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STABLE MANIFOLDS OF A MAP AND A FLOW

FOR A COMPACT MANIFOLD

MASAHARU KATO

§ 0. Introduction

The purpose of this paper is to generalize the notion of the stable

manifolds in Smale [5] and [6], in which the stable manifolds of flows or

diίfeomorphisms for a singular point or a closed orbit are defined in certain

conditions. This generalization is concerned with Fenichel [1], He considers

the stable manifolds of flows and diffeomorphisms for a torus. Here, we

consider the case of a compact manifold. But our argument does not

exactly imply FenichePs result.

It is interesting to investigate the conditions for the existence of stable

manifolds of flows or diffeomorphisms. If the stable manifolds exist, then we

can see to some extent the state of the orbits of flows or diffeomorphisms

near the stable manifolds.

In § 1, we prove Theorem 1 by the method of successive approximations

and we obtain a local stable manifold of a map for a compact manifold

as a graph of the solution map. In Corollary of Theorem 1, we study the

state of the orbits of a map. In § 2, we construct a local stable manifold

of a flow by using the result of § 1 and we study the state of the orbits of

the flow.

The author wishes to express his gratitude to Professor Shiraiwa who

gave him many valuable advices very kindly.

§ 1. The stable manifold of a map.

First, we shall explain the notations.

Let T be a compact C^-manifold (1 ̂  / < oo) and Et be a fe* dimensional

Euclidean space for i = 1, 2. We denote by Lt a kiXki non-singular matrix

for i = 1, 2. Define the norm of a vector z = (zl9 ,zk.)&Ei (resp. a

matrix Lt) by ||z|| = max(|zi |, , \zκ\) (resp. ||L { | | = sup ||L,^||). We suppose
11*11=1
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that the norms of Lx and L~2

ι are less than one. If we put ||Li|| = a and

4-> then a<Kb. Put jBt(r0) = {zεJϊi | ||z|| r<r0} for a positive con-11^21\\ = 4 -
stant r0. Let £: T x ^(ro) x B2{r0) -> T be of class CΣ and let φ.L:

->£< be of class Cι for ί = 1, 2. Define F: TxB1{r*)xB1(r*)-+TxEιxEz by

•F(τ, α, 1/) = (ί(τ, x9 y), Lγx 4- 9i(τ, x, y), L2y + y>2(τ, x, y)).

For defining the norm of dζ(τ, x, y) and \\τ — τ'\\ for sufficiently close τ,

τ' of T, we shall give the following remarks.

In general, let M and N be two compact O-manifolds and h: M-^N be

a C^-map. Let {Fj }}=1 be a finite open covering of iV by *}nice coordinate

neighborhoods Vj. Next, let {Ui}f=1 be a finite open covering of Mby *)nice

coordinate neighborhoods Ui such that for each i h{Ui) is contained in a

suitable Vj. Let {/̂ }?=i (resp. {Ai}?-i) be a coordinate system associated

with {Ui}n

ί=ι (resp. {F,Π=1). We define the norm of dh by ||rfλ|| = max

\\dh'5hh"iι{x)\\ for each (i, j) such that h(Ui) c F ; . When m and w' are

sufficiently close in M, we put \\m — m'H = max \\h^m) — hi{mf)\\ for each /

such that m, tn'&Ui.

By the first remark, we can define the norm of dζ(τ9 x, y) and we put

c — max{||rf£(τ, α?, 2/)ll !^^^> α e^ίro), y^B2(r0)}. Also, we can use the mean

value theorem with respect to the first variable by the second remark.

Let / : MιXM2xMι-+N be a C'-map. We denote by dj the partial

derivative of / with respect to the f-th variable for i = 1, 2, 3 and by d(2,S)f

the partial derivative of / with respect to the second and third variables.

THEOREM 1. Suppose that

(1.1) <Pi(τ, 0, 0) = 0, dwΨiiτ, 0, 0) = 0, i = 1, 2,

for any Γ G Γ and c, c2, ,c11 <b (l^ Γ ^l), then there exist a positive number

δ and a C1' map g: TxB^-ϊEz suck that

(1.2) g(τ, 0) = 0, d2g(τ, 0) = 0 for any Γ G Γ ,

(1.3) g{ξ(τ, x, g(τ, x)), Ltx + φ^τ, x, g{τ, x))) = L2g{τ, x) -f φ2{τ, x, g{τ,x)).

COROLLARY. For a fixed (τ0, xQ9 yo)^TxB1{ro)xB2(ro)f we put (τl9 xί9 2/1) =

F{τ09 x09 2/0). If [τm9 xm, ί / J e Γ x ^ W x ^ W , then we define (τm + 1, xn+19 ym+ί)

= F(τm, xm9 yj.

* ) Let {£7j}?=i be a finite open covering of a compact manifold M by coordinate

neighborhoods and U[{c.Ui) be compact and U IntUl = M. We call these

nice coordinate neighborhoods.
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If Vo = g(τ0, α?o), *Λ*/ιyTO = g(τm, xm) for any m and \\(xn, yj\\ = O((Λ + 2^) m )

βi" m -)- oo, zί Atfre #1 ύ # sufficiently small positive number.

If Vo Ψ g(u, α?o), *Λ*w 2/m ψ g(τm, xm) as far as (τ m , xm, ym) is defined. Actually,

there exists a constant d>\ such that \\ym — g(τm9 xm)\\ >dm\\y0 — g{τQ, xo)\\ and

also \\(xmf ym)\\^~-dm\\y0~ g(τ0, xo)\\ as far as {τm, xm, ym) is defined.

Let V = {(τ, x9 g(τ, x))\τ^T, \\x\\ <δ}, then V is a Cz/-manifold and (1.3)

implies F(V)cV. By Corollary of Theorem 1, V consists of the point (c, x, y)

such that limjFw(τ, x, 2 / ) G T X 0 X 0 . We call V the local stable manifold of
n-*oo

a map F for a compact manifold T.

If F: TxBί{r0)xB2(r0)-^TxE1xE2 is an imbedding, Ό F'n(V) is a Cv-
n = 0

manifold and is called the stable manifold of a map F for a compact

manifold T. We can define the unstable manifold by a similar method.

Proof of Theorem 1. Let θ1 be a sufficiently small positive number, which

will be determined later so that the following arguments hold. (1.1) implies

that for any θx > 0 there exists a positive number r{ ̂  rQ) such that

(1.4) Hrf̂ ll, \\dφ2\\^θί for : ε T and ||a?||<ςr.

Since φί9 φ2 and ξ are C^-maps, there exists a positive number θm

(m = 2, 3, , /) such that

(1.5) \\dm

φi\\9 \\dm<p2\\, \\dnξ\\<Lθn for r e T , \\x\\^r a n d W ^ r .

Denote by Γ the set of the map / with the following properties:

(1.6) y = /(τ , x) : TxB1{δ)-±E2 is of class <7;,

where (5 = -Λ ^—--r. Let θ, < l~Za . Then 0 < δ ̂  r.

(1.7) /(r, 0) = 0, </2/(r, 0) = 0 for any : e Γ .

(1.8) If r e T and ||α | | < δ , then

(a) | |/(r,aO||<:r,

(b) WL.X + Ψ^T, x,f(z, x))\\<δ,

(C) \\Lγ[f{ξ{τ, X, /(T, *)), L,* + p^r, », /(T, *))) - φt(τ, X, f(τ, x))J\<r.

(1.9) l|ί//(r, . τ ) | | < σ i for any r ε Γ and ||ίc||<δ,

where σx = , — ^ — - ^ Let Θ1<b ~ max (c, 1). Then 0 < σx < 1.
^ — max (c, 1)

Define a map Φ: Γ-+Γ by Φ(/) = ^, where ^(τ, a;) = L~2

ι[f{ξ{τ, x, f(τ,x)),

Lxx + ψλ{τ9 x, f{τ, x))) — ψ2{τ, x9 f{τ9 x))\ We shall show φ^Γ. It is trivial
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that ψ satisfies (1.6;, φ(τ, 0) = 0 and (a) of (1.8). First, we shall show d2(τ9 0)

= 0. Since

dzφ(τ, x) = L'2
ι[dJ{ζ{τ9 x9f(τ, x))9 Lxx + ψ^r, X, f(τ, x))) {d2ξ(τ, X, f(τ, x))

+ d3ξ{τ, X, f(τ, x))-d2f(τ, x)} + d2f($(τ, X, f(τ, x)), Lγx

+ <Pi(τ, X, f(τ, X)))*{LX + d2φ1(τ, X, f(τ, x))

+ dzψx{τ9 X9 f(τ, x)) d2f(τ, x)} - d2φ2(τ, X, f(τ, x))

- d3φ2(τ, X, /(τ, x)) d2f{τ, x)l

d2φ{τ, 0) = L-2

ι[dJ((τ, 0, 0), 0) • rfrf(τ, 0, 0)] by (1.1) and (1.7).

Since f(τ, 0) = 0, dj{τ, 0) = 0. Therefore, d2φ{τ, 0) = 0.

Next, we shall prove (b) of (1.8). Let T G T and | | a | | ^ 5 . Then

\\L,X + φfc, X, ψ(τ, x))\\

<aδ + \\φ1(τ9 X, φ(τ, x)) - φx{τ, X, 0)|| + l^^τ, X, 0) - φ1(τ9 0, 0)||

^aδ -{-θiWΦir, ^ ) | |+^ i l l^ | | (mean value theorem and (1.4))

^aδ + θ,r + θiδ ((a) of (1.8) for ψ)

^δ (1.6)

Now, we shall prove (c) of (1.8). Let T G Γ and \\x\\^δ. Then

τ, x, ψ(τ, x)), Lxx + Ψι(τ, x, φ(τ, x))) - <p2(τ, x, φ(τ, x))]\\

τ9 X, Φ(τ, X))9 L,X + φι(τf X, ψ(τ9 x)))\\ + \\φ2(τ9 X, φ(τ9 x))\\}

- ί ( r + θxr + θiδ) ((a) and (b) of (1.8) for φ)
b

Let θί < b

 o * . Then -^~{1 + 2 0 ^ < r.
2 0

Finally, we shall show (1.9). Since

dφ(τ9 x) = Lγ{df{ξ{τ9 x9 /(τ, x))9 Lxx + <Px(r9 x9 f(τ9 x))) {dξ(τ9 x9 f(τ9 x))

(1, 1, df(τ9 x))9 U + dφι(τ9 X9 f(τ9 x)) - (1, 1, df(τ9 x)))

~ dψ2(τ9 x9 f(τ9 x)) (1, 1, df(τ9 a?))],

\\dψ(τ, x)\\ ̂ —r-(σι max (c, a -f ΘΛ) + <9i).
σ

Let Λ + 0i < 1. Then -r-(^i max (c, β + 0X) + θx) < -4-(^i max (c, 1) + θx). By
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the definition of σ19 it is easy to see that the above right term equals to σγ.

Thus, we have ψ^Γ and the map Φ is well defined.

Define go(τ, x) == 0 for any τ e T and \\x\\ ^δ, then it is easy to see go^Γ.

Put Φ(g0) = g19 Φ(gt) = g2, , then g19 g2, e Γ .

It will be verified by induction that there exist a positive number k{<l)

and M such that

(1.10) ||flfm(τ, x)-gn-i(τ, x)\\<Mkm for r e T and ||a||<ca.

For m = 1,

\\9i(τ, x) - go(τ, x)\\ < \\L'2
ι( - <p2(τ, x, 0))|| < ^ .

Put Mfc = 4 r ^ t h e n ί1-10) holds for m = 1. Assume that (1.10) holds if m
b

is replaced by m — 1. Then

^ - g - [ | | ^ m - i ( ί ( ^ »̂ fl^m-iίί , ΛJ)), LiX + ψx{τ9 X, gm-i{τ, X)))

- ^ - 2 ( ί ( τ , X9 gm-χ(τ, x))9 LXX + ψx{τ9 X, gm-i{τ, x)))\\

+ \\9m-2(ζ(τ, X, gm-i(τ> x)), Lxx + ^i(τ, xf gm-i{τ, x)))

-gm-2(ξ(τ, X, gm-i(τ, X))9 LyX + φ^τ, X, flrTO-2fr, x)))\\

+ \\gm-2($(τ, X, gm-i{τ, x))9 Lxx + Ψxiτ, X, gm-2{τ, x)))

-fl fm-2(?(τ, X, Qm-2{τ, x)), L1X + φfr, X, gm-2{τ, x)))\\

+ ll^2(τ, xf gm-i(τ> x)) — Ψ2(τ, X, gm-2(*f x))\ll.

By the assumption of induction and the mean value theorem,

+ σφxMk™'1 + a^Mk1"'1 + θ

-\-Mkι{\ + aφx + σxcb

We put k = -r-(l + σ1θ1 + σxc + θι). For a sufficiently small ϋλ the following

inequality holds: σιθι +σιc + θι<b — l (Note σx = -r Θ-Λ—I—rr). For such
\ o — max {c, i) /

a θ1 we have 0 < & < l and \\gm(τ9 x) — gm-i{τ, x)\\^Mkm. Therefore, g(τ, x)

= lim^m(r, a;) exists uniformly for τ e T and | | ^ | | < δ . It is trivial that g is
m—>oo

continuous and g satisfies g{τ9 0) = 0 and (1.3).
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Next, it will be proved that the solution map g is of class C1. For any

map / = f(u) (resp. / = f(υ, w))9 let Δf = f(u + Δu) — f(u) (resp. Δf =

f(v + Δv,w + Δw) - f(v, w)). Put υx{ε) = sup (\\Δdζ\\, \\Δdφι\\, \\ΔdφJ\) for ||Jr||,

\\Δx\\, \\Δy\\^ε. We shall show that

(1.11) \\Δdf\\^ux{ε) implies

where /e=Γ, *(/) = φ and Uί(ε) = K&fc) and Kx =
— max

For a sufficiently small θl9 b — max (c, 1) > σxc + θx fNote σx = -=• ^ - 7 — - Λ .
J \ 0 — max (c, 1) /

For such a #! we have Kx > 0. Assume ||Jrf/|| < Wi(ε). By using the analogue
of i[/i(M)/2(/ί)] = Λ(M + J M ) J / 2 + (J/i)/2(w), we have the following equation:

, 1, rf/)) + df(Δdξ(l, 1, rf/)

+ dφι(0, 0, Jrf/)) - 2frfy>2(l, 1, df)

i +

Then

Δdφ = L~2\Δdf{dξ{l, 1,

+ rff(0, 0, Jrf/),

- dφ2(0, 0, Δdf)Ί.

max (c, β + ^) + ^ max (^(ε) + cw^ε), ^(ε) +

+ θ&άε))

max (c, Λ + 1̂) + ^i^i(ε) + σ1cu1(ε) + v^ε) +

(let θί < c)

max (c, 1) + ^^(ε) + σ^u^ε) + z χ(ε) +

(c,

By the definition of ux(ε), it is easy to see that the above term equals to

ux{ε). Therefore, WΔdψW^u^ε). Since go^Γ and \\Δdgo\\ <«i(ε), we have

|1JJ^m|| ^^i(ε) for m = 1, 2, , that is, {dg0, dgl9 •} is equi-continuous.

Since gm^Γ, {dg0, dgu •} is uniformly bounded. Therefore, g is of class

C1 and d2g(τ, 0) = 0 since d1gm{τ9 0) = 0.

Next, we shall show that the solution map g is of class C1'. Define

ζj(τ, x) = ψj{τ, x, f(τ, x)) for j = 1, 2, 3, where ζ,(τ, x) = ζ(τ, x9 f(τ, x)). By

induction, it is easy to see that

(1.12) dmζj = dyj(l9 1, df)m + Px + dφj(0, 0, dmf)

for m = 2, 3, , V9 where Pi is a polynomial of dVy> (1, 1, dff and dfc/

for k^m — 1. Also, put 37(7, a?) = f{ζz{τ9 x)9 Lxx + ξΊ(τ, a?)). By induction, it

is easy to see that
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mζs(1.13) dmv = dmf(dζ3, U + dζ,)m + P2 + df(dζs,

for m = 2, 3, , /', where F2 is a polynomial of dkf, (dζ3, Lt + dζ1)
k and

(d%, d'ζύ for i, k < m - 1. Since φ = Lγ(η - ζ2),

(1.14) dmφ = Ll1^""? - dmζ2) for m = 2, 3, , /'.

We shall show by induction that there exists a positive number σm {m =

2, 3, , /') such that

(1.15) \\dmf\\<σm implies \\dmψ\\^σn,

where / G Γ and Φ(f) = φ. For m = 2, put σ2 = -=-—= r~τ\ϊ2 Έ~θ*'
r ft — [max (c, I)]2 — σλc — 0j

Since c2<b, σ2>0 for a small θx such that ft - [max (c, I)]2 > σ^ + θx (̂ Note

Assume ||ί/2/|| <<r2. By a simple calculation, we haveft — max (c, 1)

(1.16)

(1.17) d2ζ2 = d2φ2(l, 1, ί//")2 -f- dφ2(0, 0,

By (1.14), (1.16) and (1.17),

\\d2φ\\ < -y(<72[max (c, β + ^J] 2 + σx max (̂ 2 + cσ{

c, I)]2 + σφz

(c, I)]2 + ^c + θx) + Θ2(l + ̂ )).

By the definition of σ2, it is easy to see that the above term equals to σ2.

Thus, we have \\d2ψ\\ ^σ2. Next, assume that (1.15) holds for m = 2, 3, ,

φ — 1. Therefore, we can assume that OΊ, σ2, ,σp-1 are defined. By (1.12),

(1.13) and (1.14), we have the following inequality:

n -4- Λ M P _1_ II ~P | |
r A " U L X A J - « ^ ^ V \ ^ > ^ " Γ " l / J ~t~ II-* 211

+ σγ max (6>p + HPill + cσp, θp + | |Pί | | + θxσv) + ^ •

where a is a positive constant. Put σv = —Ί = -.—%^ —-, then
r p b — [max (c, l ) ] p — σxc — θλ

the above term equals to σp. Since cp <b, σp > 0 for a small 0X such that
b - [max (c, l)]p > σ,c + 0X (Note σx = -=- ^ — — ) . Thus, we prove (1.15).

\ 0 — max \Cf 1.) /
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Since go(=Γ and \\dmg0\\ ^σm for m = 2, , /', we have \\dmgk\\ ^σm for k =

1, 2, . That is, {dmg09 dmgί9 } is uniformly bounded. Next, put

vn(e) = sup (\\Δdmζ\\9 \\Δdm

φi\\9 l l ^ > 2 | | ) for m = 2, 3, , /'. By

induction, it is easy to see that

(1.18) Admζj = Jdm<Pj(l, 1, dfY + P + dφj(0, 0, JrfΛ/),

(1.19) Δdmη = Δdmf(dζ39 Lt + dζ1)
m + Q + df(JdmζΆ, Δdmζx\

where P and Q are suitable polynomials. Also,

(1.20) Δdmψ = L-2

ι{Jdmη - Δdmζ2).

Replacing (1.12), (1.13) and (1.14) by (1.18), (1.19) and (1.20) respectively,

we can prove similary as above that there exists a positive number Km for

a small Θt such that

(1.21) \\Δdmf\\<Kmvm(ε) implies \\Δdmψ\\^Kmυm(ε)

for m = 2, 3, , /', where / ε Γ and Φ(f) = ψ. Since go<=Γ and \\Δdmg0\\ <

iCmz;m(ε) for m = 2, 3, . , /', we have \\Δdmgk\\ ^Kmvm(ε) for k = 1, 2, . . .

That is, {d771^ ^ m ^i, } is equi-continuous. Thus, g is of class C1' and

This completes the proof of Theorem 1.

Proof of Corollary,

If V = g{τ, x) for T G T and ||aj| |^5, then

(1.22) lly||̂ llflf(τ, χ)-g(τ, o)\\^ffl\\x\\^d.

It is trivial that

(1.23) 2/o = g(τ0, Xo) implies yv = g{τl9 xt).

By (1.22) and (1.23), we see that yo = g(τo, x0) implies (τm, xm, ym)&TxBx(d)

xB2(δ) and ym = g{τm, xm) for any m. Suppose yo = g(τθ9xo). From the

equations xx = LiX0 + <Pι(τ09 x09 y0) a n d 2/1 = 0(*"i> î)> w e have

llPifo 0 ^0,

o, 0) - Pi(τ0, 0, 0)|| ^

Therefore, | |yw | | < ||αjOT|| < ( α + 2^1)
w||a50ll. Let a + 2θx < 1. Then we prove

the first assertion of the corollary.

Ino rder to see that y0 Ψ g{τθ9 x0) implies yt ψ g{τl9 Xj)9 it is enough to
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consider the case of Ha^H^d and ||2/ill<r0. From the equations

τi = ξ(τ0, Xo, Vo),

Xt = LtX0 + Ψι{τ0, Xo, Vo),

Vi = L2y0 + φ2(τ0, Xo, Vo),

g(u, Xo) = L^[g{ξ(τ0, x0, g(τ0, x0)), L^o + Ψι(τQ, x09 g(τ0, x0)))

- ^ 2 ( τ o , Xo, g(τ0, α?o))],

we have the following inequalities:

\\vo~ g(τ0, χo)\\

^ WL^WWVί — ψ2{τo, %o, Vo) ~ g{ζ(τo, #o, g(τθ9 Xo)), ^1^0 + <Pi(τo, %o, flf(τ0, Xo)))

+ Ψziτo, Xo, g(*o, «o))ll

<-^-[|l2/i ~ g(τu xt)\\ + \\g(τl9 L,X0 + 9i(τ0, Xo, Vo)) ~ g(τl9 L,X0

o,g(τo, »o)))ll + \\g(£(*o, ^o, 2/o), LiX0 + ̂ !(τ 0 , a?0, g(τ0, Xo)))

0, «o, g(τ0, Xo)), LxXo + ̂ i(τ 0, Xo, g(τ0, Xo)))\\ + WΨziu, X

o, Xo, yo)\\1

[\\Vi - g(τl9 xJW + σβiWyo - g(τ0, xo)\\ + ̂ c\\Vo - g{τo, xo)\\

T h e n (6 - σφγ - σxc - ^ ) | | y 0 - ^(^"o, a?0)|| < 11^ - g(τu x1)\\. P u t d = b - σιθι -

σγC — θi. T h e n d = l + b{l — k)>l since fc < 1. I f 11̂ 11 ^ σ a n d | | 2/ Λ | | ^^o

for fc = 1, 2, , m, t h e n rf^llyo ~ g(τ0, xo)\\ < Il2/m - flf(τTO, a j j | | . Next ,

ll(»m» 2/m)ll > \\VmW ^ Il2/m ~ β(τm, Xm)\\ ~ \\g(τn9 Xm)\\

^\\Vm — g{?m, Xm)\\ ~ ll^mll

^ \\Vm — g(Tm, Xm)\\ ~ \\(%m, 2/m)ll

Therefore, ||(ajm, yj\\ >-±-\\ym - g(τm, xj\\ >-λ-dm\\y0 - g(τOί xo)\\. T h u s , the

second assertion of the corollary is proved.

§ 2. The stable manifold of a Flow.

Let T, Ei and Bi(r0) for i = 1, 2 be the same as in § 1. L e t ψ t : Tx

B1{ro)xB2{ro)-+Ei be of class Cι such that ^ ( τ , 0, 0) = 0 and d(2ttiΨi(τ, 0, 0) = 0

for / = 1, 2. Let Pi be a ^ x ^ matrix for i = 1, 2. Assume that the real

parts of the eigen values of Px (resp. P2) are negative (resp. positive). If
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we put \\epi\\ = a and \\e"p^\\ = -—-, then a < 1 < b. We shall denote by Tτ the

tangent space at a point τ of T. Let ζ : TxB1(r0)xB2(r0)~¥ U TΓ be of class

C* such that <f(τ, a?, y)^Tt. Using a local coordinate neighborhood in T,

we can express ξ as a map from E9xB1{r0)xB2(r0) to Eq, where Eq is a

Euclidean space. We suppose dξ(τ, 0, 0) = 0 for any T G T .

Let / be a function of class Cι from E1 x E2 to the set of all real numbers

such that

(2.1) 0</(cc, 3/)<l for any {x, y)^EtxE29

(2.2) f{x,y) = l for ||a?||<-^- and | |y | |<-^-,

(2.3) f(x,y) = 0 for | | s | |^>-|-r 0 or ||2/|| >-f- r°

We consider a vector field X on TxExxE2 such that

(2.4) X = (/(a?, y)ξ(τ, x, y), P1x + f(x9 y)Φ1(τ9 x, y), P2y + f(x, y)ψ2{τ, x, y))

on

(2.5) X = (0, Pλx, P2y) on ||a;||^-|-ro or \\y\\^-j-r0.

This vector field X is an extension of a vector field (ζ(τ, x, y), Pxx + φx{τ9 x, y),

PzV + Ψziτ* x> y)) on TxB1(^^xB2(s^
sj. Let (Ξ(t, τ, x, y), Φx(t9 τ, x, y),

Φ2(t, τ, x, y)) be an integral curve for X with initial value (τ, x, y) for

— a< t < β {a, β > 0), wrhere the interval ( — a, β) is the maximal interval

for the existence of the solution for X. If β < + oo, then a part of this

integral curve is out of TXB1(-—ΎΛXB2[-7~TΛ by p. 65 of Lang [2]. Since

-ττ-ro)xB2( — ro), we can

extend this integral curve. This contradicts the assumption β< + oo. Thus,

β = + oo. And also a = + oo. Therefore, the vector field X is complete.

Let Fϋ be the one-parameter group generated by X Then Fι{τ9 x9 y) —

(Ξ(t, τ, x, y), Φx(t9 τ, x, y), Φ2(t, τx x, y)) for any t and any (τ, x, y)^TxE1x

E2. Put Φx{t, T, x, y) — ep^x + ψι(t9 τ, x, y) and Φ2{t9 τ, a;, 2/) = ep^y + ̂ 2(ί, τ , a?, 2/).

From the initial value condition (τ, a?, 2/)? we have Ξ(0, τ, x, y) = τ and

9i(0, τ, a;, 2/) = 0 for i = 1, 2. Also we have ψi(t, τ, 0, 0) = 0 since the solution

for X with initial value (τ, 0, 0) belongs to TxOxO. Denote by Y(t, τ, x, y)

the Jacobian of (Ξ, Φu Φ2) with respect to (τ, x, y) and denote by A(τ9 x, y)
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the Jacobian of (£, P1 + ψl9 P2 + ψ2) with respect to (τ, x, y) for ||ίc!|, \\y

/ 0 0 0 \

Put B - 0 Pi 0 . By solving the following variation equations with respect

\ 0 0 P21
to the initial value (τ, 0, 0),

(2.6)

(2.7)

-£fY(t, T, 0, 0) - A(Ξ(t, τ, 0, 0),0, 0)Y(t, τ, 0, 0),

F(0, T, 0, 0) = £ (£ is a unit matrix),

we have d{2,z)Ψi(U τ, 0, 0) — 0 for i — 1, 2 and a sufϊiciently small /. Using

the compactness of T and the property of one-parameter group F\ we have

d(2,3)Ψi(t, τ, 0, 0) = 0 for any t and r e T . Moreover, we have Ξ(t, τ, x, y) Ξ

constant and ^ ( ί , τ, .τ, | / ) Ξ 0 for | | t τ | | > 5 0 or \\y\\>s0, where 50 is determined

by r0 and s 0->0 as r 0 ->0. We note that \\dψi{t, τ, x, 2/)||->0 as 50 -> 0 for

Put M - max{]|i4(τ, a?, y)| | |(r, a?, and M2 = max| |eB ί | | .
0<ί<l

ForLet ε be a small positive number such that c Ξ= 1 + 3εM2

 g V7"— <

Mx = 0, e ι~— will be replaced by 1. From the properties of ς, φx and

ψ2, we can choose a small positive number r / < -ξ°-) such that ϋ^^i(τ, ίc, y)\\

^ ε , | | ^ 2 ( r , x9 y)\\^ε and | | ^ ( τ , a;, y)\\<ε for Γ G T , Ha?!!^^ and WyW^r,.

Now we consider the following variation equations with respect to the initial

value (T, x, y).

dt
-Y(t, τ, x, y) = T, α, y))Y(t, τ, x, y),

(2.9) T, a;,

From the properties of Φx and Φ2> we can choose a small positive number

{^r^) such that ||Φt(ί, r, x, y)\\^rί for ||a;|! a n d \\y\\ Since

dτ

\ "3^

-Φi

dy

dy

ί \

•Φi

4.Ψ* if*- F{'(τ, x, y))

pBt\\
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^r2 and \\y\\^r2,:<3εM2 for 0 < f : < l ,

eBt is an 3εM2-approximate solution of (2.8). By p. 56 of Lang [2], we have

the following inequality,

\\Y(t, τ, x, y) - eB*\\ ^

for O^t^l, \\x\\<r2 and \\y\\^r2. For t = 1, we have

117(1, τ, x, y) — eB\\ < 3εM2

 e \j .

T h a t i s , 11-^-5(1 , τ, x 9 y ) ~ E
Mx

-j£-S(l, τ, x, y) :SSMZ^

-Ξ(l, τ , x, y)\U

and

for i

Therefore, we have \\dΞ(l, τ, x, y)\\ < 1 + 3εM2

The map F 1 ^ , x, y) = (5(1, τ, x, y)

eMι~ λ = c < b for ||a?||, ||y|| < r2.

l, τ, α;, y), eF22/ + φ2(l, τ, x,y))\

TxB1{r2)xB2(r2)-*TxE1xE2 satisfies the assumption of Theorem 1. There-

fore, there exist δ>0 and a C^-map g defined on TxB^xB^δ) to E2 such

that

' g(τ, 0) = 0, d2g(τ, 0) = 0 for any τeT,

g(Ξ(l, τ, x, g(τ, x))9 e
piχ + ^ ^ 1 , τ, x, g(τ, x))

r, 0?) + ^ 2 ( 1 , τ, X, g{τ, x)).

(2.10)

(2.11)

We note that g is a C i ;-map if c, c,2, -,c1' < b (l'<l). Let V be the

local stable manifold of a diffeomorphism F 1 .

THEOREM 2. Zέtf (τ^, αβ, yt) = F^τo, %o, Vo) fir (τ0, x0, yo)^TxE1xE2.

If (τo> x0, yo)^V, then there exists nQ>0 such that (τt9 xt, I / J G F for t^n0

and \\(xt, yt)\\ = O((a + 2ΘOY) as t-+oo, where θ0 is a sufficiently small positive

number.

If(τ0, xo, Vo)£V and \\xs\\, \\ys\\<δ forO^s^t + w0 + 1, then{τs, xS9

and \\{xs, ys)\\>.Kds for s <Lt, where K is a positive constant and d > 1.

Proof We shall first verify that if n < t ^ n + 1, then there exist

positive constants c19 c2 independent of n such that
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(2.12) dIKαn, Vn)\\^\\{xt, Vt)\\<c2\\(xn, yn)\\.

In order to see this, note that Fι = Ff~n o Fn, that is,

xt = ep^-n^xn + φ^t - n, τn, xn, yn),

yt = ep2(t-n^yn + φ2(t — n, τn, xn, yn).

From this equations, we have the following inequalities:

\\xt-ep^-^xn\\^η\\(xn9 yn)\\,

where η is a small positive number under a small r0. Hence, we have

\\xt\\?cy\\(xn9 yn)\\ + Ik^-^ll |K | | . On the other hand,

- ||e-i>i('-»>|| '-»»

For yt, we have similar inequalities. Thus, we have (2.12).

There exists a natural number n0 such that c2{a + 2θo)
n ̂  1 for n ̂ > n0,

where ^ 0 < 1 ~ g . If (τ0, α0> 2/o)eF, then (τn, αn, 2 / J G F and ||(Bn, yΛ)|| <

(α + 2^o)nll(̂ o> 2/o)ll for any w from Corollary of Theorem 1. For no^n^=t <

w + 1, ||(α?t, 2/011 < c2||(a?Λ, 2/JII < c2{a + 2^)ΊK^0 J 2/o)ll < δ. Therefore, we have

\\(xt9 yt)\\^δ for t>.nQ and lim ||(a?t, yt)\\ = 0. Suppose that there exists t0

such that (τ ίo, ccίo, ^ ί o ) φ F and to>no. By Corollary of Theorem 1,

ικ»ίO+*» 2/ίO+A:)iι>-^-rf*ιi(«ίO» ^ίO)iι for a n y fc

This is a contradiction. Therefore, we prove the first assertion of Theorem

2.

If (τ0, αOf 2/o)$^ and ||a,||, \\ys\\^δ for 0 < s < / + w0 + lf then we have

(τn9 %n, yn)$V and \\(xn, yn)\\>~-dn\\{xQ, yo)\\ for n^t + ̂ 0 + 1 by Corollary

of Theorem 1. Suppose that there exists t^^t) such that (τtl, xtί, ytι)^V.

By the above argument, we have (τm9 xm9 ym)^V for tλ + / 0 < m < t + /0 + 1.

This is a contradiction. The last inequality is trivial by (2.12).

By Theorem 2, we have

V = {(TO, XO, yo)^TxB1(δ)xB2(δ)\limFt(τθ9 α?0, 2/0)eTx0x0}.

We call this V the local stable manifold of a flow F*. If we put W =
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U F-'(V), then W is a C^manifold. We call this W the stable manifold

of a vector field X. The stable manifold W is characterized as the set of

(τ09 XQ, yo)^TxEίxEz such that limi^ro, x09 yQ)^Tx0x0t Similarly, we
ί->oo

can define the unstable manifolds of a vector field X.
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