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ON ¢,-WEYL ALGEBRA W,(. Z)
HISASI MORIKAWA

0.

Weyl algebra is an associative algebra generated by two elements @
and a over R such that the generating relation is given by

da —ad =1,

which is isomorphic to the algebra of differential opsrators

]
Rz, .
[z dz

g analog of Weyl algebra Wy(q, R) is an associative algebra with two
generators @ and a such that the generating relations is

da —qad = 1.

If ¢ is not a root of unity of finite degree, g-analog W(q, R) is isomor-
phic to the algebra of g-Differential opsrators

R[z D],
where
D _ [® — 12
(@) = K91
g-analog of Weyl algebra is sometimes called g-quatisation by physisist
({21, [3D).

Exceptional case ¢ = @ primitive r-th root of unity &,, Wi(&,., Z) has
quite beautiful properties; standard elements 4*, a”, da — ad play impor-
tant part of role.

§1.
We mean by {, a primitive n-th root of unity, and define {,-analog of
Weyl algebra Z{z, d/dz] as follows;
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¢,-Weyl algebra W,(¢,, Z) is a Z[{,]-algebra generated by two ele-
ments d and a such that

(1) da — L6 =1

is the generator of relations between @ and a.
Putting

(2) G=d, u=a", c=da — ad

we shall show that i) Z[¢,, @, u] is the center of W,(,, Z), i.e. W(,, Z)
is a central Z[¢,, @, ul-algebra generated by & and a such that i) da —
.06 =1,4" =0, a® = u and @ and u are independent variables, ii) c* =
1— (1 —¢)mud, iii) Wi, Z) Qzr,0,u1 Q. G, uw) is a central division
algebra over Q(C,, @, w), which is given by the factor system

Q. &, u,0)QK,, &, v, a'ca =, a" =u).

We shall also generalize these results to the Z[¢,]-algebra W.C,, Z)

generated @, ---,d,, a, ---,a, such that the generators of relations are
given by
aa;, — a4, =1 agi<r)
d.d, — a,d, = d.a;, — a,4;, = a,a;, — a,a, E))
§2.
Let us prove some lemmas.
LEmma 1.
(3) c=1-01~-¢g)ad
(4) dc = {,cd, ca = g,ac.

Proof. (3) is a direct consequence of (1) and (2). (3) implies (4) as
follows,

ca — Lac = (1 — (1 — Lad)a — La(l — (1 — ¢,)ad)
=a—(1—{Jal + (ab) — Ca+ (1 —C)a'd =0,

de — ,ed = d(1 — (1 — {o)ad) — (1 — (1 = ¢,)ad)d
=d—Q1-¢)A+ad)d —,d+ (0 —)ad =0.
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LEMMA 2.
(5) da’ = (1 — )"0 — aft + Lla'd,
(6) d'a =1 —C)'A —C)d" + Lad’.

Proof. For £ =1, (5) and (6) are nothing else than (1). Assuming
(5) for ¢, we have

Ga = (1 — )1 — ga’ + Lla‘da
=1 = &)'A = &a* + e’ + £ad)
= (1 —)A = &) + La* + et
=1 -1 =N’ + e

Similarly (6) can be proved.
LEmMA 3. @ and @ belong to the center of W\((,, Z).
Proof. From & = 1, it follows

da = @'e = (1~ )1 — £Da"" — {Lad”

= ad" = all,
Gu=da" =1 — A — a™? + Gard
=a"d = ud.

ProposiTiON 1. Z[Z,, @, u] is the center of W(C,, Z).

Proof. Since (1) is the generator of the relations between 4 and a,
the set {a’d*, 0 <4, h < n—1} is a basis of W(¢,, Z) over ZI[C,, @, ul].
From dc = {,cd and ca = &,ac, it follows

cal@dh = ¢ atdre .
This means that any element in the center must be written as follows,

n-1
o, + Z o,a'd’ (e, € ZIC,, @, u]) .
=1
It is sufficient to prove o, =0 (1 <4< n —1). Assume «, be the first
non-zero one in {ay;, ---, @,_;}, Then we have

n-1 n—1
0= a(Z aza‘(i‘) — (Z alaed‘) a
=1 £{=1

£

n-1 n-1
— ; Ct'la“-ld _ lZi ae{(l Cn)_l(l %)aldl—lczae+ld6

n-1
= — a,(1 — §)7'A — ad " + 3 pa’~'d@ + B,-.ud"?
£=4p~1

=49~
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with B, -+, Bu-1€ Z[C,, G, u]. This means «,, = 0, therefore o, =0 (1 < ¢
<n-1).

LEMMA 4.
£~1
(7) (aa‘)l — sz(li—l)ﬂala’:é + Z C(g,hahdh
h=1
with a,, € Z[C,, @, u].

Proof. For £ =1 (7) is the identity ad = ad. Assuming (7) for ¢, we
have

(ad)* = GO aldtad + 3 aypatdad
= (L — £ — E)E + tlad)d
5 @@ (1~ 6 — Q)@+ Cadt)a
= (sz(hl)/ZCfl)auldul + hz:; aé+1,hahdh
= Qle-ngerigeet 4 ZZ: Qprrp@"@"
=1
with a1, +* 5 @iy, 0 Z[E,, 4, ul.

ProposiTiON 2.
(8) c"=1—(1-¢)uti.

Proof. From (= 1 it follows dc" = ¢"d and ac® = c"a, i.e. ¢* belongs
to the center Z[C,, 4, u]. By virtue of (3) and (7)

¢"=010—Q1—=_L)ad)" =1+ (=10 — £)(@d)"
+ 5 (-0(})@ - e)aay
=1+ (= D)l — LGP emd" + ZZi 1% .
Since ¢* belongs to Z[¢,, i, u],

=14+ 0A—-¢N— 12y =1—~0 —&)uil.

§3.

We mean by Q(,, @, u) and Q(,, @, u, ¢) the quotient fields of
Z[¢,, 4, u] and Z[¢,, i, u, c], respactively.

THEOREM 1. W, Z) Q. a,u3 QErs @, w) is @ central division algebra
over Q(C,, i, u), which is given by the n-cyclic factor system.
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(9) Q. B, u, 0))QC,, B, u), aca™ = ¢*, a" = u),
where Q(,, 4, u, ¢)/Q(,, @, u) is the Kummer extension with galois group
{o|e™ = 1) such that c° = {,c.
Proof. From (4) and (8)
Wi Z) sz, QCs B, w)

is given by the factor system (9), and thus it is a central simple
Q,, 1, n)-algebra. On the other hand # and u are independent variables
over Q(¢,), and thus uw is not a norm from any subfield of Q(,, @, u,
Y1i—(@Q —¢,)un) to QC&,, 6, w). This means that the algebra is a divi-
sion algebra.

ExamMpPLE. — 1-Weyl algebra W(— 1, Z) is a Z[#, u]-algebra gener-
ated by two elements ¢ and a such that

(10) da+ad=1, @=14, d=u,
where # and u are independent commutative variables over Z.

ProrositioN 3. W,(— 1, Z) is isomorphic to the Z-algebra generated
by two 2 X 2-matrices

0 1+ V1 —4ui
o 2 0 u

2u
where @ and u are independent commutative variables over Z.

Proof. By calculation we have

1 0
p(@o(a) + p(a)p(@) = (o 1)
a 0

u 0
a2 2 _ .
(@) = (0 u) > 0@ (0 u)
From (da — ad)* = 1 — 4ud, it follows that
Wx(“‘ 1, Z) ®Z[12,u] Q(ﬁ, u)

is given by the factor system

Q(4, uv'l = 4ud)|Q(4, u), a'V1 — dutta = — V1 — 4ut, @’ = u).
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§4.

For a natural number r, {,-Weyl algebra W.(,, Z) is defined as a
Z[{,]-algebra generated by 4, ---, d,, a,, - -, a, such that

(12) da, — a4, =1 1gisr)
are the generators of relations between d,, ---, d,, a, - -, @,.

ProrosiTiON 4. Put ¢ = i, a? =u, 1 <i<r). Then Z[E,, 0,
i, u, -+, u,l is the center of W.¢,, Z).

sy,

This is proved similarly as for W,(&,, Z).
ProposiTION 5. Denoting ¢, = d,a;, — a;G; (1 £ i < r), we have

c;=1—(1—¢)ad;
(14) dc, = {,cd;, ca; = §,a.,c;

(15) cd; = dc,, ca;=ac; @+J).

Proof. (14) is proved similarly as for W,({,, Z) and (15) is a direct
consequence of the relation (13).
Similarly as W,(¢,, Z), we have

ProprositioNn 6. W.(,,Z) is a central Z[{C, 0, -, 0, Uy, -, Uu,]-
algebra generated by d,, ---,d,, a, ---,a, such that

da; — a4, =1 i=gign),
(ZA,'(ZA] - (’I\JdAI = diaj - ajéz = aiaJ - ajai = 0 (i #j) 2
@i =14, af=u; l=sisn),

where 4y, -+ -, Uy, Uy, - -+, u, are independent commutative variables over Z.

Similarly as W.(¢., Z), we have

THEOREM 2. WT(C’L’ Z) ®Z[(m121,---,ﬂr,ux,--uur] Q(Cm 121, ) ﬁn Uy * 00y ur) is
a central division algebra over Q{&.,, G, - - -, @, Uy, - -+, U,), Which is given
by the factor system

(Q(Cm ala R arr Upy » ooy Upy Cyy -+ * ';Cr)/Q(Cm 121, ) ari Uy oy ur) ’

allea, = ¢, -, 0000, = ¢ Al = Uy, -, 0 = UL,
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where Q(Cm 121’ Sty 121’ Uy » 3 Upy Cy v 0 vy Cr)/Q(Cm 1211 Y ﬁn Uy 0y ur) is the
Kummer extension with galois group {oy, ---,0.|67 =---= o= 1) such
that cit = Cncli cee, 0 = Cncr: CZ" = ¢ (l‘ 7 J)‘
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