A CERTAIN KIND OF FORMAL THEORIES

KATUZI ONO

Introduction

A common feature of formal theories is that each theory has its own system
of axioms described in terms of some symbols for its primitive notions together
with logical symbols. Each of these theories is developed by deduction from
its axiom system in a certain logical system which is usually the classical logic
of the first order.

There are many formal theories of mathematics, e.g. the natural number
theory, the Euclidean geometry, the set theory, etc. Naturally, a singie theory
can be formulated in various ways just as we can describe a theory in various
languages. There are, however, many mathematical theories which seem es-
sentially different to each other; for instance, the natural number theory seems
quite different from the Euclidean geometry. On the other hand, these formal
theories are linked together closely by some basic theory, usually the set theory.
The linkage is exhibited in reducing consistency of each theory meta-theoretically
to consistency of the basic theory. We can really confirm meta-theoretically
consistency of the natural number theory as well as the Euclidean geometry by
assuming that the set theory is consistent. In the course of such meta-theoretical

.reasoning, the dominion of the basic theory is enlarged step by step. As a
matter of course, we have been seeking for a consistent basic system as simple
and as dominant as possible, and we have composed our trial systems OZ and
OF along this line. (See Ono [9] and [10].) Anyway, our chief concern has
been the axiom systems of formal theories, not their logic. The logic of the
basic theory has been supposed to remain unchanged.

However, is it really our natural way of free thinking to develop special
theories in a certain basic theory without bringing up logic itself? In the pri-
mitive stage, our logic would concern with real objects only ; while in the develop-
ed stage, our logic must concern with abstract objects in the world of possibility.

Are our logics quite the same for real objects and for abstract objects? Even
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the logical notion existence does not remain the same in examples for real
objects such as “there are books on the table” and in examples for abstract
objects such as ‘‘there are complex numbers”. What we have in our mind in
the latter example would be only that our imagination of complex numbers
leads to no contradictory circumstances at all, while in the former example we
positively assert that books really exist on the table. The logic for abstract
objects must be different from the primitive logic for real objects in some
respect.

As well known, we can formulate the logical system for abstracts objects
as the classical logic of the first order quite independently of primitive logic
for real objects. We believe, however, we had better formulate the primitive
logic for real objects at first and the logic for abstract objects thereafter as a

natural development of the former.

It is our opinion that the primitive logic can be developed to the logic for
a developed formal theory only in connection with the primitive stage of the
formal theory. In our real free thinking, we believe, our logic in the beginning
is something like the positive logic without the notion of negation. OQur real
concern at that stage would be whether our imaginations and speculations lead
to some undesirable circumstances, or metaphorically speaking, to some taboos.

These taboos can be regarded as taboos of a certain theory to be developed.
However, logical denial of a proposition is surely motivated if the proposition
leads to some taboos. It is a standard course of our logical denial activity that
we deny a proposition because it leads to a taboo. From this point of view,
taboos look like bridges between logic and special theories. Having taboos at
hand, we need not start from a very complete logical system such as the pre-
dicate logic of the first order. Possibly, we can start from a simple logical
system even without negation. The positive logic introduced in §3 is a typical
system of such kind. It has only two primitive notions, implication and uni-
versal quantification. The chief concern of the present paper is to study the
general feature of developments of formal theories starting from the primitive
positive logic and the taboo systems of the respective formal theories.

In dealing with logical problems, we have to consider matters standing on
various levels as occasions require. However, even when we discuss logical

problems, we seldom state clearly on which level we are standing. We may
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usually find out the level from contexts, but we may as well establish a con-
vention in employing words to express clearly on which level we are standing.
We dis¢uss the matter in § 1 as preliminaries.

Any logical system can be described in various manners. We have intro-
duced a practical way of describing formal deductions (Ono [11]), and in the
present paper, we would like to describe logical systems mostly along our prac-
tical way. However, any logical system, even such a popular system as the
classical logic of the first order, has not been exactly exhibited in our practical
way. In §3, we describe a system of positive logic along our practical way as
well as along Gentzen's way (Gentzen [2]), and prove equivalence of the
both descriptions. To bring out the mutual relation of the two descriptions as
clearly as possible, our system is slightly modified so as to be able to describe
proofs of sequents. A thorough exposition of the modified system is given in
§2.

The proof of equivalence of descriptions of the positive logic in our prac-
tical way and in the Gentzen manner deserves special attention, because the
proof leads to the conclusion that a system introduced in §4, a development
PLK of the positive logic, is essentially nothing but the ordinary classical
predicate logic of the first order. In §4, a few other systems are introduced,
which are in close connection with the minimal logic (See Johansson [6].) and
the intuitionistic logic (Compare Glivenko [3] and also Kuroda [7]).

In the last §5, we introduce a few examples of taboo systems. Most of
the formal theories defined by axiom systems would be defined also by taboo
systems. We are dreaming that a certain basic theory would be defined by a
really simple taboo system. To formulate taboos in simple forms in the pri-
mitive positive logic is far more difficult to formulate axioms in simple
forms in the ordinary predicate logic, because primitive pcsitive logic allows
smaller vocabulary of logical terms. We believe, however, we can really for-
mulate an object theory equivalent to OF by a taboo system which can be

described as simply as the axiom schemes of OZ or OF.

1. Preliminaries

When we talk on logical problems, we have to do with the same words

such as “assumption”, “implication”, “set”, etc. in different meanings according
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as the level we are standing on as occasions require. 7

Any formal theory has some logical notions such as implication or universal
quantification on the formal-theoretical level. The same words, however, can
also be employed for expressing corresponding notions of higher levels. To avoid
confusion, we might as well establish a convention to underline a word by a
single straight line when we wish to express clearly that the word is employed
standing on the formal-theoretical level. ‘

Logic has mostly to do with propositions of formal theories standing on a
higher level which could be called meta-formal-theoretical level or logical level.
Typical talks standing on the logical level are such talks as “The set of as-
sumptions leads to the conclusion”. This kind of talks is nicely expressed in
the sequent form {9, ..., Us} =B or I'l=BY (We denote by a capital Greek
letter a finite set of propositions including the vacant case.). To express clearly
that a word denotes a notion of the logical level, we underline the word by
double straight lines.

Chief concern of logic is provability, provability of propositions as well as
provability of sequents. In this work, we call our attention rather to the prov-
ability of sequents. However, we call a proposition B provable, when the
sequent ¥ |=% is provable. To deal with provability of a sequent, we have to
stand on a still higher level, which we call meta-logical level. To express clearly
that a word denotes a notion of the meta-logical level, we underline the word
by a single wavy line.

One might occasionally need to use words of so-to-say meta-meta-logical
level. Such a circumstance could be clearly expressed by underlining the words
by double wavy lines.

Now, provability of a sequent depends on logical systems. In any system,
however, tautology and modus ponens could be assumed. These can be naturally

expressed as

(Tautology) U, - .., Un, B}=B or TU{B}|=2.
2) {911, “ e ey QIm} I:(S, (th PR %n. (S-:} l:@
(Cut) W U B B D

) Compare Gentzen [2]. Gentzen denotes this logical relation in the form
A, ..., W>B or I'>B. Wy,..., U or I’ in Gentzen’s formulation are not regarded as
sets, but as sequences.

2) Gentzen's Schnitt. See Gentzen [2].
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or

Ol=C AU{C}=D
OUAED :

Thus far, we have nothing to do with special notions of the formal theoret-
ical level. Concerning these notions, we believe that even the simplest logical
system should have implication or something like a prototype of it. We shall
denote this by DO.

Naturally, implication is closely connected with the implication |=. As it
is a natural way of talking to say “% implies ¥ under the set of assumptions
{€;, ..., C,}" instead of “The set of assumptions {C,, .. ., C,, A} implies ¥”,
so the daily usage of the word “implication” harmonizes well with the following
stipulation: I'|=%D% is called provable if and only if I"'U {A}|=9N is provable.

Usually, our logical system is expected to be a predicate logic. As we have
no device to introduce quantification exclusively by proposition-logical notions,
we wish to have at least one kind of quantifications to begin with. However,
we can hardly define provability of a sequent with respect to quantifications
so as to harmonize very well with the common-sense usages of the words such
as “any”, “all’, “there exist”, etc.

Concerning abstract objects, the meaning of existential quantification looks
far more oblique than the meaning of universal quantification. In fact, we
always wondering whether mathematicians could come to a unanimous agreement

~concerning the real meaning of the simplest statements in mathematics such
as “there are negative numbers” or “there is at least one infinite set”. So, let

us take up another simpler example, the universal quantification.

Universal quantification is expressed here in the form (x)A(x). To be

simple, let us put aside any discussion on the range of a quantification, and let
us take up the exemplar proposition “The natural number x is even or odd”
as NA(x). Then, the common-sense interpretation of (x) A(x) must be “0is even
or odd”, “l is even or odd”, “2 is even or odd”, .. .,ie. %(0), A1), A2), . ...

Now, how do we prove (x)WU(x)? Surely, we do not prove (x)(x) by
really proving 2(0), A(1), A(2),... all. A typical device in mathematics
for enabling such kind of proofs is employment of free variables denoting an
arbitrary object. (Compare Suetuna’s beliebig allgemein and beliebig bestimmt.
See Suetuma [12].). We know that exemplar cases A(0), A(1), A(2), ... are
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all provable, if we know that %(x) is provable for any variable (not for any
object). Althoﬁgh-it is impossible to prove literally all propositions A0, AL,
A(2), ..., but it is still possible to know for a certain kind .of propositions
A(x) that A(x) is provable for any variable x.

Of course, it must be impossible to prove A(x) literally for all variables x
ie to prove literally all the propositions A(x), A(y), A(2), . ... However, if

//////

we can prove A(x) for a variable x of a certain kind (i.e. for such x which

does not occur in A(¢) nor in any assumption of the statement (x) A(x)), we

can see that Alx), AU(y), A(z), ... are all provable.

It is quite uncertain that %(x) is provable for any arbitrary variable x,
even when (0), A(1), A(2), . .. are surely provable, as it has been pointed
out by Gédel (See Godel [4]. See also Nishimura [8].). In formal theories,
however, it is very simple to introduce universal quantification of the form
(x)U(x) in such a manner that the provability of (x)%(x) does not mean pro-
vability of U(t) for all objects t but does mean provability of A(#) for all
variables . In fact, the majority of logical systems make their way along this
line.

In our formal system too, we have to use universal quantification of the

form (x)A(x) in this sense. So, we call I'|=(x)%A(x) provable if and only if

I'|=%(z) is provable for every variable z.

§ 2. Practical way of description

The leading idea of our practical way of describing formal deductions in-
troduced in our former work (Ono [11]) is unchanged. However, our way of
description exhibited here is slightly changed so as to enable easy comparison
with the popular Gentzen system. (See Gentzen [2].)

In any proof, we attach to every statemant a finite sequence of letters called

the index-word® of the statement. We use small Greek letters as variables

for finite sequences of letters (including empty case) and small German letters
as variables for letters. Letters should be supplemented if necessary, and
expressions such as af, at, aiB, etc. should be suitably interpreted.- (More in
detail, see Ono [11].)

3) The term “index-word” is originally introduced by the term “number” in Ono [11].
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We can indicate any statement in a proof by its index-word in such manner
as “the statement (a)”, or “the statement (« ; %)” if we wish to denote further
that (o(-) is the statement %U. Usually, we arrange all the statements of a proof
in the lexicographic order of their index-words. Accordingly, we can duely
call a statement («) standing before another statement (f) in a proof if «
stands before 8 in the lexicographic order. For a fixed a, we call the set of
all the statements of the form (a®) in a proof (including empty ¢) the a-
block (notation: (a)*, or (« ; A)* if we wish to denote further that (a) is ).

If (a)* is not the unit set {(a)}, we call («) a lemma.

By to, 11, t;, ..., we denote the part of alphabetical series of letters be-

ginning with t. For example, P, p1, P2, . .. denote », q, 7, . . . . Similar nota-
tion are employed also for index-words. Namely, ao, a1, az, . . . denote the
index-words ylo, i, 712, . . . assuming that 71 is . By a<p, we denote that

B can be expressed in the forms ard (2=>1). Evidently, (a) stands before (8)
in the proof if a <.

Just as in our real inferences, every statement should be a statement either
of assertion character or of assumption character. Typical examples of state-
ments of assumption character are such statements as “Assume U” or “Take
any x”. The former example is called a temporary assumption and the latter
a temporary denomination.®

We put the index-word of a statement in a proof just before the statement.
The following devices seem very practical.

(1) When («) is a statement of assumption character, the last letter of «
is written in the capital® The statement is written in such a way as “a) (a)”.

(2) When («) is a statement of assertion character, we use only small

letters for denoting «, and the statement is written in such way as

1) The term “temporary denomination” is originally introduced by the term “tem-
porary nomination” in Ono [11]. More popular usage of temporary denomination is such
kind of denominations as “Take any x satisfying %(x)”. This usage can be regarded as
a composition of the temporary denomination “Take any x” and the temporary assump-
tion “Assume U(x)”. Because the purpose of our former work Ono [11] was practical
description, we have adopted in [11] this popular usage as standard. Notice that
we have also another kind of popular usage of temporary denomination of assertion
character such as “Because there is at least one t satisfying (t), take any one of such
objects and denote it by x”. We discuss denomination of this kind in §4.

5) We use also symbols of the form ps for capital y. For example, P, Pi, P, ...
denote P, Q, R, ..., and a,, a,, a,, ... denote 7P, 7Q, rR, ... assuming that « is 7P.
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a) (a)/***.. (if (a) is not a lemma.)
a))  (a)/*xx. (if (a) is a lemma.)

In the place “#*x”, we give the index-words of the logical basis of this
statement. (In practice, we may give the names or the numbers of already
proved theorems which are used in deducing («).)

It is not indispensable to give logical basis for statements of assertion
character, nor to give special marks for index-words of lemmas. However, by
our experience, these additional devices seem adequate for enabling easier
understanding.

For any statement («) in a proof, we call the set of all the statements of
the form (ap) the frame-work of («)*. Evidently, (a)* is formed by (a) and
the blocks of members of its frame-work. Lemmas only have non-empty frame-
works. The set of all the statements (8) of assumption character (except
denominations) satisfying 8 < « is called the assumption of («) as well as of (a)*.

Any logical system should have a rule for letting statements of assertion
character as well as of assumption character come into proofs. The rule should
be so established as to enable us to decide for any statement (a) of a proof
only by checking the assumption and the frame-work of (a)* whether («) could
come rightly into the proof.

§8. A primitive system of logic

Here we introduce a primitive system of positive logic. The positive logic
is supposed to be a system simplest possible under predicate logics. We describe
the system along two lines, i.e. along the Gentzen line (Gentzen [2]) and along
our line (Ono [11]), exhibited in §2. In this paragraph, we prove also equivalence
of the systems described along these two lines.

The positive logic has two primitive notions, implication “>” and universal
quantification “( )”. As for the meaning of these primitive notions, we expect
that A>B would be provable if and only if “% implies 8" is provable and
that (x) A(x) would provable if and only if A(x) is provable for every variable

X.

(3.1) The system LP, a formulation of the positive logic along the Gentzen
line.
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Implication “|=", a notion of logical level, is used for expressing sequents.

Any sequent is called provable if and only if the sequent can be proved

(3.1.1) Tautology If a statement %A is a member of a statement-set 7

(8.1.2) Cut. If I'|'=% and AU{A}|=FB are both provable, then I"U 4|=5

is also provable.

(3.1.3) Imphcatlon rule I'l=A>%B is provable if and only if TU{A}=B

is provable.

(3.1.4) Quantification rule. I’ |=(x)U(x) is provable if and only if

I'|=%(t) is provable for every variable t.

We can prove easily the following theorem.

provable for a varzable 2z which does not occur in I' and A(t).

Taking this theorem into account, the inference rules (3.1.2)-(3.1.4) can be
formulated as follow:

(Cut) T=% AU{A}=9

ruAdl=%
L_U(?I)I=%_ 1) r=UA>%H .
I'=ADN ru{N}|=NR
_T=%G) . : .
1qQ =@ A (z should not occur in I" nor in A(x).)

I'l=Aly)

an

(2Q)

(3.1.6) We now take up another inference rule

=% TI=uA>53
(3D Er

THEOREM The single inference rule (3 1) is equivalent to the pair of inference

rules (Cut) and (21). More precisely, any sequent is provable by tautology,

(Cut), (11), 2D, (1Q), and (2 Q) if and only if the sequent is provable by
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tautology, (11), (31), (1Q), and (2Q).

We regard (11), (31), (1Q), and (2Q) as a system of inference rules
of LP.
(3.1.7) Remark. Conjunction “+” and equivalence “=" can be introduced
in LP, though we rarely assume them in the following. Namely,
o I=Y r=s =A%
C=%ANB rl=%
A= stands for (ADB) - (BDYA).

ri=%-%
ri=%

i)
(3.2)
The denominating quantifier (p!) means “take any variable p”.

If, in a proof satisfying the following conditions (3.2.1)-(3.2.3), (a; ) is

a statement of assertion character and I' is the assumption of («)*, the sequent
I'l=% is called provable in PLP.

The system PLP, the positive logic described along our line.

(3.2.1) Any statement of assumption character should be either a temporary
assumption of the form (af; %) or a temporary denomination of the form
(ap; (p).

member of the assumption of (aB)*.

In the latter case, the variable p should not occur in (a) nor in any

(3.2.2) Any statement (a) of assertion character should come in proof
under one of the following categories:

A | B C. Forms of statements which

Cétegory; Fbrm of
number l (a)
| i

should be in the union of the
assumption and the frame-work
of (a)*

D. Necessary or admissible
statements of assumption
character in the frame-work
of (a)*.

|
|

1 A

11 P Az)

II1 A=Y
IV (W)

B and BN
(x2)A(x)
B

A 2)

None
None
9 (admissible)
(2!) (necessary.)

(3.2.3) Thus far, for introduction of the system PLP. Now, we give some

remarks concerning practical usage of PLP.

General denomination.”’

abbreviated description such as (2,

. , 2n satisfying A(z,, .

To be practical, we might as well introduce the
ooz, ) Uz, .

.y Zn)”.

6) See Ono [11], general nomination. See also §4 of the present paper.

., 2») as a combination of
temporary denominations and a temporary assumption. (2 * - 2. !) U(z, .
is read “Take any set of variables z, ..

. e 2 Zn)
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In practice, statements of the form (x5 « + %) €" can be mostly expressed in

the form (x- « *xn) (U(xo, - . ., %) OB(x, ..., %s)). To prove (% -2,)6C
in such cases, it is a usual procedure to take arbitrary variables zj, .. ., 2, at
first, and assume A(z, ..., z, thereafter. (z;+ -« 2zs!) Az, ...,2,) is an

abbreviated description of this typical procedure. Namely, the standard descrip-

tion

a))  (xo ) (W(xo, .. %) >B(xg, . ..,%1)) /aA, ab.
QA) (20!)

ab))  (xc s x) (W20, 21, - oo, 2) OB(20, X1y . .., %)) JabA, abb.
ab- b)) WUz, ...,20) 0B (20, ... ,24) [ab* - DA, ab- - -bm.
ab- - -bA) Wz, ..., 2Zs).

(ab- - -bm; Blzey .. ,2:))"

is abbreviated as

a)) (% x) Wk, oo X)) DB, ..., X)) ad, am.
al)  (zr - rz2x)) Uze, ..., 20,
(am; Bz, ..., zn))*,

where every statement of the form (ab;¢) is the statement (ab- « - bbi¢) of the

n

original description.

(8.2.4) Rules for conjunction, equivalence, and general denomination. Any

statement of the form (2: * *2,!) (20, ..., 2s) is a statement of assumption
character. If («f) is a statement of this kind, the variables z,, ..., z» should
be mutually different and should not occur in («) nor in any assumptions of
(aB)*. (aPB) can be regarded as a temporary assumption A(zo, ..., 2s) for
any statement (r) satisfying aB<7.

The table in (3.2.2) could be supplemented as follows:

" (%9 x2)€ stands for (xp)---(xn)E.
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e - ~ {
Al B c | D ;
e e - — — T |
CI AB , Yand B | None |
CII | Either % or B k A-B [ None
DI | (xo---2.) (Alxo, ..., %) N(zo, «ooy2n) | (ze---2a!) (necessary) i
DII{ (xo--~x,.)(91(xo,... , Xn) | B(20, o0y 2u) | (z0-+-2z01) W20, ..., 2n)
: >B(x0, ...y Xn)) . is necessary and is regarded

as assumptlon 9((20. ceva2n)

j i

(As for headings, see (3.2.2).)
=B stands for (Y2B) - (BDA).

(3.3) Equivalence.
We show now equivalence of the two systems LP and PLP by proving the

following two theorems.

(3.3.1) THEOREM Any preof of a sequent in LP can be transformed into

a proof of the same sequent in PLP.

Proof. Any proof of a sequent of the form {A, ..., s} |=VB in PLP is

called standard, if it is a proof of the form

LN

A) Y. We express this shortly by
""" A'-A,,-,) {911, “e ey QIn)-
An-1) Un. (n>0)

(@nsm; B)* (m>0)

Now, our theorem can be proved recursively by provmg the followings:

i) Every tautological sequent can be proved by a standard proof

ii) If the assumption sequent or sequents of any inference of the types (11,

(31), (1Q), and (2 Q) are provable by standard proofs then the conclusxon

assuming I” contains »z statements.

A—An) T Ax) B

an+1)) BOB /ans A. an1A) B,

ans) B [An, Gans

Next, (1D : Let A—A,- )T AW - -+ (@n+m; B)* be a standard proof
of 'U{A}=DB in PLP. Then, I'l=ADY can be proved as follows:
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A—-A,) I an)) UDDB /asA, anam. azA) W. ... (anam; B)*
(Index-words a,:r 7 (0<k<m) of the former 91:991’ are transformed into anarry
of the latter.) ‘

Thirdly, (31): Let A— An1) T ... (anrp; BY*. (0<p) and
A=An- ) T. ... (ansg; BDOE)* (0<q) be proofs of I'l=B and I'|=BDE

in PLP, respectively. Then, I'|=€ can be proved in PLP as follows:

A—An—1) I'. ... (an+p; T})*' “ .. (an+p+q; ?BD@)*

anfprqn) 1 /Gn+p, Qnip+q.

(Index-words of the form a,.xy (0<k<gq) of the proof of I'=B>2E are trans-

formed into the index-words an+s+¢r of the proof of I'|=€.)

Fourthly, (1Q): Let A=A ). ... (@nip; (x)AUx))*

follows:
A—‘An—l)r. P (an+p; (x)?I(x))* a,.+p+1)?I(t) /an+p.
Lastly, (2Q): Let A= An-)T. ... (ansp; A(#))* be a proof of I'|=Alt)

in PLP, having no occurrence of ¢ in I" as well as in %A(x). Then, I'|= (%)A(%)

can be proved in PLP as follows:

,,,,,,,,

A —An—l) F.
@) () N(x) [asA, 8nap+:. azA) (t1). ... (anaper; NEN*.

(Index-words of the form as+ry (0<k2<p) in the former proof are transformed

into index-words a@xar+:7 in the latter.)

(3.3.2) THEOREM. Any prqg[ of a sequent in PLP can be transf/ormed into

P A

a prclgf of the same sequent in LP.

a sequent I'|=(a) in PLP, we can give a proof of the same sequent in LP,
assuming that any proof of a sequent in PLP formed by less number of state-
ments can be transformed into a proof of the sequent in LP.

At first, we define the reduced segment of the proof for any statement (¢)

of assertion character. Namely, if ¢ is a single letter index-word p, then the

of the progf for (p). If ¢ is a index-word of the form Ziax, then we delete the
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statement (1) and replace all the index-words of the form 1a"f by A4 in the
foremost segment ending with the block (¢; )* ie. (14; A)*. We continue
the same process again and again until the index-word of the statement A

becomes a single letter index-word p. Then, we obtain a proof in PLP ending

with the block (p; %) which is called the reduced segment of the proof for

(¢; A). Any reduced segment of a vpgggf has less or equal number of state-
ments than the origiﬁal Rx;ggf.

Now we transform the R{ggﬁ of I'l=(a) in PLP into a proof of the same
sequent in LP as follows, accordirg as the category under which («) comes into
the proof in PLP. (As for the category numbers, see (3.2.2).)

Category I. We can find out two statements of the forms (B; ¥D) and
(y; ®B) in the union of the assumption and the frame-work of (a)*. If (B)(or
(r)) is a temporary assumption, then it belongs to I', so I'l=(8) (or I'l=(7))

is provable in LP. If (B) (or (y)) is a statement of assertion character, the

S

reduced segement of the }3,{99? for (B) (or for (r)) is a ?ngf in PLP formed

by less number of statements than the original proof. So, we can prove in

LP a segment of the form I'y|=(B) (or of the form I:|=(r)), where I3 (or I3)
is a subset of I Hence, I'|=(B) and I'|=(y) are both provable in LP anyway.

Therefore, I'l=9 is provable in LP by (3 D).

Category II. (a) is a statement of the form B(z) and we can find out a
statement of the form (B8; (x)B(x)) in the union of the assumption and the
frame-work of («). Either (8) is a temporary assumption, or () is a statement

of assertion character and the reduced segment of the proof for (B) has less

///////////

Catégory L. (a) ié a statement of the form A D (B). Either (8) is a tem-
porary assumptly'ony, or (B) is a statement of assertion character and the reduced

segment of the Pf??f for (B) has less number of statements than the original

,,,,,,

is provable in LP by (11).

Category IV. (a) is a statement of the form (x)%(x). We can find out
two statements of the forms (B8; (z!)) and (y; U(2)) in the frame-work of

(a)* and in the union of the assumption and the frame-work of (a)*, respective-
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ly. Either (y) is a temporary assumption (in this case z does not occur in
A(2)), or (r) is a statement of assertion character and the reduced segment of

the proof for (r) has less number of statements than the original proof. Hence,

z does not occur in the sequent.

(3.3.3) Remark. Cut in PLP. If I'|l=% and AU {%A}|=2 are both provable
in PLP, then I'U 4|=%9 is provable in PLP.

§ 4. Logical developments

In this paragraph, we develop our logical systems starting from the primi-
tive system of positive logic and assuming a system of taboos so as to be able
to introduce the traditional system of logic. The set of taboos is expressed
as

T={---, 0:i&), -+ -},
where &; is assumed to be a sequence of all the free variables (without repeti-
tion) in the taboc O;(§;). For any %; of the same length as &;, including such
7 having some repetition of variables, O;(%;) is regarded as a taboo. It would
be adequate to suppose that some free variables may occur in a taboo as para-
meters (See §5. Example.).

As shown in the preceeding paragraph, LP and PLP can be regarded as
two formulations of the same system of the positive logic. Mostly, we describe
our development along our line of practical description. The classical predicate
logic of the first order described along this line is denoted by PLK. (See Ono
[10] and [11].) However, one can easily see that the same development could
be done by starting from LP and it would lead to Gentzen's LK. (See Gentzen
[2].) This would show that PLK is equivalent to LK.

In the classical logic as well as in the intuitionistic logic, any contradiction
implies any proposition. Is this valid also for taboos? Should every taboo be
assumed to imply everything? It would be a matter of taste to assume this
or not to do so. If we assume this, we obtain a special logical system denoted
by T-PLJ which is closely connected with Gentzen’s LJ i.e. the intuitionistic
logic. (See Gentzen [2].) Z-PLJ is formally defined in (4.2), although we do
not go into details on the subject.

To introduce the logical system PLK, we do not need to go so far as to
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assume that every taboo implies everything. It is sufficient for the purpose to
assume only that - any taboo leads to any other taboos. The system which
assumes this only is denoted by 2-PLM as it looks closely connected with the
minimal logic. (See Johannson [6].) %-PLM is formally introduced in (4.1).

(4.1) The systems T-PLM and the system PLM.

(4.1.1) DeriniTION. Any sequent I'l=9is called@ provable in T-PLM if and

only if a sequent of the form TI'Ud|=U is proziglzle in PLP for some set 4

formed by exclusively propositions of the form
(£i85) (0i(¢)) 2 0j(¢)),”

where &; and & are assumed to be disjoint.

We assume that our taboo system is non-void. @We can fix a specially
designated taboo with a fixed set of parameters, say O.” Then, I'l=% is pro-

vable in T-PLM if and only if a sequent of the form I'U A|=% is provable in

PLP for a set formed by exclusively propositions of the forms (£;)(0;(£) D0)
or (£)(0D0;(&)).

(4.1.2) DeriniTION. = stands for AD0 in T-PLM.

Evidently, the definition of negation can be taken as independent of the
choice of the designated taboo. For, the negation —;% of 2 with respect to
O, is equivalent to the negation —,% of % with respect to O, in T-PLM.

The following sequents are easily provable in £-PLM.

M1) #=-0, (M2) 0Oi&)l=-Y,
(M3) (A, -A=0:i(£), (M4) A==,
(M5) {(===UA==>Y, (M6) (%, =UA=—>B.

(4.1.3) Any taboo system ¥ could be called stronger than or equivalent to
another taboo system Z, if propositions provable in T-PLM are all provable in
I-PLM. Accordingly, we can define “% is stronger than or equivalent to £ by
that sequents of the form @'|=(¢;£;)(0;(¢;) D0j(¢;)) are provable in T-PLM for

% (§:§;) stands for the multiple quantification (%i1--- Xim %51 -+ - *y») assuming that &
and ¢, are sequents %i1, ..., Xim and xj, ..., X» respectively. We assume naturally also
that all x,,'s are mutually different.

9 The designated taboo can be taken also as a notation which has not already occur-
red in the formulation. In this case, O is regarded as a new taboo added to E.
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any taboos O;(¢;) and Oj(£&;) of . If T is also stronger than or equivalent to ¥,
we call them equivalent, otherwise we call ¥ stronger than %.
Just as any axiom system is stronger than or equivalent to its sub-systems,

any taboo system is stronger than or equivalent to its 3@3&9&%&@&?- How-
ever, there is some difference between taboo-systems and axiom-systems in the
following respect.

Starting from any axiom system J we can prove theorems of 3. If we add
some theorems to the axiom system Y as new axioms, we get an axiom system
equivalent to 2. Similarly, referring to any taboo system %, we could have
some contradictions which lead to some taboos. If we add these contradictions
to the taboo system as new taboos, we can not always expect to have a taboo

system equivalent to ¥. (Compare (4.2.3).)

(4.1.4) The system Z-PLM can not be regarded as a purely logical system
because it possibly concerns formal-theoretical statements through taboos. If
the taboo system is a unit set {O} and the only taboo O is just a symbol for
the designated taboo, then we have a purely logical system denoted by O-PLM.
O-PLM is the weakest system under the systems ZT-PLM. Of course, O-PLM
is stronger than PLP.

Any system T-PLM is trivial if a taboo of T is provable in it. The requirement
for a taboo system T that any taboo of T should not be provable in the system
Z-PLM corresponds to the usual requirement for an axiom system that the
axiom system should be consistent. Accordingly, we call any taboo system ¥
consistent if any taboo of ¥ is not provable in T-PLM. If the taboo system T
has only one taboo which is not provable in PLP, then the taboo system is

consistent.

(4.1.5) The system PLM. A logical system called PLM is defined by the
following :

(i) Logical notions of PLM are implication >, negation -, and universal
quantification ().

(i) In PLM, temporary assumptions and temporary denominations should

be stated according to the rule for temporary assumptions and temporary deno-
minations of PLP. (See (3.2.1).)

(iii) In PLM, statement (a) of assertion character should come into proof
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under any one of -the following categories:

LA, B. C. Forms of statements which | D. Necessary or admissible
i Category| Form should be in the union of the statements of assumption
| number | of (a) | assumption and the frame-work | character in the frame-work of
! of (a)* (a)*
| I A B and BoU None
| 11 A(z) (x)A(x) None
| 111 A>B B 9 (admissible)
1v (2)A(x) A(2) (z!) (necessary)
i v —-U % and —%B 9 (admissible)

(Compare (3.2.2). It can be easily seen that PLM is stronger than PLP.)

(4.1.6) TueoremM. PLM and O-PLM are mutually equivalent in the sense

that any sequent expressible in terms of logical notions implication, negation,

and universal quantification only (if we use megation symbol in O-PLM, the

sequent should be expressed without the special symbol O) is j?rovablg in one

system if and only if it is provable in the other.

Proof. At first, any sequent provable in PLM is also

According to (4.1.5), we have only to check the case of the category V after
If the statement (a)
comes into proof under the category V, (a) is a statement of the form

P{S’Y&E’lﬁ in O-PLM.

replacing every statement of the form — % by FDO0.

(a; =), and we can find out in the union of the assumption and the frame-
work of (a)* two statements of the forms (8; B) and (r; —®B). The number of
members of the frame-work of (a)* be n, then we can supplement the original

block (a)* so as to be a right block of a proof in O-PLM as follows:

Original block (in PLM)
«)) -UA /8, 7, Lap]®

(@), ..., («an-1)*

Supplemented block (in O-PLM)
«)) ADO0 /[ala, [ap]

(a)*, ..., (@@s-1)*

aas) O /B, 7.

Next, conversely, any sequent I'|= provable in O-PLM is also provable

-Take also

,,,,,

any fixed symbol D for a proposition. Now, replace all the negative propositidns

10) The notations of the form [¥] denote the both possibilities of occurrence and non-
occurrence of the index-word ¢.
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of the form — in the px;gp/f_ by & 20, and replace again all O’s in the replaced
proof by — (D> D).

Every block of the proof is transformed into a right proof block in the

system PLM. Hence, the sequent I'|l=% is evidently provable in PLM if we

,,,,,,,,,,,,

can prove

{=FH=F>2>(D>D) and {(FO>~(DOD)}|=->F

which are both provable in PLM without difficulty.

Further, we would like to remark here that the sequents

{==(=UAD>B)}=-AD =B,

{==(x) =A@} = () =Ax),
and

{Y>>B}=--AD~>B

are all provable in PLM.

(4.1.8) Remark. We can introduce V, 3, -, A, V of I-PLK or PLK

,,,,,,,,,,

in TPLM or PLM. (Compare (4.3.7).). Namely, ¥x-A(x) by (x)—> —A(x)
(proved to be epuivalent to — - (x)>—>U(x) by (4.1.7)), 3x-A(x) by

(%) =A%), A-B by —->UAD—~-—>B (proved to be equivalent to

to »(>>UAD~>B) by (4.1.7)), and AVB by - UD->—>B (proved to be

equivalent to - - (-2 - =>B) by (4.1.7)).
(4.2) The systems T-PLJ and the system PLJ.

(4.2.1) DeriniTION. Any sequent I'l=% is called provable in I-PLI, if and

only if a sequent of the form I'U 4|=%U is provable in PLP for some set 4 formed
exclusively by propositions of the form (£7) (0:i(&) DB(y)), assuming that all
the variables in the sequence &im are mutually diffierent.

(4.2.2) We can define negation in any T-PLJ system just as in T-PLM.

We can also define the system O-PLJ and the system PLJ just as we have
defined O-PLM and PLM. O-PLJ and PLJ are mutually equivalent in the
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sense of (4.1.6). Clearly, 3-PLJ is stronger than Z-PLM for any taboo system
z.

(4.2.3) If E-PLJ Rf?f?kil,i,tl implies 2-PLJ RE?X?EE@:‘X for every sequent,
then ¥ could be called J-stronger than or J-equivalent to ¥. If, moreover, ¥ is
J-stronger or J-equivalent to &, the two taboo systems ¥ and ¥ are called J-
equivalent to each other. The necessary and sufficient condition for ¥ to be J-
stronger than or J-equivalent to ¥ is that any sequent of the form O;|=% is
R’,‘?YEP,IS in £-PLJ for any taboo O; of Z.

Now, let T be any taboo system and € be a contradiction in Z-PLJ i.e.
{€}|=0; be provable for some taboo O; in T-PLJ. If ¥ is a set of all the taboos

of € and some contradictions of this kind, then  is J-equivalent to €. (Compare
(4.1.3).)

(4.3) The systems T-PLK and the system PLK.

The traditional logic is a logic of the world of possible objects. Objects
are assumed to be existing because their existence can not be denied, statements
are asserted because they can not be denied. In accordance with this circum-
stance, we try to introduce a system, in which all the statements can be regarded
to have double negative character. Logical notions would have to be suitably
modified to keep the inference rule of ¥-PLM. In fact, such a plan can be
realized, and the imagined system is called $-PLK. We express sequents of
T-PLK by the form I'l- U which is interpreted as I' |=— - U in ¥-PLM, where
I’ is the set of statements — —€ for all members € of I Implication and
universal quantification can be suitably modified so as to keep all the inference
rules of T-PLM valid. Modified implication is denoted by the symbol - and

modified universal quantification is denoted by the symbol V. Conjunction,

disjunction, equivalence, and existential quantification can be defined in this system

by implication and universal quantification of PLP along the usual line. Most

Corresponding to O-PLM and PLM, we can define equivalent (in the sense
of (4.1.6)) systems, O-PLK and PLK. To be practical, we really give the
inference rule of PLK later.

(4.3.1) Sequents of T-PLK and PLK are expressed in the form
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(U, ..., U}~ B which means {= =Y, ..., = =Untl=>=B.

(4.3.2) To make I'U{A}|—B and I''-UA->B equivalent, we define Y->B
by - =YD - —>%.

To make I''-VxU(x) equivalent to that I'l~%(z) holds for every variable z,
we define Yx:UA(x) by (x)—> —Ax).

(4.3.3 @g@g{{e Evidently, I'l-% and AU{A}—-B lead to I'UA|-B in
I-PLK.

(4.3.4) THEOREM r''~%A->NBis provable in T-PLK if and only if I'U{UA}-B

I e

is provable Jor every variable z.

N s L

We can prove the theorem by making use of (4.1.2)-(M4), (4.1.4), (4.1.7),

(4.3.1), and (4.3.2).

(4.3.5) TuEOREM. We can not prove any taboo in T-PLK, ie. §|—0; is

not provable tn I-PLK, as long as T is consistent.

Proof If §1~O; is provable, then #|=~~0; ie. § [=(0;20) D0 must be

N e e

(4.3.6) The system PLK. Theoretically, we can define PLK only by re-
placing DO and ( ) of the table in (4.1.5) by — and V respectively and by
adding the following category VI to the table.

AlsB| c ! D

VI % | ®and B | U (admissible) |

(As for the headings, see (4.1.5).) For PLJ (intuitionistic logic), one
should take instead of this category the category VI* which is obtained from
this category by substituting “None” in place of “ —% (admissible)” under the
heading D.) 7

Practically, however, it is far more convenient to introduce a few other
logical notions and supplement the table for these notions. We shall give a
table of such kind in (4.38.7).

QOur present concern is to show that PLK defined here is equivalent to O-
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PLK as far as statements expressible in terms of » and ¥V concern. We
can prove this as follows:

Firstly, the following is easily proved to hold in O-PLK: If two sequents

,,,,,,,,, N

of the forms I'U{=%}—B and I'U{—-A} |~ —B are both provable, then I'|-YA
is also provable. Hence, any sequent provable in PLK is also provable in O-
PLK.

Next, conversely, let (A, ..., s} |~B be a sequent EEPXEPVISL in O-PLK.
Then, the sequent {= =¥, ..., > >A¥}= > >B* is provable in O-PLM,
where §* denotes the formula obtained from §§ by expressing — and V in
terms of D and ( ) according to the definition (4.3.2). Now, let us denote
by §** the formula obtained by replacing all the symbols O and ( ) occurring

in §* by ~ and V, respectively. Then, we can prove easily that the sequents,

PSSO

{7—7Q[l**! ..y _7791:*)]—'7—758**' (911>I—7752I1** ("=11 29 .« .. 1”)7
{=—>%*}|-B are all provable in PLK. (By (4.3.2) and (4.3.6).) This shows
that the sequent {¥y, ..., Ant|~B is provable in PLK.

(4.3.7) Other logical notions. In any R-PLK system as well as in PLK,

we can introduce logical notions such as disjunction V, conjunction A,

equivalence =, and existential quantification 3 by defining them as usual in

terms of », —, and V. (Compare (4.1.8).) Concerning equivalence, we should
only remark that {G;, ..., €, U}|-A* is provable assuming that €; is a
statement of the form WZ;(F:(&:) =€;(&)) and A* denotes a statement obtained
from U by replacing some of sub-formulas of the forms €;(&;) by Fi(&:).

Existential quantification can be defined as usual (i.e. 3xA(x) stands for

—-Vxe~>%(x).) However, in PLK, we can introduce temporary denominations
of the form 3z! A(z) of assertion character, which means “There is an object
t satisfying U(¢#), so take any one of such object ¢ and call it z” Inference

rules for the existential quantification and the existential denominating quanti-

fication are given in the following table together with the rules for conjunction

and disjunction. The variable z which is introduced by an existential denomi-

nating quantification (a; 3z! A(z)) should not occur in () nor in the as-

sumption of (a). Further, (a; 3z! A(z)) should be treated as the statement %(z)

with the free variable z in references of statements standing after (a).
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! A. B. C. Forms of statements which | D. Necessary or admissible
! Category| Forms | should be in the union of statements of assumption j
' number | of (a) | assumption and the frame-work | character in the frame-work of |
i . of (a) (@) :
| 1 A % and B->NA i None
! 11 NA(z) VxA(x) ‘ None
| 11 A->B B A (admissible)
v Cvx A(x)| A(z) vz! (necessary)
\4 =9 B and —~B A (admissible)
i vi ¥ B and —B . —9 (admissible)
VII | AAS 9 and B i None
viII | U Either AAB or BAU i None
IX CAVB Etiher A or B ) None
X - BVE, B—->A and C->A None
XI | 3xeA(x) W2) ' None
XII | 32!1U(z)| FxAU(x) £ None

(One should take the category VI* instead of VI for PLJ. One should
delete VI for PLM (minimal logic).)

The categories VII-XII are not necessary if we define A, V, and 3 in
terms of -, —, and V. Further, we can prove conversely that the definitions

As it seems that no further illustration on the matter is necessary for the
definitions of A and V, or the categories VII-X, we will prove only that the

definition of 3 is equivalent to the categories XI and XII.

At first, we prove that the categories XI and XII leads to equivalence of
Ax-A(x) and —Vx - A(x) :

Proof of Jx-W(x) |~ >Vx -A(x) /A, c.

A)  FxAUlx). b) 32! A(z) /A.

c)) —>Vx—~>UAUx) /b, cb. cA) Vx >Ax), cb) —=AR) /cA.
Proof of —>Vx+—=%A(x) |- AxA(x) /A, b. A) Vx> AXx).

b)) 3x-A(x) /bA, A, bb. bA) = 3xA(x)

bb)) Vx> U(x) /bbA, bbb. bbA) Vz!.

bbb)) —>%(z) /bbbb, bA. bbbA) A(z). bbbb) 3x-A(x) /bbbA.

Accordingly, any sequence provable by the definition of the existential

quantifier can be proved by the categories XI and XII. Next, conversely,

1) We can introduce general existential denomination of the form 3x..- 2! %A(x, ..., 2)
ina natural way. (See (3.2.3).). We can further introduce more general mixed denominations

of the form Qux1 -+ - Quxu! A(x1, ..., x4), where Q; is either of v or 3. (See Ono [11], general
nomination.).
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we will show that any sequent provable by the categories XI and XII are also

ment of the form Jx+A(x), and there is a statement of the form (B; A(z)) in
the union of the assumption and the frame-work of («; 3x-A(x))*. We trans-

on the definition of existential quantifier:

| Transformed block
a)) 3z Ax) /p. i a)) 3z A(x) ie. =V >Ax) /ahn adqy, B.

o o 0y (aan—l)*.

Original block

’i . dan—l)*.
(n=>0. a)) should be aln) Vxr—-UAx)
replaced by a) if n =0) aan+1) —U(2) [aAan.

Now we discuss the case where (a) comes into a R’Pﬂ{ by the category
XII. If («) is a lemma and the frame-work of (a)* has s#-members, then
replace the index-word a by as, all the index-words of the form aai¢ by ai¢
(i=0, ...,n—1), and all the index-words of the form ar® by arin¢ (E=>1).

The replaced ?rogf is easily seen to be a right proof. For non-lemma (a), we

can take z# as 0. In the replaced PL@?’ (an) is a statement of the form
“a) 3z! F(2)/r” where (r) is a statement standing before («). In the replaced
P,’:‘?f),ff we express the index-word « in the form Am, and we transform
the block (B)* so as to be a right block of ;3592{ based on the definition of
the existential quantifier by — and V. If 8 isa vacant sequence, (8)* denotes

the whole prqpf and (B) denotes the conclusion of the sequent proved by the

vvvvvvv P

In this case, the block (B)* of the form
B))  —U(or A) /[*, **, [*xx]. gm) 32! F(2) [r. - .-
is transformed into

B) =% (or A) /7, Bm, [*xx],
pm)) Vx—>F(x) /BmA, fmb. pmA) V2!
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Bmb))  —=F(z) /BmbA, *, *x*. BmbA)  F(z).

All the statements of the form (8m;¢), if there are any, should be placed
after (Bmb) by changing their index-words to fmba;,¢ (i=1).

Next, if () comes into proof (i) by the category III, (ii) by the
category IV, (iii) by the categories other than III-VI, then (B)* is a
block of the form

i) B UA->B [x, [x+]. - -- gm) 32! F(2) [r. - -
(i) B)) Vx U /BH, *. - - BH) Yt - --

gm) 32! F(2) /r.
(i) B A [x, eeel ee gm) 32! F(2) [r. -

respectively. We can transform these into

i) B8 A-B L=+, Bmy. - - - (Bm; —Vx—F(x)->B)*
Bm) B [r, fm.

(i) B)) VA /B9, Bmy. - - - BD) Vit
(Bm; —Vxe—F(2)->F@)N*% gmy) AW /v, fm.

(i) ) A /r, pm. - - (Bm; —~Yx —F(x)-» W%,

respectively. All the blocks (Bm)* of these pvt;oNois are blocks of the form

(Bm; = Vx—F(x) >C€)* so we can show the construction of these blocks
simultaneously as follows :

pm))  —=Vx—F(x)->C /BmA, Bmb. BmA) —=Vx—F(x).
Bmb)) € /BmA, fmbA, Smbb. BmbA) —G.

Bmbb)) Yx-—F(x) /BmbbA, gmbbb. BmbbA)  Vaz!
Bmbbb)) —F(z) /*, fmbbbA. BmbbbA)  F(2).

......

The statements after (fmbbbA) in this block are the statements after (gm)
in the block (Sm)* of the original qupvf obtained by changing every index-

words of the form Am;¢ to the index-words fmbbba;¢. The transformed blocks
remain as right blocks as far as the original blocks (8)* are right blocks.

(4.3.8) E‘i’f‘.’ﬁ?' Instead of starting from Z-PLM, we could also start

perfectly similar to I-PLK. Concerning —, A, V, -, V, 3, these two systems
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do not show any difference. We have prefered 3-PLM to -PLJ for our starting
system, because we have wished to start from a system having as weak assump-
tion as possible. (See (5.2). Compare Kuroda [7].)

(5) ExaAMPLES

Many formal theories are developable starting from PLP and a taboo system.
In fact, as is shown in (5.1), any mathematical theory might be developable
along this line, if we can find out a taboo expressible in terms of D and ( )
only in the system. However, in the real course of our thinking, this might
be stupid if the theory becomes complicated by doing so. Especially, we would
like to expect a simple expression of the disignated taboo. Peano’s axiom system
of natural numbers looks like a nice example of a theory having a simple desig-
nated taboo. (See (5.2).)

(5.1) Trivial taboo systems of theories defined by axiom system.

Let X be a usual formal theory defined by an axiom-system {-:- -, %;,
-+ +} in the classical predicate logic of the first order with logical symbols
A, V, », V¥, 3, and let O be a special proposition symbol which does not
occur in any axiom. Then, we can trivally interpret the axioms in terms of
D, (), and O by the rules given in (4.1.8). (Take —% as standing for F 2 0.)
Let the formula obtained from 9; by this interpretation be denoted by %, then
the set § of formulas U DO can be regarded as a taboo system of J.

Now, let & be a system of taboos which can be expressed in terms of
A, V, -, V¥, 3 only, and ¥ be a system of formulas expressible in terms of
D, () (if one wish, the symbol introduced in (3.1.7) could be added) obtained
from members of € by replacing V, A, -, ¥V, 3 partly by the rule given in
(4.1.8) and partly O in place of - and ( ) in place of V (if one wish, partly
- in place of A). Then, any proposition provable in Z-PLK is also Rl:gxa}p}g
in £-PLK (every taboo in ¥ be regarded as a formula expressed in terms of
> and () by the rules given in (4.1.8).). For, if all the symbols D and ( )
in taboos of ¥ are replaced again by - and V respectively, then we would

have a new taboo system ¥* which is easily proved to be weaker than .

(5.2) Taboo system of natural numbers.
Peano’s axiom system can be formulated in PLK as follows: (We disregard

here theories of recursive functions because our purpose is only to show a
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simple example of taboo systems.)

Pl O=xx

P2 x=x

P3. x=y-(Ax)->Ay)),

Pa x=p'->x=y,

P5. (2)(Ax)->Ax")) - (AO) > A(2)),

where O, !, and = are taken as primitive notions. As the taboo system of the
primitive theory of this system, we can take

PT1 x=x20=0

PT2. (x'=y'Dx=y)D20=0'

PT3 (x=y2Ax)>2AY»))D20=0

PT4. ((x)(QAx) DA D(A0) DAR))) DO =2

It is easy to show that O =0’ can be regarded as the designated taboo of
the system. (See (4.1.3).)

It should be noticed that these axioms are simply expressed in terms of >
and ( ).

(5.3) On taboos of set theories.

In most sét theories, any statement of the form x< x can be taken as a
taboo. This is valid even in the theories of sets and classes, e.g. Bernays-
Godel set theory (Bernays [1], Goédel [5].). Regarding x € x as the only taboo
. scheme, p = ¢ might be as well interpreted to mean “p is distinct from ¢q”.

This taboo system could be much strengthened by taking up all the formulas
of the form

(P)((st) (settep: Dsep)excp: DxEX)
as taboos, which practically implies existence of an infinite ascending series

@HE W Ea < - -+ without any cycle (ie. 1< impiies —aj € a;). Here, formulas
of the form A-B: DOE stands for YD (BDE).
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