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CUSP FORMS OF WEIGHT 3/2
HISASHI KOJIMA

Introduction

In this paper we deal with the problem (C) in §4 of [4]. Let I, be
the Shimura mapping in [4] of S.(4N, ) into &,_,(N’, ¥*) (see p. 458). The
problem (C) can be stated as follows: IL(f) is a cusp form if and only if
{f,h) = 0 for all ~Ae U, where U is the vector space spanned by every
theta series of S,(4N, y) associated with some Dirichlet character.

Further, Niwa [2] proved that 2N can be taken as N’ under the as-
sumption that &> 7; that is I.(S,(4N, y)) S &,_.,@CN, 9.

§1 and § 2 are preparatory sections. In §1 we show a characteriza-
tion of integral modular cusp forms by means of the holomorphy of cer-
tain Dirichlet series. In §2 we shall extend Niwa’s result to the case,
where the weight k/2 is not less than 3/2. In particular, we show that
L(S;(4N, y)) S G,(2N, ¥*) there.

In § 3, by using those results in §1 and § 2, we prove the following
theorem.

THEOREM. If N is odd and square-free. Then the following two state-
ments are equivalent.

(A) I(f) is a cusp form.
(B) For every odd Dirichlet character r, {f,h(z:4)> = 0.
where h(z; V) is a theta series associated with + defined in Lemma 3.1 in

§3.

Moreover, as an application of the above theorem we obtain the fol-
lowing:

TueoreM. If N is odd and square-free and if y,, (defined in §3), is
trivial, then IL(S;(4N, x)) S S,2N, 9.

This theorem gives a partial answer to the problem (C) in [4].
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§1. A characterization of cusp forms

Let N be a positive integer and let y be a Dirichlet character modulo
N. Put

I'(N) = {(z 2) € SL(Z)lc=0 (mod N)} .

We consider an integral modular form f(z) satisfying f(y(2)) = x(d)(cz +
d)f(2) for all y = (g 3) € I'(N). We denote by ®&,(, x) the space of inte-
gral modular forms of Neben-type y and of weight & with respect to I'y(IV)
and by &,(, y) the subspace of cusp forms in &,(V, ). In §2 and § 3 we
shall treat modular forms of half integral weight. As the definition of
such modular forms and their basic properties, we may refer to Shimura
[4].

Let f(z2) = >, a.e(n2) be the Fourier expansion of fe G,(IV, x) at oo,
where e(2) = exp (2riz) and let ¢» be a Dirichlet character. We now form
the Dirichlet series

L(s; f,4) = X ¥(ma,n.

Then we can prove the following theorem.

TaEOREM 1. Suppose that N is square-free. Then the following two
statements are equivalent to each other:

(A) f(2) is a cusp form.

(B) For every Dirichlet character «, L(s; [, V) is holomorphic at s = k.

To prove this theorem, we need some preparations. Let L(s, ¢) be
the Dirichlet L-function associated with a Dirichlet character ¢. The fol-
lowing lemma is well-known.

LemmA 1.1, If ¢ is trivial, then L(s, ¢) is a simple pole at s =1. If
¢ is non-trivial, then L(s, ¢) is holomorphic at s =1 and L(1, ) + 0.

Next we state some properties of Eisenstein series (cf. [1]). Let
(resp. x.) be a character modulo M, (resp. M;) with ¥ = y%. And let {y,
% ¢} be a triplet satisfying ¢M,M,|N and the following condition:
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(*) If k=2 and both y, and y, are trivial, M, = 1 and M, is square-
free. If otherwise, y; and y, are primitive.
We consider the sequence {a,(y, x2)}r-, determined by

LD Lis, t)ls — & + 1, 1) = 2, @y, 207"

Let E(z: x, ) be the modular form associated with the Dirichlet series
(1.1). We summarize well-known facts as the following lemma (cf. [1]).

Lemma 1.2 (Hecke). Consider triplets {y., %, ¢} satisfying the condition
(*). Then modular forms E({z: v, x.) are linearly independent and

®k(N’ X) = @k(Ny X) ® @k(N’ X) ’

where €,(N, ) denotes the vector space spanned by the above modular
forms over C. Moreover, E(4z: y,, 1) is an eigenfunction of Hecke operators
T(n)X(n, N) = 1) and E(¢z: 0, 2)T(n) = a,(0s, ) E(42: 11, 12)-

Here we note that {a,(1:, x.)}n-: has the following property:
If a.(t %) = @u(th, 12)(n, N) = 1), then y, = x(i = 1,2).

Now we can give a proof of Theorem 1. It is easy to derive (B)
from (A) (cf. [3]). Next we assume (B). For the simplicity, we suppose
that 2> 2 or if k£ = 2, y is non-trivial. We can put
(1.2) f@) =2 by wEEz: 1, 1) + 8(2),

A1rgs

where g(2) is a cusp form.
If {x, xo} is fixed, it is sufficient to verify
**)- ey, ) =0 for every 4(¢M,M,|N).

We shall prove this by means of induction with respect to the number ¢
of prime factors of 4. First we consider the case ¢t = 0. By virtue of
(1.2), we have

L(s: f, 1y7) = Z, c(L: x1, i L(s, 1yox)L(s — k + 1, LyToxs)

X1:%2

+ L(S: g7 11\/22) ’
where 1, is the trivial character modulo N. If (xi, %) # (i, x2), then
L(s, 1y%x)L(s — k + 1, 1%, is holomorphic at s = k and, if otherwise,
L(s, 1yxx)L(s — kB + 1, 1,7%:x;) has a simple pole at s = k. Since both
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L(s: f, 1y%.) and L(s: g, 1y%) are holomorphic at s = k, we have c(1: yx.)
= 0. Therefore (**) holds for ¢ = 0.

Next suppose that (**) holds for ¢ =0,1,---,n — 1 and n. We set
¢ = pl, where { =1 or p,p, -+ p, and p, P, - -+, P. are primes. Put L =
N/UMM, and + = 1,%,. By (1.2) and the assumption of the induction,
we see

L(s:f, ) = c(4: 1, ) L(s: E(€2: x1, 22), V)
+ > Wy, wL(s: E(z: x1, 10, 1)
(2]>28)# (x1,22),¢"
+ L(s: &) .
Now we have
(1.3) L(s: E(¢z: pu, 12), ) = V()7 °L(s, Liyit) (s — k + 1, 1.4,) .

Since L(s, E(¢'z: 11, 12), W) = V(€)Y *L(s, v)L(s — k + 1, ¥x3), L(s, E(4'z:
X5, x2), ¥) is holomorphic at s = k. So we obtain c(¢:y,, ,) = 0. Therefore
we see that (**) holds for ¢t = n + 1. This completes the proof of Theo-
rem 1.

§2. A complement to a result of Niwa [2]

First we recall the results of Niwa [2]. Let N be a positive integer
and let y be a Dirichlet character modulo 4N. For an odd integer k(= 3),

define by 2 =21+ 1 and put y,(*) = x(*)<:—1—>1. We define f, on R® by
E3

fi(x1, 20, %) = (%, — 1%, — )" exp (( — 2/N)(@2x} + 2 + 2ad)) .

We also define 6(z, g) on $ X SL,(R) by
0(z,8) = 25 Xa(x v " exp 2ai(u/N)(x; — 4x,x,))fi(v/ V(g D)%),

(z1,%2,23) €L

where z2=u+ v, L= Z® NZ® (N/4)Z and

o b o 2ac c
P((C d))x =Xlab ad+bc cd]-
b 2bd d?
Then we have

002, ) = 1), 200z, &)

for every o =(g 3) € I'(4N). Here the Petersson inner product
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dudv

vZ

Fg) = [ vz e)F)

o4V

is well-defined, where F(2) e Sk(4N, z(ﬂ» and Dy4N) is a fundamental
*
region for I'(4N). The following lemma is due to [2] and [6].

LemmA 2.1. The function F(g) has the following properties:
(1) F(g) e C~(SLyR))) is an eigenfunction of the Casimir operator D,,
that is, D,F = X2 — 1)F, where

2= 26— % oG 020 oo o)

@ F(g(cc’sg Sinﬁ)) = exp (2204 —1)F(g),

—sinf cosg
and

() F(rg) = ¥(d)F(g)

oy 1= (2 )3 Jram(i? 9.

We define two functions ¥(w) and O(w) (w =& + ine ) by

=B oo

and
O(w) = Y( — 1/2Nw)2N)(— 2Nw)™*.
Before stating our result, we recall the definition of the Shimura mapping.
Let W be the isomorphism of S,c(4N, z(g)) onto S,(4N, y) defined by

G(z) = W(F(2)) = F(— 1/ANz)AN) " “*(— iz)™*"

N

for all F(z) e Sk(4N, z( )) Then G(2) has the Fourier expansion

.
G(2) = 3 aln)e(n2)

at o. Determine the sequence {A(n)};., by the relation

:Z,'IA(n)n“ = L(s — 2+ 1, xl)nz_ja(n2 n-*,

where G(z) = > 7, a(n)e(nz). We can define the Shimura mapping I,(k = 3)
by
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I(G(2)) = i;,; A(n)e(nz) for G(z) € S.(4N, y) .

Shimura [4] showed I,(S.(4N, )E®,_(N’, ¥®) for some N’ and he also con-
jectured that 2N is taken as N’. Now we define another mapping I, of
S.(4N, y) into C=(9) by I.(G(2)) = ®(w), where G(z) = W(F(2)). Then,
under the condition % = 7, the above conjecture was proved by Niwa [2]
as follows.

THEOREM. If k=17, then @O(w) belongs to ©,_,(2N, ¥*) and
(w) = L(G(R) = cI(G@=),
where
Cc = ik—lNk/42(—9k+15)/4 Re ((2 - i)(k—l)/Z) .
Now we shall prove the following:

THEOREM 2. If k= 3, then ®(w) belongs to &,_,2N, ¥*) and O(w) =
I(G(2) = cI(G(2)). Moreover, if k= 5, then ®(w) belongs to ©,_,(2N, 1.

Proof. First we prove that @ is holomorphic on . Though our
method is adaptable to all the cases, we assume k2 = 3 for the simplicity.
By virtue of Lemma 2.1 and by the invariance of the Casimir operator
D,, we have

@.1) {”(535 + %) — 2i>7<—aag + i%)}@(w) —0.

Now &(w) has the Fourier expansion

Ow) = 3. an(y) exp (2ximé)

at . So a,(p) is a solution of the differential equation

d’ 2 d 2 3 _
(2.2) {W + Y + (— 4n*'m® + 47rm/71)}am(77) =0.

Therefore, we obtain

b, exp (— 2zmy) + cru,(y), if m=0,

an(n) = {bo +oeqt, ifm=0,

where
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exp (— 27rm7;)f,7 77 exp (dzmy)dy , if m>0,

1

um(ﬂ) = -
exp (— ann)f 7% exp (drmy)dy , if m <O0.

7

By integration by parts, we have the following asymptotic behaviors of
Un(n):

(2.3) [un(p)| = (4am — 7)~' exp (— 2zxmy)| exp ((4am — 7)y)

— exp (4em — 7)|
for m > 0,
2.3y Un(p) = — exp 2rmy)/dzmy® + a,(n) for m <0,

where |, ()| < exp 2rmy)(1/8z° |m®| »* 4+ 15/32x° |m?| 7*).
Moreover we have

2.3y’ 79(w) = O( + 77 )p —> 0 and » —> o)

uniformly in & Since

1 )
[10wr ds = 5 el
we obtain from (2.3)”

(24) lanm| = M@ + 9777,

where M is independent of m and . Hence, by (2.3) and (2.3), we have
¢n = 0(m > 0) and b,, = 0(m < 0). Consequently, we see

O(w) = i b, exp (— 2xmy) exp (2rim¢)
(2.5) m=1
+ g; Conli_n(n) exp (— 2aimé) + ayy) .

By (2.4), we have |a,(1/|m|)| < M1 + m?). Hence we obtain b, =
O@m*) (m — o) and c_, = O(m*) (m — o) for some v >0. We see that
O(in) has the following asymptotic behavior:

OB ™) (9 — + o), for all x>0,

(2.6) D(in) = {0(77,‘) (p—0), for some p >0,

(see pp. 158-159 in [2] and [4]). In particular, we see a,(p) = 0. Hence
we see
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(2.5Y B(w) = i b, exp (— 2rmy) exp (2ximé)
+ i}l C_nl_n(n) exp (— 2rim§) .

By virtue of (2.6), 9(in) »** belongs to L,(R*) for a sufficiently large ¢ > 0.
Let ©2(s) be the Mellin transformation of @(ip), that is

2@ = | oGy

Here we note that @(iy) is a function with bounded variation on all com-
pact sets of R* and @(in) = 1/2(D(i(y + 0)) + P(i(y — 0))) for all y > 0. Hence
the Mellin inversion formula gives

e+

. 2(s)p~*ds .
']

—io0

@) D) = 1
On the other hand, by the same computations as those of [2], we have
) = @) T ($L(s, 1) 3 alnIn™*,
= @I San™,
where G(2) = > .. a(n)e(nz) and ¢ # 0. Consequently, we obtain
(2.5 B(in) = il a’, exp (— 2rny) .

Therefore, by (2.5), to prove the holomorphy of @(w) it is sufficient to show
that ¢., = 0m = 1). We assume c_,, # 0 and c_, = 0 for all m(< m,).
Then, by (2.5) and (2.5)”, we see

m;no c—mu—m(v)/Hmo("?) + c—mou—ma(ﬂ)/Hmu(v)

(2.8) -
= 2. (a; — by) exp (— 2zny)/ Ha (1),

where H,, () = exp (— 2zmqy)/4rmey’.

We note that the series of both sides of (2.8) are uniformly conver-
gent on [1, o). Set ¢ = exp (— 277) ( > 0). The right hand side of (2.8)
equals

™ (log )3 (@), — b)E"~™
T n

=1
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By virtue of (2.3), we see that the left hand side of (2.8) converges to c,,
as 7 — + o. Hence we have

lim {7 (log 7 3 (@, — b)) = c_oi(+ 0).
>0
This is a contradiction and we obtain the holomorphy of @(w). Since the
remainders of our assertions can be proved in the same manner as that
of [2], we omit the proof.

§3. Shimura mapping in the case of weight 3/2

First we shall prove the following:

THEOREM 3. Let N be odd and square-free and suppose k = 3. Then
the following two statements are equivalent:

(A) O(w) is a cusp form.

B) < G(2), h(z:) > = 0 for every Dirichlet character + with trivial

X(—~1)1!f', where {, ) denotes the Petersson inner product.
*

To show this, we prepare two lemmas.

LEemmaA 3.1. Let y be a Dirichlet character modulo N. Define v ¢ {0, 1}
by y(— 1) =(—=1y. Then h(z:y)=1/2> __.. (m)m’e(m’z) belongs to
G (4N, ), where = (1)

*

Proof. If y is primitive, this lemma was proved by Shimura [4]. If g
is not primitive, we set y = 1,6, where L is square-free and ¢ is the primi-
tive character associated with y. Clearly L and the conductor of ¢ are
coprime. Then we can prove the above lemma by means of induction with
respect to the number of prime factors of L. We may omit the details of
the proof. (Recalling that G,4N, y) = 0 if y(— 1) = — 1, we assume y(—1)
=1)

LeEmma 3.2. Let + be a character modulo M. Define f,(s, W) by
Lis, ¥) = L(s: 0,4) = 3 ¥(mA(mn™".

If x + ¥, then ﬁ(s, ) is holomorphic at s = 2, and if otherwise, I:(s, W) has
a simple pole at s = 2. Furthermore, in the latter case (x = ), Res,., L(s, V)
equals ¢ < G, Wz:¥) > for some c/(+ 0).

Proof. The method of the proof is the same as that of [4]. For a
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constant ¢ > 0, we have
3.1) J.: J: G@h(z: ¥)y*~‘dxdy
= ()T () 2 Wm)a(mm=*,

where seC(Res > o) and v is defined by y(— 1) = (—1). Set M=
4.c.m(4M? AN). We define B(z,s) by B(z, s) = G(@)h(z:¥)y**'. By virtue
of Lemma 3.1, we see

B((2), 8) = (‘Tl)md)(cz + d)'~lez + dPiH Bz, 5)

for every r = (g g) e I'(M). Hence the left hand side of (3.1) equals

[ B S){,=<g Z, (SL)vdes + ez + d|2"-1-28}%,

where I' =T O(M ) and D is a fundamental region for FO(M ). Hence we
obtain

L(ZS - Y, @(U)), \b')
= L@s — » — 2+ L1) 3] Wma(min "

- %(47:)*]"’(3)" f Bz, 9L@s —» — 2+ 1,¥x)

) { T @+ dyies + dpo) 59

eherar
Now it is easy to see

L2s — v — 241, ) Z J(d)(ez + d)’|cz + dpi%

@ Yerar

We set c(z, s) by
oz, 8) = X' vu(n)(Mmz + ny'~| Mmz + np=-.
The following lemma is well-known (see Shimura [5]).

LeEmmA 3.3. c¢(z, s) is holomorphic at s = 2, if ¥y, is non-trivial, c(z, s)
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has a simple pole at s = 2 and Res,_,c(z,s) = ¢’y for some c¢’(# 0), if

otherwise.

Using the Lemma 3.3, we obtain Lemma 3.2. By Theorem 1, Theorem
2 and Lemma 3.2, we can easily prove Theorem 3 and we may omit the

details of the proof.

Let N be odd and square-free and let 3 be a character modulo 4N.
We define the isomorphism ¢ of (Z/ANZ)* onto (Z/4Z)* X(Z|NZ)* by ¢(a)
= (a,a) for all ae(Z/ANZ)*. Define y, by z(e) = y(¢7'(a, 1)) for all ae
(Z/4Z)*. Under the above notations, we can prove the following theorem
as an application of Theorem 3.

THEOREM 4. Suppose that y, is trivial. Then I(S;(4N, ) S S,(2N, x.

Proof. Let {fi,f:, - -, f.} be a base of S;(4N, y) over C with T33(p)f;
=wPf(1<i< n)((p,4N)=1). By Theorem 3, it is sufficient to show
{fiy K(z:4)> = 0 for all characters +» with ¥ =y, and for all i. Now as-
sume {f;, h(z: V) + 0 for some y(mod M) and some i,. We set M=
4.c.m(4N, 4M*). Then we have

Wi fi Pz V0))
= (TP Dz Vo))
= (fir (TEPN* h(2: Vo))
= {fir WP)VTDI(z: Vo))
= {fir 2(OXD + DI(z: Vo))
= 0(pXD + D<fuy W22 W0))

for all primes p with (p, M) = 1.

By the above assumption, we obtain w{® = y,(p)(p + 1) for all primes
p((p, M) = 1). Therefore, by the definition of the Shimura mapping, we
see T(D)I(f:) = u(p)(p + DL(f,,) for all primes p((p, M) =1). Here we
note that I(f,,) is not a cusp form. So we see that I(f;) is a modular
form associated with the Eisenstein series of ®&,2N, y®). By virtue of
Lemma 1.2, we have y(p)(p + 1) = ¢(p) + p¢/(p) for all primes p((p, M) = 1),
where ¢ (resp. ¢') is a Dirichlet character modulo M, (resp. M,) and M, M,
is a divisor of 2N. So we have y(p) = ¢(p) for almost all primes p. On
the other hand, the conductor of y, is a multiple of 4 and that of ¢ is
odd. This is a contradiction and we obtain the theorem.
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