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OPTIMAL CONTROL FOR STOCHASTIC PARTIAL
DIFFERENTIAL EQUATIONS AND VISCOSITY
SOLUTIONS OF BELLMAN EQUATIONS

MAKIKO NISIO

§1. Introduction

Recently M. G. Crandall and P. L. Lions developed the viscosity theory
on nonlinear equations in infinite dimensions and optimal control in
Hilbert spaces, in two series of papers, [1], [4].

In this article we will study of optimal control of stochastic partial
differential equations and viscosity solutions of Bellman equation (1.1)
below,

(1) sup(— LDV Mg, Mg) — (Do(g), L9 + 1) — F@)) =0,

where D and D’ denote the first and second Fréchet differentials and M
and L(u) are the first and second order differential operators respectively
(see (2.1)).

Let us consider the following stochastic partial differential equation,
(SPDE in short)

da® = 35 -2 (e, U®) 2 -q(t, 9 + f(x, UO) )t

1.9 i7=0 0x, 0x;
* m d
+ 3 (5602t ® + 8w o,
k=1 \i=0 ox,
where W = (W?, ..., W™) is an m-dimensional standard Wiener process and

U(t) an admissible control. We will define the criterion J by
9 J4, U) = B[ e Fatt, ¢, U)dt
0

where q(t, ¢, U) denotes a solution of (1.2) starting at ¢. The function
V defined by
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14 MAKIKO NISIO

(1.4 V(g) = infJ(g, U)

is called the value function. The SPDE (1.1) describes intuitively a
physical object governed by a partial differential equation with random
perturbation, which has been investigated from various view points, (see
references in [5]). But other important example is the Zakai equation
for controlled partially observed diffusions. In this case, inhomogeneous
term f* and g, are zero and b} arises from the correlation between system
and observation noises.

We mainly study regularity of the value function, assuming ellipticity
codition (see (A.2)) and smoothness of coefficients. Since the value function
becomes semi-concave, we can show its differentiability via convex analysis
arguments, (Theorem 4.2). Appealing to this property, we demonstrate
the relationship between a viscosity solution of (1.1) and the value
function.

We will devote Section 2 to the study of optimal control for (1.2),
according to [5]. We introduce a relaxed system and show the existence
of an optimal relaxed system, (Theorem 2.1). Section 3 deals with smooth
properties of the criterion J(¢, U) defined by (1.3) and the value function
(1.4). From the regularity assumptions on coeflicients, we can easily see
the differentiability of the criterion, (Proposition 3.1) and semi-concaveness
of the value function, (Proposition 3.2). Using these properties, we discuss
directional derivatives, via convex analysis, and prove that the value
function is densely Géateux differentiable in Section 4.

Section 5 is devoted to the study of a connection between the value
function and the Bellman equation (1.1). We introduce a subsolution (in
viscosity sense) according to [4], but we require one condition which says
that its super differentials are densely non-empty, (see (5.16)). The value
function turns out to be a subsolution of (1.1), (Theorem 5.1) and the
maximum subsolution, which satisfies sub-Bellman principle, (Theorem 5.2).
When b: and g, in (1.2) are zero, the SPDE (1.2) can be regarded as a
parabolic equation and control problems turns out to be deterministic
ones. Section 6 is a supplement and deals with a deterministic control.

The author wishes to express her sincere thanks to the referee for
his valuable suggestions.

§2. Optimal control for SPDE

Let I' be a convex compact metric space. We call it a control region.
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Let us define the operators L(u) and M = (M,, ---, M,) by

d

. a i a )
ap LY@ =3 2 (00 + ),

for xe R, uel,

and

@) Mo = 6@y + g, for xc R,

respectively, where 9/0x, = identity, and a¥, f?, b and g, are bounded and
uniformly continuous.

We denote by H* the Sobolev space of real valued functions defined
on R¢, with the following norm,

IvlE = 31D

where || || = LA(R%)-norm, « = («}, - - -, @) = multi-index with non-negative
integer o, |a| = &' + .- - + a® and D* = (8/dx,)* - - -(8/0x,)**. $ denotes the
subspace of H* with the norm defined by

Il = Nl + 1A+ [Pyl

For simplicity, we put H° = H(= L*R¢%), if no confusion occurs.
Now we introduce the following conditions.

(A1) Dea¥, Db (0<||<4,i,j=0,1,.--d, k=1,2, ..., m) are bounded
and uniformly continuous.
(A.2) ellipticity condition. a"=a’}, i,j=1, - --d and (a" — (3/2)b*- '), ;=1,....a
is a non-negative definite matrix, where b = (b, . - -, b%) and “.” means
the inner product in R™.
(A3) fi(-,u), 89 (@=0,---,d,k=1,...,m) and their § norms are
bounded in u.

Hereafter we always assume (A.1)-(A.3) and for simplicity, we say

23) |Da¥(x,w)| <= K, Db K, [If'(,wll=K, llgll=K.

To study relaxed systems (in wider sense), we need the following
spaces. By A we denote the set of all Borel measures on [0, o) X I,
such that

(2.4) A([0,s] X ') = s, for any s > 0.

Endowing with the vague topology, we have the following proposition,
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ProrosuitoN 2.1. 4 is a compact metric space.

Proof. Let us see 4, = {4/[0,n] X I'; 2 € A}, where /X is the restric-
tion of 2 on X. The induced topology on 4, turns out to be the weak
convergence topology and 4, becomes a compact metric space by applying
the Prohorov metric, say p,. Since A is metrized by p = > 2-" min(1, p,),
we complete the proof. O

Let us set B(I") = Borel field on I, ¢,(4) = the ¢-field generated by
{2([0,s] X A); s<t, Ae B(I")} and ¢(A) = the ¢-field generated by ¢,(1),
t>0. Let P = P(4) be the space of all probabilities on (4, ¢(4)), endowed
with the weak convergence topology. Then Prohorov’s theorem asserts

ProposiTiON 2.2. P is a compact metric space.

By virtue of (2.4), 2 has a s,(4)-adapted kernel i, namely A(dt, du) =
2@, du)dt, and (¢, du) is a probability on I" for almost all £. Moreover,
if 1 is a kernel of 2, then A(z, -) = (¢, -) for almost all ¢ Let us set

At x,2) = j h(x, WA, du), for h = o and f,
r

and
i, D (x)dt = f L@ ()2 (¢, duw)dt
(2.5) r
— : _a_ 19 0 £
ShHrC (a % D2y @ + 6, 2)>dt.

Now we introduce a relaxed system.
DerFiniTION 2.1, 2 = (2, F, %, P, W, 1) is called a relaxed system, if

2.6) (Q,F,F, P) is a probability space with filtration &,
(2.7 W is an & ,-adapted m-dimensional Wiener process with W(0) =0

and
(2.8) p is an & ,-adapted A-valued random variable (4-r.v. in short).

Namely px(A X B) is & ,-measurable, whenever A € B0, ¢f] and Be B(I).

For simplicity, we put #Z = (W, p), if no confusion occurs, and some-
times we call g a relaxed control. R denotes the totality of relaxed
systems. Let 7(#) be the image measure on C(([0, o0); R%) X 4 by Z =
(W, p). Again endowing the weak convergence topology on the space
T = {z(#); # € R}, we have the following proposition.



STOCHASTIC DIFFERENTIAL EQUATIONS 17

ProposiTiON 2.3. 7 is a compact metric space.

Proof. Since W is a Wiener process and A is compact, /7 is tight by
the weak convergence topology. Put 2 = C([0, o0); R?) X 4 and (w, 1) € Q2.
We define the usual ¢-field and %,

F = o{w(s), s € [0, 0)} X a(4) and F, = o{w(s), s <t} X a/(d).
Suppose =, (e€Il) converges to = weakly. Then (- X 4) is a Wiener
measure. Moreover, for any bounded continuous f and g, we see

[ i+ 9 —w@), - wt + ) — w)ewe),
s, w(sy), p(Ay X By), - -+, u(A; X By))dnr,
= [ fw@), - wedn, | @), - wis), w4 x B),
-+, p(A; X By)dr,

whenever s, ---,s; < tand A,, ---, A; C [0, ¢]. As n— oo, we have the same
equality replacing r, by n. Now setting W(w,2) = w and p(w,2) =2, W
becomes an % ,-Wiener process and ne Il. This completes the proof. [

DerFiNITION 2.2. We say #%, converges to # (put #,— %), if n(%,)
— n(#) weakly.

Consider the SPDE (2.9) for Z = (W, p),
(2.9) dq(t) = L(t, g dt + Mq@®)dW(®), q(©0) = ¢(e D).
An H'-valued % ,-adapted process q¢ = q(-, ¢, #) is called a solution
of (2.9), if (2.10) and (2.11) hold.
(2.10) EIT lg@|Edt < o, for any T< oo,
0

and for any pe C; (smooth function on R¢ with compact support) and
almost all ¢

@®, ) = @ + | s @, 7> ds
(2.11) z 0
+I (Mq(s), ))dW(s), with probability 1,

holds, where (,) = L*(R%)-inner product and ¢, > = duality pairing between
H-!' and H! under H° = (H%* (= dual space of H°). Clearly (2.11) does
not depend on any special choice of kernel (/.
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According to Krylov-Rozovskii [3] (cf. [5]), there is a unique solution
q = q(-, ¢, Z) in the function space below
(2.12) q e LX(0,7T) x 2;9) N L¥Q; CO, T; H)), for T< 0.

Moreover, there are two constants N = N(T) and ¢, independent of Z,
such that

(2.15) Ellqg@IF < e*(IgIF + Ao, for £ >0
and
(2.16) E(szgg la@®) — q)IF) = NO = s)([VF1 + Ajir) s
h for < T and j=0,1,2,
where
d a . 2 m
Ay =sup 22 rCw)|| + Bl
u =0 axi k Jj=1
and
a a s 4 m .
B, =sup 3| 2 f 0| + 3 lglt-
u =0 axi k =0

Now we recall how g depends on # and ¢.

ProrosrTioN 2.4 ([5]). Support Z,— #. Then, for ¢ €9
(2.17) q(t, ¢, Z,) — q(t, §, &) in law as H'-r.v.
For ¢, ¥ € 9, we see

(218) E(?gfp HCI(t, ¢: '%) - q(t» ‘!"’ *@)”i = N”¢ - ‘I"”i, fO" k= 07 11 27 3’

and p(t, ¢ — ¥, %) = q(t, ¢, ) — q(t, \, Z) satisfies the linear SPDE (2.19)
below

dp(t, x) = d __a__(d“(t, x, 1) 9 p(t, x))dt
6j=0 0X; 0x;

(219) + 353 bl

k=1i=0 0x;

p(0, x) = ¢(x) — (%) .

p(t, x)dWi(t)
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Let F: H— R' be bounded and Lipschitz continuous, say

(2.20) |[F(¢)| < b, for g ¢ H
and
(2.21) |F() — F(Y)| = allg — v

For # e R, we will define the cirterion J and the value function V as
follows

(2.22) I, #) = E[ e Fla(t, ¢, D)t

where A (> 0) is a given constant and

(2.23) V(¢) = inf J(¢, Z) ,

respectively. Since J(¢, %) is continuous in #Z by Proposition 2.4, Propo-
sition 2.3 asserts the following theorem.

THEOREM 2.1. There is an optimal relaxed system Z* = #*($), namely
(2.24) Vig) = J(¢, #*) .

From (2.18) and (2.21), we can easily see that, for ¢> 0, there is
§ = d(¢) > 0 such that

(2.25) |J(p, Z) — J(¥r, B)| < &, for any Z ¢ R,
whenever ¢, v € 9 and ||¢ — || <45. Therefore
(2.26) V() — V(I <e, for ¢, ¢ e and [¢ — | <3.

Since § is dense in H, J(-, #) and V can be extended on H, say J and V.
Moreover J and V satisfy (2.25) and (2.26) respectively, and

(2.27) V(g) = ir;fj(qS, R), for g ¢ H
still holds. J(¢, %) is also continuous in #, by (2.25). So Proposition 2.3
derives
ProrosiTioN 2.5. There is # = %(¢), ¢ € H, such that
2.29) V() = (5, 5.

When a relaxed system # = (2, #, %, #, W, p) satisfies the condition
(2.29) below
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(2.29) L, ) = dup(:)

where U is an #,-adapted process with values in I" and §, = 5-measure at
x, Z is called an admissible system and denoted by A = (Q, %, F,, Z#, W, %)
or A = (W, U). Let us set

ay = {A = (W, U); Uis W-adapted and U(t) = U([2"t]2-")}

where [ ] = Gauss symbol. Now using the same arguments as [5. Sect. 5],
we obtain the approximation theorem below

THEOREM 2.2.

(2.30) V(¢) = lim inf E '“F(q(t, 6, A))dt

N-ooco ay

(2.31) infEf e *F(q(t, ¢, ) dt + e *G(q(T, ¢, X))

= liminf £} " e F(q(t, ¢, A))dt + e G(q(t, §, A))

N-wo ay

for GeBUG(H) (= the space of all bounded and uniformly continuous
functions on H, with the supremum norm.)

Thus the Bellman principle is proved by the routine.

TaEOREM 2.3 (Bellman principle). For any T

V(g) = inf E j " e F(q(t, ¢, ) dt + e V(g(T, ¢, RB))

= lim 1nfE e *F(q(t, ¢, A)dt + e " V(q(T, ¢, A))

N-owo ay

helds.

For the proof we show two inequalities, i.e.

(2.32) V(¢) < liminf E ""F(q(t, é, A))dt + e " V(q(T, ¢, A))

N—-oo apy

and the converse inequality. The converse is easy by the definition of V,
but not for (2.32). With this consideration, we will call the following
inequality (2.33) a sub Bellman principle

(2.39) V@) < B[ e Flat, 6, w)dt + e Via(T, 6, 1)
0
for T< oo and ue I'.
In Section 5 we will use (2.33), (see Theorem 5.2).
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§3. Properties of J and V

Hereafter we always assume the following conditions (A.4) and (A.5),
besides (A.1)-(A.3).
(A.4) 21> c, where ¢ is the constant in (2.15).
(A5) F is the twice Fréchet differentiable and DF and D'F satisfy (3.1)
and (3.2) below

(8.1 IDF($)|< K, [D)F]<K for ¢ e H,
with some constant K, and
(3.2) [D*F(¢) — D’F(4)] — 0 uniformly, as ||¢ — ¢[|—0,

where we identify DF(¢) with an element of H and D*F(¢) is identified
with a bounded self-adjoint operator on H. L(H) denotes the space of
all bounded self-adjoint operators on H and [.] is its norm.

For example, a taim function F, written by F(¢) = f((e;, ¢), - - -, (€n, $))
with a smooth function f on R", satisfies (A.5).

First we study differentiability of J. Putting

(33) G, 5 9) = [ e E(DF(, ¢, ), p(t, v, M)l

we see, from (A.5).
|J(P + v, &) — J(§, ) — G (9, %; V)|

- ]Ej e HF(q(t, ¥ + e, B) — F(g(t, §, B))

(3.9) — D@t 9, p(, v, D)

g—j e *RE|p(t, w,%>||2dt<2(2 Sl

Moreover we have
|G(¢ + & %; ) — G(g, Z; W)
<|[ e EWDF@ ¢ + & #) — DF@G, 6, D), pt, , D)t

B8 <[ e RE|p(t, &, B p(ts v, B dt

~

< B[ emeeelividi = £ el
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On the other hand, G(¢, Z; ) is linear in +, since p(¢, -, #) is a unique
solution of linear SPDE (2.19). By (8.5), G(-, %, -) can be extended on
H X H, say G(-, %, -), and G(¢, Z; V) is linear in e H and satisfies

o ~ .
(36) CemwI=E/(1-2)
and 3
3.7) GG + & #59) — GG 2 0 < —E— el

Again (3.4) derives

38 TG+ e, B) — TG, B) — <G, ;)| < #{—wnz.
@—0

Since G(¢, #; ) is linear in , (3.7) and (8.8) yield the following propo-
sition.

ProrpositioN 3.1. DJ (¢, #) = G(¢, Z; -), and

(3.9) IDI@ + &, %) — DI, M) < 5 e
From (3.6), we can easily see

(310 V@ — vl = (B /(31— 5))ls — v

For the differentiability of V, we first show its concavity. A contiunous
function A is called semi-concave, if, with some positive c

h( + ) + h(@ — ¥) — 2h(@) < clly|t,  for any ¢, € §.

Now we first show
ProposiTioN 3.2. V is semi-concave.
Proof. It is enough to show (3.11) below.
(1D VG +9)+ Ve — D —2V@= -, forg v ed.
From (A.5), we see
J@G + ¥, B) + J(p — ¥, A) — 2J($, )
1y = B[ e FQE s+ v, B + Fat ¢ — v, ) — 2Pt ¢, A)at

— B[ e RlIp, v, MFdt = -4
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Using the inequality “inf x, + infy, — inf 2z, < sup(x; + y; — z;)”’, we obtain
(3.11).
Let us set

(3.13) v(g) = Vig) — Wfi—dngﬁna for ¢ ¢ H.

Then v is locally Lipschitz and concave.

§ 4. Differentials of V

Now we will study differential of v of (3.13), appealing to the argu-
ments of convex analysis. For any ¢ and + in H, v(¢ + 6v) — v($) has
the right and left derivatives with respect to 6, say 9*v(¢; v») and 9-v(¢; V)
respectively, namely

(4.1) 37 0(¢; v) = lim v(g + 01;*) — u(4)

and

(4.2) a7 v(¢; ) = lim v(g + 0‘? —vg) _ _ a*v(g; — V).
g10

Moreover the following properties hold.

+3) 905 ¥) = sup YO+ 0N = v@)
and
(4.9) 0" v(g; ¥) < 7 u(d; ) .

Using the standard arguments of convex analysis [cf. 6], we have following
Propositions 4.1-4.3.

ProposiTiON 4.1.

(4.5) 0*v(p; V) is lower semi-continuous
(4.6) 0°0@; 1) — 0 v @i Dl < L+ gDy — 7]
(4.7) E‘? 3*u(E; W) = 9 u(g; V)

Proof. (4.5) is easy by the routine method of convex analysis. Since
(4.6) is clear by (3.10) and (3.13), we will only show (4.7).
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Since v(¢ + 6) is concave in 6 € (— o0, 00), 3*v(p + er; 1) is decreasing
in e&. Moreover

(4.9) leigl ' (g + evr; ) = 07 v(g; V)

Thus we get

(4.10) Zﬁ 0*v(E; ) = lim ot u(g + efr; ) = 37 v(g; V) .
-0 eto

On the other hand, we see from (4.2) (4.4) and (4.5),
@1 E@;a*v(s; ¥) < l:i§a‘v($; ¥) = E(— o*v(E; — V)
= —lmav(E; — ¥ = —97(¢; — ) = 9v(@5 ).

Combining (4.11) with (4.10), we have (4.7).

ProrosiTiON 4.2. 6*v(-; ) is continuous at ¢, if and only if
(4.12) a*v(g; ) = 3" v(g; )
holds, namely two-side derivative, say dv(¢; ), exists.

Proof. Suppose (4.12) holds. Then (4.5) and (4.7) derive
(4.13) 0%u(g; ) = lim 9"v(&; S lf—ifp;a*v(é; V) = a7v(g; V) .
Hence a*v(-; ) is continuous at ¢.

For the converse, we assume

(4.14) 0*v(p; ¥) = lim 0*v(&; ) = lim 0" v(&; V) .
§-9 §-9
Then (4.7) derives (4.12). O
For e H, we will define D, and A, by
(4.15) D, = {¢ € H; du(g; V) exists}
and

(4.16)  hy(g) = ' v(g; ) + " v(g; — ¥) (= 3"v(g; ) — a v(d; V),

respectively. Then A, is lower semi-continuous by (4.5) and h,(¢) < 0 for
peD,. Let us set

S,={seHn@s -1}, p=12--
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Then S, is closed and increasing to D¢ as p } .

ProrosiTiON 4.3. {fe(—o00, o0); & + 62 D,} is countable, for any ¢
and + in H.

Proof. For the proof we may assume (v, &) = 0. Put
8'(0) = *v(E + Oy; ) and g (0) = 3 v(E + 0¥ V).
Then g* and g~ are locally bounded and decreasing. Moreover
(417) g0 zg0) = 1131 g (0+¢ (say g7(6 +))

holds, and A, + 60v) = g*(0) — g7 (0) = g (0 +) — g~ (6).

Thus, for § >0, {fele, fl; 870 +) — g(0) < — 6} is finite. This im-
plies {6 € [, Bl; hy(€ + 64) < — 4} is finite and {# e (—o0, 0); & + O € S,}
is countable. Since D} = | J, S,, we complete the proof.

Let e, k=1,2, ... be an orthonormal base of H. Let X,, k=12,
..+ be independent N(0, v,)-distributed Gaussian random variables on a
probability space (2, #, #). We assume

(A.6) v, >0for k=1,2,--- and > v, < oo.
Hence P(3 X2 < o) =1 and

(4.18) PG Xe, e H)=1.

@ denotes the probability law of > X,e,. So, (H, ¢(H), Q) is a probability
space and Y (w) = (w, e,)/vv,, B =1,2, ---, turn out to be N(0, 1)-distri-
buted independent random variables on (H, ¢(H), @). For finite sum of
ey, say = > re; (#0), we can take a new orthogonal base f, k =
1,2, --- such that f, =+, linear space of (f, ---,f,) = linear space of
(e, ---e,) and f,,, = €4, 1=1,2,--- and Z; Z(w) = (w,f,), are inde-
pendent Gaussian random variables. Appealing to Proposition 4.3, we
show

PropositioN 4.4. Q(D5) = 0, for = >3.,1,e; (% 0).
Proof. Let us set

Yw) = w — Z(w)y = ki;zzk(w)fk , forweH.

Then Y and Z+ are independent. Hence, for any bounded Borel function
g on H x H, we have
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B(g(Y, Zlo(Y) = | (¥, w)u(dw)

where p is the probability distribution of Z. Since Z, has a normal
distribution N, we get

[ et wudw = [ (¥, 0nN0).

This derives, for any A e g(H)

Q) = [ (7 1y + 09N @) )u(dy)

where v is the probability distribution of Y. Now putting A = D3, Propo-
sition 4.3 completes the proof. O

Let us set
(4.20) & = {f_‘, r.e, + 0; r, =rational, k= 1,2, ---n,n=1,2, }
k=1

and

(4.21) D=ND,.

VvEN

Then .« is a countable dense set of H and Deg¢(H). Now Proposition
4.4 yields

THEOREM 4.1. For ¢ e D, du(p; ) and dv(g; — ) exist for 4 e H.
Proof. For ¢ ¢ D and ¢ .«7, (4.15) implies

(4.22) 0t v(p; ) = — 8*v(p; — V) .
But, since & is dense, (4.22) still holds for € H by (4.6). This completes
the proof. O

Next we will give one remark on a full probability set of H.
ProrosiTioN 4.5. If Q(A) = 1 for a set A of H, then A is dense in H.

Proof. Let us set X, (w) = (w,e,), k=1,2,.... Then X, is inde-
pendent and N(0, v,)-distributed. From (A.6), we can choose, for ¢ >0,
N(e) such that N> n and

(4.23) QS X< > %

k=N-+1
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holds. On the other hand

(4.24) Q(ﬁ] X, — i < e) >0

=1

where r, =0 for k>n + 1, since X, ---, X, are independent Gaussian
random variables with EX2 > 0. Moreover the independence of X, implies

QBE:: ) = Q21X — nF <) Q( 3 X1 <e)>0

where B(c; V) = {we H;||lw — | <c}. Therefore

(4.25) Q(A N B(2; ) >0.
Thus, for any v € .«Z and ¢ > 0, A N B(2¢: ) is non-empty, This completes
the proof. 0

Next we will show that dv(¢; V) is linear in +». From the definition,
3*v(g, ) is clearly positively homogeneous in +, i.e. for ¢, £e H and 6 > 0,

(4.26) 007 v(p; &) = 3*v(g; 05) and 607v(g; §) = 97 v(p; 65) .
Therefore, for ¢ € D, £ H and § > 0, we see

(4.27)  9*v(g; — 06) = — 3 v(p; 06) = — 607 v(g; &) = — 03 v(g; 6).
For ¢, & ne H, we will prove inequalities (4.28) and (4.29) below

(4.28) 0 v(p; & + 9) < 07 v(g; &) + 9 v(g; )
(4.29) 7 v(p; &+ 1) < 0%v(g; &) + a u(d; )
Proof. For ¢ >0, we have

D+ e o) — V(G e 0 V(O e + 07) = v + &)

e 0>0 4

= 0*v(p + &3 8).

Hence we see

v(¢ + & + 577) - v(¢) < a+v(¢ + en; &) + l)(¢ + 57)) — v(¢’) .
€

3

As ¢] 0, we get (4.28) by virtue of (4.7).
Appealing to “0-v(¢; ) = — 3 v(d; — V)", (4.28) yields (4.29). O

Now Theorem 4.1 derives, for ¢ € D

(4.30) (g; & + n) = dv(g; &) + du(é; ), for &, pe H.



28 MAKIKO NISIO

Combining (4.30) with (4.26) and (4.27), we have
(4.31) v(p; a& + by) = av(g; &) + bu(é; ), for ¢eD.
Again (4.6) implies “dv(¢; -) e H*”. Since ||¢|} is differentiable, we get

TueoreM 4.2. V is Gdteux differentiable at ¢$eD and its Géteux
derivative 3V (p) ¢ H*.

Let Z = Z(¢) be an optimal one, which satisfies (2.28). Recalling
Proposition 3.1, we have

THEOREM 4.3. 3V (¢) = DJ(¢; %), for ¢ e D.

Proof. Since V(¢) = J(p; Z) and V(p + &) < J(¢ + &; %) for £ H, we
see from (3.4)

V@ + e9) — V) < I + ev; B) — J(4; %)
< (DTG D, ) + 53 I
Dividing both sides by ¢ > 0 and tending ¢ to 0, we get
@V(g), ¥) < (DI($; &), ),  for e H.
Since + is arbitrary in H, “(0V(g), — v) < (DJ(¢; #), — )" also holds.
This derives
@OV(), ¥) = (DJ($; %), ¥)  for e H.

Now we complete the proof. 0

To study the value function V, we are concerned with DN $. Taking
Hermite base and suitable v,, we can prove that DN is dense in H.
Putting

(4.32) A, (x) = (— D*/n!-? exp(%)(%)%exp( ——2x2 )) , for xe R,

the Hermite base e, is defined as follows.

(439 ex®) = [1 huxdexn( = %)

for x = (x,, - - -x,) € R* and multi index & = (k,, - - -k;), k; = 0. Using the
following properties of A,

(4.34) h,=+nh,.,, h.,—xh,=—+n+1h,,.
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we get
4.35)  2*h, = Vn(n — Dh,_, + @n + Dh, + V(o + D(n + 2h,,,.

Therefore we have

(4.36) gfck = %(JEek-zi — Wk, + leg,s)
(3

and

@37 late, = 3 VER; — Deyous, + @k, + Dey + VT + D + Deguur,

where I, is the j th unit vector (0, ---0,1,0,---0) and k + p = (k + py,
ka4 o).
For ¢ = >~ c,e;, (4.36) yields

(4.38) o6 —l—(z C;_,\/E;eg—zi - Cg\/ki + leg,s,) .
0x; 2

So, d¢/ax, e H, if and only if } cjk, < co. Repeating this argument, we
have

ProposiTioN 4.6. If 3 cj|k]P < oo, then ¢ € H™.

On the other hand, (4.37) implies that, if > c}|k < oo, then (1 + |x[)¢
e H. Hence (1 + |x[)(8¢/ox,) € H, if 3 c}| k]’ < oo. Therefore, if > (4, ep)'| B|'
< o0, then ¢ € 9.

Putting

(4.39) vy = | k|4~

we will define a probability @ on H in the same way as (4.18) and obtain
a full probability set D of (4.21). Since the number of elements of

{k; |k| = n} = (n ji-fi_ '1— 1) = 0(n*"), “2 uykl'< o” holds. Therefore

Q) = 1. Hence we get
(4.40) QDN § =1.
Moreover Theorem 4.3 derives that, for ¢ € HND,

@OV, ¥) = lim Z(V(g + 1) — V()
(4.41) ;
= lim = (J(§ + ed; A%) — J(g; %)) = od(p; %), )

holds, for any € §, where #* = %*(¢) is an optimal relaxed system.
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§ 5. Subsolution of Bellman equation

Suppose V is smooth, namely satisfies the condition (A.5). Then Ito’s
formula derives, for ¢ € § and an admissible system A = (W, U),

Ee*V(q(t) — V(¢) = J: e *E(— 2V(q(s)) + (DV(q(s), L(U(s)q(s))

(5.1) 1
+ E(D? V(q(s)) Mq(s), Mq(s))ds,

where ¢ = q(-, -, A). Appealing to (2.16), the Bellman principle show that
V satisfies the Bellman equation (4.2) below.

ProposITION 5.1. If V satisfies (A.5), then

G2 0= sup (- T OVOM My) — (DV), Lwg) + V() — F@)

for 9.
Proof. First we evaluate the integrand of (5.1), for small z. Here K,
denotes a constant independent of A, ¢ and s.

E\(DV(q(s)) — DV(g), L(U(s)q(s))|
(5.3) < KE|q(s) — ¢llla@) |k < K/ s VISl + Al 4lE + A,
S Kvs(glk+ 1D
E|(DV(9), L(U(s)q(s) — L(U(sN¢)| < K.E||q(s) — ¢ll.
S K sVgli+1

(5.4)

From (5.3) and (5.4), we see

(6.5)  E(DV(s), L{UE)q(s) — (DV(g), LUEHH| < K s (16l + 1418 + 1)
Repeating the similar arguments, we have

(5.6) E|(D*V(q(s)) Mq(s), Mq(s)) — (D*V(q(s)) Mg, M| < K's (|6} + 1)
For ¢ > 0, there is § = 6(¢) > 0, such that

(5.7 [D*V(¢) — D'V(p)] < e, whenever [|§ —p| <3,

by virtue of (A.5). Hence we have

E(D*Vig(@) — DV@) Mg, Mg)| < Ky Mgl (e + £120) =91
(5.8 2
< K| Myli(s + v3 12ILEL).
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Combining (5.6) with (5.8), we have
|E(D*V(q(s))Mq(s), Mq(s)) — (D*V(¢)M¢, M4)|

9 < Kul/ 51918+ D + (g1t + (e + 12EELYT).

Now recalling (5.1), we get
Ee*V(q(®) — V($)

5.10 ¢ — _
610 _ EL %(DZV(¢)M¢, Mg) + (DV(9), L(Us)g) — AV($)ds + o(2) .

where o(t)/t — 0, uniformly in A, as t—0.
On the other hand, the Bellman principle yields

(.11) 0= inf E—}Uo e 1 F(q(s, ¢, A)ds + e V(q(t, ¢, A)) — V(¢)] .
Combining (5.10) with (5.11), we have

0 = inf(F(g) — 2V(9) + — (D' V(Mg, M)
(5.12) Lo

+ = [ BOV®), LU g ds + o).
Since (DV(¢), L(U(s))¢) = inf, ., (DV($), L(w)¢), we see
inf [ E(DV(@), LU©)$)ds = tinf (DV(3), L))
= inf {DV(), L(w)¢) = inf | E(DV(g), L@)¢)ds

= inf [ E(DV(y), L(UG)g)ds

Hence
(5.13) in f 0 E(DV($), LU (&)g)ds = tinf(DV(g), L)
holds. (5.12) and (5.13) complete the proof. O

We will give a simple example of smooth V.

ExampLE. [’ denotes the set of all Borel functions on R? with values
in [—1,1] and 0 outside the unit ball {{x| < 1}. Hence I' (C LXR%) is a
complete separable metric space carring the weak topology. For e, ---,e,
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e H and he Cy(R¥), we will put c(w) = h((u, e), -+, (4, e)). Then c is
continuous on I'. Let us assume

a(x, u) = a"(x),  for (,j) # (0,0), a®(x,u) = c(u)

and fi(x,u) =0, for i =0,1, ... d.
Now we consider the following SPDEs for a relaxed system (W, p).

dq(t) = Aq(t)dt + ¢(t, wdt + Mq(®)dW(@®), q0) =¢

dp(t) = Ap()dt + Mp@)dW(?), p©0)=¢
where A = 37, .00 9 (a”(x)( 9 )) Since ¢ does not depend on x,
ox; 0x;

Ito’s formula yields

a(t) = exp([ (s, wds) p».

On the other hand, there exist u* such that min,.,c(z) = c(u*). So
¢(s, p) = c(u*), and ||g(®)| = exp(c(u*)t)||p(?)||. If the function F has the
form F(y) = f(|v|* with smooth and non-increasing f, then y/(¢, -) = 8,4(+)
is optimal for any ¢. Therefore using the same arguments as Proposition
3.1, we obtain the smoothness of V by the smooth condition of f.

We will study the connection between V and a viscosity solution of

(5.2), when V is not smooth. Let us define G:L(H) X HX R' X H* X I'
— RY, by

(5.14) G(S,p,a,$,u) = — %(Squ, Mg) — (p, Lw)$) + 2a — F(g).

Then the Bellman equation is denoted by
(515) Sgg G(Dzv(¢)’ DU(¢), U(¢), ¢7 u) =0.

For ve C(H, R"), the superdifferential at ¢, say D*v(¢), (resp. sub-
differential at ¢, D-v(¢)) is defined by

D'v(@) = {(S,p) e L) x H; lim Y@+ 8 = ”(¢)”'S“] F(p’ 9=3669 < o)

(resp. D-v(g)
— {8, p) e L(H) x H; lim V(g + &) — v(9)

et =)

DeriniTION 5.1. ve BUC(H) is called a subsolution of (5.15), if
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(5.16) {¢ € ©; D*v(¢) is not empty} is dense in H
and, for any (S, p) € D*v(¢) (p € HY),
(5.17) sup G(s, p, v(9), 4, ) = 0
holds.
DerFinNiTION 5.2. ve BUG(H) is called a supersolution of (5.15), if
(5.18) {6 € 9; D v(¢) is not empty} is dense in H
and, for any (S, p)e D(¢) (4 € HY),
(5.19) sup G(S,p,v(9), ¢, u) 20

holds.

If v is both sub and super solution, v is a viscosity solution.

Let us denote by Z the space of all function with sub Bellman principle,
namely

Z = {ve BUCWH); v(@) < E [ e*Fla(s, 4, 0)ds + e *v(g(t, 4, w),
0
for any ¢ 9, t =0 and uell.
Then Z is closed and convex and V e Z by the Bellman principle.

ProrosrTioN 5.2. If ve Z and satisfies (5.16), then v is a subsolution
of (5.15).

Proof. For (S, p)e D*v(¢), we can take a smooth function 2 on H,
such that

(5.20) h(p) =v(¢), Dh(¢)=p, Dh(¢)=S and h=von H.
Moreover there is a constant b such that, for ahy € H,

Ih(W] = b + [1vI), [IDR()] =< b + (1l

For instance, we will define & according to [1]. Assuming ¢ = 0, we set

[o0) = 0@ — @) = Lsva | fivie for v 20
0 for 4 =0,

w(y) =

where [a]* = max(a,0). Then w is continuous at 0, since (S, p) € D*v(¢).
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Let p be a smooth increasing function on [0, o), such that

* on [0,1)

o) = {02 on [2, 00).

Put k(r) = sup{w(); |¥]| £ r and f(¥) = ZJR J.sk(r)drds + o(t). Then fe
CY[0, o). Hence, g, defined by g(s) — f(|||), satisfies g(0) = 0, Dg(0) = 0
and D*g(0) = 0. Thus A(y) = g() + v(0) + (p, ¥) + (S, ¥) is a required
one.

From the definition of Z, we see

0< B[ e Fg(s, ¢ w)ds + e v(att, 6, w) — v(@)
< B eFq(s, g, w)ds + e h(alt, 6, w) — h(@)

< E [ e (— G(Whla(s, 6, w), Dh(a(s, ¢ w), h(a (s, 6, w)
q(s, ¢, u), u))ds .
Dividing both side by ¢ and letting ¢ tend to 0, we get
(5.22) 0= G(S, p, v(g), ¢, 1),

in the same way as Proposition 5.1. Since we I is arbitrary, we complete
the proof. O

Now we will prove
THEOREM 5.1. V is a subsolution.

Proof. Since Ve Z, we will only show (5.16). Using concavity of v
of (3.13), Theorem 4.2 implies

v(g + ¥) — v(g) — @), V) — —21—(04», W0, forgeD, yeH.

This derives

~

(5.23) (TK_CI aV(a)) e D'V(p), forgeD,

where I = identity on H. Since DN is dense, (5.16) holds. |
Next we will show the maximum property.

THEOREM 5.2. V is the maximum subsolution with sub Bellman
principle.
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Proof. First we remark that ve Z satisfies (5.24) below.
(5.24) V(@) < B [ e “Fla(s, g, A)ds + eu(q(t, 6, 4)),
0

for A= (W,U)eay. Put 4= 2% For selkd, kd + 4), U(s) can be re-
garded as a constant (e '), under the conditional probability P(- /g, (W)),
and q(s, ¢, U) = q(s — k4, q(k4, ¢, U), U(kd4)) holds. This argument yields
B e F(q(s, ¢, A)ds + e va(t, 6, Aford W)

> e u(q(kd, 4, A).

(5.25)

Repeating this evaluation, we can easily obtain (5.24) by (2.12):
As t— o0, (5.24) derives

(5.26) v($) < liminf E

I
N-—-ow ay 0

e MF(q(s, , A)ds, for g e §.
Thus (2.30) yields “v(¢) < V(¢) for ¢ € 7. Since & is dense, we can com-

plete the proof. O
The proposition 5.3 below is a partial converse of Proposition 5.2.

ProposITION 5.3. Let v be a twice differentiable. If v is a subsolution,
then ye Z.

Proof. Since (Dw(y), Dv(y)) € D*v(y) for any e H and q(-, ¢, u)e
C([0, o0), H®) with probability 1 for ¢ e 9, we see

(56.27)  G(D(q(s, ¢, w), Du(g(s, ¢, w), v(q(s, §, W), q(s, ¢, w), u) < 0.

Hence Ito’s formula concludes v e Z.

In the customary version of admissible control for SPDE, we use
I'-valued adapted process, where I'C{u; R*— R*, Borel measurable}. In
some cases /' admits only constant functions, for instance, this control is
appropriate for the Zakai equation.

§ 6. Remarks on deterministic control

When M = 0, our stochastic control turns out to be a deterministic
control for PDE. In this case we usually take I'-valued Borel function
on [0, o) as an admissible control. For an admissible control u(-), we
consider PDE

(6.1) %‘j— = L@@®)q®), with q(0) = ¢ (e%).
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The value function w(¢) is defined by

6.2) w(g) = inf j " e F(g(t, ¢, u(-Ndt

So this control can be studied in two ways of viewing, either as a
stochastic control with M = 0, or as a deterministic control. First we
remark that both value functions coincide.

ProposrtioN 6.1. w(¢) = V(¢) for ¢ D.

Proof. Since an admissible control u(-) can be regarded as a relaxed
system, clearly

(6.3) Vig) < w(g).

On the other hand, for A(W, U) € a,, U turns out to be a I'-valued Borel
function under the conditional probability P(./s(W)). Hence with pro-
bability 1,

(64) B([ e Fiat, 6, ANdtla(W)) = w(®)

holds. Now (2.30) completes the proof. O

In the same way we can easily see the Bellman principle

65 w() = inf r e *F(q(t, 4, u(-))dt + e Tw(q(T, ¢, u(-)) .

When M = 0, the Bellman equation (5.15) turns out to be the first
order equation (6.6) below.

(6.6) sup (— (Duv(g), L(w)¢) + Av(p) — F(g)) = 0.

We will give the definition of viscosity subsolution of (6.6) from the point
of first order equation [1].

Drv@) = {p < Hilim L+ 2@ = (0.0 2 o}

is called superdifferential.

DerintTION 6.1. ve BUC(H) is called a subsolution of (6.6), if
6.7) {¢ € ©; Dfv(p) is not empty} is dense in H
and, for any p e D;jv(¢), (¢ € H?),
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(6.8) sup (— (p, L(w)$) + ($) — F($) < 0

holds.

If v is a subsolution of Definition 5.1, then v turns out to be a sub-
solution of Definition 6.1, because pe Div(¢) whenever (S, p)e D*v(g).
Hence, Theorem 5.1 concludes that V is a subsolution of (6.6).
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