APPROXIMATION OF UNIFORM TRANSPORT
PROCESS ON A FINITE INTERVAL TO
BROWNIAN MOTION

TOITSU WATANABE

§1. Introduction.

Let us consider a finite closed interval [—a,a] which will be thought
of as being a medium capable of transporting particles. These particles
may move only to the right or to the left with the constant speed ¢, and
each particle changes the moving-direction during the time 4 with
probability k4 + o(4). If a right- (left-) moving particle hits the boundary
point @ (—a), then either it turns to the left (right) with probability
1—¢q,(1 —g-,) or dies with probability g¢,(g-,). The particle, changed the
moving-direction, starts afresh from that position. Now, let «(¢) be the
coordinate of the particle at time ¢ and let 6(#) be 1 or —1 according as
the moving-direction at time ¢ is right or left. Then X(#)= (x(z), 6(¢))
can be considered as a Markov process over the state space S = {(x,0)
—a<z=a, 0=+1} For short, we shall call it a uniform transport process
over the interval[—a,4]. we shall give the precise definition in § 2.

Let T, be the semigroup corresponding to the Markov process X(¢)
= (x(t), 6(t)). Then u(¢,x,0) = T.f(x,0) will be the solution of the following
differential equation:

3 _ 9 _ _
a—tu(t,oc,l) =c5 u(t,©,1) — ku(t,x,1) + ku(t, 2, —1)

0 )= — 0 —1)— _
- 7u(t‘,x, )= —¢ 5% u(t,x,— 1) — ku(t,z, — 1) + ku(t, z,1)
u(t’ a, 1) = (1 - ql)u(ts a, — 1)
u(t,—a,—1) = (1 — g-ult,q,1)
u(t,z,0) — f(z,0) as t >0

At this stage, choose constants c,k,q;,q-; so that

(cy k=1
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and
(Cy) ¢, = ca/(k + cay), G-y = ca_i/k

hold. Under these conditions it is not hard to show that (T') turns out to
be

ult, 2,1) = -1 & it x,1)

1 @
2 ox?

0
o Wb+ 5

- —a%—u(t,a, 1) + ou(t,a,1) — %-,,—:Tu(t,a, D=0
—é%u(t, —a1)—o_ult,—a,1) — %—%u(t, —a1)=0

u(t,2,1) > f(x,1) as £t —>0

Here let us consider the limit of (7’) formally when the speed ¢ grows
indefinitely. Then we have

0 _ 1 9
—aTu(t, x,1) = 5 3t u(t,x,1)
B) %—u(t,a, 1) 4+ oyu(t,a,1) =0
aixu(t, —a,1) —o_u(t,—a,1)=0

u(t,x,1) > f(x,1) as ¢t >0

This suggests us that the solution u(¢,z,1) of (T) converges to the solution
u(t,x,1) of (B) as ¢— oo, that is, u(f,2,1) approximates to u?®(¢,x,1). We
can therefore propose also the convergence of the uniform transport process
to Brownian motion on a finite interval, as is shown by Ikeda and Nomoto
[4] in the case of the uniform transport process on the real line.

The purpose of this paper is to investigate the uniform transport
process on a finite interval. Although the boundary condition must be
present in our case, we shall show that the similar interpretations as in [4]
can be given for weak convergence of the process with the boundary
conditions.

In Section 2, we shall construct the uniform transport process on a
finite interval by the similar way to the one in [3]. In Section. 3, we
shall find the weak infinitesimal operator for the transport process (Proposi-
tion 3. 3) and we shall further determine the explicit form of the resolvent
(Theorem 3. 1). In Section 4, by using the result of §3, we shall show
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that the resolvent converges to that of Brownian motion as ¢ —co under
the conditions (C;) and (C,) and prove that the corresponding semigroup
also approximates to the semigroup of Brownian motion. In Section 5,
we shall prove that the semigroup of our transport process can approach
to that of the Brownian motion with absorbing barries by changing the
condition (C,). Finally we shall show that our method can be applied to
the case where the state space of the transport process is the entire line.

Appendix is devoted to the statement of some properties of the
infinitesimal operator for the transport process regarding as an operator on
the Hilbert space L2

The author would like to express his hearty thanks to Prof. T. Shirao,
H. Nomoto and M. Kanda who have given many valuable advices and
constant encouragement.

§2. Preliminaries.

Let &4, &2, be the product spaces [—a,a) X {1} and (—a,a] x {—1}
respectively. Let S be the topological sum of 94, &2, and 9, where d is
an extra point. Let x%=(2(¢),¢% 2% P¢, 5, R* x{6}) (6=+1) be the
uniform motion on R! x {6} with the velocity ¢ and the killing time ¢’
subjecting to the exponential distribution:

(2. 1) P(x,o)(é”’ >t) = exp (— kt), k>0.

Let us denote by %’ = (%(¢),¢%, 9%, P!, 5,,.#,) the part-process of &’ on &,
Let X?= (%)% 0% P3,{6}) be the Markov process on a single point d,
i.e.

2% = {a%}

%@ = +

P3i%(t)=a for all t=0)=1

(2. 2)

Now we define a process X° = (X°(¢),{, 2, P2, S) as follows :

(2.3 @=01y Rty N’

o) { .l  if 0=l e 2’
e 6%  if o =a°
#l(t,0% if o' =6’ € 8% and t < &%’
Xo(t’ wo) = { .
#%(t,0% if o = &°
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P3|4’ = Py,
P2 2° = P,

where P2|A denotes the restriction of P to A.
Then we easily have

Lemma 2.1.  The process X° is a strong Markov process on S.

Now, let § =[— a,a]x{1} U [— a,a,1x{—1}U{3} and B(S) be the collec-
tion of all of Borel subsets of S.

Let us define a kernel #(%,I") on § x B(S) by

Lr((x, — 0)) if 2= (x,0)=(a0,0),—a<a<al=+1
(2' 4) 77.‘(10_, f) = (1 - Qg)xl_’((a09 - 0)) + QQxf(a) lf z= (00, 0)
27(9) if =20,

where 0=¢,,q., =< 1.
If we put for o' € 2, I e B(S),

(2. 5) o' ) = n(X°(§(e") —, @), I' N S)

where X%(&(o®) —, o) = Tlci“r(no) X(s, 0%), then we have

Lemma 2. 2. The kernel ¢ on Q' x B(S), with B(S)= B(S)|S, satisfies
the jfollowing conditions :

(1) for almost all o*(P2), r(e® +) is a probability measure.
(i) for any Markov time T(w°) of X° and any I € B(S), it holds that
P u(0, T) = 11(0700,0% I'), T(@°) < £(0”)] = P,(T(0*) < £(e)).

Proof is evident and is omitted.

Remark. Lemma 2.2 means that the kernel ¢ is an instantaneous
distribution in the sense of [3].

Now, we shall construct the uniform transport process from the process
X" and by the kernel z  Let X§=(Xa(¢),8,25,P3%S), n=1,2,---,
be copies of the process X° and these processes X3, n=1,2,-.+ are
assumed to be mutually independent.
Define X = (X(¢),¢,2,P5, S) as follows :
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=s

=1 2} o= (0,03 "), 0} 2}

=1
to) = 3 E3(0d)
J=1
Xt o)) if t<&w?)

XEO=) X0~ i), I Bl =<t < Lol + L)
{2 6) Xoult = 3} Blofof), i 3 e =t < 3 £o)
Pi(4) =, | Pratdodnot, 7)), | Posdop ol az)

’ SA,,Sng-v,,-l(dwﬂ)!‘(wﬂ, S)

Then we have

THEOREM 2. 1. The process X is a strong Markov process on S. Further-
more, it holds that , for any I € B(S),
(i) PiX(z) e INX(c =) =aX(x —),T) (a.e. P;),
where © is the first jumping time, i.e.
t(0) = inf {t >0: X(t,0) + X(t —, 0)}V
(ii) the subprocess of X, killed at time =, is stochastically equivalent to X°.

Progf. It can be proved by the similar way to that of [3] and hence
we omit the proof.

DerFiniTION 2, 1. The process X is called the uniform transport process
on [—a,al.

§3. Semigroup, Infinitesimal operator and Resolvent.
We first introduce various spaces of functions f(#,0)» on S. Let
C*(S) be the totality of bounded functions f(x,60) each of which is right or

D inf ¢ = o, where ¢ denotes the empty set.
2) In the following, we always assume that f(3) = 0
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left continuous in 2(—a=<xz=<a) according as 0 =1 or —1. Then C*S)

is a Banach space with the uniform norm | f|l = sup |f(=,0)].
(z,0)eS

Let €(S) be the subspace of C*S) of bounded continuous functions
and C,(S) be its subspace of continuous functions with support in
(—a,a)x{1} U (—a,a)x{—1}.  Denote by C¥S) and C,(S) the toality of
functions in C(S) such that z—; f(z,0) exist and belong to C*(S) and C(S)

respectively, where % f(x,0) denotes the right or left derivatives of f(zx,6)
in 2 according as 6 =1 or —1.

Let T, be the semigroup corresponding to the uniform transport process,
ie.

(3. 1) Tof (2,0) = o plf (X1 = ,f (X (2, 0)Pes 05(d0),

where f(x,6) is a bounded Borel measurable function on S§. Then we
have

ProposiTION 3. 1.

(1) T.f (®,0) = f(@ + cot, 0 x(t < ,a_ﬁc—_x’) ®

tn| 20| ks
+S° T sf (x + cOs,— O)ke **ds

+ (1 - Qg)Tt—|(a0—x)l/c]f(a0y _0) €xp (—" kl((lﬁ - x)/Cl)

METE

c
(ii) 1}}’{,‘ T.f(2,0) = f(x,0) feC¥S), (2,08
(iii) T.f€C*S) feC*S)
(iv) st—ilif)n T.f=f» feCS)

Proof. From the method of constructing the process X, it follows that
(3. 2) Puo(X(rt—)e Iz € ds)
= (% + ¢0s,0) %0, |ao—sc))(S)ke * ds
+ Xr((af, 0))5l_,£,,c__xl(ds)e”“

) x(: <1ﬂzi’>=x,;(t,x,0) where A={(:,x,a);:<]‘£”c‘_“], t=>0, (m,ﬁ)eS}.

4 s —lim f, = f means that | f, — f||— 0 as # — oo,

00
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Therefore, by (3. 2) and the strong Markov property, we have

8. 3) T.f(2,0) = B plf(X(1))5 ¢ <]
+ B gy [Eyer f(X(t — 1)) 5 t =7]
= Eg ol f(X(1); t <<l
+ Ep ) [Euoy f(X(t — 1) 5 t =7, X(c —) € S]
+ Eq By f(X(t — 7)) 5 t =7, X(x —) = (ab, 0)]
= the right hand side of (1i).

Thus (i) has been proved.

The expression of 7T,f in (i) clearly implies (ii).

Let us show that T,f(»,6) is right-continuous on [—a,a) X {1}.  Since
fe Cc*S) and x(t << |{ald — z)/c|), x(t =|(af — z)]/c) are both right-continuous,
the first and the third term in the right hand side of (i) are bounded and
right-continuous in (z,6). So we need to consider only the second term
in (1). Let z,<z,.

Then we have

(3. 4) SM(" W, + cs, — Dke*'ds SW“ Ol Flm, + cs, — Dke ¥ ds
(IRl + els + (@ — 20/c), — Dke*ds
tA(a—=zp)/¢ s [t A(a—21)/c]+(#1—p)

So Te-of (@0 + c5, — Dke™**ds ~[S1A(ﬂ—xo)/c

(21 —x9)/c

SO ](Tt —s+(x1~ xo)/cf(xo + CSy — 1)k[eXP{ k(S - (xl - xo /c)}]ds

29)/c

T oot o f 0 + 05, —1) X klexp—h(s — (3, — 0)/c) —exp (—ks)1ds

(a—auy),
(T T a0+ 05, — 1) — flag + o5, — Dlke*ds

0

Now (ii) and Lebesgue’s convergence theorem show that the last term in
the right hand side of (3. 4) converges to zero as », -2,  Clearly, the

other terms are of order of 0(1) X }—xl—:—x‘L . Therefore, the second term

in (1) is also right-continuous. Thus (iii) has been proved.
Since f & C(S), there exist x, and 2z, such that f(x,0) is zero on
— ([— a, %] x {1} U [2,,a] X {—1}), and hence we can prove (iv) by use of
the expression (i).
Thus we have proved the proposition.
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Let C*8S)y={fe C*8S): w— ltlfl(’)l T.f= f}%. Then we have
COROLLARY.
C*(S), D CS)

On account of Proposition 3.1 (iii), 7, may be considered to be a

semigroup on C*(S), and accordingly we can define the resolvent and the
infinitesimal operator of T, as follows.

(3. 5) R f(z,0) ="M T f(2,00dt  fe€XS), 1>0
(3. 6) Af = u;—lliom—T—tft;f— fecXs),

if the right-hand side exists and belongs to C*(S). Consider the set
3.7 D(A) = {f € C*S) : Af exists}
Then, from the general theory on Markov process ®, we have

ProrosiTiON 3.2 The operator 2I — A(2>0) s one-to-one transformation
JSrom D(A) onto C*(S), and (AI — AR, = I, where I denotes an identity operator.

Prorosition 3. 3.

(i) If fe D(A), then both fla—0,1)= li?m f(x,1) and f(—a+0,—1)
= lim f(x, — 1) exist and they satisfy

2} —a
fla—0,1)=(1—q)f(a,—1)
f(_a+09—1>= (1_q-l)f(—a’ 1)

(3. 8)

(i) If a function f in C¥(S) satisfies the boundary conditions (3. 8), then f
belongs to D(A) and it holds that

(3. 9 Af(a,0) = c0-9% £(2,0) = kf (2,0) + kf(z,— 0)
d+ .
where a* (x,0) =J dw

4 | 4 fw,0)  if 0=—1

5) w = lim f, = f means that lim f,(®,0) = f(x,6) for any (x,6) and sup || fr— f|| <+ .
- oo n - o n
6) cf. [1], Theorem 1.7.
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Proof. According to Proposition 3. 2., it is enough to prove that (i)
holds for R;f(x,0), where fe& C*8S),. First assume that 6 =1. If
f € C*S), then Proposition 3.1 implies that

(3.10)  Ruf(@,) ={ e AT f(w,1)dt

(a—)/c
= So

et f(x + ct,1)e*tdt

+S:°e-“dt§’““'”)’ To f@ + cs, — Dke**ds

0

©o

(a_x)/ce“"Tc_(a_z)/cf(a, 1) exp (— k(a — =)/c)dt.

+ 1 —q) S

The first and the second terms in the above expression tend to zero as z —a
and the third term converges to (1 —ql)S:’e"“Tt fla,—1)dt as x—a. So,
R,f(a—0, 1) exists and is equal to (1 —¢q,)R,f(a,—1) for fe& C*S), < C*S).
When 6= —1, we can similarly show that R;f(—a+0,—1) exists and
Rif(—a+0,—1)=(1—q)R;f(—a, 1), feC*S).

Noting the expression of 7,f in Proposition 3.1 (i), we can show (ii)
by the similar way to Prop 3.1 (ii) and (iii).
Thus the proposition is proved.

For any given f e C*(S),, it follows from Proposition 3. 2 that u(x, 8, )
= R, f(x,0) is the unique solution of

A —Au=f

(3. 11)
u e D(A)

So, by use of Proposition 3.3., we can see under the assumption R,f
€ C,(S) that the equation (3. 11) can be expressed as follows :

Au(@,1,2) — c—‘;‘% w(@,1,2) + ku(e,1,2) — kulz, —1,2) = f(z,1)

(3. 12) Ru(x, '—1y 2) + C% u(xa _"1’ 2) + ku(xy _1, 2) - k“(x, 19 1) = f(x; '—"1)

u(a’ 19 1) = (1 - QI)u(ay - 19 l) 2
u(—a,—1,2) = (1 —q-)u(—a,1,2)

Moreover, if we assume that the conditions (C,) and (C,) in' § 1 are satisfied

7) Hereafter we shall denote u(¢—0,1,2) and #(—a+0, —1,2) by u(a1,2) and
u(— a, — 1,2) respectively.
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and f(x,0) is in C(S), then it is not hard to show that wu(z,1,2) in (3. 12)
is the solution of the following boundary value problem :

d?

(@, 1,2) — 22+ 2eulz, 1,2

= —[r@ v+ s@,— 0+ L g+ A sa,1)

(3. 13)
—d’—l;c—u(a, 1,2) + al—f% —)u(a,l,l) = - %f— fla,1)
Aw—a 1,0 (o0 + 2)u-a 1,0 = -1 s@1)

Therefore, we have the following Theorem.

THEOREM 3. 1. Assume that the conditions (C,) and (C,) in $1 hold.
Then for f e C(S) we have

(3.14) R, f(x, 1) = A, + Ay(2)ef*
—B?/ .B _:27 Bz
2ﬂ [S U+ fw -0+ L w0+ 4 s n)ay]e

TP )+ S — 1) — L)+ A )] dy et
Zﬁ c c

1 _ Bw@+ay __ ,~B@+ay
+Tcﬁ f(—a1)e e ],

where p= (22 + 22/c?)'* and A,(R), AyA) are determined by
(.15 (o +p— %)eB“Al(l) +(o— =2 )P4,
Ly
e rwn+ s -0+ w0+ if(y,n]dy
[ e f(a,1) — P f(— a, 1)}/c]+—(1 -5 ) -Ba
7 e {rwn+ ro,—0—£ s,0 + ?f(y, 1)] y
+[ef A0 1)~ eFef(— aD)/c] - L fla D),

(721 = B+-2)e e a,() + (0w + B+ 2 )P a0) = L fia,1),

(6.16)  Rif(@,D) =1 [+ R f(@,1) — e R fl5,1) = f(2, ).
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Proof. Assume that fe Cy(S). Let us denote by u,(x,1,2) the solution
of 3.13). Then we can show by elementary calculations that u,(x,1,2) is

given by the right hand side of (3. 14). Put #,(z,—1,2) = % (24 c®uyx,1,2)
— e u(,1,0 ~ fla,1).

Then u,< C,(S) and is the solution of (3. 12). Therefore, it follows from
Prop. 3. 3. (ii) that u, € D(4) and (1 — A)u, = f. Hence R, f(x,0) = u,(x, 1,0).

For feC(S), we choose a sequence {f,} in C(S) such that
S—,l,i_{?o fa=f. Denote by u, the solution of (3. 12) for f,, then the

expression (3. 14) of u, shows that # = s-lim #, exists and # can be expressed

Nn—>00

as the same form. On the other hand, since R; is a bounded operator,
R,f=s—1lim R,f,. Therefore R,;f=s— lim u,. This completes the

n—>c0

proof.

§4. Approximation.
Let X?%=(X®(#), {% QF, P% S) be a Markov process on S, whose
semigroup TZ%f(x,0) = u(t,x,0) is determined by the following equation :

O ut,u,0) =T _ w0, (2,0 e8S
of sy 2 oxt s Wy U/, ’

“ 1) a—‘l— u(t,a,0) + ocu(t,a,0) =0
% u(t, —a,0) —o_u(t, —a,0) =0

u(t,x,0) > f(x,0) as t >0

In the sequel, we call X? the Brownian motion on S. Let R} be the
resolvent of the semigroup 7%,  Then, by the similar computation as
Theorem 3. 1., we have

Prorosttion 4.1, It holds, for fe C(S),

B,

(4. 2) R;f(x,ﬂ) = Alfg)e)/ZTx + Ag‘o (z)e_/ﬁx
_7/12‘7 Uap_/“”ﬁ W21y, 0)}dy:‘ev"ﬁm
+7127’Bi/“27 W2f(y, o)}dy]e-/m

where A% 4(2) and A% 4(2) are the solutions of
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(01 + /27 )€™ 2 A%,4(2) + (o, — V22 e~ "2F 2 A5, 4(2)

=5 (14 )] e Mas(y, 1y
(4. 3)

[251

5 (1= A )emal” euary,1)ay

(01 — V22 )e~ 2R AL 4(2) + (04 + V22 )72 AL4(2) = 0

Let T{ and Rj§ denote the semigroup and the resolvent operator
corresponding to the uniform transport process with speed ¢ which satisfies
the conditions (C,) and (€;). Then we have

MaiN THEOREM. Assume that the conditions (C,) and (C,) hold. Then we
have

s—lmT{f="T:f
c > oo

Jor all f in C(8S) such that f(=,0)= f(x,— 6).
We prepare a few lemmas to prove the main theorem.

LemMa 4. 1. It holds that

s—lim R} f = R}f

c — oo

Sor all f in C(S) such that f(xz,0) = f(x,—0).

Proof. Since f(x,1)+ f(x,—1)=2f(x,0) and B= (22 + 1%/c?)'/? tends to
Y22 as ¢—> oo, therefore the coefficients and the constant terms in the right
handside of the equation (3. 15) converge to the coefficients and the constant
terms of the equation (4. 3), respectively, as ¢—c., Moreover, by using

(3. 14), (3. 16) and (4. 2), Rjf(x,0) converges uniformly to R}f(z,0) as ¢ —> oo.
This proves the lemma.

LemMma 4. 2. (Trotter) Let T(¢) be a strongly continuous® contraction
semigroups on a Banach space L and R(2) (1>0) be its resolvent. Let also &
be the strong infinitesimal operator of T(t) ie. T=i—(RA), 2>0 (D(F)
= R(A)L)) 2, Then we have, for f= RQ)?g (g < L),

8) A strong continuity of T'(f) on L means that

|T.f —fl—0as t—>0forall fe L.
9 ¥ and D(Z) are independent of 2.
100 R(A(L) = {R(A)f : f € L}.
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(1) Iz sli=2lg|

(i) | Z:rl=4lgl
i) || PROWAS = TOf =201 & fll+¢] £ 1.

Proof is found in [5, Theorem 4. 1. and 5. 1.1

LemMmA 4.3. Let T(¢), T,(t) (n=1,2,---) be semigroups on a Banach
space L and R(2), R,(2) be the resolvents of T(t) and T,(t) respectively. Assume
that there exists a subspace M such that

(1) st—llign T, f=f Jor feMmM
(i1) st—-llif)n T f=f Jor feMm
(ii1) i-:)lim R, (A f=RQAf for f€ MU RQM)U R 2)(M)

Then it holds that
s—lImT,(\)f=T®)f  for fe RWM)™
Proof. Set
4. 4) L,={feL: st—lliron T f = f}
and

(4. 5) L,,={feL:st—lli§nT,,(t)f=f} n=1,+--,

It is clear from (i) and (ii) that
(4. 6) McL, and McL,, n=1,2,++-.

Also, let <, and g m=12--:) be the strong infinitesimal
operators of T'(¢) and T,(¢) (n=1,2, - - -) respectively. More precisely, let
4. 7) 2 =21—(R)", D(Z) = RQA)(L,)
and

(4. 8) Z, =2— (R,Q)", D(Z)=R,(2) (Ln).

1) [ ] is the Gauss symbol.
12) R(2)2(M) is a closure of a set {f : f = R(2)%, g € M}.
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Now, we put f= R(2)% and f,= R,(2) for an arbitrary but fixed
ge M. Then we have by Lemma 4. 2.,

(4. 9) 1 T@)f —TH(t)f ]
S [NT@)f —rROIS || + || RN — (7R, (7)7f ||
+ N R (NAf — (r R (NS | 4 (| (# R (M), — To(8) fn |l
+ I T(8) fo— Ta()S |l

é—‘:‘—(ll G+t SPA ) + I (RIS — (rRy(r))1f ||

HIf = fall 4201 S fall + £ S 310D
2

< Z (2 ) gll+ 4t lgl) + | PRONAS — (R, (NI |

+lfa=FlI+2(Z gl + 4t g)
+11 fo= Sl

By the condition (iii), the second, the third and the last terms go to the
zero as n—co. Hence

(4. 10) lim —sup | 7(t)f — To()f | < -2(2- +4t) I g1l
so that, letting r -0, we get
(4. 11) T(t)f = s — lim T,(¢) f.

Since T(¢#) and T,(t) are both continuous operators, we can now easily
conclude that (4. 11) holds for any f in (R(2))*(M).
Thus the lemma has been proved.

Proof of Main Theorem. Denote by P the operaor :
(4. 12) Pf(x,0) = {f(2,0) + f(z,— O)}.

Take P(C*(S)), P(CS)), T: and T? for L,M,T,(t) and T(¢) in Lemma
4. 3. respectively. Noting the fact that (R%)*(C,(S)) is dense in C(S), we
can see by Proposition 3.1. (iv), Proposition 4.1. and the well-known
properties of Brownian motion that the hypotheses (i), (ii) and (iii) in
Lemma 4. 3. hold. So Lemma 4. 3. implies Main Theorem.
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§5. Supplements.
We now replace the condition (C,) by

(c3) g =1 g =1
After an analogous consideration, we have

THEOREM 5. 1.  Assume the conditions (C,) and (C}).
Then it holds that, for f e C(S) such that f(x,0) = f(x,—6),

s—lmT{f="T5f
c — @
where T is the semigroup of the Brownian motion on S with absorbing barriers at
a and —a.
Let us consider transport process on the real line R'= (— oo, o).

which has been studied in [4]. By the similar considerations as in § 4, we
can obtain, for fe C(S) N C(S),

6.0 Rifw )= edn{ s, )+ s~ 0+ 45w -0 L sw,0)ldy

where S = (—oo’oo) X {1} u (—OO, OO) X {_ 1}

and B= (24 + 22/c*) 2

On the other hand, the resolvent of Brownian motion on S is represented
by

6. 2) RIf(2,0) = 7| e~ n{af(y,0}dy.

Therefore we can get a new proof of Theorem 4. 1. in [4].
THEOREM 5. 2. Assume that c*k=1. Then it holds that

s—limTef = T3f

¢ —

Sor all f in C(S) such that f(x,0) = f(x,—0).

APPENDIX

I. Semigroup.
Let S be the space S =[—aad x{1}U[—a,dx{—1} and let L*S)
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be the Hilbert space consisting of all complex-valued functions on S with
the inner product :

(f,9) = , P S:f(x,(?) g(x,0)dx.

=1,-1
Denote by D(A) the set of all functions «(x,6) with the following properties :

(i) e L¥S)NnC(S)V

(i1) .%u(x,a) ) exists and belongs to L%(S)

(lll) u(a’ 1) = (1 - 41)7"(09 - 1)’ u(_ a, — 1) = (]- - Q—l)u(_ a, 1)3 0—<—-CI1’ q-1 =1

Define the operator A4 with the domain D(4) by the formula :

(1.1 Au(e,6) = co_jx_u(x,a) — kulz, 0) + ku(x, — 6), u < D(A),

where & and ¢ are positive constants.
Then we have (cf. [6] chap. 8)
(1) The set D(A) is dense in L%S)
(ii) The operator A is closed.
(i) There exists a solution u € D(A) of (A — A)u = f for any f e L¥S).
iv) |l@—Aull=|4u]| for any u € D(4), 2>0.

Therefore, following the Hille-Yosida’s theorem, we obtain

THEOREM A. 1. The operator A generates a strongly continuous semigroup

T, such that Af = st—llirng—”fti Jor f € D(A).

II. Spectrum and Resolvent set

Assume that both the conditions (C,) and (C,) hold (cf. §1). Then
the method used in the proof of Theorem 3.1. can be applied to the
eigenvalue problem :

(1. 1) A—Au=0, uec DA
and to the equation:

1) C(S) is the set of all continuous function on S.

2) ;Lxu(x, ) denotes the Radon-Nikodym derivative of u(x, 6).
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(I1. 2) (A— Au = f, ue DA) for fe L¥S).

Thus we can determine the point spectrum P,(4) and the resolvent set po(A)
as follows.

1°  Point spectrum P,(A) (Eigenvalue)
22
Case (a). 24 + ok 0:

Eigenvalue 2 : 2 is the solution of

(oy+B—2/c)o-y + B+ /c)exPe
=(oy—B—Ac)o_y, — B+ Z/C)e-zﬁa
where ‘3 = (22 + 22/02)1/2.

Eingenfunction ¢, for 2: <¢4(x,1) = A,(NeP + Ay,(R)eP?

Pi(z,— 1) = % (A4 k— cp)Ai(2)e*
+ (A + o+ cp) AWe s
Case (b). 22+ 2%c¢*=0 and o, =0.,=0:
Eigenvalue 2 : 2=0
Eigenfunction ¢, : 0.(2,0) = A
Case (c). 22 + 2%/c® =0 and

(—2¢+ o-;)(2ca + ao, + 1) = (2¢ + 7,)(2ca — ao_, + 1)
Eigenvalue 2: 2= —2k
Eigenfunction ¢, : (so 2(2,1) = Aj(D)x + Ay(2)

oi(®, 1) = —{ AWz + 40 + -5 40).

The coefficients A,(2) and A,(2) are uniquely determined by the
boundary condition and the normalizing condition in each case.

2°  Resolvent set p(A)

The equation (II,2) can be solved for any 2 P,(4) and its solution
is given by the form (3. 14) in Theorem 3. 1.

Thus we have
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THEOREM A. 2. A spectral plane of A consists of two sets ; the point
spectrum P,(A) ‘and the resolvent set p(A).

III. Adjoint of 4 and Eigenfunction expansion of T,
Let A4* be the adjoint operator of 4. Then

A*u(z,0) = —c 0 %u(x, 0) — kul(x, 0) + ku(z, — 0).

Setting u#*(x,0) = u(x,— 6) and observing the expression of ¢; in Il 1°, we
have

ProrosiTioN A. 3. If 2 is the eigenvalue of A, then ¢, is the eigenfunction
of A* for eigenvalue 2.
Moreover,

(prof)=0 if 2% £
#* 0 if 2=¢

We normalize ¢; so that (¢;,¢%) =1 holds and again we denote it by
the same symbol ¢;. Then we have

ProposiTion A, 4. If f'= , PZ(A) C,p; in L¥S), C, being constants, then
e

T.f= Cie''o,.
oS AEE(A) 1€ "9
Finally, it is desirable to express it in the form

T.f= 3 (f,eheto;

1ef

for all f in L%*S), but it remains unsolved.
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