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SEPARABLE EXTENSIONS AND CENTRALIZERS

OF RINGS

KAZUHIKO HIRATA

We have introduced in [9] a type of separable extensions of a ring as

a generalization of the notion of central separable algebras. Unfortunately

it was unsuitable to call such extensions 'central' as Sugano pointed out in

[15] (Example below Theorem 1. l). Some additional properties of such

extensions were given in [15]. Especially Propositions 1. 3 and 1. 4 in [15] are

interesting and suggested us to consider the commutor theory of separable

extensions. Let A be a ring and Γ a subring of A, When A ®rA is a

direct summand of a finite direct sum of A as a two-sided ^-module we

shall denote it by ΛA®ΓAΛ<® Λ(A® ®A)Λ and call A an //-separable

extension of Γ (cf. [9] and [15]). Let J be a subring of A containing the

center C of A and let Γ be the centralizer of Δ in A,Γ = VΆ{Δ) = AΔ =

{λ <ΞA\δλ = λδ, δ G j ) , If ΛA ®CΔΔ <® Λ(A ® © A)j and Δ is C-finitely

generated and projective then A is an //-separable extension of Γ and A is

right Γ-finitely generated and projective. Conversely for such an //-separ-

able extension A over Γ, if we set Δ' = VΛ{Γ), then^yl (x)cJV < © Λ(A®

®A)Δ' and Δr is C-ίinitely generated and projective. In this way we can

give a one to one correspondence between Γ's and J's. A more general

situation than //-separable extensions is possible and is symmetric to each

other. Let B and Γ be subrings of A such that B D Γ. Let Δ = VΛ{Γ)

and D=VΛ{B). If BB (x)r AΛ <® B{A ® ®A)Λ and B is right Γ-finitely

generated and projective then ΛA (X) DΔΔ <®Λ(A ® . ®A)Δ and Δ is left D-

finitly generated and projective. Same considerations are possible for in-

separable subextensions. These are treated in §2, 3 and 4. §1 is a con-

tinuation of §1 in [9] and the results are applied to the following sections.

In §5 we give some notes on two-sided modules. It is well known that any

finitly generated projective module over a commutative ring is a generator

(completely faithful) if it is faithful. Let M be a two-sided module over a
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ring R and assume that RMR<@R(R® ®R)R. (It is natural to say such

a module Centrally projective'.) Set MR = {m e M\rm=mr9 r e 7?}. Then if

M* is C-faithful, where C is the center of R, then RRR <® R{M® ®M)R.

Throughout this paper we assume that all rings have a unit element,

subrings contain this element and modules are unitary.

§1. Continuation of §1 in [9]
Let R be a ring and let A and B be left i?-modules respectively. Put

S = Endβ(A) and T = EncUB). Following to [9] we note that S and T-

operate on the right of A and B respectively. Then HomΛ(.A, B) is a left

S- and right T-module, and ΐlomR{B, A) is a left T- and right S-module.

THEOREM 1. 1. For R-modules A and B the following conditions are equivalent.

(1) RB<®R(A® ®A).

(2) ΈlomR(B, A) is S-finitely generated projective and B is isomorphic to

Hom s (Hom j B (5 , A), A) as an R-module.

(3) YiomR{B9 A) (x^Hom^A, M) = HomR{B, M) for any left R-module M.

Proof By (l. 2) in [9], (1) implies (2). Assume (2). Then since

HomR(B,A) is S-finitely generated and projective HomR(B9 A) ®sΐίomR{A, M)

= Homβ(Homs(Hom.β(i?, A),A),M) and by the second condition of (2) the last

is isomorphic to Hom#(J9,M). If we put M=B then (3) implies (1) by

(1. 1) in [9].

PROPOSITION 1. 2. Assume that RB <®R(A® ® A). If A is an S-

generator so is B as a T-module.

Proof By (1. 2) in [9] B is isomorphic to A (gsHoniijti, B) as a right

T-module. Since Ss <® {A ® © A)s tensoring with HomR(Af B) over 5

we have Hom Λ (Λ B)τ <® {A ®sYίomR{A, £ ) © • • • © ;4(g)sHomΛ(i4, B))τ = (B

© ®B)T. As H o m Λ ( Λ ^ ) is a T-generator so is B.

PROPOSITION 1. 3. Assume that both RB<®R(A® © A) and RA <®

R(B® © 5 ) . Then

(1) End r (£) = Ends(A) αi nwgί.

(2) A is S-finitely generated projective if and only if B is so as a T-module.

(3) A is an S-generator if and only if B is so as a T-module.
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Proof. (1) By (1.2) in [9] we have both Bτ = A ®sΉ.omR{A, B)τ and

Λs = HomrtHom^i,^),^)^. Then we have ΊΆomτ{B,B) = Homτ(A(g)s Hom^

(A,B),B) ^ Hom^ΛHom^Hom^Λ^),^)) = Homs(A,A).

(2) Assume that A is S-finitely generated and projective. So As < ©

(S® ®S)s Tensoring with HomR{A,B) over S we have Bτ = A(g)s

HomR{A, B)τ <® (ΆomR{A, B) ® © ΈLomR{A9B))τ. Since HomR{A,B) is

T-finitely generated and projective by (1. 5) in [9] so is B. The converse

is similar. (3) was proved in (1. 2) already.

Remark 1. When the assumptions in (1. 3) are fulfiled the category of

left (right) S-modules is equivalent to the category of left (right) T-modules

((1. 5) in [9]). Therefore Proposition 1. 3 is an obvious fact. Furthermore

the property 'direct summand' is preserved in the above equivalences. We

shall use this fact in §2.

Remark 2. The isomorphism EndΓ(i?) = Ends(^4) is given as follows. Let

v e Ends(^4). Then corresponding u e Endτ(B) is given by the composition

B = A(£)s HomΛ {A, B) — > A ®s HomΛ {A,B) = B, and so, the isomorphisms

stated in (1. 2) in [9] are all End r(£) = Ends(^4)-admissible.

§2. Pairs of subrings and their centralizers

Let A be a ring and let B and Γ be subrings of A such that B Ό Γ.

We consider the case that BB ®rAA < ® BU ® ®Λ)Λ. Then End(B,Λϊ

(A, A), left B- and right Λl-endomorphisms of A, is isomorphic to the left

multiplication of D=VΛ{B) = AB, the centralizer of B in A, and HOΏI^B.Λ)

(B®ΓA, A) is isomorphic to Δ = VA(Γ) = AΓ, the centralizer of Γ in A. We

have, by (1.2) in [9], B ®rA s Homΰ( f lΔ, DA), b®λ >{δ >bδλ), as left

B- and right yl-modules and Δ is left Z)-finίtely generated and projective.

Furthermore we have following isomorphisms.

A (g)D Δ = HomA{AA,AA) (x)ΰi = Homyi(HomZ)(jDJ, DA)A,AA) = ^OVCIA{B®ΓAA,

AA) = ftomr{Br, ΐlomA{AA,AA))=ΐlomr{Br,Ar). The isomorphism of A (x)DΔ

to Ή.omr(Br,Ar) is given by λ®δ'—>{b —>λbδ). Therefore this is left

A- and right J-admissible. If B is right Γ-finitely generated and projective,

then Λϊlomr{Br,Ar)j<® jHomr((Γ® •©/>, AΓ)Δ = A(Homr{Γr9Ar)®-

• © Homr{Γr,AΓ))j = A{A ® ®A)j. We have

PROPOSITION 2. 1. Let A be a ring and let B and Γ be subrings of A such
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that B-DΓ. If BB ®ΓAA < © B(A © ® A)A then BB ® r AA = BHomD{Da, DA)A,

ΛA (g)D ΔΔ = yiHomr(5r, Λr)J #ftd? Δ is left D-finitely generated and projective. If9

further, B is right Γ-finitely generated and projective then AA (X)DΔΔ < © A{A ® •©

A)Δ.

We shall call a subring of a ring A be closed if it coincides with its

second centralizer in A. From the above proposition we have

THEOREM 2. 2. There is a one to one correspondence between the set of pairs

(B,Γ) of closed subrings of a ring A such that BΌΓ, BB ®Γ AA<@B{A@- ®A)A

and B is right Γ"finitely generated projective and the set of pairs (Δ,D) of closed

subrings of A such that Δz)D, ΛA(£)DΔΔ<® A{A®' ® Λ)Δ and Δ is left D-finitely

generated projective.

Now the endomorphism ring of B ®rA as a {B, Λ)-module is isomorphic

to {B(g)r A)Γ = {ξ e B (x)r A | ϊξ = ξϊ', ϊ e Γ] and, as is easily seen, it is also

isomorphic to HomD{DΔ,DΔ) if BB®ΓAΛ <® B{A ® ®A)A, where Δ = VA{Γ)

and D= VΛ{B). Contrary to §1 we consider B®rΛ as a left (B®rA)Γ-mo-

dule.

PROPOSITION 2. 3. Let B z> Γ be subrings of a ring A such that BB (x)r A A

<®M® - ®A)Λ and let Δ = VA{Γ) and D=VA(B). Then the following hold.

(1) If Γr<@Br then the contraction map φΔ\ A®DΔ > A, φΔ{λ (x) δ) = λδ,

splits as a (A, Δ)-homomorphism.

(2) If the contraction map φB: B®rA—> A, φB(b®λ\=bλ9 splits as a (B,A)-

homomorphism then DD<® DΔ.

(3) Let C be the center of A and define the map η\ A(g)rA —>Homc(zf, A)

by y{x®y)(δ)= xδy. If Br<@Ar and η is a monomorphism, or if B is right

Γ-finitely generated projective, VA(VA(Γ)) = Γ and ΓΓ <® rA, then VA{VA{B)) = B.

(4) Assume that BAA<@BB®ΓAA. Then (B (x)r A)Γ <® B (x)r A as left

{B®rA)Γ-modules if and only if DΔ <® DA.

(5) Assume that VA(VA{Γ))<ZB. {This is the case when VA{VA{B)) = B. )

If ΓΓ < ® Br or ΓΓ < © rA then VA{VA{Γ)) = Γ.

Proof. (1) Let ψB: ΐlomr{Br, Ar) —>A be the map defined by ψB(f)

= f{l), f e Homr{Br, Ar) Then the following diagram

A ®D Δ - ^ Homr(Br, Ar)

ΨΔ A φB
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is commutative. If ΓΓ <® Br, let π\ B—>Γ be the projection and define

φB: A—>Homr{Br9 ΛΓ) by ψ'B(λ) = λtoπ where λt is the left multiplication of

λ on B. Then ψB is a (A, J)-homomorphism such that ψBoψB = 1Λ. There-

fore φB Splits.

(2) By (2. 1) B (g)rA = ΐlomD(DΔ, DA) and the diagram

B ®rA > Hom^f^Δ, DA)

<PB A ψj

is commutative, where ψAg) = g{ϊ), g e Hom^f^zl, DA). If φB\ B®rA—>A

splits as a (B,y4)-homomorphism? then there exists φΔ\ A >ΐίomD{Dd9 DA)

such that ψΔ°ψ'Δ = 1Λ. If we let ψ'J\) = p, then b o p = p o b, b e B and

|0(1) = 1. From this D is a left Z>-direct summand of Δ. We note that

φB: B®rA >A splits if and only if there exists an element 2 ^ 0 ^ 6 5 ® ^

such that Σ bbi ® ̂  = Σ ̂  ® λ^ for ^ e ^ and Σ *Λ = 1. Then the projec-

tion from Δ to D is given by δ—>ΣM^, δ ̂  Δ.

(3) Assume that Br<@Ar and 77: Λ®rΛ >ΐlomc(Δ,A) is monomor-

phic. Let x be in F (̂F î(-β)) = VA{D) and consider the following commu-

tative diagram

0 > A ®rΛ - % Homc( J, J)

i . ΐ
Y D { D Δ , DA)

Then since η(x®ϊ) may consider as is in Hom f l(ΰJ, DA) we have x (g) 1 e

.β (x)r/ί. Therefore α; e B, as .Br < ® Ar> Next we assume that B is right

Γ-projective, VΛ(FΛ(Γ)) = Γ and rΓ<®rA. Since 5 is right Γ-finitely gene-

rated and projective, ΛA®D ΔJ<@A(A® ®A)j by (2. 1). Therefore if we

put VΛ(Δ) = Br then Br ®rA = Hom^pJ, DA). Since B®rA = H o m ^ J , ^yl),

from the sequence

0 > B > Br > B'lB > 0

we have BrjB®rA = 0. As ΓΓ <® ΓA, Br\B = 0 and B = B'.

(4) Since BAΛ<® BB®ΓAΛ<®B(A@* ®Λ)Λ we can use Remark 1 in

§1. By (1. 1) in [9] we have [B®rA)Γ =Yίom{BtΛ){B®rA, £(x)rΛ) =
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U,B®rΛ)(g)Dlϊom(B,Λ)(B®rΛ9Λ). On the other hand by (1.2) in [9]

B(g)rΛ = Hornet Λ) {A, B®ΓΛ)®DΛ. Here we are considering A and B®rA

as left D- and left (B (x)rΛ)Γ-modules respectively. Then (B®ΓΛ)Γ (B ®ΓΛ)Γ <

®(B®ΓΛ)Γ B <S)rΛ means that Hom(βj) {A,B<g)rA)<g)DJlomζB,A)(B<g)rA,A) <®

Homrβj) (A, B0rA) ®DA. By Remark 1 in §1, this implies that DΔ=Hornet A)

(B®rA9 A) <® DΛ. The converse is obtained by tensoring with Honi(£,Λ)

{A, B ®rA) over D.

(5) Let x be in V Λ(V A(Γ)) = V Λ{Δ) . Since B®rΛ = HomD(DΔ, DA) we

have a; (g) l = l (g) a? in £ (X)FΛ. Assume £ r = ( Γ 0 Γ ) r and write x = y +z,

y <= Γ, 2 e Γ . Then £ ®rΛ = Γ ®rΛ © Γ' (g)/vl and y (g)l + z®l = x(g)l =

1 (x) α e Γ ® id. Therefore cc (x) 1 = t/ (x) 1 and x = y <Ξ Γ. The case of

rΓ<©/v4 is similar.

Remark 1. 37 in (3) of (2. 3) is a monomorphism (isomorphism) if A is

//-separable over B. For, then we have A®ΓA = A®BB®ΓA<®A®SΛ®'

© A®BA<®A®' ' ®A and A is H-separable over Γ, and so A®rA=Homc

(J,4) (cf. §2 in [9]).

Remark 2. If BAΛ<®B{B®ΓA® ®B®ΓA)Λ then *ΛΛ < ©

and the contraction map B ®rA > A splits as a {B, /ί)-homomorphism.

PROPOSITION 2. 4. Assume that BΛΛ<®BB0ΓAΛ<®B{Λ®- • ®Λ)Λ

j = γΛ{r) and D - V^(β). Then DD<® DΛ if and only if DΔ < © DA.

Proof. By (1.3) V = EndD(A) ^ Endτ{B ®rA) = U where T = Eni(B,Λ)

{B(g)rΛ) = {B(g)rΛ)Γ. If DD<@DA then Λ is F-finitely generated and projec-

tive. Since Hom(£, Λ) {A, B (g)rA) is ^-finitely generated and projective by

(1. 2) in [9], Hoπi(B, Λ) (A, B®rA)®DA is F-finίtely generated and projective.

Since the isomorphism of U to V is given through the isomorphism B®rA =

Homes, Λ)(Λ, B®rA)®DA (Remark 2 in §1) B®rA is ^/-finitely generated and

projective. On the other hand U >B®rA defined by / >/(l(x)l),

/et/ , is epimorphic since BL and Ar are in U, and so splits as a t/-homo-

morphism. Therefore End^Z? ®rA) = Endc^, yi) {B ®rA) = (B®rA)Γ is a direct

summand of 5®r/i as a (£ (x)r/ί)Γ-module. So I )J<© I,yl by (4) in (2.3).

The converse is a similar argument. Or, by (2) in (2. 3) DD < © DΔ and so

DD<®DΛ.

PROPOSITION 2. 5. Assume that BB (£)ΓAΛ<®BU® - ®Λ)Λ flwrf foί J =

and D = VΛ(B). Then for every right A-module M, Homr{Br,Mr) = M®DΔ
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If further B is right Γ finitely generated and projective then B®rN= Ή.omD(DΔ,DN)

for any left Λ-module N.

Proof Since B ®rA ~ Hom ί )( j DΔ, DΛ) and Δ is /^-finitely generated and

projective, we have ΐlomr{Br,Mr) = ΐίomr{Br9 ΐlomΛ{Λ,M)r) = HomA(B®rA,

M) = HomΛ ( H o m ^ J , DA), M) = Hom/A(Λ,M) ®DΔ = M(x)DΔ. Similarly we

have HomD{DA9DN) = H o m ^ J , ΈίomA{A,N))=TΆomA{A®DA, N) = H o n u ( H o m r

(Br, AΓ), N) = B ®rΉom.A[A9 N) = B(g)rN since B is right Γ-finitely generated

and projective.

§3. Separable extensions

I n §2 if we take B = A then we have the condition ΛA ®ΓAA <® A{A ®

• ®A)Λ for a ring A and its subring Γ. When this condition holds we

have proved that A is a separable extension of Γ, that is, the contraction

m a p ^ : A®rA—>A, φ(x®y)=zxy, splits as a (A,Λ)-homomorphism ((2.2)

in [9]). We shall call such an extension an //-separable extension. Let

Δ = VΛ(Γ) and C = the center of A. Then by (2. 1)

PROPOSITION 3. 1. If A is an H-separable extension of Γ, then A(g)rA =

Homc(J,Λ), A®CΔ = ΐlomr(Ar,Ar)9 Δ®CA = ΐίomr{rΛ, rA) and Δ is Cfinitely

generated and projective. Furthermore, if A is right Γ-finitely generated and projective

then ΛA®CΔJ<®Λ(A® -®A)j, and, if A is left Γfinitely generated and projective

then ΛΔ®M<®ΔU® ' ' ®A)A.

Remark. We shall show further Δ ®CΔ = Hom(r.r) {A, A) in §4.

PROPOSITION 3. 2. Let A be an H-separable extension of Γ and let Δ = VΛ{Γ)

and C = the center of A. Then ΓΓ < © Ar if and only if the contraction map A®CΔ

— > A splits as a {A,Δ)-homomorphism and VΛ{Δ)=Γ. Similarly rΓ<@rA if and

only if Δ (g)cA > A splits as a {Δ, A)-homomorphism and VΛ{Δ) = Γ.

Proof The following diagram

i
A ®CΔ > Homr(Ar, Ar)

is commutative where i,φ and ψ are defined as follows: i{λ®δ) {x) = λxδ,

φ(λ®δ) = λδ and ψ(f)=f(ί) respectively. If ΓΓ <® Ar then letting π be the

projection from A to Γ, the m a p 0 ' : A—>Homr(Ar, Ar), ψr{λ) = λ^π, is a

(A, J)-homomorphism and ψ o ψr = lΛ. Therefore φ\ A® Δ >A splits as a
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(A, J)-homomorphism. That VΛ(Δ) = Γ is Proposition 1.2 in [15], Con-

versely if there exists φr: A >A®CΔ such that φ o φ' — lΛ, let π = i o φ'{l).

Then δ o π = π o £ for any δ £ j and τr(l) = 1. Therefore π(λ) e F Λ ( J ) = Γ

for i e Λ and π{ϊ) = r for r e Γ, and so ΓΓ < ® ΛΓ. Another statement is

similar.

PROPOSITION 3. 3. Let A be a ring C the center of A, Δ a subring of A

containing C and let Γ=VΛ{Δ). If ΛA®CΔΔ<® Λ{A® ® A)Δ then Λ®CΔ =

H o m r U r , Ar)9 A ®rA = H o m c ( J , A) and A is right Γ-finitely generated protective.

If ΔΔ ®CAΛ<® Δ{A® ®A)Λ then Δ®CΛ = HomrirA, rA)y A®rA = Hom^

(J, A) and A is left Γ-finitely generated projectiυe.

Proof This is a special case of (2. 1).

From (3. 3) and (2. 3) we can easily prove the following proposition by

the same argument.

PROPOSITION 3. 4. Let A be a ring with the center C, Δ a subring of A

containing C and let Γ=VΛ(Δ). Assume that ΛA®CΔJ<®Λ(A® ® A)Δ. Then

(1) CC <® CΔ if and only if A is a separable extension of Γ.

(2) If Δ is C-finitely generated and projective then A is an Hseparable exten-

sion of Γ.

(3) If the contraction map A (x)cΔ •—> A splits as a (A, Δ)~komomorphism then

ΓΓ < ® Ar.

(4) If CΔ <® CA and η: A ®CA — > Homα(Λ, A) is a monomorphism or if

cC <® CA and Δ is C-finitely generated projective then VΛ{VΛ(Δ)) = Δ.

There is a similar statement for A, Δ and C such that ΔΔ (g)σ AΛ<@ΔU®

• Θ A)Λ.

From (3. 1), (3. 3) and (3. 4) we have the following theorem.

THEOREM 3. 5. There is a one to one correspondence between the set of closed

subrings Γ's of a ring A such that A is H-separable over Γ and A is right (left)

Γ-finitely generated projective, and the set of closed subrings Δ's of A containing the

center C of A such that ΛA ®CΔΔ < Θ Λ{Λ ® ®A)Δ (jJ ® C Λ U < Θ J W Θ ®A)Λ)

and Δ is C-finitely generated projective.

From (2. 3) and (2. 4) letting B = A we have

PROPOSITION 3. 6. Let A be a ring with the center C, Γ a subring of A.
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Assume that ΛA ®ΓAA <® A(A ® © A)A and let T^End(Λ, Λ) (A ®rΛ) = (A ®rA)Γ.

Then the following are equivalent.

(1) cC

(2) τ(A®rA)Γ<®τA®rA.

(3) CΔ < ® CΛ.

THEOREM 3. 7. Ztfί A be a ring with the center C, Γ a subrίng of A.

Assume that C is a C-direct summand of A. Then there is a one to one correspon-

dence between the set of subrings Γ's of A such that A is H-separable over Γ, A is

right (left) Γ-finitely generated projective and ΓΓ < © Ar(rΓ <® rA), and the set of

subrings Δ's of A containing C such that AAΔ < © AA ®CΔΔ <® Λ(A ® © A)Δ

(JAA <® ΔΔ ®CΛA <® A{A © © A)A)9 and Δ is C-finitely generated projective.

Proof. If Γr<®Ar then Γ is closed by (3. 2). If J satisfies the assump-

tions of the theorem then Δ is closed by (4) of (3. 4). Therefore the theo-

rem follows from (3. 5).

Note that AA ®CΔJ <® A(A® © A)Δ means that left A ®cJ°-module A

is a generator where J° is the opposite ring of Δ.

PROPOSITION 3. 8. Let A be a ring with the center C and Γ a subring of

A. Assume that A is an H-separable extension of Γ and let T = End(Λ,Λ) (Λ (£)rA).

Then Endτ{A(g)rA) = Homc(A,A), and A is C-finitely generated projective if and

only if A ®rA is T-finitely generated projective.

Proof Since ΛΛA < © ΛA ®ΓAA we can apply (1.3).

From (2. 5) we have

PROPOSITION 3. 9. Let A be an H-separable extension of Γ and let Δ — VA{Γ)

and C the center of A. Then for any right (left) A-module M {N) H o m r U r , Mr)

= M(g)cΔ (Άomr(rA,rN) = Δ(g)cN). If further A is right (left) Γ-finitely gene-

rated projective then A0rN= Homc(Δ,N) (M®rA = H o m ^ J , M)).

§4. Separable subextensions
In this section we shall deal with a ring A and its subrings B z> Γ such

that B is //-separable over Γ. Since BB®ΓBB<®B(B@- \ ®B)Bf tensoring

with A over B there yields AA®ΓBB A(A® ®A)B or BB ®ΓAΛ<@B(A® -

®Λ)Λ. Therefore all propositions in §2 hold for the da'ta A, B and Γ such
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that B is //-separable over Γ. We shall study about further properties of

them.

Let BΓ be the centralizer of Γ in B and BB the center of B. Then,

since B is //-separable over Γ, for any two-sided Z?-module Mf M
Γ = BΓ(£)BBMB

by Theorem 1. 2 in [15] where MΓ = {m e M | ϊm = mr, r e Γ] and M* =

{m e MI 6m = wδ, 6 e J9}. Therefore if we put AΓ - Δ and ΛB — D then

PROPOSITION 4. 1. 2>£ A be a ring, B and Γ subrings of A such that BΏΓ.

Let Δ and D be the centralizers of Γ and B in A respectively. If B is H-separable

over Γ then Δ®DΔ = ΊΆom{r,r){B9 A) and DDD<® DΔD<® D(D@- ®D)D. If

further B is closed in A {VΛ{VΛ{B)) = B) then B®rB s

Proof Since B is //-separable over Γ, B ®rB = Ή.omBB{BΓ, B) and BΓ

is /^-finitely generated and projective. And so BB is ^-direct summand

of BΓ. We have Bξs <® BζB <® (BB ® © BB)BB. Tensoring with D over

BB this yields D<® Δ<@D® ®D as two-sided /^-modules.

Next, we have Δ ®DΔ = BΓ
 ®BBD ®DΔ = BΓ ®BBΔ = 5 Γ

 ®BB Hom(jB,r) (5, il)

= Hom(Bfn (HornBB{BΓ,B)9 A) (BΓ is 5β-finitely generated and projective)

= Hom(AΓ) {B®rB, A) = Hom(r,r) {B,Ή.omB(BB, BA)) s Homer, D (jB,yl).

Last, we assume that B is closed. We have Hom(D, £>) (Δ, A) = HOIΠCAD)

(BΓ®BBD, A) = HomB β(βΓ,Hom(Aβ)(A^)) = Hom5B(5Γ,J5) as Hom^.z)) (A^)

^ . Since £ ® r £ = Hom^(5 Γ ,5) we have HOIΪ1(AZ>) (Δ,A)=B®ΓB.

COROLLARY 4. 2. Let A be a ring, B and Γ subrings of A such that B is

H-separable over Γ. If ΓΓΓ < ® rBr then Δ is separable over D, and if rBr<®

r{Γ® ®Γ)r then Δ is H-separable over D.

Proof We have following commutative diagram

Δ ®DΔ - ^ Homer, D {B, A)

where ψ is the contraction map and ψ(f) = /(I), f (ΞΪlom(r,n{B,A). If

ΓΓΓ <® rBr then, letting π be the projection of B to Γ, ψr: Δ—> Homer,n

{B,A) defined by φ'{δ) — δtoπ = δr oπ is a two-sided J-homomorphism. There-

fore Δ is separable over D.

If rBr <®Γ(Γ® * ®Γ)r then z/CgM = Hom(r,r) (B,Λ) <® Hom(r,r)
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(Γ© . ®Γ, A) = Hom(r,r)(Γ,Λ)Θ Θ Hom(r,r) (Γ,Λ) = Δ ® ® J.

Therefore Δ is //-separable over D.

Proposition 1. 4 in [15] asserts that for a separable subextension B of Γ

in an //-separable extension A of Γ, Λ is an //-separable extension of B if

Λ, Γ and B satisfy the assumption in Proposition 1. 3 in [15]. But the last

assumption is not necessary. That is

PROPOSITION 4. 3. Let A be an H-separable extension of Γ and B a separable

subextension of Γ in A. Then A is H-separable over B and DDD < © DΔD where

Δ = VΛ(Γ) and D = VA(B).

Proof Since B is separable over Γ, BBB < © BB ®rBB. Tensoring with

A over B on both sides, we have ΛA ®BAΛ < © ΛA ®ΓAΛ and since A is in-

separable over Γ we have ΛA ®ΓAA < © A(Λ © © A)A. Therefore AA ®BAA

<®Λ{A © © A)A and A is inseparable over B. That DDD < © DΔD has

been proved in [15] without further assumptions.

Instead of the assumption BBr < © BAr in Proposition 1. 3 in [15] we can

assume that B is inseparable over Γ or more weakly BB ®ΓAA < © B{A ©

• © A)A.

LEMMA 4. 4. Z ^ A be a ring, B =) Γ subrings of A. If B is H-separable

over Γ and ΓΓ <® Ar {ΓΓ <® rA) then BB<® AB(BB <® BA).

Proof Since s £ (x)r5£ < © fi(J5 © © B)B tensoring with A over B we

have ΛΛ®ΓBB <®A(A® - ® A)B. If Γr<@Ar then £ 5 = Γ ® r f i < © ^ Θ Γ B .

Therefore BB <® {A © © A)B and BB <® AB since A is a ring.

LEMMA 4. 5. Assume that A is H-separable over Γ and that B is an H-

separable subextension of Γ in A. If ΓΓ <® Ar or ΓΓ <® rA then VA(VA{B)) = B.

Proof By (4. 3) A is inseparable over B, and by (4. 4) BB <® AB or

BB<®BA. Therefore by Proposition 1. 2 in [15] VΛ(VΛ{B)) = B.

Let R be a ring, M a two-sided i?-module. If RMR <® R{R® © R)R

we shall call M a centrally projective module. We shall prove in §5 the

following fact in more general form. Let S be an overring of a ring R.

If S is i?-centrally projective then RRR < © RSR.

LEMMA 4. 6. Let A be a ring, B D Γ subrings of A, If B is H-separable

over Γ and A is Γ-centrally projective then A is B-centrally projective and B is Γ-

centrally projective.
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Proof Since ΓΛΓ<@Γ(Γ ® © Γ)r tensoring with B over Γ we have

BB®rAr<®B{B®- ®B)r. On the other hand since BBB<®BB®ΓBB we

have BΛΛ=BB ®BΛΛ<®BB ®ΓΛΛ. Therefore BΛr<@B{B® ®B)r. Further-

more tensoring with B over Γ we have BA ®rBB<®B(B ®rB ® •© B®rB)B.

Since ΛΛ < Θ ΛΛ ®ΓBB and ^5 ®ΓJ5JB < ® B{B ® © £)* we have BΛB <®

B(B® ® B)B. As we noted above we have also BBB<®BAB and of course

ΓBΓ<®ΓΛΓ. Since Γ Λ Γ < © Γ ( Γ © •©/> we have r £ r < © r ( Γ © • © / > .

Letting 5 = A in (4. 1) and (4. 2) we have

PROPOSITION 4. 7. />/ Λ fo an H-separable extension of Γ and let Δ = VΛ(Γ),

C the center of A. Then Δ (x)σJ = Hom(r.r) {A, A) and Δ is C-finitely generated

projective. If further ΓΓΓ <® rAr then Δ is a separable C-algebra, and if rAr

<®Γ(Γ® ®Γ)r then Δ is an H-separable C-algebra.

Combining these lemmas and propositions we have

THEOREM 4. 8. Let A be a ring, B D Γ subrings of A. Assume that A is

a Γ-centrally projective Hseparable extension of Γ and B is an H-separable subex-

tension of Γ in A. Let Δ = VΛ(Γ), D = VΛ(B) and C = the center of A. Then

(1) Δ is a finitely generated projective, H-separable C-algebra and closed in A. (2) D

is a C-finitely generated projective H-separable C-subalgebra of Δ. (3) VΛ{VΛ{B)) = B

and VΛ{VΛ{Γ)) = Γ. Conversely assume that Δ is a subring of A containing C, that

Δ is a finitely generated projective, H-separable C-algebra and that D is an H-separ-

able C-subalgebra of Δ. Then (4) A is VΆ{Δ)-centrally projective and H-separable

over VΛ(Δ). (5) VΛ{D) is H-separable over VΛ(Δ). (6) VΛ(VA(D)) = D. In this

way there is a one to one correspondence between the set of H-separable subextensions

of Γ in A and the set of H-separable C-subalgebras of Δ.

Proof If A is a centrally projective //-separable extension of Γ then,

by (4. 7), Δ is C-finitely generated projective and inseparable over C.

Closedness of Δ is clear. If B is an //-separable subextension of Γ then, by

(4. 3), A is //-separable over B and /^-centrally projective by (4. 6). There-

fore D is C-finitely generated projective and //-separable over C. As we have

noted above, ΓΓΓ <® rAr and BBB <® BAB since A is both Γ- and ̂ -cent-

rally projective. Therefore VΛ(VΛ(Γ)) = Γ and VΛ(VΛ(B)) = B by Proposition

1. 2 in [15], since A is //-separable over Γ and over B. The converse is

similar. We note that under these assumptions for Δ, D and C, Δ is /)-
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centrally projective and inseparable over D, and so (5) follows form (4. 1)

and (4. 2). That VΛ(VΛ{D)) = D follows from (5) in (2. 3).

Finally we give the converse of Proposition 3. 4 in [9]. Let A be an

iί-separable extension of its subring Γ and assume that ΓΓΓ <® ΓΛΓ. Let

j = VA{Γ) and C the center of A. Then VΛ{Δ) = Γ by Proposition 1. 2 [15].

So center Γ = Γ ίΊ J = VΛ( J) ί l i = center J D C . Let C = center Γ = center

Δ and Ar = VΛ(C). Since Δ is separable over C by (4. 7), Δ is central

separable over C and so inseparable over C'. By Theorem 1. 2 in [15]

A' = Γ®CΔ. If C = C then Λ = Γ®CΔ.

PROPOSITION 4. 10. Z,*ί A be a ring with the center C, Γ a subring of A

with the center equal to A. If A is H-separable over Γ and ΓΓΓ<@ΓAΓ then VΛ{Γ)

is central separable over C, A = Γ ®CVΛ(Γ) and A is Γ-centrally projective,

§5. Centrally projective modules

As we have seen in the last section there is a type of two-sided mo-

dules which we have called 'centrally projective'. In this section we shall

study some properties of these modules. Let R be a ring with the center

C, M a two-sided i?-module. If RMR <© R{R © © R)B we shall call M a

centrally projective module. Note that HornetR) (R, M) is isomorphic to

MR = {m(Ξ M\rm = mr, r (Ξ R}. Let Ω = End(*,*) (M). By (1. 1) in [9] we

have

PROPOSITION 5. 1. M is centrally projective if and only if Hornetκ> (M, R)

®CM
R = Ω.

T h e i somorphism is given by g®m—>(x—>g{%)m), w h e r e gφm^

HomtR,R){M,R)(g)cM
R and x e M.

From (1. 2) in [9] we have

PROPOSITION 5. 2. If M is centrally projective then MR is C-finitely generated

projective as well as an Ω-generator, M = R ®CM
R and Endc{MR) = Ω.

The isomorphism M=R®CM
R is given by r®m >rm for r(x)me

R®cMR.

PROPOSITION 5. 3. If M is centrally projective and MR is C-faithful then

RRR<@R(M® ®M)R.

Proof Since MR is C-finitely generated projective, if it is C-faithful

then cC<®c{MR® -®MR). Therefore tensoring with R over C we have

R <® R ®CM
R © ®R®CM

R = M® ®M as two-sided 7?-modules.
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Let Tτ(R, R) {M) be the two-sided ideal in R generated by g(m), g^

Ή.om(R,R)(M9R) and m e M. Then by (1. 2) in [9]

PROPOSITION 5. 4. RRR<@R(M® ®M)R if and only if TT(R,R)(M) =

R. When this is the case MR is Ω-finitely generated projective as well as a C-

generator and ΐίomg{MR

9M
R) = C.

Let Ύrc{MR) be the ideal in C generated by f{m), f e Homc{MR, C)

and m^MR. If M=R®CM
R then since Hom^i?) (M,R) = Homc(MR,C)

it is easily seen that R Trc(MR) = TΓ(Λ,Λ)(M). Let Ĉ = {a; e i? | α;M= 0,

Mx = 0} and α - {x G C | ^ M Λ = 0}. If M=R(g)cM
R then it is clear that

ί α c i

PROPOSITION 5. 5. If M is centrally projective then % + TT(R,R) (M) = R.

Proof Since MR is C-finitely generated and projective, by Proposition

A. 3 [1], α + Trc{MR) = C. From the above remarks we have the conclu-

sion.

Next we consider an overring of R which is centrally projective.

PROPOSITION 5. 6. Let S be an overring of a ring R, C the center of R.

If S is R-centrally projective then S = R ®CS
R, SR is C-finitely generated projective

and RRR <® RSR.

Proof The first two assertions follow from (5. 2). Since SR is C-finitely

generated projective and SR^C, CC <® GS
R and R <® R ®CS

R as two-sided

7?-modules.

We also note that if RRR <® R(S ® © S)R then RRR <® RSR.
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