au,DAu,DAu,. Then an arbitrary
Ae—left module I is the dirvect sum of Aem; which are homomorphic to
Ae or Aem;+ Aem;,, such that uym;=F0, u,m;=0, usm;=um;.,, u;m; =0,
u,m;., = 0.

Proof. We may assume that A is the basic algebra.

(i) Suppose that M= Aem,+ Aem,. Then the representation R(a)
by MM has the following form ;

ILxy

Qu X2y, Isl X Xy

Qn X 2 I, x x,

Qu X 2y I, % x,

Ra) =

where 5, <<2 and a=ye+x,e, + X,0, + X30; + 2,8y + 2y thy + 2y U+ -+~ .

Now we remark that if we put

M, ~
T = L ,
2 - ]
3 /
we have the transformation
L,xy
MQIIMI Is Xxl
T'Ra)T = ! .
I @ NQ.M, I,xx,

MQalMl Is3 X X,
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Lxy
ILixz, Ixx
First if s,=s,=s,=2, R@ = | "7 7 7
1, x 2, L xx,

L xz, L x x,

and therefore R(a) is directly decomposable and

y
zll xl
22 0 X,
31 O O 3
R@) — 2 X
Yy
zll xl
Z2y 0 x,
2, 00 x,
Lxy
Lxz, L xx,
If ,—=5,=2 s,=1, R@= fu HxA
I xz, L x x,
(L, ulxz, X
Then by (II) R(a) is similar to
Lxy
L xz, Lxx,
R1(a) =
L xz, I, x x,
El 0] XZSI x; /
Hence R(a) is similar to
y
2 X
z; 0 x,

Rz(a) = Z31 0 O x3

y
zll xl
2, 0 =x,

and R(a) is directly decomposable.
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Lxy
Lxz, I, xx,
If s,=2 s,=s,=1, Ra) =

(1 u)xaz, X,
(1 v)xz, %

Then by (II) R(a) is similar to

Lxy
Lxz, Ixx,
R/ (a) = ,
(1 0] %z, x,

(01] %2y X

and by the same way as above arguments R(a) is directly decomposable.
Lxy
(1lulxz, x, ]
(1v)xz, X, l
(1wlxz, X; )

If s,=s,=s,=1, R(a) =

is similar to

[ Lxy

Now it is shown by the simple computation of eigenvalues of any
commutator of R,(a) that R,(a) is directly indecomposable.

Hence M = Aem, + Aem,, where u,m, =u,m,, u,m,==0, u,m,—0, u,m,=0,
u,m,==0, is directly indecomposable. From now we shall say that such
a module has the type (x).

(ii) Suppose that Wt= Aem,+ Aem,+ Aem,. Now we consider the
two cases.

(a) Suppose that Aem, + Aem, is directly decomposable and
Aem, ~ Aem,=0. Then the representation R(a) by 9 has the following
form;

I, xy

Qu X2y, L, Xx

QZI X2y Isz XX,

Q1 X 25, L, % %, ,

R@a) = where s;,<3.
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sty 1

ILxz, L[ xx
If s,=s,=s,=3, Rgy=| "' "07""™7
I % 2 I x x,
I, xz, Lxx, |
and it is clear by the same way as above that R(az) is directly decom-

posable.

Lxy
Lxz, Lxx
If Sl=82=3 33:2, R(a)= LX221 Iaxxz
10 ’
[01:0()’ X 23y L x x,
and is similar to
( Lixy
Ixz, Lxx
R@ =] [xz, L xx,
1
L 0(1)8 X 23 szxs

and R(a) is directly decomposable.
13)

Lxy

ILxz, Lx
If 5,—=s5,=3 s,=1, R@)~R(a)—= = HX%

- Lxaz, L x x,

' (1,0,0)x 2, X,
and K(a) is directly decomposable.

( Lxy

’» Lxz, Ixx,

If $,=3 s,=s,=2, R(a)~R,(a)= [ég?]xzm I xx,

[(1)(1)8 X 25, L, x x,

and R(a) is directly decomposable.
}’/ 13 Xy
Is X2y 13 XX,
If 31:3 52:2 83:1) R ~Rl =
@~k [(1) (1) 8 X 25, L xx,

L0012z, %,

13) ~ denotes the similarity.
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and R(a) is directly decomposable.

Lxy

ILxz, Lxx,
(1003xz, X,
(001 xz,

If 5,=3 s,=s,=1, R(a)~R,(a) =

and R(a) is directly decomposable.
Lxy
[(1)(1)8 %2z, Ixx,
If s,=2 s5,=2 s§=2, Rl@~R@ = 100
[0 0 1] X Zn

010)x2

and R(a) is directly decomposable.
Lxy

(590 en 1,

[(1) 8 (i)] X2y X,

(01w]xz,

If s,=s,=2 s,=1, R(a)~R,(a) =

and R(a) is directly decomposable.
Lxy
100
X
If 5,=2 s,—s,=1, R(@)~R,(a) = [010 Zu
(001 xz, X,

(01lw])xz,

L xx,

and R(a) is directly decomposable.

Lxy
(100 xz,; x,
(010)x2, =x
(001 %z, X5

If s,=s5,=s,=1, R(a)~R,(a) =

and R(a) is directly decomposable.

(b) Suppose that Aem,+ Aem, is directly indecomposable.
representation R(z) by 9 has the followimg form ;

A

X,

X X,

L xx,

X3

Then the
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Lxy
QuXxzy I xx,
Q1 X 25 L, x x,
Qi X 25, I, xx,

R(a) = where s;<2.

If s,=s,=s,=2, R(a) is directly decomposable.

( Lxy
[(1)’5(1) X2z, Lxx,
If s,=s5,=2 s,=1, R(a)~R,(a)= 100
[OOIJXZZ‘ L x x,
(010]xzy, X,
and R(a) is directly decomposable.
Lxy
lu 0]
X2z, L xx,
If =2 s,=s,=1, R@~Ri(a)=|L001]% % &XF
(1001 xz, X,
(010])xz, X,
and R(a) is directly decomposable.
If s,=s,=s,=1,
Lxy Lxy
QuuIxz, x (0013xz2,; x
~R1 = -~ R2 =
RaO~R@ =1 1 003xz 1 @ =1 00xz 1
(010 x2z, X, (010)x2z, PA

and R(a) is directly decomposable.

(iii) Now we shall prove this theorem by induction on the number
of generators of M. Hence we assume that 9V =:8_21Aem,- is the direct
sum of Aem; which is homomophic to Ae or Aem,-f:lAem,-+1 which have
the type (¥). Then the representation R(z) by EUE=‘XSEAem,- is as follows:

Lxy
Qux2y, I, xx,
Qu X 25, I, xx,
Qu X 2y 1;3 X X3

R(a) =
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where s;<s and

Q11=

Q21:
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I

: T Qeevrmrennenennnenn e eie e e ee e enans
Qu=1| . 00 1 O Qeeeveneornvneareneecreneeeunnnecnaeens P

and x=0 means x{” =0, y==0 means y{” =0 and z-+0 means z{’=0.
First if x=4=0 y=4=0 z==0, R(a) is directly decomposable. Next if
x=+=0 y=+0 2=0, R(a) is similar to R,(a) such that all z2{”=0 and R(a)
is directly decomposable. If x=<4=0 y=z=0, we may assume that all
y”=0. Then @, may to replaced by @’,, such that 2§ =2z =2{"=0
and if ¢, ¢ or ¢, is not zero, R(a) is decomposable into direct components
of desired types by the assumption of induction. If &, £, and # is zero,
2i%=0 for £==1 and 2{"=0 for 5-1. Then we may replace @, by

1 0 ...... 0 .............. z;l \ ]_.O .................... 0
01.--0 : 0o ! [
B 01 0:e-0 Qeevvnenes 0
, 001 0:-e0-vcveveen 0 , [ ............ 010 2
Qau =1 ... 0---0 1---0 0 | or = | e 01---00
t,—1 010 | | 0 0--1 0
L :, ! t—1

and KR(a) is directly decomposable. Hence we may assume that x=y=
z=0.

First we may assume that x{>=0. Moreover we may assume that
there exists just one y» such that y®=-0 and all other y{>=0. Of course
all »” may be zero. Now if y{’==0, @, may be replaced by
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O Qvvv()evnvrereeneennenuesunrsnrrnernernerseeeeeseesaeenenesnnsrnrnnseneenranaen e
01
1
11
1000
"}"" 00 10
Q= by i Oeeereeernnn
T 1000
4 1000 :
1000 :
100--00---00-00
L 0 0.1 0---0 0
and Q, is replaced by
T Oeveeerrrneeennnrreanerunereaesreaeenearsaeesineeenaeneaesrnaeennees 0
01.--0 2
0 0ol 0:er0 Oeeeverveenne
............ 0 10
=1 L 5.0 0
...... 0 1.--0 :
Q/:n = \—Z_-/ E.'~E .
85 (eeel Qeeernreneene :
...... 00100
7 0100 t,
01 0---0 0---0---0 :
1.0
5l

and from the assumption of induction, 9 is decomposed into direct
components of desired types.

Next if »?==0, @, is replaced by @’,, such that 2{*==0, 2{"==0 and
2P==0. If 2P0, 2{’=2Y=0. Hence in this case the theorem is
trivial. If 2{"=0, @, may be replaced by
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Q/Bl =

010 00 0--0 0---0
]_....(.) O
010

[
2

and M is decomposed into direct components of desired types. In other
cases by the same way as above we can prove this theorem.

Now we shall prove the main theorem.

Theorem2. Suppose that N*=0 and the ground field K is algebrai-
cally closed. Then Ais of bounded representation type if and only if the
Sollowing conditions are satisfied ;

1) Ney(enN) =1, ------ , 1) do not contain at least two simple com-
ponents isomorphic to each other.

2) Ney(eaN) A=1, ----- , n) are the direct sums of at most three
simple componedts.

(3) There is no chain such that {Ne., = Ney, - , Nev,, ,, Ne., = Ne.,
...... }.

(4) If NeceN) is the direct sum of three simple components and
Ney(exN) is the divect sum of three simple component or divided, there is
no chain which connects Ne, and Ne, (e.N and e,N).

(5) If Ne,, Ne, and Ne, (e,N, e,N and e,N) are the direct sums of
two simple components, Ne, (e,N) is not divieed into Ne, and Ne, (e,N and
e,N).

(6) Suppose that {Ne,, ------ , Ne,} ({e,N, ----- , ¢,N}) is a chain. Ne,
or Ne,(e,N or e,N) is the direct sum of three simple components or, if
Ne;(e;N) (j==1, ) is the direct sum of three simple components, the chain
is {Ne,, Ne,, Ne;} or {Ne,, Ne,, Ne,, Ne;} where Ne, is the direct sum of
three simple components and Ne, and Ne, ave simple.
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Proof. The “only if” part is clear from above lemmas. Hence we
shall prove the “if” part. This proof is quite long and we shall show
this proof in outline. ’

Now we consider the following six cases. Namely

(1) {Ne, - , Ne,} is such a chain that Ne,, ----- , Ne,_, are the
direct sums of two simple components and Ne, is the direct sum of
three simple components.

(2) {Ne,, - , Ne,_,, Ne,, Ne,} is such a chain that Ne, ---- ,
Ne,_, are the direct sums of two simple component and Ne, and Ne,,
are simple and isomorphic to a simple component of Ne,_,.

(3) {Ne,, Ne,, Ne;} is such a chain that Ne, is the direct sum of
three components and other Ne; are the direct sums of two simple
components.

(4) {Ne,, Ne,, Ne,, Ne,, Ne;} is such a chain that Ne,=—Au"’P Au;"?,
Ne,= Au{"? @ Au{"™» and Ne,=~ Au{">, Ne, = Au"? = Au"?, Ne,== Au{">.

(5) {MNVe,, Ne,, Ne,, Ne,} is such a chain that Ne, is the direct sum
of three simple components and Ne, and Ne, are simple.

(6) {Ne,, Ne,, Ne,, Ne,} is such a chain that Ne, is simple and Ne,
is divided into Ne, and Ne,.

Moreover we may assume that A is a basic algebra and A has just
one chain.

[The case 1]: Suppose that Ne,= Au{">P Au{"+v (=1, ----- , r—1)
and Ne, = Au;"”® Au,” D Au;"+v where Au"2=Au{">. Now let ‘JJ%:EZ

Ae;m; ., be an arbitrary directly indecomposable A-left module. Then
the representation R(a) by I is as follows;

L, Xy,
0 -
0 I, xy,
QX 2y Oevveeevnnnn 0 ILxx,
R@) = | @, x2, Q,x2z,
| Quxze
0
Q,, X2, 0-eeeeeenn 0 I, X%,
| Q,, X2y, Oveevvenneeennenns 0 I, xx,
Qs y X Zyiyy Oreeervnreninin, 0 L, X%,,,
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where R@]”)=[Q;;.,). Now we may assume that Q,,, @, and Qris,r
have the following form;
I, 14)
: Iz(zr—z)

o It;”“”

Lo

o2

: It“’
s

(2r—2)
Ler

gluOO ............... l

1200

: - i,
: 1 %J0---0
: 0
: P
: : : 0
L : : :
: Itgz;-—wf :
: Itézr-_a)

Lo Qeeeeennnn 000

:10

: : 00
W= : :

: : ts
: 1600
Itl I(l) |
e
., E . |

’ j;Zr—Z)

erf——_ 00
o 01

SOoOo

14) Itm and Itu) are on the same row or column if tf(*):t;ﬁ.
K i
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Next
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where #,+ 72+ 45 e FEP A e
we break up Q;(Q;=+Q,,, @,, @, ,) into submatrices corresponding
to the divisions of @,,. Then
zZed Zt“tj()Zr gyrrereees e, A
t(gz.giz)’t Z;m s, ey e

. .

7 D) e TR TG
Zts'tl Zt5 ts

First by (II) we may replace Z;’” and Z{}” (x=F¢,, A==t) by 0 and Z;}”
by the following matrices ;

Zg = sl or Zgp = :

O

Then from the indecomposability of R(az), {,=0 and by the same

way as this £, =0. Similarly we may replace ;G)’ ,&3 by It;l), ;gl)’ ;213 by

Ly X u® and other Z5s, et Zyi5 > and Zi <P by 0. Moreover we may

assume to replace Z(Zr D, 43r =) Z(Zr B, ar—ny U , Z;;z'){)i;”, Zi(gz')f)tf)’ e

Zt‘f f: by I o and other Z&? by O. Next Z;g;"t'g’gl’ may be replaced by

It(z)» t(rz)ll.(rn1 by I<2) xu®, and Z(<‘2'rj—)2>,t<2r—z): """ ’ Z;fa'ff)t(s), t(<tf>j,)t<1)) Zt((ia'){)t(a),
2 3 2 2 2 2 2 3 3

------ , Zj4P by L, and other Z{&? by 0.
ol t;
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In this way we may replace @;;_, by

Q,i,i—l =

and Q; by

1

. }t(ZZr—Z)
1

1
.. }t(ZZ(r—i)—l»z
1
1

1
i1

u(z(r—:t)+ L

u(2(r—i)+l)

)

HEN }t(Z(r——i)+1)
.. 2

., }témr—m
1

. 2(r—
. }té (r—i)+1)

1 .
... }t:(*Z(r—i)—l-l)
1
téz(r—b)
1

1
<
1

83
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1 }
., t(22r—2)
1

. 1 }
. téZ(r—i)—Hi)
1

..........................

u(2(r—i)+2)

—1)+2
u(Z(r $)+2)

.........................

., }t(22(r—6)+1)

1 :

. }t(zl) '

Q= 1 :
0 :

0
0 :
téZ(r—iHZ)i .
0
1

. }t(sz(r—t)+3)
1

1-
L t‘{ il

Where we may assume that t(Z(r i)+1),_t<2(r DH+1) and t(Z(r i)+2)__t(2(r i)+2)
Then from the indecomposability of R(a) @;;., for is=r+1 are 1 or

[1(2(1- l)+1)] and Q;; are 1 or (1, uo- 7,

Thus an arbitrary indecomposable representation has the following
form;

2
0 v
0.
0 ',
zll O ...... O xﬂl
(i) R(@) = | 2, 25 0-i-:0 x,,
R3g KN
2,, Oevevenennns Xy
ZOr 0 ............. O xo
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: Loty

2., O...b...:. ceel :......:...:x’ml
.. 2z : 2o v,

(ii) R@ = |* %" ¢ ¢ 1 o
zi—l,;—lg"'s" ..g g. PPN .x"i—l
zf’i_l 2 R R TRy
Z;ia 0 2 Pl . RSTEELY.

Ri+1 ,'0 : .
» \
Lo
S
Dol i Jin
N : : i Y
P 0..- cleeenend ERERE ..xﬂl
(iii) R(a) = | 2, 2 : B
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and the degree of R(a) is bounded and is less than 4r+1.

[The case 27]; Suppose that Ne;,= Au{">P Au{"i+’ (=1, ------ , r—1)
and Ne, = Au”, Ne,,= Au{,” where Aul")=Au{”==Auj,”. Then by the
same way as [the case 1] an arbitrary directly indecomposable represen-
tation has one of the following forms;

.}’1
. %}2
ool Va1
(i R@ =|: ! i In
) (@) P T,
”i‘.xﬂl
zr;—l Z:rrl érrz 'xﬂ,
I
Y
. .yl'
. %}l.
Yr1
: : Do (]
(i) R@) = |: : P P I
(@ : Dol oo P %
zll see ..:.. x_”
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3.’1
- -?)2
Yia
. .yx'—-l
."yr—l
. .yr—l
(iii) R@= |: : : N 'yrl
. A . : . . . ’:er
zll 0...--........................:....-:....-..--..:..xnl
R21 Ry : '
Z2ivicq R igiar Teenes ........... ........
2ii1 O, ........... T L R PP
O SRRCTE PITINS NS RpReR
2,1 0 zrrl Oeveneens

and the degree of R(a) is less than 4r—1.
[The case 3];

Suppose that Ne,= Au{*@ Aui?,

87
oo .x'f}t‘ -,
------- x")i
.......... xT’z
---------------------- x‘”r
------------------------ x_’l
Ne,= Au{">P Au®

P Aui® and Ne;=Aui>P Aui®. Then let M=11>7 Ae,;m,, be an arbitrary
AL

left module and the representation R(az) by I l;as the following form;

I, Xy,
0 IL,x»
0 0 L,xu

R@) — Q.xz, O 0 I, xx,

Qo1 X 2y @y X2, O 0 I, X %,
0 Quxzy, 0 0 0 I, xx,
0  @QuX2, Q%25 0 0 0 I,Xx,
0 0 QsX2,0 0 0 0 I, X%,

First by [the case 1] @,, @., @., ., @, may be replaced by
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Now Q,; may be replaced by

1 0eereeeQ Oeees
Q/43= )
0 Dl
100 )

and @, is broken up into submatrices to correspond to divisions of €',
and @’,; as follows;

Clﬁ, 16 C15,1 """"" _Cls, 15 DIG, 16 Dls,l """ _Dle, 15
1,16 11 . pl, B
Qas =
UGy g renrmmmnnnnnns Cis 15 Diggrreeeeeeeeees D, .

First D, ,, and D, ,, may be replaced by

It(l) 0 ......... O It(llﬁ) x u(l) 0 ......... 0
0 0
D,IG, = : * and DI7, 6= | : ’
. : *
0 0

and other D,,, and D, ,, are replaced by

e
Qevevrnnne 0} 'f)“

D= and Dly,=|i =
0

0 0
and D, is replaced by IV, = [ " ] where «==7. Next D, ,; and

D, ,, may be replaced by

It(l) Qevevrnnnanns 0 0 Itl(:) xg(Z) 0 ...... 0
0 Itﬁ) O.eeeene 0 § é
D= i 0 and Diw=|i i o« |
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Lo x g® Q-eeee 0 0 0
D,7’ 16 by D;/ 16 = 9 (:) 3k ’ x ,16 bY D, : : * },
0 0 0 0
Q-eee0 0--eee:0
Q-eeeeeQ) ,
st » by 15 A= and D,,.,L by Ds’” = [ N J
*

In this way Dy i, Dy iy Dy sss Dy s6s Digser Diy s and Dy, 5 are replaced
by

Itﬁ) 0 Itfé’ xg‘” Qeeeees 0 (:)Itié) Xg(z) 0.
"~I 0 : 0
S Ky N R
D 16,16 — O" ’ D7,16 - . 0 ’ D8,16 - . 0
0 § P
0 0 00
OOII<s>xg(3)0 0 000 OOOI,§é>><g‘“ 0 000
100 I,<5>><g(5) f Pl 0 ILoxg®
00 06 0 0 000 000 0 0 000
00000[t§g>xg“)00 000000 xg™0
D,u 16— and D/u’16 = { ] .
0 0
It§” Iti1>><h 0
Moreover D,, is replaced by D',, = It‘” , D, , by D), ,= [ J ,
0 O
t(” 0 0 00
Itm 0 0 00
o 0 0 00
D,, by D, = f 10 . by D/w .= 10 It“))(](” 00
0 I,<z> 00 00
0 0 00
0 0 00
000 0 0
, 0 00 0 , 3
Dlz,z by Dlz,z = Il“)X]O) 00 O Ds 2 by Ds 2 00 It(f*)X]‘() 0 ’
0" 000 0 0

L,
, D33 by D/33 = ] ’
0

-
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0 0 0 0
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0" "0 0

: 0
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0
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and other D;; are replaced by O.
Next we may replace C.. by the scalar forms by the same way as

above.
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Thus an arbitrary directly indecomposable represeﬂtation has one

of the following forms;

Rl(a) =

Rz (a) =

Ri(a) =
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253 2/530 ..................... 0 x,
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R4(a) =
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Re(a) =
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R (a) =
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Hence the degree of an arbitrary directly indecomposable A-left
module is bounded and less than 34.

[The case 4,5, 6] In these cases we can prove that the degree of
an arbitrary directly indecomposable A-left module is bounded but this
proof is quite same as [the case 3].

Thus the proof of this theorem is completed.

8. In [5] G. Kothe propounded the problem to determine the
general type of algebras whose directly indecomposable left modules are
cyclic and not necessarily homomorphic to Ae,. Now we call such an
algebra the Kothe algebra. Then from the above theorem we can
answer to this problem in a special case where N*=0 and K is alge-
braically closed. Namely it is clear that the Kothe algebra is of bounded
representation type but
(1) When each Ne, is the direct sum of at most two simple components,
an algebra of bounded representation type is the Kothe algebra.

(2) When {Ne, - , Ne;} is a chain such that Ne, is the direct sum
of three simple components, if f(x) >2 for all « it is the Kothe algebra
but if there exists x such that f(z)=1 it is not necessarily the Kothe
algebra.

(3) When {Ne,, Ne,, Ne,} is a chain such that Ne, is the direct sum
of three simple components, if f(x) >>8 for all « it is the Kothe algebra
but if there exists # such that f(uz)<(7 it is not necessarily the Kéthe
algebra.

(5) When {Ne,, Ne,, Ne,, Ne} is a chain such that Ne, is the direct
sum of three simple components and Ne, and Ne, are simple, if f(x) >5
for all «, it is the Kothe algebra but if there exists « such that f(p)<4,
it is not nesessarily the Kothe algebra.

This proof is clear from the fact that Ae.m = Ae.7,,;m where 7,
is the isomorphism such that Ae, 7, = Aey ;.

(Received March 28, 1956)
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