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POLYNOMIAL RINGS AND THEIR PROJECTIVE MODULES
DORIN POPESCU
§ 1. Introduction
Let R be a regular noetherian ring. A central question concerning
projective modules over polynomial Jϊ-algebras is the following.
(1.1)

BASS-QUILLEN CONJECTURE

([2] Problem IX, [10]). Every finitely

generated projective module P over a polynomial R-algebra R[T], T = (T19
• , Tn) is extended from R> i.e.

When dim R < 1 the conjecture is true by the Quillen-Suslin Theorem
(see [10], [13]). Also H. Lindel [5] proved that the conjecture is true for
regular rings essentially of finite type over a field. His ideas work also
in some mixed characteristic cases (cf. [7]; see also Proposition (2.1) and
Theorem (4.1) below which we included here for the sake of completeness).
These results show that it is worth to consider the following
(1.2) QUESTION ([7]). A regular local ring is a filtered inductive limit
of regular local rings essentially of finite type over Z.

In [8] Corollary (2.7) we stated (1.2) in the equal characteristic case
which gave us the possibility to solve in [9] (using [3]) a question of
Quillen (see [10]) (and so the BQ Conjecture) in the equal characteristic
case.
In this paper we obtain some results in the mixed characteristic case
concerning these two questions. Our Theorem (3.1) says that (1.2) is true
2
for a regular local ring (A, m) when either p: = char (A/m) § m , or A is
excellent henselian. Using LindeΓs results we solve the BQ Conjecture
for regular noetherian rings R such that for every prime integer t, either
t is an unit in R, or R/t R is a regular ring (see Corollary (4.3)). If p e m2
our Corollary (2.4) and Theorem (3.1) iii) show that it is "almost" enough
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to prove the BQ Conjecture for rings of the type B[X]iQtX)l(f, h), where
(B, q) is a localization of a polynomial Z-algebra, f, he B[X], h is monic
(in X) with A(0) 6 q but (dh/dX) (0) $ g and fep + (g, XfB[X]^X).
We would like to thank Professor M. P. Murthy who kindly sent us
Swan's notes on LindeΓs results and to Professor R. A. Rao who also
gave us useful informations on this subject.
§ 2. The structure of regular local rings essentially of finite type
over Z
(2.1) PROPOSITION (Lindel, [5] and [7]). Let A be a DVR (i.e. noetherian
discrete valuation ring), p a local parameter in A, (R, m) a regular local
A-algebra essentially of finite typs, K: = Rjm and k = Fr(A/m Π A). Suppose that
i) k c K is separable,
ii) p e r n 2
iii) dim R > 2 .
Then R is an etale neighbourhood of a localization of a polynomial Aalgebra.
Proof. Let u = (u19
, us) be a system of elements from R inducing
a separable transcendence base of K over k. Then changing A by A[w]^ [tt]
we can reduce our question to the case when k C K is finite separable.
Thus R is a localization of a finite type A-algebra C in a maximal ideal
q C C. Suppose pern, otherwise suppress p from below.
Let w e C be an element inducing a primitive one ΐϋ for k C K. If
A C R is algebraic then R is DVR which is not the case. Thus we can
choose w to be transcendental over A. Let / be a monic polynomial from
A[W] lifting Irr(β, ΐΰ). By separability we have (dfldW)(w)$m.
If f{w)
2
f
2
e (p, m ) then choose an element w in q which is not in (p, m ) (dim R > 2).
Then
f(w + w') ΞΞ w'OfldW) (w) Ξ£ 0 mod (p, m2)
and changing w; by u; + w/ can suppose that f(w) $ (p, m2). Choose some
elements x2, - - -, xn in q, n = dim J? — 1 inducing a base in m!(p, f(w), m2)
and consider the map φ: A[X] —> C, X — (Xly
, Xn) ^—> (&>, χ2, . . . , x j .
By [6] Theorem 81, φ gives faithfully flat map
Rf: = A[X](PtfiXlhX2>...fXn)

>R
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It remains to show that ψ is etale (R, R have the same residue
field). Applying Zariski Main Theorem ([11], chap. IV, Theorem 1) to φ, q
we get that R is a localization of a finite A[X]-algebra. Since ψ is faithfully flat we are through.
•
(2.2) LEMMA. Let (R\ m')
> (R, m) be a surjectίve morphίsm of regular local algebras over a DVR A and p a local parameter in A. Suppose
that p 6 m'2 but p e m2. Then there exist a regular local ring (R", m") and
two surjectίve morphisms g: R -»JR", h: R" -> R such that
i) p e m " 2 ,
ii) dimiϊ" = άimR + 1,
iii) / = kg,
iv) Ker/i is generated by one element from p+m / / 2 .
Proof Let q — Ker /. By hypothesis p e q + m/2 and so there exists
x1 € q such that xx = p mod m/2. Complete x1 with some elements x2,
, xs
;
/2
/2
eg, s: — dimi? — dimR in order to induce a base x in q + m /m . Then
x generates q by [6] Theorem 36. Clearly R": = i?7(x2, « ,Λ:β) is the
wanted regular local ring and / factorises through it.
•
(2.3) PROPOSITION. Let A be a DVR, p a local parameter in A, (R, m)
a regular local A-algebra essentially of finite type, K: = R/m and k: =
Fr(A/m Π A). Suppose that
i) k c K is separable,
ii) p 6 m2,
iii) dim R > 2.
TTiβTi £&ere exists a localization (B,n) of a polynomial A-algebra and two
polynomials f, he B[T] such that
1) R ^ B[T](n,Γ)/(/, h) as A-algebras
2) Λ(0) e n, (3Λ/aΓ)(0) e n, Λ mp/iίc
3)
Proo/. Since R is essentially of finite type over A we can express
R as factor algebra of a localization (22', m') of a polynomial A-algebra.
Using Lemma (2.2) we express R as a factor of a regular local A-algebra
(i?"> m") essentially of finite type with /? $ m"2 through an ideal generated
by an element / from p + m//2. By Proposition (2.1). R" is an etale
neighbourhood of a localization (B, n) of a polynomial A-algebra. Thus
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R" gz B[T]in,T)l(h)
Theorem 1).

for a polynomial h satisfying (2) (see [11] chap. V,
•

(2.4) COROLLARY. Let (R, m) be a regular local ring essentially of
finite type over Z and p: = char(i?/m). Then there exist a localization
(S, n) of a polynomial Z-algebra and two polynomials f, he B[T] such that
ii) Λ(0)en, (9A/9T)(0)$n, h monίc,
2
2
iii) fep + (n, T) B[T]in,T) if pern and pΊR^0;

otherwise f = 0.

For the proof apply Propositions (2.1) and (2.3) for A = Z(p).
(2.5) Remark. Looking to the above Corollary one can ask if all
regular local rings essentially of finite type over Z are etale neighbourhoods
of rings of type Bl(f). The answer seems to be negative.
Let R: = Z[X, T]iPtZtTM
+ 2T-

X2 ΐorp

* 2.

2

4

A), where f:=p-

Since (/) Π Z[X]iPtZ)

X\l

+ T) and h: = T2

= (p2 - X 4 - X6) e (p, X)2, the

6

ring Z[X](PfX)[(p — X — X ) is not regular and so R is not an etale neighbourhood of a factor ring of Z[X](PtZ).
§ 3. Reduction to regular local rings essentially of finite type over Z
(3.1) THEOREM. A regular local ring (R, m) is a filtered inductive
limit of regular local rings essentially of finite type over Z if either
i) p: = char (22/m) 6 m2, or
ii) R contains a field, i.e. p 1R — 0, or
iii) R is excellent henselian.
Proof. When R contains a field we need just [8] Corollary (2.7). If
p$m2 then the inclusion Z(p) <=—>R is formally smooth by [4] (19.7.1) and
so a regular map because Zip) is excellent (see [6] (34.B)). Applying [8]
Theorem (2.5) we can express R as a filtered inductive limit of smooth
local Z(p)-algebras essentially of finite type which are certainly regular
local rings ([6] (33.B)).
For iii) we first assume that R is a complete local ring with p e m2,
p.\R ^ 0. By the Cohen Structure Theorem R is a factor of a complete
regular local ring (A, n) with p $ n2. Using (i) we express A as a filtered
inductive limit of regular local rings essentially of finite type over Z and
so it is enough to apply the following:
(3.2) LEMMA. Let (A, n) -> (R, m) δe α surjectίve morphίsm of regular

PROJECTIVE MODULES

125

local rings. Suppose that (A, n) is a filtered inductive limit of regular
local rings essentially of finite type over Z. Then (i?, m) is also a filtered
inductive limit of regular local rings essentially of finite type over Z.
Suppose now that R is an excellent (non complete) henselian local
ring. Then R has the property of Artin approximation by [8] Theorem
(1.3) i.e. in particular every finite system of polynomial equations over
R has a solution in R iff it has one in its completion R. It is enough to
prove that for every finite type sub-Z-algebra B of R the inclusion B <=—> R
can be factorised through a regular local Z-algebra C essentially of finite
type as shows the following Lemma—a variant of [1] Lemma (5.2):
(3.3) LEMMA. The following statements are equivalent:
i) R is a filtered inductive limit of regular local rings essentially of
finite type over Z,
ii) for every finite type sub-Z-algebra B of R the inclusion B <=—> R
can be factorised by a regular local ring essentially of finite type over Z.
Fix a finite type sub-Z-algebra B of R. As above R is a filtered inductive limit of regular local Z-algebras essentially of finite type. Then
there exists a regular local Z-algebra C essentially of finite type and two
morphisms ύ: B —» C, v: C -> R such that the following diagram commutes

.ί
Choose a finite type sub-Z-algebra D of C and a prime ideal q C D such
that
1)

Csfl,

2) ύ factorises through D, let us say ύ is the composite map B
>
D->Dq^C.
By [6] (34.A) D is an excellent ring and so Reg D is open. In particular Dd is a regular ring for a certain d 6 q. Changing D by Όf we
can suppose D regular. The composite map v: D -> Dq = C -> R makes
commutative the following diagram
B<=—>R

•i
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The existence of ΰ such that the above diagram is commutative means
in other words that a certain system of polynomial equations over J? has
a solution in R. Indeed let D s Z[X]j(h), X = (Xu ..., Xn), h = (hu
, A.),
the isomorphism being given by X^->xeDn.
Choose a system of generators h = (&!,
, f>i) of B as Z-algebra and let P = (Pu - - -, Pt)be some
polynomials from Z[X] lifting u(b) modulo h. Clearly the wanted system
is the following
\h(X) = 0.
Since (*) has a solution in R (given by ΰ) it has also one in R because
R has the property of Artin approximation. Thus there exists υ: D-^-R
such that the following diagram commutes

Then C: = Dυ-lm works.

•

Proof of Lemma (3.2). Let α be the kernel of A -> R. Then a is
generated by a system of s: = dim A — dim R elements x which is a part
of a regular system of parameters from A (see [6] Theorem 36). By hypothesis A is a filtered inductive limit of regular local Z-algebras (Ai9 nt),
i e I essentially of finite type. Clearly we can suppose that for every i el
x is the image of a system of elements xte A\ by At —> A. Since x gives
a linearly independent system in n/n2 it follows that xt induces a linearly
independent system in njnl for i high enough. Thus we can restrict our
limit to the case when xi is a part of a regular system of parameters of
At for every i e I. Then Rt: = AJXtAt, ίel are regular local rings and
we have R ^ Hm^e/ i?*.
D
(3.4) LEMMA. Let A be a Dedekind ring and R a regular (noetherίaή)
A-algebra such that for every prime ideal q c A with qR ^= R
i) Fr(Ajq) is a perfect field,
ii) RfqR is regular.
Then R is a filtered inductive limit of finite type regular A-algebras.
Proof First note that the structural map A -> R is regular. Let
q C R be a prime ideal. Then φq: Aqf]A-^Rq
is a faithfully flat map
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because A ? r u is a field or a DVR and Rq is a domain. By i) and ii) ψq is
formally smooth (see [4] (19.7.1)). Using [8] Theorem (2.5) we can express
R as a filtered inductive limit of finite type smooth A-algebras which are
certainly regular (see [6] (33.B)).
•
(3.5) Remark. The problem to apply [8] Theorem (2.5) in order to
solve Conjecture (1.2) (see the proof of Theorem (3.1)) raises the question
to study the regular local rings (R, m) containing a regular local Z-algebra
(A, n) essentially of finite type such that
i) the inclusion A <=—> R is flat,
ϋ) m = nR.
% 4.

On t h e Bass-Quillen Conjecture

(4.1) THEOREM (Lindel [5] and [7]). Let A be a Dedekίnd ring and
R a regular A-algebra of finite type. Suppose that for every prime ideal
q c A with qR ^= R
i) Fr(A/q) is a perfect field,
ii) R[qR is regular.
Then the BQ Conjecture holds for R.
Proof. Apply induction on n: = dim R. By Quillen's Patching Theorem
([10] Theorem 1) we can assume A and (R, m) local. Then A is a field
or a DVR. If A is a field then choose an element x e m \ m 2 (we may
suppose n > 2 by Quillen-Suslin Theorem). Changing A by A[x]ix) we
reduce to the case when A is a DVR. By Proposition (2.1), R is an etale
neighbourhood of a localization B of a polynomial algebra C over A.
Le P be a finitely generated projective module over a polynomial Ralgebra R[T], T = (T19
, Ts). By the induction hypothesis we can
suppose that Ph ~ Rh[T] 0Rh(PJ(T)Ph)
for all h e m Π B. Since PI(T)P
is free (R is local) we get Ph free. Then P is an extension of a finitely
;
generated projective B[T]-module P by the Corollary from [5]. But all
finitely generated projective C[Γ]-modules are extended from C (in fact
from A by Quillen-Suslin Theorem). Then all finitely generated projective
J5[T]-modules are extended from B by [12] Proposition 2. Thus P; is free
(B is local) and so P is free too.
•
(4.2) THEOREM. Let A be a Dedekind ring and R a regular (noetherίan)
A-algebra such that for every prime ideal q C A with qR ^ R

128

DORIN POPESCU

i)

Fr(Alq) is a perfect field,

ii)

RjqR is regular.

Then the BQ Conjecture holds for

R.

Proof. By Lemma (3.4) R is a filtered inductive limit of finite type
regular A-algebras, let us say R ^ lim ί 6 7 Rt.
projective i?[T]-module, T = (T19
for a certain ίel

Then P is extended from Rt[T]

because R[T] = limiϊ^T].

for Ri by Theorem (4.1).
(4.3)

, Ts).

COROLLARY.

Let P be a finitely generated
But BQ Conjecture holds

Thus P is extended from Rt and so from R.

•

Let R be a regular (noetherian) ring such that for

every prime integer p either p is a unit in R, or RjpR is regular.
the BQ Conjecture holds for

Then

R.

(4.4) COROLLARY. Let (R, m) be a regular local ring such that either
ϊ) R contains a field, or
ϋ) p: = char (JR/m) $ m2.
Then the BQ Conjecture holds for

R.
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