ON SOME ASYMPTOTIC PROPERTIES OF
POISSON PROCESS

TAKEYUKI HIDA

The Poisson process X(¢, »),” (0v€8Q, 0£t< o), as is well-known, is a
temporally and spatially homogeneous Markoff process satisfying

(1) X(0, v) =0 and X(¢, ) = integer 20 for every 0 E 2,
o AR ,

(2 PrX(t, 0) = X(, w)%m:z,&(é{_'!,’,?,,e—xw-t) for ¢>#,
ik :

where % is a non-negative integer and 1 is a positive constant. In this note
we consider the random variable Ln(w) which denotes the length of ¢-interval
such that X(¢, w)=m (m=0,1, 2,...) and some of other properties concern-
ing them.

§ 1. The known results on L;,.
Definition. We define Ly(w), the function of m and v, as follows,

Lm(u)) = tm+1(w) - tm( w),
where
tm(w) = Min {t; X(z, w)=m}.
This ta(w) exists almost certainly by the right continuity property of Poisson
process, and furthermore it is clear that tm(w) is measurable. Thus Lu(w) be-
comes a non-negative random variable.

THeorem 1. Lo, Li, ... ,Lm, ... are mutually independent random vari-
ables with a common distribution function F(l),
where
(1-e™ if 120
F() = ’
3) l 0 otherwise.
Furthermore
2)
(4) E(Ln) =
2) 1
(5) V(Lm) = li m=0, 1,2, oo

This theorem was already suggested by P. Levy [2]® and a rigorous proof was
Received March 19, 1953.
1) 4 denotes the probability parameter.

2 E(...) and V(. ..) denote the mean and the variance respectively.
3) Numbers in brackets refer to the bibliography at the end of this note.
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given by T. Nishida [1]. From this theorem we can easily conclude the follow-
ing corollaries.

CoRrOLLARY 1. The characteristic function ¢r(2) of Lm, and therefore that

. e’
of F, ts 1=
COROLLARY 2. The probability Ln>1(21y) under the assumption L, =1 is

M= and its conditional expectation is —}T-Q-Io.

§2. The definitions and the behaviours of M, and m,
Definition. Let M, be defined by

My(w) = max {Low), Li(w), . .. ,La_i(w)}.

€

M,(w) is monotone non-decreasing with respect to »n for every w. The
probability law of M,(w) is easily obtained as follows:
(6) Pr{iM,<x; (=Pr{M,<x})
=Pr{lo<x, Li<x, ... ,Li1<x}
=PrHLo<xtPril,<x}...Pr{L,..<x}
(as L, is mutually independent)
=(1-e )"

THEOREM 2. E(M,) = O(log n).
Proof. We have

E(M,) = n&S:xe'“(l —e ™)y

-1 "5 log (1—e72)e ™dy
A7

S O G N
- A [1] A e
where ¢ is arbitrary small such that 1 —e >~y when 0 £y <. The second term
is o(log ») when n— <, and
€ ne
- ng log ye ™dy = log nS (1 - m)e"dz
0 0

log n
= O(log n).
Hence we can conclude E(Mx) = O(log »).

THEOREM 3. AM,/ log n converges in law to the random variable Y which
takes the value 1 with probability 1.

Proof. We have

4!1 it x>1

(7) PridMa/ log n<x}=(1-1/n)">3 o Do o
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as »n tends to o.
More precisely we may prove

THEOREM 4. If 0<a <1, then

(8) Pr{lim inf AM,/a logn=1}=1.

n>x

In order to prove the theorem above we need the following lemma.
LEMMA. The series
"éﬂ( 1-1/%%)"
is convergent when 0<a <1.

Proof of the Lemma. 1t is sufficient to prove #» 'v.—0 (#n—> ), where

Un=(1-1/n)", vn,=1/7".
Let
f(x) =x(1-1/x%)"
Then
log f(x)=2log x + x log (1 —1/x%)
_ (2logx)/x+ log(1—-1/x%)
- 1/x
S 2((A—logx)/2") + ax® /(1= %"%)
—1/x*
=2(logx—1)—ax™*"' =1
_(2(logx-1)_ ) x
T\ x/(x*-1) x-1"

(x> )

Here
logx—1 x

7;7(};j:jj-—*0, — 3> 0, (x'* °°)

2 x*—1

Hence log f(x) > —~ and therefore f(x) >0 when x— . Thus #s/v»—0 when
n-> o,

Proof of Theorem 4. We have, by (6) and by the Lemma above,

£

ZPr{Mn<—;—log n} = 2(1 - —;:;) < .

n=1 n=1
Therefore, by the Borel-Cantelli’s Lemma,
Pr{lim inf E5} =1,
n->x

where
E,= {w ;s My(ow) < —(;— log n}

On the other hand
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(9) lim inf Ef.%{w; lim inf M,,(w)/--‘;’{— log n%l}.

n >0 n->»>

This shows that (8) is valid.
Definition. Let ma(w) be defined by
mn(a)) = Min (Lo(u)), L1(0)), .« o ,Ln_l(u))).

mn(w) is monotone non-increasing with respect to »n for every .
The law of m, is calculated in the same way as Mpn:

(10) Prim.,>x} (=Prim.>x})
=Pr{Ly>%, Li>%,...,La1> %}
= (e—}.x)n = e—lnx’

and hence
Prim,<x})=1-e ",

Turorem 5. If 3>1, then
(11) Pr{lim sup imn/5n 'logn=1}=0.

n->»o

Proof. We have
PrinBlog nlin) =1/ and <.
n=1

Thus, by the Borel-Cantelli’s Lemma,
Pr{lim sup Fn} =0,

n->»>o

where
Fun={w; miw)=plog n/in}.
On the other hand

lim sup Fr2{w; limsup A m.(w)/BN""log nx1}.

n-»x n->»»

Thus we obtain (11).

§ 3. Asymptoric properties of Z,
Let Z,(w) be defined by
Zn(w) = (Li(w) + Li(0) + . . . + La_1(0))/ Ma(w).
Remembering
Pr{Ly=M,}=Pr{Li=Mn}=...=Pr{Li_i=Mn}=1/n"
we see that Z, has the first and the second (absolute) moments:
(12) E(Z,) = S“dxl'" (S‘;rjl.p]jx‘_"l.f" ot oo+ Xn
0 0 X1

0

X

XAt Me™™M | e Mndy, . . .dxn).

1) See e.g. D. A. Darling [3].
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&n—1 ple>

(13) Bz ={ axen(f] .. So(ili’i+xl REEQ

XA MM o™ Mngy, | .dx,.).
The characteristic function ¢,,(z) of Z, satisfies

(14) ©2.(2) = E(e®(Lo+ Li+ . . . + Lu_1)/ My)

€n~1 ple>

" © x1 X1 iz Yi+ Yo+ ... +Xn
=mlS dx,(g S e En X
0

0 0

Xe-)\(x,+x2+ e +x,,)dx2 .. dx”)

n-1

© a X1, x
=mI"S e’ "‘dxl(s ezt '”‘dx)
0 0

(as Ly, L., ...,Ln are mutually independent)

® i L eiz—Axx —1\*!
n 12— A%y 7N~
= 3 X (~——~~> dx
7 S‘o 1 12— Axl t
iz—) -1
= nl"e"zre'“x"'l(iumf: L )” dx.
0 12— 2% :

1 dgs,(2) _

1 dz -
n iz(® —x _n-1 eiz—Ax_l \#72
+n(n—-1)1" Soe x (,_M__‘,,__) x

(15) ni”eizg:e"“x”_’ ( Ciilihes )de

z2—-1x

iz—Ax
(fz —ax)e* M e ™41
(1z—1x%)? ax.

- n iz(® j-ax_n-1 .eiz_)‘x—l -2
+2”(n 1)A% Soe x (W)

o i2-Ax __ iz=)\x
« iz = dx)e 41 L

(12— Ax)?

n iz % mrx n-rf €5 =1\
+n(n—-1)(n—2)/1e50e x ( prpy Ty )

. iZ=Ax _ iz=2x 2
y {(iz—1x)e e +1} dx

\iz—Ax)t
izZ=\x n-2
niz(® oz maf € T —1
+n(n-1)A" Soe x (m'z‘z—,ix )
(12 — 22)%" 7 = 2{(iz — Ax)e™* ™ — 772 1 1) dx
(12— 4x)3 °

The differentiations in (15) and (16) are possible since Z, has the first and the
second moments.

THEOREM 6. Z, has the first and second absolute moments. And if n is
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sufficiently large, the mean and the standard deviation of Z, are both of order
n! log n.

Proof. The first half of the theorem is proved above. Thus

des,(2) _oanl —kx a1 _‘j_‘.l_
(17) E(Zn)_7_( dz )z=o~ na Soe x ( — A% ) dx
—Ax \n-2 -Ax —nx
e e n-if 1—e — ixe —e€ +1,
+n(n—1)2 So e Mx ( % ) e ax

=¢;,(0) — n(n— 1)]\‘0 e 2M(] — M) 2y

+ a(n— 1)3 271 — 7 M) .
¢

Here
(Fln(o) =1,

nin—1 )xg:e'g”(l —e )" 2y
=nln- 1)&5:43'“(1 — e ) — n(n ~ 1)AS:e'“‘(1 B a1

=nln =450~ ) =1

The last term of (19), I, =j nln—=1)x"e (1~ e )" dx, is of order n/log n.
0

It is proved as follows. We have
_{=ala—=1e YN Sm e ™
L= )0 "“'““"*'x-—-—_ (1-—e ) dx = n(n - 1) 0 :ng‘(f:é;y)‘ dy
Let @ be sufficiently small such that e f~1—t when 0<t<a, and let K be
sufficiently large such that log(1—e ‘) ~e¢™* when £> K. Then

I . a K 3
(18) s =, .+,
a e—nt ~2 e-nt
§, togamey @~ gt

1 rha

\ e
“nlognt, l-logy/logn ly (nt=y)

1 = e
<% log n go I-logy/logn dy = 0(7"l?ig n )’
since

lim({~___¢€ —\ lim ? -y
nw\ 1- ogy/logndy_.‘o n-> —-logv/logndy S dy =1

»

On the other hand, we have
~na -y na -y
L e PR S Y -
nlognJ, 1-logy/logn nlognJ, 1-logy/logn

dy
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1 e 1
= nlogn S; erdy=r logn

(et —e ),
Hence
a e—nt )
Sot@*ﬁ:‘e—;f)—dt = O(l/ n log n),
x e‘"‘t -na -nK -n
Xa _—lag—a_e‘_[)dt =Cle — e )=o(e ),
where 0<1, — log{l—-¢™*)=C=<1/ - log(l—e¥)< oo,

Therefore
-nt

SKTlae(l——eTT)—dt ~ SZe“"”“’dt =o(e™),
and thus
I, = O(n/log n).
This proves
E(Z,) = O(n/logn).

Similarly we have

E(Zy = <_}§>2< dz%;gﬁ>z=o

- x \ n-2 -Ax -Ax
e i — 1) 2 prnmy( 1—e T Tl - — Axe
= g0 +2ntn— DR e (A ) AR dx
5 A2 axoaerf 1= N (= dxe =M 4 1)
+nn—=1)n-2)1 Soe x ( e ) T dx

=0(n'log n) + mn=1 ).( n-2) Sm € (1-e ™) (1 —e ™ — jxe™*)dx
A 9 X°
~ P = D) {7 o) g ) 2 - 2(1 ~ e = dpe™™) Yax

A 0

=O0(n/logn) +nln—1)(n- 2)1308—3 M(] e ) "y
—-2nln—-1)(n- Q)S:x—ze—m(l My gy

+ ﬂ(£<ﬁ£n~2) S x‘ge‘ix(l_e—}\x)n-ldx
4 0

bt - - - {‘” - -3 - -
—n\-n—l)/lgoe B — ™M) ‘dx—2n(n—1)50x 17%(1 — ™M) 2gx

2n(n—-1) S“’x
4 0

+ oM (1— e M) .

Since

wn—1)(n— 2)150 ¢V - e ) gy = 2,

w(n— l)AS P — eV gy = 1,

0
we obtain
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E(Z%) = O(n/log n) +2 n(n— 1)2—}5:{28'“(1 —e )" gy

-2n(n-— 1)ZS:x'le_“’(1 — e )" 20y,

Thus we have
(19) W(Zy) = E(Z%) — (E(Z,))?

- 2 reo
=O0(n/log n) + 2n(n 1_1)_50 2% (1 - ™) ax

—2n(n- 1)2S:x"e‘m( 1—e )" dx
—{n(n- I)S:x"e'“(l —e )" dx + o(n/log n) )
2 O(n/logn) + —"i(ﬂi——l)-z—s:x"’e'“( 1—e™™)" 'dx
-2n(n-1 )"'S:x"’e‘w(l —e M) dy,
since, by the Schwarz’s inequality,
{S:x"e'”(l - e‘“‘)””‘dx}2 = S:x'ze'“(l - e'”’)""a’xS:e'“‘(l —e )" ldy

L (% -2 axgq _ —axym-1
_nsoxe (1—-e ") dx.

A
Similarly as in the proof of (18), we obtain
" 2 po ,—AX
(20) nin 7 D So exz (1 =& )" 'dx = O(*/ (log n)*).
There exists a large number M such that
e *M axyn-z_ € -Aryn-1
(21) ——--;—-»—(1 —e ) <—-}§—(1 —e™™)

whenever x> M. This fact implies that J, =2n(n— 1)250 2P (1 - e7M) " %dx

is, when n— o, negligible in the formula (19).
Therefore E(Z%) and V(Z,) are of order n°/(logn)’.
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