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SEPARABLE EXTENSIONS AND CENTRALIZERS
OF RINGS

KAZUHIKO HIRATA

We have introduced in [9] a type of separable extensions of a ring as
a generalization of the notion of central separable algebras. Unfortunately
it was unsuitable to call such extensions ‘central’ as Sugano pointed out in
[15] (Example below Theorem 1.1). Some additional properties of such
extensions were given in [15]. Especially Propositions 1. 3 and 1. 4 in [15] are
interesting and suggested us to consider the commutor theory of separable
extensions. Let 4 be a ring and I’ a subring of 4. When A®r4 is a
direct summand of a finite direct sum of 4 as a two-sided 4-module we
shall denote it by 44 @ rds<® 4(4® + -+ ®4)4 and call 4 an H-separable
extension of I' (cf. [9] and [15]). Let 4 be a subring of 4 containing the
center C of 4 and let I' be the centralizer of 4 in A, "' =V4(4) =44 =
{redlora=25,0€ 4}, If 44Q@,d44 <P 44D +++ @ A)4 and 4 is C-finitely
generated and projective then 4 is an H-separable extension of I' and 4 is
right I'-finitely generated and projective. Conversely for such an H-separ-
able extension 4 over I, if we set 4’ = V4(I"), thensd ®,4"4r <@ 44D - - -
@ A)4r and 4’ is C-finitely generated and projective. In this way we can
give a one to one correspondence between [”s and 4’s. A more general
situation than H-separable extensions is possible and is symmetric to each
other. Let B and I' be subrings of 4 such that B> . Let 4= VAI")
and D=Vu(B). If sBRIrA4s<® 4@ - ®4)4 and B is right I-finitely
generated and projective then 44 ® pds <@®A(AD +++ D A)s and 4 is left D-
finitly generated and projective. Same considerations are possible for H-
separable subextensions. These are treated in §2, 3 and 4. §1 is a con-
tinuation of §1 in [9] and the results are applied to the following sections.
In §5 we give some notes on two-sided modules. It is well known that any
finitly generated projective module over a commutative ring is a generator
(completely faithful) if it is faithful. Let M be a two-sided module over a
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ring R and assume that RMr<@RR®D: -+ -®R)z. (It is natural to say such
a module ‘centrally projective’.) Set M®E = {m € M|rm=mr, r € R}. Then if
MFE is C-faithful, where C is the center of R, then Rz <@ x(M®D * -+ + ®M)z.

Throughout this paper we assume that all rings have a unit element,
subrings contain this element and modules are unitary.

§1. Continuation of §1 in [9]

Let R be a ring and let A and B be left R-modules respectively. Put
S = Endx(A) and T = Endg(B). Following to [9] we note that S and T-
operate on the right of A and B respectively. Then Homg(4, B) is a left
S- and right 7T-module, and Homg(B, A) is a left 7- and right S-module.

THEOREM 1. 1. For R-modules A and B the following conditions are equivalent.

(1) zB<®AD .-+ DA.
(2) Homg(B, A) s S-finitely generated projective and B s tsomorphic to
Homg(Homg(B, A), A) as an R-module.

(3) Homg(B, A) ®sHompz(A, M) = Homg(B, M) for any left R-module M.

Proof. By (1.2) in [9], (1) implies (2). Assume (2). Then since
Homg(B, A) is S-finitely generated and projective Homg(B, A) ®s Homgz(A4, M)
= Homgz(Homg(Homg(B, A), A), M) and by the second condition of (2) the last
is isomorphic to Homg(B,M). If we. put M= B then (3) implies (1) by
(1. 1) in [9].

ProrosiTioN 1. 2. Assume that RB<®g(A® ++- @D A). If Ais an S-
generator so is B as a T-module.

Proof. By (1.2) in [9] B is isomorphic to A®sHomg(A4, B) as a right
T-module. Since Ss<®(A@ -+ @ A)s tensoring with Hompg(4, B) over S
we have Homg(A4, B), <® (AQ®sHomz(4,B)® - - - @ AQsHompg(A, B))r = (B
@+ @®B);. As Homg(4,B) is a T-generator so is B.

ProrposiTioN 1. 3. Assume that both RrB <@ p(A®D + -+ @ A) and A <®
rB® - ®B). Then

(1) Endn(B) = Ends(A) as rings.

(2) A is S-finitely generated projective if and only if B is so as a T-module.

(8) A is an S-generator if and only if B is so as a T-module.
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Proof. (1) By (1.2) in [9] we have both B, = A ®sHomg(A4, B), and
As = Hom (Homg(4, B), B)s. Then we have Hom(B, B) = Hom (A ®s Homg
(A, B), B) = Homg(A, Hom;(Homz(A, B), B)) = Homg(A4, A).

(2) Assume that A is S-finitely generated and projective. So As<®
(S® -+ ®S)s. Tensoring with Homg(A4,B) over S we have Br=A®s
Homz(A4, B); <® (Homz(4,B)® - - - @ Homg(A4,B));. Since Homg(A4, B) is
T-finitely generated and projective by (1.5) in [9] so is B. The converse
is similar. (3) was proved in (1. 2) already.

Remark 1. When the assumptions in (1. 3) are fulfiled the category of
left (right) S-modules is equivalent to the category of left (right) 7-modules
((1.5) in [9]). Therefore Proposition 1.3 is an obvious fact. Furthermore
the property ‘direct summand’ is preserved in the above equivalences. We
shall use this fact in §2.

Remark 2. The isomorphism End;(B) = Endg(4) is given as follows. Let
v € Endg(A). Then corresponding # € End,(B) is given by the composition
B = AXsHomz(A, B) —DE@;A ®sHomg(A,B) = B, and so, the isomorphisms
stated in (1. 2) in [9] are all End;(B) = End(A)-admissible.

§2. Pairs of subrings and their centralizers

Let 4 be a ring and let B and I" be subrings of 4 such that B> .
We consider the case that zgB@rds<® A @ -+ ®4)4. Then Ends 1
(4,4), left B- and right A-endomorphisms of 4, is isomorphic to the left
multiplication of D = V4(B)= 42, the centralizer of B in 4, and Homcs s
(B®r4, 4) is isomorphic to 4 = V4(I') = 4T, the centralizer of I" in 4. We
have, by (1.2) in [9], B®rd4 = Homp(pd, p4), b&@ 1—> (6 —> béa), as left
B- and right 4-modules and 4 is left D-finitely generated and projective.
Furthermore we have following isomorphisms.

AR p 4 =Homu(ds,44) ®p 4 = Homs(Homp(pd, pA)s,44) = Hom 4(BRrd 4,
A44) = Homr (Br, Hom (44, 44))=Homr (Br,4r). The isomorphism of 4 &4
to Homr(Br,4r) is given by A®é—>(b—>2b5). Therefore this is left
4- and right g-admissible. If B is right I'-finitely generated and projective,
then sHomr(Br,4Ar)s <® sHomr(I' ®:«« «® Nr, 4Ar)a = s(Homr(I'r,Ar)®- -
- @ Homr(I'ryAr))a = (4@ « -+ @A)s. We have

ProrosITION 2. 1. Let A be a ring and let B and I' be subrings of A such
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that BOTI. If sgBRrAs<® z(A@- -« - @ A4 then 3B Rr A4 = sHomp(pd, pA)4,
1A Qp 44 = sHomp(Br, Ar)a and 4 is left D-finitely generated and projective. If,
Surther, B is right I-finitely generated and projective then 1A @pda <@ 4(AD -+ - @
A)a.

We shall call a subring of a ring 4 be closed if it coincides with its
second centralizer in 4. From the above proposition we have

TuEOREM 2. 2. There is a one to one correspondence between the set of pairs
(B, I') of closed subrings of a ring A such that BO Iy, 3B Qr A4 <® s(AD - + - @A)
and B is right [-finitely generated projective and the set of pairs (4,D) of closed

subrings of A such that 425D, sAQpda <P AP+ @ A)a and 4 is left D-finitely
generated projective.

Now the endomorphism ring of B®rA as a (B, A)-module is isomorphic
to (BRrA'={6c BQrA4|16=¢6r, 7'} and, as is easily seen, it is also
isomorphic to Hom (4, p4) if sBRrds<@® g4 @+ «@ A)4, where 4=V (I
and D=V4B). Contrary to §1 we consider B®r4 as a left (B®r4)'-mo-
dule.

ProposiTioN 2.3. Let B I be subrings of a ring A such that 3B Qr A4
<@AD -+ D4 and let 4=V AI') and D=V 4(B). Then the following hold.

(1) If I'r<@Br then the coniraction map ¢4 A Rpd —> 4, 042 3) = 29,
splits as a (A, 4)-homomorphism.

(2) If the contraction map ¢5: BRrAd—> A, ¢p(b@A)\=>b2, splits as a (B, A)-
homomorphism then ,D <@ pd.

(38) Let C be the center of A and define the map vu: A Qr A—> Hom,(4, A)
by p(x @y)(8)= xdy. If Br<® Ar and 5 is a monomorphism, or if B is right
I-finitely generated projective, Va(Va(I')) =TI and rI' <®rd, then V4Va(B)) = B.

(4) Assume that zAs<<® B Rr Aa. Then (BQr A <@® BQr A as left
(BRrA)T-modules if and only if pd4 <® pA.

(5)  Assume that VaVAI)C B. (This is the case when V4(V(B)) = B.)
If I'r <@ Br or rI’<®rA then VoAV AI)) =T.

Proof. (1) Let ¢3: Homr(Br, Ar)—> A be the map defined by ¢z(f)
= f(1), f € Homr(Br, 4r). Then the following diagram

AQRQp 4 — Hompr(Br, Ar)

\ /
P4 41 ¢B
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is commutative. If I'r <® Br, let z: B—— I" be the projection and define
¢5: A—> Homr(Br, Ar) by ¢4(2) = 2,0n where 2, is the left multiplication of
2 on B. Then ¢; is a (4, 4)-homomorphism such that ¢go¢j = 14. There-
fore ¢ splits.

(2) By (2.1) B®r4 = Hompy(pd, p4) and the diagram

B ®F/I e HOmD(DA, DA)

\ —
Ps 4 ¢’A

is commutative, where ¢ ,(g) = ¢(1), g € Homp(p4, p4). If ¢0z: BRQqrd—> 4
splits as a (B, 4)-homomorphism, then there exists ¢/: 4— Homy(p4, 1)
such that ¢¢)=14. If we let ¢/(1)=p, then bop=pob b B and
0(1)=1. From this D is a left D-direct summand of 4. We note that
9. B®rA—> 4 splits if and only if there exists an element 36,Q1,€ BRrAd
such that 3165, ® 4, = 216, Q 40 for be B and X164, =1. Then the projec-
tion from 4 to D is given by 6 —> 3561, & € 4.

(3) Assume that Br<® 4r and 5: 4 ®rd4—> Homg(4, 4) is monomor-

phic. Let x be in V4(Va(B)) = Va(D) and consider the following commu-
tative diagram

7
0—> A ®rd4—> Homy(4, A)

! I

B®r4 ;) HomD(DA$ o)

! I

0 0

Then since (x ® 1) may consider as is in Homy(p4, ,4) we have 2 ®1 €
B®rA. Therefore x € B, as Br <® Ar. Next we assume that B is right
I'-projective, V4(VA(I'))=I" and rI'<®rA. Since B is right I'-finitely gene-
rated and projective, 44 ®p 44<@PA(AD -+ - D A)4 by (2.1). Therefore if we

put V4(4) = B’ then B’ @r4 = Homy(pd, p4). Since B®ra = Homp(p4, p4),
from the sequence

0—>B—>B —>B|B—>0

we have B'/BQ®rd=0. As r[ <®rd, B'/B=0 and B=B'.

(4) Since pds<® pBRrAds<DpA@D- -+ @ A)4 we can use Remark 1 in
§1. By (1. 1) in [9] we have (B@rA) =Homs 4B ®r4, B ®r4)=Homs, 1)
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(4, BRrd) Qp Homez, 4 (B Qrd, A). On the other hand by (1.2) in [9]
B®rd4 = Homes 1) (4, B®rA) ®,4. Here we are considering 4 and B ®r4
as left D- and left (B®r4)"-modules respectively. Then (sgpar (BQ@rA)l <
®erar B @rA means that Homes 1) (4, BQrd) ®p Homs 4> (B ®@rd, 4) <@
Homs, 4y (4, B®rd) @pA. By Remark 1 in §1, this implies that ,4=Hom¢s 1
(B®rd, 4) <® p4. The converse is obtained by tensoring with Homs, 4
(4, BQrd) over D.

(5) Let x be in VaVaI")) = Va(d). Since B®ra4 = Homy(p4, ,4) we
have x®1=1® x in BR®r4. Assume Br= I @®I')r and write z = y +¢,
yel, ze€l’. Then BRrA=TQrd®I" X®rd and yR®1+2Q1 =R 1=
1Rzl ® 4. Therefore 2®1=y®1 and zx=yeTI. The case of
rI'<®rd is similar. '

Remark 1. 3 in (3) of (2. 3) is a monomorphism (isomorphism) if 4 is
H-separable over B. For, then we have A @r4=4®zB QrAd<®AQzA @+ - +
PARA<PAD -+ - D A and A is H-separable over I, and so 4 ®rd=Hom,
(4,4) (cf. §2 in [9]).

Remark 2. If sA4<@®gBRXrd® +«+ @ BRrA)4 then z44<® zBRrd
and the contraction map B®rAd—> 4 splits as a (B, 4)-homomorphism.

PrOPOSITION 2. 4. Assume that sAs1<<®pB QrA4s<@gAd D+ - D A4 and let
4=VAI') and D=V 4B). Then ;D<@ pA if and only if 4 <® pA.

Proof. By (1.3) V =End,(4) = End(B®rd) =U where T = Ends )
(BRQrA)=(BRrAT. If ;D<@ pA then A is V-finitely generated and projec-
tive. Since Homs 1) (4, B®rd) is D-finitely generated and projective by
(1. 2) in [9], Homs 1) (4, BQ@rd) ®p4 is V-finitely generated and projective.
Since the isomorphism of U to V is given through the isomorphism B®r4=
Homs 0 (4, B®r4) ®p4 (Remark 2 in §1) B®r4 is U-finitely generated and
projective. On the other hand U—B®r4 defined by f— f1®1),
fe€U, is epimorphic since B, and 4, are in U, and so splits as a U-homo-
morphism. Therefore Endy(B ®rA) = Ends 4 (BQ®r4) = (BQrA)T is a direct
summand of B®rA as a (BRrA)-module. So 4 <® p4 by (4) in (2. 3).

The converse is a similar argument. Or, by (2) in (2. 3) pD <® p4 and so

ProrosiTion 2. 5. Assume that 3B QrAs<@zAD -+ « @A) 4 and let 4=V ")
and D=V 4B). Then for every right A-module M, Homr(Br, Mr) = M®y4.
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If further B is right I'-finitely generated and projective then B @rN = Homp(p4, pN)
Sor any left A-module N.

Proof. Since B®rd = Homy(pd, pA) and 4 is D-finitely generated and
projective, we have Homr(Br, Mr) = Homr(Br, Hom(4, M)r) = Hom(B®rA4,
M) = Hom s (Hom (4, p4), M) = Hom4(4, M) R4 = M ®pd. Similarly we
have Hom (4, pN) = Hom (4, Hom (4, N))=Hom 4(A&®,4, N) =Hom(Homp
(Br, Ar), N) = B®rHomu(4, N) = BQrN since B is right I'-finitely generated
and projective.

§3. Separable extensions

In §2 if we take B = 4 then we have the condition 44 @rds<® 41D
c+ @A)y for a ring 4 and its subring I When this condition holds we
have proved that /4 is a separable extension of I, that is, the contraction
map ¢: AQ@rd—> 4, ¢(x @y) = xy, splits as a (4, 4)-homomorphism ((2. 2)
in [9]). We shall call such an extension an H-separable extension. Let
4=V I') and C = the center of 4. Then by (2. 1)

ProrositioN 3. 1. If A s an H-separable extension of I', then AQrd =
Hom,(4, 1), 4®.4 = Homr(Ar, Ar), 4 ®.4 = Homr(rA, r4) and 4 is C-finitely
generated and projective.  Furthermore, if A is right I'-finitely generated and projective
then 1A Qds<P@AAD -« + - D A4, and, if A is left I-finitely generated and projective
then 44 @, A4 <D 4AD «+« @ A)a.

Remark. We shall show further 4 ®.4 = Homr,ry(4,4) in §4.

ProrosiTioN 3. 2. Let A be an H-separable extension of I' and let 4 =V 4(I')
and C = the center of A. Then I'r <® Ar if and only if the contraction map AR .4
—> A splits as a (A, 4)-homomorphism and V 4(4)=I.  Similarly rI'<®rA if and
only if 4 Q@cA—> A splits as a (4, A)-homomorphism and V 4(4) = I.

Proof. The following diagram

A®Cd—i—>Homr(/1r, Ar)
N
e 4 T
is commutative where i,0 and ¢ are defined as follows: i(A® d)(x) = 1x4,
p(A®d) = 26 and ¢(f)=r(1) respectively. If I'r <@ Ar then letting = be the

projection from A to I, the map ¢’: A—> Homr(4r, Ar), ¢’(2) = 2,07, is a
(4, 4)-homomorphism and ¢o¢’=14. Therefore ¢: 4Q 4—> A splits as a
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(4, 4-homomorphism. That V(4) =I" is Proposition 1.2 in [15]. Con-
versely if there exists ¢': 4—> A®¢4 such that poo’ =14, let 7 =1io0¢'(1).
Then dox =708 for any € 4 and =z(1) =1. Therefore z(2) e V4ld) =T
for 2€4 and z(r)=7 for r€ I, and so I'r <® Ar. Another statement is

similar.

ProrosiTiON 3.3. Let A be a ring C the center of A, 4 a subring of A
containing C and let T'=Va(d). If 44@eds<® 4AAD +++ DA)y then ARed =
Homr(4r, Ar), A®r4 = Homg(d,4) and A is right I'-finitely generated projective.
If 4J4@cAa<® 4AD - @D A)a then 4@ A = Homr(rd, rd), 4Q®r4 = Hom,
(4, A) and A s left I'-finitely generated projective.

Proof. This is a special case of (2. 1).
From (3. 3) and (2. 3) we can easily prove the following proposition by

the same argument.

ProrosiTION 3. 4. Let A be a ring with the center C, 4 a subring of A
containing C and let T'=Vs(4). Assume that 44 Rcds;<PAAD + +» @ A)y. Then

(1) ¢C<®@¢d if and only if A is a separable extension of I'.

(2) If 4 is C-finitely generated and projective then A is an H-separable exten-
sion of I.

(3) If the contraction map AQcd—> A splits as a (A, 4)-homomorphism then
I'm<@® Ar.

@) If ¢cd<®d and p: AQcAd—> Home(4, A) is a monomorphism or if
oC <@ oA and 4 is C-finitely generated projective then V 4(Va(4)) = 4.

There is a similar statement for 4, 4 and C such that 44 ®g A4<@ 44D

e @A)
From (3.1), (3.3) and (3. 4) we have the following theorem.

TueoreM 3.5.  There is a one to one correspondence between the set of closed
subrings I’s of a ring A such that A is H-separable over I' and A is right (left)
I-finitely generated projective, and the set of closed subrings 4’s of A containing the
center C of A such that 44 Reds <@ A(AD + » + @A) 4 (4d ReAs<PDHAD+ + - DA)4)
and 4 is C-finitely generated projective.

From (2. 3) and (2. 4) letting B = 4 we have

ProrosITION 3. 6. Let A be a ring with the center C, I’ a subring of A.
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Assume that 44 @rds<® 44 @D+« +D A4 and let T=Endc4, 1) (4 R@rd) = (A QrA)T.
Then the following are equivalent.

1) C<Ded.
2) r(AQRraf <® rAQr4.
(3) ¢4 <®ed.

THEOREM 3. 7. Let A be a ring with the center C, I' a subring of A.
Assume that C is a C-direct summand of A. Then there is a one to one correspon-
dence between the set of subrings I’s of A such that A is H-separable over I', A is
right (left) I'-finitely generated projective and I'r <@ Ar(rl’ <@ rd), and the set of
subrings 4’s of A containing C such that 444<® s4ARcdsy<® 4AD -+ - D A)4
(44 <@ 44 o As <® JAD « + + D A)4), and 4 is C-finitely generated projective.

Proof. If I'r<®Ar then I' is closed by (3. 2). If 4 satisfies the assump-
tions of the theorem then 4 is closed by (4) of (3. 4). Therefore the theo-
rem follows from (3. 5).

Note that 44 Reds <D 44D+ - - @ 4)4 means that left 4&®y4-module 4

is a generator where 4° is the opposite ring of 4.

ProrosiTioN 3.8. Let A be a ring with the center C and I' a subring of
A, Assume that A is an H-separable extension of I' and let T = Endca, ) (4 @rA).
Then End(4®rd) = Homg (4,4), and A is C-finitely generated projective if and
only if AQrA s T-finitely generated projective.

Proof. Since 444 <® 44 @rd4 we can apply (1. 3).
From (2. 5) we have

ProposiTiON 3. 9.  Let A be an H-separable extension of I' and let A=V A(I")
and C the center of A.  Then for any right (left) A-module M (N) Homr(Ar, Mr)
= MQcd (Homr(r4,rN) = 4 @cN).  If further A is right (left) I'-finitely gene-
rated projective then AQ@rN = Home(d, N) (M &rd = Hom¢(4, M)).

§4. Separable subextensions

In this section we shall deal with a ring 4 and its subrings B > I" such
that B is H-separable over I'. Since 3B ®pByz <@ z(B@®- + -@® B)p, tensoring
with 4 over B there yields 4AQrBz 4A(A@ -+ @ A)g or zB @rAd<Dp(AD- - -
@ A)a.  Therefore all propositions in §2 hold for the da’ta 4, B and I' such
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that B is H-separable over I'.  We shall study about further properties of
them.

Let BT be the centralizer of I' in B and B2 the center of B. Then,
since B is H-separable over I', for any two-sided B-module M, MT = BI'®zM?
by Theorem 1.2 in [15] where M ={me M|im=mr,7r€I'} and M®=
{me M|bm=mb, b B}. Therefore if we put A" =4 and 4% =D then
4 = BT ®geD.

ProposiTION 4. 1. Let A be a ring, B and I" subrings of A such that BOI.
Let 4 and D be the centralizers of I' and B in A respectively. If B is H-separable
over I’ then 4 ®pd=Homr,ry (B, A) and p,Dp <@ pdp <@ p(D®-+ - @ D)p. If
Surther B is closed in A (V4(Va(B)) = B) then B®rB = Homu,p) (4, 4).

Proof. Since B is H-separable over I, B®rB = Homys(B",B) and BT
is BP-finitely generated and projective. And so B? is B?-direct summand
of BI'. We have Bis <® BLs <® (B@® - + - @ B®)gs. Tensoring with D over
B? this yields D<@ 4<®D® + -+ @D as two-sided D-modules.

Next, we have 4 ®p4 = BT ®pseD ®pd = BT ®zd = BT ®zz Homs ) (B, A4)
= Hom¢s ry Homgs(BT, B), A) (BF is BZ-finitely generated and projective)
= Hom¢z r) (B®rB, 4) = Homr,r (B, Homg(zB, z4)) = Hom, ) (B, 4).

Last, we assume that B is closed. We have Homp, b (4, 4) = Hom, )
(BT®geD, 4) = Homgs(BT, Hom(p, py (D, 4)) = Homys(Bl', B) as Hom(p, p) (D, A)
=V4D)= B. Since B®rB = Homgs(BT, B) we have Hom(p, p) (4, 4)=B&rB.

COROLLARY 4. 2. Let A be a ring, B and I" subrings of A such that B is
H-separable over I'. If rI'r <@ rBr then 4 is separable over D, and if rBr<®
r(lC® -« @r then 4 is H-separable over D.

Proof. We have following commutative diagram

4 Rpd i) Homr,ry (B, 4)
\ /
2 | ¢

where ¢ is the contraction map and ¢(f) = f(1), f< Homu,r(B,4). If
rI'r <@ rBr then, letting = be the projection of B to I, ¢": 4—— Hom )
(B, 4) defined by ¢'(5) = 6,0z = d,0x is a two-sided 4-homomorphism. There-
fore 4 is separable over D.

If rBr<®r(r®--+@®0Nr then 4®pd4 = Homr.m (B, 4) <® Hom, m
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Ire---@®r,4) =Homae,ny(C,A® -« « « @Home,ry () =4® -+« @ 4.
Therefore 4 is H-separable over D.

Proposition 1. 4 in [15] asserts that for a separable subextension B of I’
in an H-separable extension 4 of I, 4 is an H-separable extension of B if
4, I' and B satisfy the assumption in Proposition 1.3 in [15]. But the last
assumption is not necessary. That is

ProposITION 4. 3. Let A be an H-separable extension of I' and B a separable
subextension of I' in A.  Then A is H-separable over B and p,Dp <® pdp where
A=V and D = V4(B).

Proof. Since B is separable over I', 3Bz <® 3B ®@rBs. Tensoring with
A over B on both sides, we have 44 ®zd4<® 44 RdrA4 and since 4 is H-
separable over I' we have 44 Qrds<® 4(4® + + + @ A)a. Therefore 44 ®z44
<@AA4@D -+ @A) and 4 is H-separable over B. That ,D, <® ,4, has
been proved in [15] without further assumptions.

Instead of the assumption zBr <@ zAr in Proposition 1. 3 in [15] we can
assume that B is H-separable over I or more weakly ;B Rrd4<® z(4®- -
c @ A)a.

LEmMA 4. 4. Let A be a ring, BD I subrings of A. If B is H-separable
over I' and I't <® Ar (rI’ <@ rA) then By <® Ay (5B <® pA).

Proof. Since zB®rBs <@ z(B® -+ + + @ B)p tensoring with 4 over B we
have 44 R@rBy <@ A(A@D-+ - D A)g. If 'r<@®Ar then Bz=I ®rB <® A RrB.
Therefore B <® (4@ « + + @ 4)p and By <@ 43 since A is a ring.

LEMMA 4.5. Assume that A is H-separable over I' and that B is an H-
separable subextension of I' in A. If I'r <@ Ar or rI’ <@ rA then VaV4(B)) = B.

Proof. By (4.3) A is H-separable over B, and by (4.4) Bz <® 4z or
8B <@® zA. Therefore by Proposition 1. 2 in [15] V4(V4(B)) = B.

Let R be a ring, M a two-sided R-module. If Mz <@ g(R®: - P R)z
we shall call M a centrally projective module. We shall prove in §5 the
following fact in more general form. Let S be an overring of a ring R.
If S is R-centrally projective then rRp <@ zSk.

Lemma 4.6. Let A be a ring, B> " subrings of A. If B is H-separable
over I' and A is I'-centrally projective then A is B-centrally projective and B is I'-
centrally projective.



42 KAZUHIKO HIRATA

Progf. Since rAr<®r(I’ @« -@ I'r tensoring with B over I' we have
sBRrAr<@zB@®- - @ B)r. On the other hand since zBz<®B X By we
have gA4=pB Q®pAs<@PzB Q@rAs. Therefore zAr<®z(B®- - +@ B)r. Further-
more tensoring with B over I we have A QrBz<@zBQrB®-: + +@® BRrB)z.
Since 14 <@ 414 Q@rBz and zBQrB; <@ z(B® - - - @ B)y we have 45 <®
s(B®- -+ @®B)s. As we noted above we have also zBz<® 34z and of course
rBr<®rdr. Since rAr<®r(I' ®- -+ -@ r we have rBr<®r(Il’' @®- - -®)r.

Letting B= /4 in (4. 1) and (4. 2) we have

ProPOSITION 4. 7. Let A be an H-separable extension of I' and let 4=V iI"),
C the center of A. Then 4 ®c4 = Homr,ry(A4,4) and 4 is C-finitely generated
projective.  If further rI'r <® rAr then 4 is a separable C-algebra, and if rAr
<@®r( @ -+ ®Ir then 4 is an H-separable C-algebra.

Combining these lemmas and propositions we have

THEOREM 4.8. Let A be a ring, B> I subrings of A.  Assume that A is
a I'-centrally projective H-separable extension of I' and B tis an H-separable subex-
tension of I' in A. Let 4=V.I'), D=ViB) and C = the center of A. Then
(1) 4 ts a finitely generated projective, H-separable C-algebra and closed in A. (2) D
is a C-finitely generated projective H-separable C-subalgebra of 4. (3) VAVa(B))=B
and VAVaAI) =T. Conversely assume that 4 is a subring of A containing C, that
4 is a finitely generated projective, H-separable C-algebra and that D is an H-separ-
able C-subalgebra of 4. Then (4) A is Va(d)-centrally projective and H-separable
over Vo(d). (5) Va(D) ts H-separable over Va(d). (6) VaVaD))=D. In this
way there is a one to one correspondence between the set of H-separable subextensions
of I' in A and the set of H-separable C-subalgebras of 4.

Proof. If A is a centrally projective H-separable extension of I' then,
by (4.7), 4 is C-finitely generated projective and H-separable over C.
Closedness of 4 is clear. If B is an H-separable subextension of I' then, by
(4. 3), A is H-separable over B and B-centrally projective by (4. 6). There-
fore D is C-finitely generated projective and H-separable over C. As we have
noted above, rI'r <@ rAr and zBz <® pdp since 4 is both I'- and B-cent-
rally projective. Therefore Vi(Va(I") =1I" and Va(Vi(B)) = B by Proposition
1. 2 in [15], since A is H-separable over I' and over B. The converse is
similar. We note that under these assumptions for 4, D and C, 4 is D-
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centrally projective and H-separable over D, and so (5) follows form (4. 1)
and (4. 2). That V«V4(D)) = D follows from (5) in (2. 3).

Finally we give the converse of Proposition 3.4 in [9]. Let 4 be an
H-separable extension of its subring I" and assume that r/'r <®r4r. Let
4=V4I') and C the center of 4. Then V4(4) =TI by Proposition 1. 2 [15].
So center I'=IN4=Vad) N 4=center 4 D>C. Let C' = center I" = center
4 and A" =V4(C’). Since 4 is separable over C by (4.7), 4 is central
separable over C’ and so H-separable over C’. By Theorem 1.2 in [15]
A =T'®cd. If C'=C then 4=T R4.

ProPOSITION 4.10. Let A be a ring with the center C, I' a subring of A
with the center equal to A. If A is H-separable over I' and rI'r<®rAr then VAI")
ts central separable over C, A =T QcVall') and A is [-centrally projective.

§5. Centrally projective modules

As we have seen in the last section there is a type of two-sided mo-
dules which we have called ‘centrally projective’. In this section we shall
study some properties of these modules. Let R be a ring with the center
C, M a two-sided R-module. If ;Mp <@ zR® -+ ® R)z we shall call M a
centrally projective module. Note that Homr r) (R, M) is isomorphic to
ME={me M|rm=mr,r < R}. Let 2=Endwrr (M). By (1.1) in [9] we
have

ProrosiTION 5.1. M s centrally projective if and only if Homcr r) (M, R)
RecME = Q.

The isomorphism is given by g®m—> (x —> g(x)m), where g®@m e
Homr ») (M, R) cME and xz € M.

From (1. 2) in [9] we have

ProrosiTiON 5. 2. If M is centrally projective then ME is C-finitely generated
projective as well as an Q-generator, M = R QcM? and End(MF) = Q.

The isomorphism M= R® M*? is given by r@m—>rm for r@m e
R®cM*~.

ProrosiTiON 5.3. If M is centrally projective and M?E is C-faithful then
RRR<®R(M® <00 @ M)p.

Proof. Since M% is C-finitely generated projective, if it is C-faithful
then (C<@®;(ME®- - -@® ME). Therefore tensoring with R over C we have
R<®PRXIME®D +++ PRRIME=M®D -+ - ®M as two-sided R-modules.
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Let Trr r (M) be the two-sided ideal in R generated by g¢g(m), g
Homiz 7 (M,R) and me M. Then by (1. 2) in [9]

PrOPOSITION 5.4, zRz<@®p(M® -+ ® M), if and only if Trrr (M) =
R.  When ihis is the case ME is Q-finitely generated projective as well as a C-
generator and Homg(ME, M®) = C.

Let Tro(M%®) be the ideal in C generated by f(m), f < Hom.(MZ%, C)
and me M, If M= RQ® ME? then since Homr r) (M, R) = Hom (M~E,C)
it is easily seen that R-Tro(M®) = Trrr (M). Let A={xeR|aM=0,
Mx =0} and a={xeC|laM?=0}. If M= R®,MF then it is clear that
R.-ac¥.

Prorosition 5. 5. If M is centrally projective then ¥ + Trr r) (M) = R.

Proof. Since ME is C-finitely generated and projective, by Proposition
A.30], a+ Tre(M?) =C. From the above remarks we have the conclu-
sion.

Next we consider an overring of R which is centrally projective.

ProposiTION 5. 6. Let S be an overring of a ring R, C the center of R.
If S is R-centrally projective then S = R ®¢S®, S? is C-finitely generated projective
and zRz <® zSz.

Progf. The first two assertions follow from (5. 2). Since S® is C-finitely
generated projective and S22C, (C <® (S* and R <® R ®S? as two-sided
R-modules.

We also note that if R, <@ (S® + + - @ S)g then R, <® zS;.
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