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Abstract
Let H be a normal subgroup o&. Let W be a G-invariant indecomposable
RH-module with vertexQ. Let V be an indecomposable direct summand of the
induced modulew®. Let W and V' be the Green correspondents @ and
V in Ny(Q) and Ng(Q) respectively. Then we prove thaanks V/rankgW =
rankz V’/rankgW'.

Let O be a complete discrete valuation ring, and Fetoe the residual field o®
of characteristicp > 0. We assume thaD and F are big enough. LeR be O or F.

Let G be a finite group. LeH be a normal subgroup @. Let W be aG-invariant
indecomposablé&kH-module with vertexQ. Let W’ be the Green correspondent \of
with respect to [, Q, Ny (Q)). ThenG = HNg(Q), andW'’ is Ng(Q)-invariant. We
write W€ for the induction ofW to G. SetE = Enckg(W®) and A = Encku(W). We
can writeE in the formE =) o, € Ex whereX = G/H andEx is the R-submodule of
E mappingW =W ® 1 to W ® x inside W€, and Homgn(W, WX) = Ex (as R-module)
by [4, Chap. 4, Lemma 6.4]. Clearl§zEy C Exy, for X, y € X. Also we can use the
stability hypothesis to choose an elemexte Ex mappingW ® 1 isomorphically onto
W ® x; it follows that ¢k is a unit in E. Since E7 can be identified withA, we have
Ex = Apx = pxA. ThusEg can also be identified with Hoga(W, WX). We do so in this
paper. SetE’ = Enckng(q)((W)Ne(@), and A’ = Encky, (q)(W'). It is well-known that
J(A)E C J(E) (resp.J(A)E’ c J(E"), andE/J(A)E (resp.E'/JI(A')E’) is a twisted
group algebra.

In [3], the outhor proves thaE’/J(A")E’ is isomorphic toE/J(A)E, which al-
ready appears without proof in Cline [2]. Here we will give @pplication of the above
isomorphism. The following is our main result.

Theorem. Keep notation and assumptions as ahoVé&en the Green correspon-
dence gives a one-to-one correspondence between the set-é$amorphic indecom-
posable direct summands of SVand that of (W)Ne(Q)| and keeps muiltiplicities Let
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V be an indecomposable direct summand of .W.et V' be the Green correspondent
of V in Ng(Q). Thenrankg V /rankgW = rankg V’/rankgW'.

Proof. From the proof of the main theorem in [3], we do not knetwether the
isomorphism given there is compatible with the Green cpoedence. Here we will
first construct an isomorphism frork’/J(A')E’ to E/J(A)E, which is compatible
with the Green correspondence.

Let L be a subgroup os. For RL-modulesW; andW,, there is a homomorphism

Tre: Homgy (Wi, Wo) — Homeg((W1)®, (W-)®),
such that the following holds: fof € Homg (W1, W,) and ", |\ Ux ® X € (W),
Trf(f)< > ux®x> =Y fu)ex
xeL\G xeL\G

Assume that\(V)" =W @ M for someRH-module M. Then V)¢ =WC® @ M. Let
Q={P: P < QnQ fo somex € H— Ny(Q)}. ThenM and M€ are Q-projective.
Let tye: WC — (W)€ andmye: (W)€ — WE be the inclusion map and the projection
map, respectively. We have the following algebra homomisrph

B Enthne(@((W)"e(@) - Enckg(W°)
f > mwe - TrﬁG(Q)(f) * LWG .

Since M€ is Q-projective,
Encka((W)®) = Encka(W®) + Trg (Endr((W)®)).
It is easy to see that
Encke(W) N TrG(Enck((W)®)) = Trg(Enck(W®)).

By [4, Chapter 4, Lemma 5.3], the mapﬁg(@ induces the following algebra iso-
morphism:

Endne (o) (W)"e(9)/Trg D (Endg(W) (@) — Endke(W)®)/Tr§ (Enda((W)°),
so B induces the following algebra isomorphism:

B Entrng(o)(W)"(@)/Trge @ Endr(W) (D)) — Encke(WC)/Tr§(Enda(W®)).
By [4, Chapter 4, Lemma 5.1 (Dade)], the following isomogphiholds:

> @ Trh (Homg(W, Wx)) = Tr§ (Homg(W, W) = Trg(Ende(W®)).
xeH\G
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Let | = TrH(Endk(W)) and I’ = Trg”(Q)(EndR(W’)). It is easy to see that
TrH (Homg(W, W X)) = Homgp(W, Wx) - |. Thus by identification, §(Endr(W©®))
is just the graded ideaEl of E generated byl. Let E’'l’ be the graded ideal
of E' generated byl’. Then TE(Endk(W®)) = EI and THQ(Endg(WNe(Q)) =
E'l’. Thus B8 gives an isomorphism fronE’/E’'l’ to E/EIl. Since bothW and
W’ are not Q-projective, | € J(A) and I’ € J(A’). Note that by restriction in-
duces an algebra isomorphism froni/1’ to A/l. Thus B induces an isomorphism
from A’/J(A") to A/J(A). So B sendsJ(A’) to J(A). As B is an isomorphism
from E’/E'l’ to E/EIl, we have that8 is an isomorphism fromE'/J(A')E’ to
E/J(A)E.

The first statement of the Theorem is obvious. TMisis an indecomposable di-
rect summand of W)Ne(Q, Let € be a (primitive) idempotent oE’ correspondent to
V’. Let e be a primitive idempotent of such that3(¢) = €. SetV =eWC. ThenV
is of vertexQ, and is a direct summand of {1, (€)(W)® = (¢/(W")Ne(@)C = (v/)©.
We must have thaV/ is the Green correspondent &. ThusV = V. By Cline
[1, Corollary 3.15],V = W ®, eE and V' = W ®, €E’. SinceeE/J(A)eE =
B(E€E'/I(A)EE’), we have dim €E’'/J(A)EE =dimg eE/J(A)eE. So

rankg V /rankg W = dimg e E/J(A)eE = dimg € E’/J(A')EE’ = rankg V'/rankg W',

as desired. ]
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