SOME THECREMS ON OPEN RIEMANN
SURFACES
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1
Let F be an open Riemann surface spread over the z-plane. We say that
F is of positive or null boundary, according as there exists a Green’s function
on F or not. Let «#(z) be a harmonic function on F' and

o ={[ ((2) + (@) o o=

be its Dirichlet integral. As R. Nevanlinna® proved, if F is of null boundary,
there exists no one-valued non-constant harmonic function on F, whose Dirichlet
integral is finite, This Nevanlinna’s theorem was proved very simply by Kuro-
da.? By this mehod, we will prove

THEOREM 1. Let F be an open Riemann surface with null boundary and 4
be a non-compact domain on F, whose houndary A consists of (compact or non-
compact) analytic curves. Let u(z) be a one-valued harmonic function in 4,
such that u(2)=0 on A and its Dirichlel integral in 4

D ={{((32) +(55) )asar
is finite. Then u(z)=0.

This theorern was proved by R. Nevanlinna® under the condition that x(z)
is harmonic outside a compact domain F, and its Dirichlet integral in F—F, is
finite,
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Proof. We choose a schlicht disc F, in 4, whose boundary is I'h. We ap-
poximate F by a sequence of compact Riemann surfaces Fn, FnC Fny (n=0,
1,2,...), Fy~>F, whose boundary Iy+I» consists of a finite number of analytic
Jordan curves.

Let
1) wn(2) =w(2, I'n, Fn—Fy)
be the harmonic measure of I', with respect to F,—F,, such that w,(z) is har-
monic in Fy—F, and wx(2)=0 on Iy, wa(z)=1 on I

Let wx(2) be its conjugate harmonic function, then

D(w) =SSF,.-F.,< (222)"+( %‘;f)g)dxdy ={ _ondin= r"da,,=froda,,.

As Nevanlinna® proved, D(w,)—0 as #n-> o, so that

(2) ”":D_%Z,,—)"“ as 7o,
We put
3) Un(2) = pnwn(2),  a(2) =pn0n(2),

then #,(2)=0 on I, #,(2)=p, on I', and v,(2) is its conjugate harmonic
function, such that

(4) Sr dvn(z) =2r.

Let Dy (0=4=u,) be the domain, such that 0= wu,(2z)<24 and 4, be the
common part of 4 and D,+F,. Let I\ be the niveau curve #,(2) =4 and I'n(4)
be its part contained in 4.

To prove u#(z)=0, we assume that #(z)=*0 and let v(z) be its conjugate
harmonic function.

Since #(2) =0 on 4,

& pw={{, () +EG) =, uZyas={ uZidon.

where » is the inner normal and ds is the arc element on I'.
From

6) D(1) =S: dzgm)( (%)2+(%)2)dvn+ const.,

we have
2 2
o=\ ((5a) +(5) Jdon

so that from (5),

4 R. Nevanlinna. l.c. ¥ (a).
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D) égmm v Smm (au,,) dvn < D'(x)g wdvn.

We put
) m@)={ v,
Taa)
then
(8) D*(2) £m(A) D' ().
Since #=0 on A,
(9) m’(3) = 2S %dv,,=2D(1)>o,
FMA) Un
(10) m”(X)=2 D).

Since by (9), m’(2) (>0) is an increasing function of A, m(2) is an increasing
convex function of A.
Since m’(4)>0, we have from (8), (9), (10),

m (i) _q _"u)
m() = m' )"

Hence integrating, we have

m(0) _  m(0)

m) Sklm' DT, k= 06y =T(D(0))’

so that from (8), (9),

D22 2 =
W = =4kD¥(2), or dA=4kdDQA).

Hence integrating on [0, #»], we have

tn = 4k(D(un)—D(0)) =4ED(un).
Since by the hypothesis, D(u») is bounded and p,— o as #n~— oo, this is absurd.
Hence #(z)=0. q.ed.

TaeoREM 2. Let F be an open Riemann surface with null boundary and
4 be a non-compact domain on F, whose boundary I consists of (compact or
non-compact) analytic curves. Let u(z) be a one-valued harmonic function in 4,
whose Dirichlet integral in 4 is finite. If u(z) is bounded on T, then u(z) is
bounded in 4, such that
ms=u(z)=M in 4,
where

m= i{}f u(z), M= sup u(z).»

" ¢. f. R. Nevanlinna. Lc. V) (a).
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Proof. Suppose that there exists a point 2z, in 4, such that u(z)>M., We
choose K, such that #(z0) >K>M and let 4(K) be the sub-domain of 4, such
that #(z) =K and 4 be its boundary. Then #(z)=K on 4, so that 4 has no
common points with I", hence 4(K) is non-compact. Since #(2)=K on A and
its Dirichlet integral in 4(K) is finite, we have by Theorem 1, #(z)=K, which
is absurd, since #(z;)>K. Hence u(z)=M in 4. Similarly #(z)=m in 4. q.e.d.

We will prove

TueoreM 3. Let F be an open Riemann surface and z=0 be contained in
F. We approximate F by a sequence of compact Riemann surfaces F,, FnC Fp.,,
(n=0,1,2....), Fn> F, whose boundary I'n consists of a finite number of ana-
Iytic Jordan curves and Fy contains 2=0. Let g,(2, 0) be the Green’s function
of Fn, with 2=0 as its pole and let at 2=0,

2n(2, 0) = log ,%, Fraten(z)  (en(0)=0),

where v, is the Robin’s constant. Then
gn(z, 0)—771 (”=O’ 19 2: .. ~)
is uniformly bounded in any compact domain of F, which does not contain
z2=0.
Proof. Let Fy: |z] £p<1 be contained in F and I, : |z]=p.
We put
(§9) Mn‘—-N{‘ax. gn(2, 0).
0
Then Heins” proved that
(2) un(2) =My—gn(z, 0)

is uniformly bounded in any compact domain of F, which does not contain
z2=0. For the sake of completeness, we will reproduce his proof. Now

(3) ux(2)>0 in Fy—F,

and since #,(z) ~#,(2) is harmonic in F, and at some point 2z, on Iy, #n(2) =0,

u;(2p) =0, by the maximum principle, we have
M}gm (214(2) =2 (2)) =0.
1

Since u,(2) =M, on I}, we have

© M. Heins: The conformal mapping of simply connected Riemann surfaces. Annals

of Math. 50 (1949).
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(4) N?in. un(Z) ::":'.A/Il&

i
Let =0, (p<p<1) be contained in ¥, then from (3), (4) and Harnack's
theorem on positive harmenic functions, we conclude that for any compact
domain 4 oi I, which contains [2| < p,, there exists a constant K=K(d4), such
that for n=n,,
(5) |&n(2, 0) =My =K in 4 outside [z]=p,.

Hence

2

1,

[vn(2)]=|gn(2, 0) ~ My, ~log 2]

= K+log 1 on |z|=p
O3
Since v,(2z) is harmonic in |z] g,
93(0)| = |7n— M| < K+ log i

so that from (5),

(6) 16n(z, 0) —7ul £ K+ |rn—My| =2 K+log ; in 4 outside |z|=p,.
Hence
(7) {gn(za 0)"'103 é‘]"“?’n[ é2K+210g g’]‘ on ]zl:pl.

Since the left hand side of (7) is harmonic in |z| =g, (7) holds in |zl=p;, s0
that

®) 1gn(2, 0) — 14| £2 K+2log 3—1 +logi%l- in |z|=p;.

From (6), (8), we have the theorem. q.e.d.
By Theorem 3, we can find a partial sequence #, such that
9) lim (gn.(2, 0) =7n) =u(z, 0)
uniformly in any compact d;main of F, which does not contain z2=0. u(z, 0)
is harmonic on F, except at z2=0, where it has a logarithmic singularity. Hence

we have

Ta=oREM 4. Lel F be an open Riemann surface and z, be any point of F.
then there oxists a potential function w(z, z)), which is harmonic on F, excepi

at zy, where it has a logarithmic singularity, such that

I
2!(2, Zo) - lOg I~7 ;'_ZT);

is harmonic ai z,.
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