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1. Introduction

Convergence of the logarithm of the first return time normeli by the block
length n has been investigated in relation to data compnessiethods such as Ziv-
Lempel algorithms [11]. For each sample sequemnce xisx,...) from an ergodic
stationary information source, defing, x ( ) to be the probgbiif the initial n-block
in x, i.e., P,(x) = Prf1---x,). The classical Shannon-Breiman-McMillan Theorem
states that-(log P,)/n converges to entropy id! and almost surely. Throughout the
article, log denotes the logarithm with respect to base 2 landenotes the natural
logarithm.

DeriNniTion 1.1, Given a block sizee , the first return tinkg, is defined by
R”(x) = mln{] > 1 X1 Xp :)Cj+1"'Xj+n}.

Kac’s Lemma [3] states thak R}, | x;...x, = B] = 1/Pr(B). This suggests that
R,(x) is close to ¥P,(x), hence we expect that (Idg, /A converges to entropg in
a suitable sense. It was proved that (lyg/n konverges to entropy in probability by
Wyner and Ziv [8] and almost surely by Ornstein and Weiss [gr a comprehen-
sive introduction to the subject consult Shields [7] and tbierences therein. For the
application to the testing pseudorandom numbers, see Rjemly several interesting
results have been obtained regarding convergence rateshby imvestigators forr,
and related concepts such as the longest match-length, dhimgvtime and the redun-
dancy rate, etc. See [4], [10]. In this article we invesggtiie relation between first
return time and entropy for a Bernoulli process. Since thenéda contains a correc-
tion terms, it approximates the entropy very well. See tts $zction for simulations.

In his Ph.D thesis [9] A.J. Wyner discovered that for a staiy aperiodic
Markov chain with entropys we have a second order limit law:

lim Pr

n—oo

logR, — nh
ov/n
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where
« 1 x2
D(a) —[w —27T exp<—?) dx
and
0_2 - “m Var(_ Iog Pn(x))
n—oo n

Kontoyiannis ([4, Corollary 1]) showed that for amy> 0
log[R, (x) P (x)] = o(n”)

almost surely for mixing Markov chains. Later A.J. Wyner(Q[Xorollary B5]) proved
that for anye > 0

—(1+¢) - logn <log[R,(x)P,(x)] < loglogn
eventually, almost surely for mixing Markov chains. Hence have
_(l +6) ' |Ogn < E[|0g RnPn] < lOg IoQ”

approximately for large: . In this paper we investigate theespof convergence of the
average of logk, to entropy. Now we state the main theorem.

Theorem 1.2. For a Bernoulli process with entropk, we have

, Y
lim E[log(R,P,)] = ——
lim_ Eflog( )] i
and
lim E[logR,] —n-h=——.
n—o0 In2

Maurer [5] studied thenon-overlapping first return time
Ry(x)=min{j > 1:x1- Xy = Xjps1-** Xjnin }-

In computing R/, (x) we need approximately times more digits of thApx (). So
the overlapping algorithm is efficient compared to the nuerlapping one.

Derinimion 1.3. For O< r < 1, define

v(ir)=r i(l —r)tlogi.

i=1
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Putr = 2. Then the expectation of log], equalsv £ ) in case of the Bernoulli
(1/2, 1/2)-process. Note that

lim [o(r) +logr] = lim [(1 - ) +log(L—s)]

= i+1 1
;(In i i) /In2
-

In2
= —0.832746 - - ,

where~ = lim,_ (E;’zl(l/i) —1In n) is Euler's constant. Hence the expectation of
log R), is approximately equal ta—+/In2 for largen . In Markov case a similar result
is obtained in [1].

In Section 2 we prove Theorem 1.2 and we propose a practicaiula for en-
tropy approximation in Section 3.

2. Proof of Theorem 1.2

An alphabetis a finite set.4 and we call each element oA a symbol A block
is a finite sequence of symbols, and arblock is a block of lengthn . Let|B|
be the length of the blockB . For am -blocR #az---a, wWe write By ;) =
aiaiv1---a;, 1 <i < j<n.

Derinmion 2.1.  Let B be am -block. Suppose  satisfies In < n and
(B[l,m] B[l,m] T B[Lm])[l,n] =B,

for some 1< j < m. The smallest suclm is denoted By(B), and the next small-
est suchm that is not a multiple of;(B) is \2(B), and we can define,(B) by the
smallest suchn  which is not a multiple of(B) for everyi < k.

Let A(B) ={A\i(B), \2(B), ...} and if B has no suclm , we writa B( )&

ExavpLE 2.2. Consider the case of binary blocks, in other words, thabsls
are 0 and 1. The number of different binary 4-blocks is 16. Bmmetry we only
have to examine 8 different blocks having ‘O’ as the first spimbVe have

A(0000) ={1}, A(0010) =A (0100) =A (0110) %3},
A(0101) ={2}, A(0001) =A (0011) =A (0111) #.

If we consider the 5-blocks = 00100, we have B ( ){3, 4} and B x5y =
001, Bp1,x,(8) = 0010.
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We classifyn -blocks into the following sets
T() = {|B| =n:M(B) > 2 or A(B) :@},

Lemma 2.3. For a Bernoulli processPr(x; ---x, € R(n)) converges td expo-
nentially asn — oo.

NS DN

R@) = {IB=n: \(B) <

Proof. Letd be the maximal probability of the symbols. Thenifec n we have

Pri € A(xy---x,)) <d"'

and
[n/2] _
- d" [n/2] _ d"
Pr(xl---x”ER(n))S ;d ’—ﬁ,
where [ ] is the greatest integer that does not exaeed . O

Lemma 2.4. Let B be ann -block.
(i) If B = (CB), for somem -blockC, 1 < m < n, thenm € A(B) or m is a
multiple of some\ € A(B).

(it If B = Bpn+1,0Bj1.m for somel < m < n, then there isA € A(B) such that\
dividesn andm .

Proof. (i) is directly derived from the definition ok B( ).
(i) Let m" = ged@n,n) andn  =hm', m = Im’. Put B; = Byi—1w+1im]. Then
Bi---By = Bjs1---ByBy1---B;. So we haveB; =B; ifi = j+1 (modh). Sincel
andh are relatively primeB; ’s are identical for every .
O

Derinimion 2.5. ()  For ann -blockB and > n let F(B, k) be the set of all
k-blocks C such thaBBC of length # does not contdin  except for te H, in
other words,

F(B,k)={C : (BC)ii+n—1) # B for anyi > 1}.

For 1<k < n, let 7(B, k) be the set of alk -blocks.
(ii) Let S(B, k) be the set ok -block€ % > 1, such thatBCB of lengtt +2 does
not containB except for the first and the a8t s, or equivdyent

S(B,k) ={C : (BCB)i,itn—11 # B for anyi, 1<i <k+n}.
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Clearly, we haveS(B, k) C F(B, k).

ExavpLE 2.6. TakeB = 010 and = 3. The 3-blocks ‘001’ is not {010, 3)
but in F(010, 3), since the 6-block ‘010001010" has three ‘010’ bkde.g. 010
001 @L0). Now we have

F(010, 3) ={000, 001 011 110 111
§(010, 3) ={000, 011 110 111

The following shows the relation betweef(B, k) and S(B, k).
Lemma 2.7. For B € 7(n) and k > n we have a pairwise disjoint union

S(Bv k) = f(Bv k) \ U {C S ‘/T(Bv k) : (BC)[k+nf)\+l.k+n] = B[l,)\]}
AEA(B)
=F(B,0)\ |J {CBuxy:CeSB,k-N}
AEA(B)

Proof. Take ak -blockC € F(B, k). If (BCB)[s+n—1) = B for somes , thery >
k+1 and

B = (BCB)[s.sﬂzfl] = (BC)[s.k+n] B[]__S,k,]_].

PutA=k+n—s+1. Then by Lemma 2.4(i\ € A(B) and BC ), s+n) = Bj1,7]. Hence
we have

S(B,k)={C : (BCB)|ji+n—1) ZB for anyi, i <i <k+n}
= {C € F(B,k): (BC)[/(.'.”_A.,.L/(.;.”] 7 B1. ) for any \ € A(B)}

=F(B.0)\ |J {CeF(B.k): (BOrm—r+rim = Bu}-
AEA(B)

Suppose that there exist§ € F(B,k) such thatCp,—x+144] = Bp1,n and
Clitn—a+Lk+] = Bag for some, X' € A(B) with A < X. Then By a) = Bpv—x+1,07]
and

By = (BB aDita = B Bie, v —a1 = Bov -+ B -

By Lemma 2.4(ii) Biiar = Bpoar—x - Buoa—y and this contradicts\’ € A(B).
Hence the set§C € F(B, k) : Ciren—x+1k+1] = Bp1,n1} are disjoint.

For everyC € S(B, k—\) we haveCBy1, 5 € F(B, k) obviously. PutC € F(B, k)
with Cik—xa+14] = B,z If CrL.k—x] ¢ S(B,k — )\), then there is\ with X < n — A
such thatCp xk—x—a1B = (Crr.k=x\B)[Lk+n—r—r7] OF B = (Cle—r—a+1k—2] B)iLn). SO by
Lemma 2.4())\ € A(B) or X is a multiple of \;(B). Since\' < n — X\ < n/2, this



176 D.-H. Kim
contradictsB € 7 (n). Hence we have
{C € F(B, k) : (BO)rsn—r+1km] = Biuaj} ={CBp,x : C € S(B, k— N)}. O
DeriniTion 2.8.  For a givem -blockB , define

pi(B)=Pr(R,(x) =i | x1...x, = B, R,(x) > i),
ri(B) = Pr(x,s1- - Xu4i € F(B,i) | x1---x, = B),
S,‘(B) = Pr()Cn+]_' X+ € S(B, l) | X1 Xp = B)

We haver; B )> s;(B). Putro(B) =1, so(B) = 1.
Proposition 2.9. For Bernoulli processes we have

Pr(R.(x)>i | x1---x, = B) =r;(B),
Pr(R,(x) =i +n | x1---x, = B) = 5;(B) Pr(B).

Proof. Letx;---x, = B. SinceR, & )> i if and only if x1---x;+, = BC for
someC € F(B,i), we have

Pr(R,1(X)>i |X1"')C,1 :B): Pr(xn+l"'xi+n Ef(B,l)) :ri(B)'

And sinceR, &) =i +n if and only ifx;---x;+2, = BCB for someC € S(B, i), we
have

Pr(R,(x)=i +n|x1---x, = B)
= IDr(xn+l C o Xitn € S(B, l)) ! Pr(xi+n+1 s Xi+on = B)
=s;(B) - Pr(B).

Sincerg(B) = so(B) = 1, the equations hold far =0. O
Now we find the recurrence relations betwegnB ( ) apd ( ).
Proposition 2.10. For a Bernoulli process withB € 7 (n), if i > n,

ri(B) = ri_1(B) — si_,(B) Pr(B),
si(B)=ri(B) = Y Pr(Bux)si-A(B).

AEA(B)
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Proof. From Proposition 2.9 we have

ri(B) = Pr(R”(X)> i | X1 Xp = B)
=PrR,(x)>i—21|x1---x, =B)—Pr(R,(x) =i | x1---x, = B)
=ri_1(B) — si_.(B) Pr(B).

By Lemma 2.7 we have

S,‘(B) = Pr(xn+l' Cc X+ € -7:(B’ l))

- Z Pr(xn+1 CcXpri—X € S(B, i — >\)a Xn+i—X+1 " Xp+i = B[l)\])
AEA(B)

=ri(B) — Z si—x(B) Pr(Bp, x))- O

AEA(B)

Lemma 2.11. For a Bernoulli process withB € 7 (n), if i > n,

pi(B): Pr(B) . Z (1—ppr(B[1)\])plf)\(B)

(1= pi-1(B)) - (L = pi—n+1(B)) N ~1(B))---(1 = pi—x(B))’

Proof. From Proposition 2.10 we have foe> n

Fisn—x—1(B) — ri+n—x(B)
Pr(B[)\+1.n])

si(B)=ri(B)— >

AEA(B)

and

ri—1(B) — ri(B) = Pr(B yi_n(B) — Z Pr(Bpya)(ri—x—1(B) — ri—x(B)).

AEA(B)

Sincer; B ) = (1- pi(B))[A — p2(B))--- (1 — p;(B)), we conclude the lemma. ]
RemARk 2.12. (i) From the definition ofA B ) we have fordi < n = |B|
0 if i ¢ A(B),
pi(B) = Hj<f’(f£3_[1~gj(3)). if i € A(B)

and

1 if A(B)=0,
1— B))---(1— p,—1(B)) = i
(1= pu(B))--- (1 = pu-1(B)) {1_ Yaea PrBuyy)  if A(B) #0.
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(i) For B € 7(n) and A € A(B) we have
Pr(8) = Pr@Bx) Pr(Bia.n—x) = Pr(Bin—x)> PrBp—x+1.0),
and
Pr(B) < Pr(Bp.x) < v/Pr(B).

Lemma 2.13. For each Bernoulli process there i¥  such that for every block
B € 7T (n) with n > N we havep;(B) < /Pr(B) for eachi > 1.

Proof. Letd be the maximal probability of the symbols. Choadgeso that
Vdr < 1/n andn*?"/(n—-1) < 1 foralln > N and N > 2. Put); = \(B). If
px;(B) < /Pr(B) for all j < i, then

Pr(Brx1)
(1= px(B) - (1= pxr_.(B))
Pr(Bp+iaa)  Pr(Bpy_i+ini)
1- pa(B) 1—px_.(B)

<m< m) <“WB’( /)
<\/WB)( " 2/”) < /Pr(B).

p)\i(B) =

=Pr(Bp )

i—1

Since

p)\l(B) = Pr(B[l,Al]) < V Pr(B )’

by induction rule we havep,(B) < +/Pr(B) for all A € A(B). and p; B )< +/Pr(B)
for all i < n.
If pi(B) <+/Pr(B) for alli < j, Then from Lemma 2.11 we have

(B Pr(B)
SN N O
var var
< \/Pr(B)W<\/Pr( )W
_ var
= VP < /FT) 0

Lemma 2.14. If we put

—_ dn
T 1—nar
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whered is the maximal probability of the symbols, thenifor n we have
pi(B) < PF(B) + Pr(B bn-

Proof. By Lemma 2.11 and 2.13 we have

2i(B) < Pr(B)
ST (- pica(B) - (1= piaa(B))
< Pr(B) < Pr(B)
A= VPGB~ (- Vary
and
P 1-@1—+ary-?
pi(B) — Pr(B) < Pr(B)( 1y )
(n —1)vdr
< Pr(B) <W> < Pr(B ). O

Lemma 2.15. For sufficiently largen ifB € 7(n) andi > n, then we have
pi(B) > Pr(B)— Pr(B )ay.

Proof. By Lemma 2.11, 2.13 and 2.14 we have

Pr(Bi,x) pi—x(B)
PB) =P =D B A B
n PrB) *a,)y/PTB)
2P T ey

2(1— Var -t
and

(1 +a)nvd"

i(B) — Pr(B) > —Pr(B)————

pi(B) — Pr(B) B vy

+
> - Pr(B)M > — Pr(B ),
for sufficiently largen . O
Lemma 2.16. For any sequenc® <ci <cy < ---, let

F(x1,x2,...) = Z(l —x1)- (L —xi—1)xic
i=1
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be a function ofxy, xp, ... under the conditions of
1) o<x,<1,i=1,2...,

(2) >°;5 x; diverges.

Then F is monotonously decreasing i, xo, . ...

Proof. For a fixedk and > 0, we have

F(xl,...,xk,...)—F(xl,...,xk+5,...)

=(1—x1) - (1 — xx-1)d <—ck + > (=) (1 x,-_l)x,-c,->

i=k+1

>(L—x1) - (1 — x—1)d <—Ck + Crr1 Z (1—xpsn)--- (21— xi—l)xi> .

i=k+1
Since form > k+1,
H AQ-x)=1- Z(l— Xe+1) - - (L — xi—1)xi,
i=k+1 i=k+1
we have
> =) (L=xi) =1 [J@—x).
i=k+1 i=k+1
From the condition (2)
log (H (1—x,-)> =) log(l—x) < = > x = oo,
i=k+1 i=k+1 i=k+1
and
Z (1 — xk+1) s (1 — x,-_l)x,- =1
i=k+1
Hence we have

F(xl,...,xk,...)—F(xl,...,xk+5,...)
> (L—x1) (1= xx—1)0 (—cx + cre1) > 0.

Proof of Theorem 1.2. Since

Pr(Rn ()C) =i | X1...Xp = B) = (1_ Pl(B)) e (1 - Pi—l(B))Pi(B),



BERNOULLI PROCESSES 181

we have from Lemma 2.14, 2.15 and 2.16

E[log R, | x1---x, = B] =) (L— pa(B))--- (L~ pi-1(B))pi(B)logi

i=1
n—1

> (1—pu(B)--- (L - pi-1(B))pi(B) logi
i=1

+(1— pi(B))--- (1= pa-1(B)) Z(l - Pr(B)(1 +O‘n))i7" Pr(B)(1 +a,)logi

i=n
n—1

=Y (1—p1)---(L— pi-1)pilogi + (L—p1)--- (A= pa1)
i=1

(1—Pr(B)(1 +ay))" 1 v(Pr(B)(1 +o,))

n—1

(L= p1)-- (L= pa-1) D (L= Pr(B)(L +,)) " Pr(B)(L +a,) logi
i=1

and

E[logR, | x1---x, = B]
n—1

Sz(l_pl)(l_pzfl)pl |Ogl + (1_p1)(1_pn71)
i=1

(1 — Pr(B)(1— o)L

U(Pr(B )(1_ an))

n—1

—(L=p)-- (= 1) Y (1= Pr(B)(L— an)) " Pr(B)(1 - ) logi,
i=1

wherev is the function in Definition 1.3. Put

n—1

TE(B) = ) (1- paB))--- (1— pia(B))pi(B) logi
=1
— (= pa(B))--- (1= pn-1(B))
n—1
> (1= Pr(B)(1+ a,)) " Pr(B)(1+ a) logi.
i=1

Then for all B € 7(n) we have

(1= pa(B))--- (1= pu—1(B))
(1-Pr(B)(1+a,))
<E[logR, | x1---x, = B]

(1= pa(B))--- (1= pu—1(B))
(1 - Pr(B)(l_ a”))n,—l

v(Pr(B)(1 +ay)) + Z;(B)

v(Pr(8)(1— an)) + X, (B).



182 D.-H. Kim

From Remark 2.12 we have fa&# € 7 (n)

1—> reaw) PrBu.)
(1-Pr@B)y1

<E[logR, | x1---x, = B]

1- Z}\GA(B) Pr(Bry.x)
L—PIB)

v(Pr(B)(1 +a,)) + = (B)

v(Pr(B)(1— an)) + X, (B)

and
1-2 zeaw) PrBu.x)
(1—-Pr(B)y-1
<E[logR, — v(Pr(x1---x,)) | x1---x, = B]
1— > xeam PrBuaay)
(1-Pr@B)y-1

By Lemma 2.17 given below we have

v(Pr(B)(1 +a,)) — v(Pr(B)) + X,(B)

< v(Pr(B)(1— ax)) — v(Pr(B)) +Z, (B).

’1|LmoO E [Iog R,(x)—v(Pr(xp---x,)) | x1---xs € T(n)} =0.

and

lim E [|oan(x) +logP,(x)| x1- - x, € T(n)] = —ﬁ.

By Jensen’s inequality and Kac's lemma, for aBy = we have
E [logR, +logP, | x1---x, = B] <I0gE [R,P, | x1---x, =B] <0
and if we letd be the minimal probability of a symboal,
E [logR, +10gP, | x1---x, = B] > E [log P, | x1---x, = B] > nlogd.

Hence by Lemma 2.3 we have

P _ Y
"ILmOO E [logR, +logP,] = ~3

Lemma 2.17. For sufficiently largen, if B € 7(B), then
|ZE(B)| < (n — 1)Va" log(n — 1) + (n — 1)d" (1 +a,) log(n — 1)

and
1— > xeam PrBuaay)
(1—-PrB)y-1*

pd"(@+an) _logl—a,) logd , ..
(1 _ dn)nfl (1 _ dn)nfl 2 ’

v(Pr(B)(1+ o)) — v(Pr(B))
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wheren(x) = v(x) +log(x) +v/In2.

Proof. By Remark 2.12 for ¥ i < n we have

| ' _ 0 if i ¢ A(B),
(12— pi(B))---(1— pi—1(B))p:i(B) {PI’(B[l_i]) if i € A(B).

Since if B € T(n), Pr(Bj1.n) < vPr(B) for A € A(B), we have

n—1

IZEB) <> (- p1)---(A— pi1)pilogi
=1
n—1

+(L=p2)--- (L= pa-1) ) (1= PrB)(1+ )" Pr(B)(1+ ) logi
i=1

<(n—-1Pr(B)logpp — 1)+ (n — 1) Pr(B)(1 +a,) log(n — 1)
<(n — 1)Vd"log(n — 1) + (n — 1)d" (1 +a,) log(n — 1).

Now consider the blocks of (n). Since PrB1 ) < +/Pr(B), we have

1—> reaw) PrBuy) 1
1-n+/Pr(B)< @_PrB)y L < aA-Pra)y—

The functionn(x) = v(x) + log(x) ++/In2 of x is monotonically increasing with
lim,_on(x) = 0. Hence

1= \eam PrBux)

v(Pr(B)(1+ o)) — v(Pr(B))

@—PrB)y
D
P a) o logl—a)

T (@—Pr(B)yt (1-Pr@B)y-1

1 2l
- ((1_ PrB)y 1 — 1) (Iog Pr(B)+m)
nPr(8)1—a,))  log(l— ay) (n—1)Pr(B)
@—PEY " @-PEY T 1-@-DPE) )
nd*(1—an)) log(l—a,)  n(n—1)"
(1 _ dn)nfl (1 _ dn)nfl 1— (}’l _ 1)dn
n(d"(1- )  log(l—a,)
(]_ _ dll)n—l (1 _ d/z)n—l

logd

< n?d"logd
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and

12 seam PrBux)
(1—-PrB)y-1

> <1 - Z Pr(B[l,)\])> v(Pr(B)(1 +a,)) — v(Pr(B))
A

v(Pr(B)(1+ o)) — v(Pr(B))

= (1 — Z Pr(B[l,,\])> n(Pr(B)(1 +a,)) — n(Pr(B))
A

_ (l - ; Pr(B[l,Al)) log(L + ) + ; Pr(e.) (109 PreB) +15)

> —1(PI(8))— log(1 +a,) + 5v/PI(B) log P )
>—nd") —a, + Io%dnzd”/z.

Hence we have

1—> reaw) PrBu.)

(1—PrB)y 1 v(Pr(B)(1+ ay)) — v(Pr(B))| < A,

where

_ nd" (1 +ay)) _ log(1— a) _ lOgdHZdn/Z'

A, =
' (1 _ dn)n—l (1 _ dn)n—l 2

3. Estimation of entropy

From Theorem 1.2K [lo®, ]+/In2)/n is close to the entropy for sufficiently
largen . If T is the left-shift defined byT(x ;) =i+1, then by the ergodicity we have
(1/M) > gc; <1 l0g R, (T'x) converges toE [log, ] almost surely @8 — oo. Hence
we approximate the entropy by

H(n, M) z% (% 3 IogR,I(T"x)+%> .

0<i<M-1
The conventional formula with no correction term is given by
11 ;
/ — 1

0<i<M—1

In the following we compare the effectiveness Bfn, ¥ ) afidn, M).
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0.9 | | |
H(n, M) —o—
H'(n,M) -+ -
085 | EntI'Opy ]
0.8 - )
o+t
0'75 I +- - =+ ot + + B
o+ T
o+
Lot
0.7 - 4 |
S+
i
0.65 ! | | | | |
4 6 ] 10 19 ” =
n
Fig. 1. Test result for Example 3.1 fa# = 10000.
0.65 | |
H(n, M) ——
H'(n,M) -+ -
" Entropy _
0.55 |
0.5 - ]
+_..+...+...+...+..+
0.45_{_—___+___+_.. |
0.4 ! | | | | |
4 6 ] 10 12 . -

Fig. 2. Test result for Example 3.2 far = 10000.

ExampLE 3.1. Consider the Bernoulli process associated with thd,3/4) prod-
uct measure. Note that =1/4log,(1/4) — 3/410g,(3/4) = 0.811278--. For gener-
ating the typical point of Bernoulli process , we use the mmdnumber generator
employed in Fortran 90. Heréf = 10000 is rather large to detreesthe accuracy
of the theoretical prediction and in practical applicasiom sample of small size will
do. The test result is given in Fig. 1.

ExampLE 3.2. Consider the Bernoulli process associated with th&,(4/8) prod-
uct measure. Note thdt =1/8log,(1/8)—7/8log,(7/8) = 0.543564 - -. We test this
example by the same method as before. The test result is givEig. 2.
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