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ON THE VANISHING AND THE POSITIVITY
OF INTERSECTION MULTIPLICITIES OVER LOCAL RINGS
WITH SMALL NON COMPLETE INTERSECTION LOCI

KAZUHIKO KURANO

1. Introduction

Throughout this paper A is a commutative Noetherian ring of dimension d
with the maximal ideal m and we assume that there exists a regular local ring S
such that A is a homomorphic image of S, i.e, A = S/I for some ideal I of S.
Furthermore we assume that A is equi-dimensional, i.e., dim A = dim A/p for any
minimal prime ideal p of A. We put

V= {p € Specd) | U/I*) ®, A, is not an A,-free module}.

Recall that V coincides with the non complete intersection locus of A. For conveni-
ence, we set dim V= — o0 when Vis empty. Let M and N be finitely generated
A-modules such that £,(M &, N) < o, where £,(*) stands for the length as an
A-module.

Throughout this paper we maintain the notation as above unless otherwise
specified.

The aim of this paper is to prove the following theorem:

THEOREM 1.1.  With notation as above, suppose pd,(M) < o and pd,(N) < oo,
where pd, (%) is the projective dimension as an A-module. Put

xM,N) = 3 (= 1)'¢,(Tor; (M, N)).

i=o0

(1) Ifdm V<1 and dm M + dim N < d, then x (M, N) = 0.

(2) Suppose that A is a Gorenstein ving, or a normal domain whose canonical class
cl(K,) is a torsion element in the divisor class group C1(A) of A. Furthermore
suppose that d is an odd number. Then x (M, N) =0 if dim V<2 and
dim M + dim N < d.

(3) Assume that dim V=0, dim M + dim N = d, depth M = dim M, and
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one of the following two conditions is satisfied :

(a) A contains a field.

(b) p’N=10 for v > 0, where p > 0 is the characteristic of the vesidue class
field A/m.

Then we get x (M, N) > 0.

Originally this kind of problem was raised in 1965 by Serre [17], asking
(v) if dim M -+ dim N < d, then x (M, N) = 0,
(p) if dim M + dim N = d, then x (M, N) > 0

for finitely generated A-modules M and N satisfying 0 < £,(M @, N) < o
especially when A is a regular local ring. Serre proved them in [17] in the case
where A is an unramified regular local ring. After that (v) was solved affirmative-
ly for any regular local ring by Gillet-Soulé [7] and Roberts [14] independently.

If Ais any local ring, M is a finitely generated A-module of finite projective
dimension, and N is any finitely generated A-module such that £,(M &, N) < oo,
then we can define y (M, N). It is natural to ask whether the statements (v) and
(p) hold in this generality. But, Dutta, Hochster and MacLaughlin [5] succeeded to
construct counterexamples to both (v) and (p). In their examples, A is a hypersur-
face of dimension 3 and the projective dimension of N is infinite.

Therefore, when A is not a regular local ring, it seems to be necessary to
assume that both M and N have finite projective dimension. In fact Roberts
proved the statement (v) not only for regular local rings, but also when M and N
are modules of finite projective dimension over a complete intersection or a local
ring whose singular locus has dimension at most one. (1) of Theorem 1.1 is an
extension of the results due to Gillet-Soulé and Roberts to the case where the non
complete intersection locus of a given equi-dimensional local ring has dimension at
most one. In the same situation as in (3) of Theorem 1.1, x (M, N) > 0 has been
already proved for a regular local ring ([4]) or a certain complete intersection
([10).

The main tool to prove Theorem 1.1 is a localized Chern character (see Sec-
tion 18 in [6]). We shall prove (1), (2) and a part of (3) of Theorem 1.1 in the next
section. The formal arguments with respect to localized Chern characters enable
us to prove (1) and (2) of Theorem 1.1. Using “intersection theory”, one can prove
(3) of Theorem 1.1 if A does not contain the field of rational numbers. However
we need complicated, but formal arguments to reduce the case of characteristic
zero to the case of positive characteristic. We shall prove (3) of Theorem 1.1 in



VANISHING AND POSITIVITY OF INTERSECTION MULTIPLICITIES 135

Section 2 when A does not contain the field of rational numbers Q, and in Section
3 when A contains Q.

Throughout this paper we put X = Spec(4), Z = Supp(M), W = Supp(N).
Let F. (resp. G.) be the minimal A-free resolution of M (resp. N). (Supp()
stands for the support of a given module.)

2. Proof of (1), (2) and a part of (3) of Theorem 1.1

This section is devoted to proving (1), (2) and a part of (3) of Theorem 1.1.

First of all, we recall some results from “intersection theory” which we shall
use in this section. We refer the reader to Fulton [6] for complete definitions and
properties of them.

Let U be a scheme of finite type over a regular scheme.

We denote by A, U = @,A,U the Chow group of U and put A, Ugy = A, UR,Q
and A,Uq = A,U®,Q, where Z (resp. Q) is the ring of integers (resp. the field
of rational numbers). For a closed integral subscheme C of U, we denote by
[C] the cycle in A,Ugq corresponding to C. More generally, for an equi-
dimensional closed subscheme C of U, we put

[C] = Z Z@C,C,(@C»Ci) : [C,] ’

where the above sum runs over all irreducible components of C.

For a proper (resp. flat) morphism ¢ : C— U, one can define the homomorph-
ism iy : A C— AU (resp. i : A, U— A,Q).

For a bounded locally free complex H. over U which is exact except for a

closed subset C of U, one can define an intersection operator

ch(H) : AUy — ACq
a + ch(H) Na

called the localized Chern character. We put
ch(H.) = ch,(H.) + ch,(H.) + ---,

where ch;(H.) Na € A,_, Cqif a € AU,

K,U denotes the Grothendieck group of coherent sheaves over U and put
K,Uq = K,U®,Q. For a coherent sheaf # over U, we denote by [#] the
element in K,Ug, corresponding to #.

We can construct the natural isomorphism 7 :K,Ug— A, Ugq of Q-vector
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spaces and 7 is called the Riemann-Roch map.

In this section we shall use these terminologies freely.
Put 7([A]) = ¢, + q,., + -+ + ¢, with ¢; € A, X, in the rest of this sec-
tion. The next lemma plays an essential role in proving Theorem 1.1.

Lemva 2.1. Let H. be a bounded A-free complex which is exact except for a
closed subset C of X. If ch,(H.) N g, # 0 for some integers | and t satisfying 0 < ¢
< 1< d, then either | — t < dim(V N C) or dim C = d — ¢t holds.

Proof. 1f X = V, then the assertion immediately follows from 0 # ch,(H.) N
9, € A,_,Cq Assume X # Vin the rest of the proof.

Put Y = Spec(S). Denoting by P. a finite S-free resolution of A, we get
t([A]) = ch(P.) N [Y] by the definition of 7 : K,Xq— AyuXq (see [6]). Let i:
X—V—Xand i : Y — V— Y be natural inclusions.

Since the following diagram

ch(P)
AYq “ AXq
u')*[ i*I
A*(X—‘ V)Q < ch(P.ly_y) A*(Y__ ‘/)Q

is commutative, we have

i*(qd +g, g
= i"(ch(P.) N [Y])
= ch(P. ly_v) NnNLy—vl.

Recall that V coincides with the non complete intersection locus of X. Therefore
j:X—V—=Y—V is a locally complete intersection morphism of (constant)
codimension dim ¥ — dim X because X is equi-dimensional. Let § be the normal
bundle of j. Then & is a vector bundle over X of (constant) rank dim ¥ — dim X
Since P.|y_y is a finite Oy_,-free resolution of Oy_,, we have ch(P.|,_,) =
td(8) ™" ;' (see Corollary 18.1.2 of [6]), where j! is the refined Gysin map induced
by the locally complete intersection morphism j and td(§) stands for the Todd
class of the vector bundle & (see [6]). Thus we get

ch®P.|,_) N [Y—V]
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=td@® ' N (Y- VD)
=td® " N X — V.
Je denote by ¢, the i-th Chern class of &. By the definition of td(8), (td(8)™"),_,
. a homogeneous polynomial in ¢, ¢,,... of degree d — I with deg ¢; = ¢ for each
Putting (td@)),_, =f,_ (¢}, ¢5...), we have i (g) = f,_(c;, ¢p...) N
X— V.
If Vincludes C, then dim(V N C) = [ — ¢ follows from 0 # ch,(H.) N ¢, €
- Ca
Next assume [ — ¢ > dim(V N C). Then we know that C — V is not empty,
r the following sequence

G*

AL (VN Oq—A_Cq ~ A (C—Vgg—0

- exact and A,_,Cq # (0). (Note that (i)™ is an isomorphism since A,_,(V N
o= (0).) Letting ¢”: C — V— C be the natural inclusion, the following dia-

cam

ch(H.)

AXq « A_Cq
* I (,»")*I
chH.|x_y)
AX = Vg < A (C— Vg

. commutative. Since (2”)" is an isomorphism, we obtain

G")*(ch,(H.) N ¢,
= ch,(H. [,_,) N i*(g)
=ch,H. |,_,) N f,_,(, ¢c,...) N [X—=V]
= fo,cl, ¢;,..) Nch,H. ;) N [X— V]
* 0,

y Proposition 17.3.2 in [6], where we denote by c¢; the i-th Chern class of the
sctor bundle g¥(&) on C — V. (Here, g: C — V— X — V is the closed immer-
on) In particular, we have ch,(H.|,_,) N [X — V] # 0. Then the assertion
nmediately follows from

= codim(C —V, X— V) = codim(C — V, X) = codim(C, X) =dimX —dimC,

‘here C — Vis the closure of C — Vin the Zariski topology. QE.D.
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Now we start to prove Theorem 1.1.

Proof of (1) of Theorem 1.1. If either dim Z or dim W is equal to O, then the
assertion is obvious. (In fact, if dim Z = 0, then we have x(M, N) = £,(M)-
rank, (N) = 0.) Therefore we may assume dim Z > 0 and dim W > 0. Here note
that, since d > dim Z + dim W > 0, we have A Xy = (0) and, in particular,
go = 0. Then

x (M, N)-[Spec(A/m)] = ch(F.®, G.) N =([A])
=ch(F.®,G.) N (g, + g, + - +q)

d
=2 ch(F.Q®,G) N g,
=1

holds by Example 18.3.12 in [6].
Assume x (M, N) # 0. Then, for some integer ! such that 1 << d,
ch;(F.®, G.) N g, # 0 is satisfied. Since
0#ch(F.®,G.) Ng = g}l ch,(F.)-ch,(G.) N ¢,
stim
one can find non negative integers s, ¢ such that s +¢=1 and ch,(F.)-
ch,(G.) N g, # 0. In particular, by the commutativity of localized Chern charac-
ters (Roberts [14]), we have ch,(F.) N g, # 0 and ch,(G.) N g, # 0.

Note that dimZ < d — 2 and dim W< d — 2 since dimZ > 0, dim W > 0
and dimZ +dim W<d. Then we have ch,(F.) = ch,(F.) = ch,(G.) =
ch,(G.) =0 (see [13]). Therefore we know s = 2 and f= 2 and, therefore, it
follows from Lemma 2.1 that dimZ = d — s and dim W = d — ¢. But it contra-
dicts d > dim Z + dim W. QE.D.

Next we prove (2) of Theorem 1.1.

Proof of (2) of Theorem 1.1. We may assume dim Z > 0 and dim W > 0 as in
the proof of (1) of Theorem 1.1.

First of all, we claim ¢; = O for each even number ¢ such that i = 4. When A
is a Cohen-Macaulay ring, it is easy to see

t([BD) =4y = oo+ + DT+ -+ (= D,

by the definition of the Riemann-Roch map 7 ([6]). Therefore we immediately
obtain g; = 0 for any even number ¢ if A is a Gorenstein ring and d is odd. On the
other hand, suppose that A is a normal domain whose canonical class cl(K}) is a
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torsion element in the divisor class group Cl(A). Then g,_, = O follows from Lem-
ma 3.5 of [10]. With the same notation as in the proof of Lemma 2.1,
(e + oy + -+ + g0 =td®™ N X — V]

holds and, therefore, we have (td(&)™), N [X — V1 = i"(g,_,) = 0. In general,
once (td(®)™"), N [X — VI coincides with 0, it is well known that (td(&)7"), N
[X— V] =0 for any odd number # (eg. see 1.7 in [8]). Therefore we get
i*(q,-) = ( for any even number 7. Then the assertion follows immediately from
the exact sequence

AV — AXq— Ay(X — Vg — 0.

We now start on the proof of (2) of Theorem 1.1. Assume x{(M, N) # 0.
Then, as in the proof of (1), there exist integers s, £ = 2 such that ch (F.) N ¢, #
0, ch,(G.) N g, #0and 0 < s+ ¢t=1<d As we have already seen, ¢, is equal
to 0 if I is even such that ! = 4. Therefore, we may suppose that [ is at least 5.
According to Lemma 2.1, we have only to consider the following four cases:

DI=—s<dm(VN 2 andl— ¢t < dim(V N W)
2)l—s<dm(VN 2 anddimW=d — ¢

Y dmZ=>d—sandl— t<dim(VN W)
4ydimZ=d—sanddmW=d—t¢

Since s + t=12=5 and dim V < 2, the case 1) never happen.

In the case of 2), we have ¢ = 2 and, therefore,dmZ = 2 and dm W =d — 2
are satisfied. It contradicts dim Z + dim W < 4.

In the same way as the case 2), we can show that the case 3) never happen.

When the case 4) takes place, we have

d>dmZ+dmW=2d—s—t=>d,
and it is a contradiction.
We have completed the proof of (2) of Theorem 1.1. Q.E.D.

Before proving (3) of Theorem 1.1, we make a remark as follows:

Remark 2.2. As in (3) of Theorem 1.1, let M’ and N’ be finitely generated
modules over a Noetherian local ring A’ such that depth M’ = dim M’, pd,, M’
<00, 0<Y4,(M &, N') <o Then we have

depth A" — depth M’ = pd,, M’ = dim N’
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by the Auslander-Buchsbaum formula and the intersection theorem (cf. [9] and
[15]). Furthermore, if dim M’ + dim N’ = dim A’, then A" must be a Cohen-
Macaulay ring and the projective dimension of M’ is equal to dim N’. Hence, once
A satisfies the assumption of (3) of Theorem 1.1, A must be a Cohen-Macaulay
ring and the projective dimension of M is equal to dim V.

In the rest of this section, we prove (3) of Theorem 1.1 in the case where A
does not contain the field of rational numbers Q. The third section is devoted to
reducing the case where A contains Q to the positive characteristic case.

Proof of (3) of Theorem 1.1 (in the case wheve A does not contain Q). Let p > 0
be the characteristic of the residue class field A/m. By our assumpiton, either A
contains a field of characteristic p or p” kills N for a sufficiently large v. There-
fore, in both cases, N is killed by p” for v > 0.

As in the proof of (1), we may assume dim Z > 0, dim W > 0 and, therefore,
d > 0. Then we have

x (M, N)-[Spec(A/m)] = é ch,(F.®,G.) N g,.

At first we claim chy(F.)- ch,(G.) N g, = 0 for non negative integers s, t
and / such that 0 < s + t = [ < d. Assume the contrary, i.e., there exist integers
s, tand [ such that ch,(F.)-ch,(G.) N ¢, # 0 and 0 < s + ¢ = [ < d. In particu-
lar, we have chy(F.) N ¢, # 0 and ch,(G.) N ¢, # 0. Since dim Z < d (resp.
dim W < d), we have ch,(F.) = 0 (resp. ch,(G.) = 0) and, hence, s = 1 (resp.
t > 1). Then Lemma 2.1 implies dmZ = d — s and dim W = d — t. Therefore
we have

d=dmZ+dmW=2d—s—t=d+d—D>d.

It is a contradiction.
As we have seen as above, it holds that

x(M, N)-[Spec(A/m)] = ch,(F.®,G.) N [X]
= 2 chy(F.) -ch,(G.) N [X].

S+t=d

If chy(F.) -ch,(G.) N [X] # 0, then we have s = codim(Z, X) = dim X — dim Z
and ¢t = codim(W, X) = dim X — dim W (see [12]) since X is equi-dimensional.
In this situation we have

d=s+t=22d—dmZ—dmW=d
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and, therefore, s =dimX —dimZ =dim W and ¢t= dim X — dim W = dim Z.
Hence, putting ¢ = dim W and j = dim Z, it holds that

x(M, N)-[Spec(A/m)] = ch,(F.)-ch;(G.) N [X].

By Example 18.3.12 in [6],
ch(G.) N «([AD = =([N]) in A W,

holds. Put

Assh,(N) = {p € Supp(V) | dim, N = dim A/p}
={p,..., p,}

and denote by (z([N])), the component of 7([N]) of dimension e. (Here note that,
since N is killed by p” for v > 0, A/p, contains a field of characteristic p for any
h.) Then we get
k
(z([ND), = El 4, (N,) - [Spec(A/p,)]
= (ch(G.) N =([A]),
j
= Z Chr(G) N qi+r
r=0

and, therefore,
ch,(F) N ((IND), = 3 ch,(F)-ch, (G N g,

Since chy(F.)-ch,(G.) N ¢g,,, = 0 for s + t < d, we have

ch;(F.) N (z([N])),
= ¢h,(F.) -ch,(G.) N [X]
= x(M, N)-[Spec(A/m)].

Hence we obtain

x(M, N)-[Spec(A/m)]

k
ch;(F) N 2 4, (N,)-[Spec(A/p,)]
h=1
k
=24, (N,)-ch;(F.®,A/p,) N [Spec(4/p,)].
h=1 g
On the other hand, it is known that ch;(F. &, A/p,) N [Spec(4/p,)] > 0 for

each h (see, eg., [15]) since ch(A/p,) =p >0, F.&,A/p, is a (not exact)
A/p,-free complex of length j = dim N = dim A/p,, and that is exact except for



142 KAZUHIKO KURANO

m/p, (see Remark 2.2). Hence we have got x (M, N) > 0. Q.E.D.

3. Reduction to the case of positive characteristic

This section is devoted to proving (3) of Theorem 1.1 in the case where A
contains Q. We would like to reduce this case to the case of positive characteris-
tic, in which we have already proved (3) of Theorem 1.1 in this previous section.
In such a reduction a famous Hochster’s theorem (Theorem 5.2 in [9]) stated below
(Theorem 3.2) sometimes plays an essential role. But, in order to prove (3) of
Theorem 1.1, we have to make such a reduction preserving dim V = 0. In this
point of view, Hochster’s theorem is not fit to use when we prove (3) of Theorem
1.1. Therefore, first of all, we shall prove Hochster’s theorem in a slightly diffe-
rent form (see Proposition 3.3). Using Proposition 3.3, (3) of Theorem 1.1 will be
proved in this section.

The author thinks that such a technique of the reduction in this section is
(probably) known but, he can not give adequate references. Therefore we shall
give precise proofs.

DerINITION 3.1, Let a be an ideal of the polynomial ring Z[X,,..., X,] with
n indeterminates X,..., X,. Let R be a commutative ring and x,,..., x, be
elements in R. We say that x,,..., Z, is a solution of a if f(x,,..., x,) =0 is
satisfied in R for any f € a.

We sometimes denote Z[X],..., X,] (resp. xy,..., x,) simply by Z[X] (resp.
x) if no confusion is possible.

Next theorem due to Hochster ([9]) is sometimes called the metatheorem.

THEOREM 3.2 (Hochster). Let a be an ideal of the polynomial ring
ZIX,..., X, W,..., W]

over Z with indeterminates X,,..., X;, Wi, ..., Ws. Suppose that a Noetherian local
ring B contaiming Q has a solution x, w of a such that x,,..., X, forms a system of
parameters of B. Then there exists a Noetherian local ring C which contains a field of
positive characteristic and has a solution X', W' of a such that x|,..., x; forms a

system of parameters of C.

As we noted before, we shall prove this theorem in a slightly different form
as follows:
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PropoSITION 3.3. Let a be an ideal of the polynomial ring
Zy,.... Y, X,..., X, G,...,G, W,..., W]

over Z. Suppose that a regular local ving B containing Q has a solution y, X, &, w of
a such that y,,. .., Y, forms a regular system of parameters of B and El,. coy ;d forms
a system of parameters of B/(g,,..., g), where ;, stands for the homomorphic image
of x; for each 1. Then theve exists a vegular local ving C which is essentially of finite
type over a field of positive characteristic and has a solution y', x’, &', w of a such
that yy,. .., Y, forms a vegular system of parameters of C and J,Tl’, A .;,; forms a sys-
tem of parameters of C/(g],..., g).

Our first aim of this section is to prove the above proposition.

Since any complete local ring is a homomorphic image of a regular local ring,
Theorem 3.2 is an immediate consequence of Proposition 3.3. Furthermore, as we
shall see in Remark 3.9, Proposition 3.3 allows us to reduce the case of character-
istic zero to the positive characteristic case while preserving homological prop-
erties of a given local ring.

Before proving Proposition 3.3, we show several easy Lemmas.

Lemva 3.4. Let R be a regular local ving of dimension n and (g,,..., &) be a
proper ideal of R. Then, for a sufficiently large Kk, there exists an ideal b of the polyno-

mial ring
Zy,.., Y, G,...,G, W,..., W,

which satisfies the following two conditions:

1. Theve exist Yyy. .., Yp Wy,..., W, € R such that y,,..., Y, forms a regular
system of parameters of R and y, g, w is a solution of b.

2. If a regular local ving E has a solution y’, g', w" of b such that yj,..., ¥,
forms a regular system of parameters of E, then hty(g{,..., g) = htg(g,,...,
&.

(As we shall see in Lemma 3.7, one can find an ideal b whose solution satis-
fies htg(gl,..., g) = htz(g,..., £).)

Proof. Put h = mn — htg(g,,..., g). Then one can choose Z,..., L, € R
such that dim R /(g,,..., &, x,,..., x,) = 0. Replacing (g,,..., &) by (g,,...,
g5, T,...,x,), we may suppose that hty(g,..., g) = n. Then the assertion is

obvious because v (g,..., &) = U,..., 4,). Q.E.D.
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LeEmMa 3.5. Let R be a regular local ving of dimension n and suppose that the

Jollowing sequence
@) (bep

R’— R'—> R’
is exact, where (a;;) (resp. (b)) stands for the R-linear map corvesponding to the q by
p matrix (a;;) (resp. v by q matrix (by))). Then, for a sufficiently large s, there exists
an ideal b of the polymomial ving over Z with indeterminates

Y,..,Y,
A4, Buli=1,...,q:j=1,..,p:k=1,...r:1=1,..., ¢,

which satisfies the following two conditions:

1. There exist Yy,..., Yy, Wy,..., Wy € R such that y,,..., Y, forms a regulay
system of parameters and y, {a,;, by, |4, 7, k, I, w is a solution of b.

2. If a regular local ving E has a solution y’, {a};, by, li, 7, k, I}, w of b such

that yi, ..., y, forms a regular system of parameters of E, then the following sequence
(a;) (byp
E'— E'—E
1S exact.
Proof. Let
, @ (b
0 L, L, i > L, R ‘

be an exact sequence of R-free modules and R-linear maps. It is well known ([2])
that certain conditions about the rank and the grade of the determinantal ideals of
the matrices corresponding to the above R-linear maps make the above sequence
exact. Thus one can find b immediately by Lemma 3.4. Q.E.D.

LemMMmA 3.6. Let R be a regular local ving of dimension n with the maximal ideal
p and J = (g,,..., g&) be a proper ideal of R. Assume that {g,,..., g} minimally
generates the ideal J. Then, for a sufficiently large k, theve exists an ideal b of the
polynomial ring

Zy,...,Y, G,. .., G, W...0 W]

which satisfies the following two conditions :
1. There exist Yy,. .., Yy, Wi,..., W, € R such that y,,..., Y, forms a regular
system of parameters of R and y, g, w is a solution of b.
2. If a vegular local ring E has a solution y’, &', w' of b such that yi,..., y,
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forms a regular system of parameters of E, then {g],..., g} minimally gener-
ates the ideal (g],..., g)).

Proof.  Let

be an exact sequence such that b;; € p for any ¢ and j. Then the assertion is an

immediate consequence of Lemma 3.5. QE.D.
As we noted before, one can find an ideal b inducing htg(g],..., g) =
hty(g,,..., &) in the situation of Lemma 3.4 as follows:
Lemma 3.7. Let R be a regular local ring of dimension n and (g,,..., &) be a

proper ideal of R. Then, for a sufficiently large k, theve exists an ideal b of the polyno-
mial ring

Zly,....Y, G,...,G, W,..., W]

which satisfies the following two conditions:
1. There exist Yyy..., Ypy Wy,..., W, € R such that y,,..., Yy, forms a regular
system of parameters of R and y, g, w is a solution of b.
2. If a regular local ring E has a solution y’, g’, w’ of b such that yi,..., Yy,
forms a regular system of parameters of E, then htg(g/,..., g) = hty(g,,...,
g)) is satisfied.

Proof. Put h = htp(g,,..., g&). At first, assume & = I. Choosing x,,..., Z,_;
€ R such that htg(g,..., g, z,,..., Z,_) = n and replacing (g,,..., &) by
(g,..., &, Z,..., X,_;), we may assume h = [ = n. Then assertion is obvious
because m = (yl,. co Y.

Next assume h <[ Take p,,...,p, € (g,..., &) which satisfy h=
htg(p,,..., py). Then it is easy to see that there exists ¢ € R such that the
following two conditions are satisfied:

1. Either pz((p,,..., Py, ©) = h+ 1 or ¢ =1 is satisfied. (¢p(%) stands
for the cardinary of a minimal generating set. It is well known that it does
not depend on the choice of generators.)

2. ¢ (gy,..., 8" S (by,..., by for v>0.

Then the assertion is an immediate consequence of Lemma 3.4 and Lemma 3.6.
QED.
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Proof of Proposition 3.3. Owing to Lemma 3.7, it is sufficient to prove the fol-

lowing claim:

Cramm 3.8. Let a be an ideal of the polynomial ving ZIY,,..., Y, W, ...
W1 over Z. Suppose that a regular local ring B containing Q has a solution y, w of a
such that y,,..., Y, forms a rvegular system of pavameters of B. Then there exists a
regular local ving C which is essentially of finite type over a field of positive character-
istic and has a solution y’, w’ of a such that yi,. .., Y, forms a regular system of pa-

rameters of C.
We shall prove Claim 3.8 in two steps.

Step 1. Here we prove Claim 3.8 in the case where B is essentially of finite
type over a field of characteristic zero.

Then it is easy to see that we may put B = K[t,,..., ¢, .., where K is
an algebraically closed field of characteristic O and ¢,,..., {, are algebraically in-
dependent elements over K. Since (¢,...,t)B = (y,,..., y)B, we have t, =
> dyy, (=1,..., n) with d;; € B for i,7=1,..., n. Let b be the ideal of

the polynomial ring
Z[_I_,’ E/’ Tl’---y Tn’ {Dijl ly]: 1)---y n}]

generated by a and {7; — 2Z_, D;;Y;|i=1,..., n}. Then B has a solution y, w,
t, {d,; | i, 7} of b. Let f be an element contained in K[#,,..., t,] \(¢,..., t,) such
that fyy,. .., fUp fW ..., fw,, {fd;|i, j} are contained in Kl¢,...,t,]. Put
¥/ = fy,, w; = fw; and dj; = fd,; for each 1,j. Here note that y/,..., y, €
(t,..., t,) Klt,..., t,]. Let D be a finitely generated Z-algebra contained in K
such that f,y”, w”, {d};| i, j} € Dlt,..., t,]. Since 0 # f(0,..., 0) € D, one

can find a prime ideal q of D such that q Zf(0,...,0) and q N Z # (0). We
denote by ¢ the composite map

Dlt,.... t, f 1= WD/Plt,..., t, f 1= QWD/)Ity,..., t, f ']
- Q(D/q) [tly- sy tn] (bpeerty)?

where Q(D/q) stands for the fractional field of D/q. Since DIt,,..., t,, f '] has
a solution ' /f..., yl/f, wi/fv .., wi/f, t, d,/f i, 3} of b, QD/DIL,,. ..,
t"]“p-“»t,p also has a solution

¢ ) 9@, ¢y ¢ (wy) {¢(d;;) l.].]

6N 6N (D g b Uen
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of b. Here note that

d(y) [ 16749)
d(f) > d(f)

€ (tl, “ ey tn) : Q(D/Q) [tly c e ey tn] (tl,...tn)-

Since ,..., t, forms a regular system of parameters of Q(D/a)[t,,..., t,]¢ ...
so does ¢/ d(f),..., ¢(y)/d(f). Hence Q(D/Q)[¢,,..., t,], ..., , has a solu-

tion

¢ (yy) $(y,)  Plwy ¢ (wy
() (f) 7 () > (f)

of a satisfying the requirement.

Step 2. Here we shall prove Claim 3.8 in general. We may assume that B is
a complete regular local ring. As we have already seen in Step 1, we have only to
show that there exists a regular local ring R which is essentially of finite type

”

over a field of characteristic 0 and has a solution y”, w” of a such that y/,..., ¥,

forms a regular system of parameters of R.
Since B is a complete regular local ring with regular system of parameters

Yi,..., Y,, B is isomorphic to the formal power series ring K[ly,,..., y,]1, where
K is a field of characteristic 0. Put E = Kly,,..., 4,l,...,, © B. Then B is the
completion of E with respect to the (y,,..., y,) -adic topology. We denote by "E

the henselization (cf. [11]) of E. Then "E has a solution y, w’ of a by Artin’s
approximation theorem ([1]). Then, by virtue of (43.9) in [11], one can find an in-
termediate ring E €S R S "E such that w” are contained in R, R is essentially of
finite type over E, and "E coincides with "R. Then it is easy to see that R is a
regular local ring essentially of finite type over K, and R has a solution y, w” of a
such that y,,..., y, forms a regular system of parameters of K. Thus R satisfies
all requirements.

We have completed the proof of Proposition 3.3. Q.E.D.

Remark 3.9. As we noted before, Proposition 3.3 allows us to make a reduc-
tion while preserving homological properties of a given local ring. For example,
with notation as in Proposition 3.3, if B/(g,,..., &) is a Cohen-Macaulay ring
whose non complete intersection locus has dimension at most O, then one can find
C and a solution y',x’, g, w of a(satisfying the requirements stated in Proposi-
tion 3.3) such that C/(gj,..., g/) is also a Cohen-Macaulay ring whose non com-
plete intersection locus has dimension at most O as follows.

With notation as in Proposition 3.3, assume that B/(g,,..., g&)is a
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Cohen-Macaulay ring. Let
¢
P.:0—P,_,—» - —P,—P —P,

be the minimal B-free resolution of B/(g,,..., &). (Here, note that, since it is
Cohen-Macaulay, the length of the minimal B-free resolution is equal to # — d.) It
is easy to see that the non complete intersection locus of B/(g,,..., &) has
dimension at most O if and only if

VErad @ + (@i 8) 2 (.. oy 4,

where m = ranky P, and I,_,,,(#) stands for the ideal generated by all the
m— n -+ dby m — n+ dminors of the matrix corresponding to the B-linear map

0.

Furthermore assume that non complete intersection locus of B/(g,...,
g) has dimension at most 0. Then, replacing the pair a & Z[Y, X, G, W] by
another one (cf. Lemma 3.5), we may suppose that C/(gy,..., £,) has the minimal
C-free resolution

&
P.:.0—P,_,——P—P—F
such that rank, P; = rank. P] for each ¢ and

\/Im—n+d(¢,) + (gi’ e gl =2 (yl,r L] y;l)

Hence, one can find C and a solution y’, 2/, g’, w’ of a (satisfying the require-
ments stated in Proposition 3.3) such that C/(g],..., &) is a Cohen-Macaulay
ring whose non complete intersection locus has dimension at most 0.

Before proving (3) of Theorem 1.1, we need to prove two lemmas.

Lemva 3.10. Let (R, p) be a regular local ring of dimension n and ¢ : R® —
R’ be the R-linear map of R-free modules corresponding to the q¢ by p matrix ;).
Assume £(Coker ¢) < 0. Then, for a sufficiently large k, there exists an ideal b of
the polynomial ving

Zly,.... Y, B,li=1,..,q:7=1,...,p}, W,..., W]

which satisfies the following two conditions:
1. There exist yy,...,Yp, Wy,. .., Wy € R such that y,,..., y, forms a regular
system of parameters of R and y, {b;; |1, 7}, w is a solution of b.
2. If a regular local ving E has a solution y', {b);| 1, 7}, w' of b such that
Yiy..., Y, forms a regular system of pavameters of E, then ¢,(Coker ¢) =
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¢ (Coker ¢") holds, wheve ¢/ . E ?— E% is the E-linear map of E-free mod-
ules corvesponding to the q by p matriz (bj;).

Proof. We shall prove this lemma by induction on I = £,(Coker ¢).
If [ = 0, then the sequence

¢
R"— R"—>0
is exact. Hence the assertion is an immediate consequence of Lemma 3.5.
Next suppose [ > 0. Let L be an R-submodule of Coker ¢ such that
(1) 00— L— Coker¢p— R/p—0

is exact. Let K. be the Koszul complex with respect to #,,..., ¥, € R and L. be
the minimal R-free resolution of L. Then there exist an acyclic R-free complex H.
and an exact sequence of R-free complexes

(2) 0 L. H. K. 0
such that the induced exact sequence
0— Hy(L.) — H,H.) — H,(K.) — 0
coincides with the sequence (1). Let
Q.:0 Q, e Q, Q,

be an R-free resolution of Coker ¢ such that the R-linear map @, — @, coincides
with ¢ : R — R’ Denoting by P. the minimal R-free resolution of Coker ¢, we
have exact sequences of R-free acyclic complexes

(3) 0— P.— H.— A.— 0,

(4) 0 P. Q. B. 0,

where A. and B. are split exact sequences. Construct an ideal b € Z[Y, {B; |1,
7}, W1 in order to preserve the acyclicity of L., H., K., P., the split exactness of
A, B, and the exactness of (2), (3), (4). If a regular local ring E has a solution y’,
{b;jl i, 7}, w of b such that g, ..., y, forms a regular system of parameters of E,

we have an exact sequence
0— H,(L’) — H,(H.)) — H,(K)) — 0,

where Hy(H?) = Coker ¢’. By a suitable choice of b, we may assume that K’ re-
mains the Koszul complex (with respect to yi,..., 4, € E) and, therefore,
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¢, (H,(K’)) = 1. By the assumption of induction on I/, enlarging the ideal b, we
may suppose £p(H,(I)) = 4,(H,(IL..)) =1 — 1. Hence we get ¢,(H,(H)) =
£, (Coker ¢) = 1. QED.

Lemma 3.11. Let R be a regulay local ving of dimension n and put B =
R/g,,..., &), where (g,,..., &) is a proper ideal of R. Let a;;’s and b,,’s be ele-
ments in R such that

is a complex of B-free modules and B-linear maps. Assume that the homology group H
of the above complex has finite length. Then, for a sufficiently large s, there exists an
tdeal b of the polynomial ring over Z with indeterminates

Y,..., Y,
G,..., G,
(A, B,li=1,...,q:j=1,...,p:k=1,...r:1=1,...,¢,
Wi,..., W,
which satisfies the following two conditions:
1. There exist Yy,..., Y,, Wy,..., Wy € R such that y,,..., y, forms a regular
system of parameters of R and y, g, {a,;, by, 14, 7, k, I}, w is a solution of b.
2. If a regular local ving E has a solution y', g, {al;, by, 11,7, k, I}, w of b
such that yy,. .., y, forms a regular system of parameters of E, then the follow-

ng sequence

(a;p (bey)
(ENg,..., g0 — (E/g],..., e — (E/g],..., &))"

is a complex whose homology group has length equal to €5 (H).

Proof. We denote by ¢ (resp. ¢) the B-linear map corresponding to the mat-
rix (a;) (resp. (b,)). Put C = Ker ¢, D =1Im ¢, E = Coker ¢, I = Ker ¢, | =
Im ¢ and K = Coker ¢. Let C., D, E,, I, J. and K. be the minimal R-free resolu-
tions of C, D, E, I, J and K respectively. Then we have exact sequences of acyc-

lic R-free complexes

() 0 C.

(6) 0 D. L. E. 0,

(7) 0 I L J. 0,
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4

(8) 0 J. L! K. 0,

where both L? and L’ are finite R-free resolutions of B, L (resp. L‘f) is that of
B’ (resp. B"), and a, B, {, 7, 6 are chain maps such that H,(8 - @) (resp.
H,(3-7)) coincides with ¢ (resp. ¢). Let O. be the minimal R-free resolution of B.
Put

(9) P.= 0%,
(10) Q. =0
(11) R. =0,

. ®n . . .
Since O.”" is the minimal R-free resolution of B” for each #, we have exact sequ-
ences of finite R-free acyclic complexes

&

(12) 0 P. L S. 0,
A

(13) 0 T. L’ Q. 0,

(14) 0— U.— L} — Q.— 0,

(15) 0—R.—L'—V.—0,

where S., T., U. and V. are finite R-free split exact sequences, and ¢, A, 7, v are
chain maps such that Hy(e), Hy(1), Hy(m), Hy(v) are the identities.

Since Hy(A-B-a-e) : B’ — B’ coincides with ¢, there exists an R-linear map
f : P,— @, which satisfies

(16) Ao Bo g e, — (a) = q,°f,

where ¢, : @, — @, is the boundary map of Q., and (a;;) is the R-linear map R’
— R’ corresponding to the matrix (a,). (For a chain map 7, we denote by 7, the
map in degree O of 1. P; (resp. @,) stands for the module in degree ¢ of the com-
plex P. (resp. Q.).)

As in the same way as above, there exists an R-linear map g : L%—> L‘i such
that

(17) Vo' (b)) -y — 870 = 117 &,

where [, : L] — L is the boundary map of L.
Let

§&:D.—1L

be a chain map such that Hy(§) : D— I coincides with the natural inclusion D
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I. Then it is easy to see that the mapping cone of & : D.— 1. is a finite R-free re-
solution of the homology group H and, in particular, the sequence

Eot+ip

D,®L—I,— H—0

is exact, where ¢, : I, = I is the boundary map of I..

Since Hy(1-B) = Hy(x- (- &), there exists an R-linear map & : D,— @, such
that

(18) Ao By — o o & = g1 b

(Recall that g, : @, — @, is the boundary map of Q..)

Now construct an ideal b to preserve the following properties:

« the split exactness of S, T., U., V|

« the acyclicity of C, D, E, L, J, K, 0, P, Q, R, L., L) L} L,

* the equalities of (9), (10), (11), (16),(17), (18),

* the exactness of (5), (6), (7), (8), (12), (13), (14), (15),

e that € is a chain map, 6,
and to stabilize the length of the cokernel of D, @ I,— I, (cf. Lemma 3.5 and
Lemma 3.10)

Suppose that a regular local ring E has a solution ¥/, g, {aj,, by, | i, 7, k, B,
w’ of b such that y;,..., ¥, forms a regular system of parameters of E. Then there
exist split exact E-free sequences 8., T., U., V', the acyclic finite E-free com-
plexes C,, D, B, I, J, K, O, P, Q, R, L., LY LY LY and the chain map
& :D.— I’ such that

¢ the following sequences

0 C L D 0,
8 o

0 D, L’ E, 0,
44 y 7

0 T L: J 0,
6, ’

0 Y L! K’ 0,
&’ ,

0 P L. S/ 0,

4 1,

0 T, L Q 0,

0— U, LY Q 0,

0— R —— L — V/ —— 0
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are exact,

O’ is the minimal E-free resolution of E /(g],..., &),
. P/ — 0/631’ Q/ — O/GB‘I R/ — O/EBV

* we have equations

(19) Ao B agrey — (@) = qif”,
(20) Vo (b)) mg — 0510 = 1178,
(21) By —mo Lot &o = qi° W,

where ¢7: @ — @ (resp. [ : Lf—>Lf)/) is the boundary map of @, (resp.
L), and f': P,— Q[, g': LY — LY, W : D;— Q] are R-linear maps,
&+ip .
* the cokernel of Dj & I]— I has length equal to €, (H), where i} : I} — I]
is the boundary map of I.

Then we have the following exact sequences:
Hy(a")

0— H,(C)) — H,(L") — H,(D)) — 0
O—>H(D’)—>H(L2)——>H(E')—>O

Ho(r”)
0—>H(I’)—>H L) —H,J)—0
Hy(3")
O—>H(J’)————>H(L )—>H (K)—0
Hy(e)
0—>H(P’)—>H L)—0
Hy(2")

0— H,(L¥) — H,(Q) — 0
m~H®%¥m@%ﬂo

Hy(V)

0—>H(R’)—>H LH—>0

By the equation (19), the composite map
Hy(e") Hy(8")
(EAG..... g)) = Hy(P) — H (L") s Hy(D)) —— H,(L")
Ho()

—H,(Q) = (E/g],..., &)°

coincides with the E/(g{,..., g)-linear map corresponding to (d_gj). Hence the
image of

(a)
E/Ng,..., g — (E/g,...,g)°

coincides with Im H,(1"-8").
Furthermore by (20), the composite map
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3 Hy(m”)
H,(L.) — H,(Q)
b Ho (V)

(b)) ,
= (ENg,..., g — (E/Ng,..., g)) =H,R)— H,(L)

coincides with Hy(0"*7"). Hence the kernel of

(bgp)
(E/Ng,..., eN)'— (E/Ng],..., g

coincides with Im Hy(z’- {").
On the other hand, by (21), we have H,(A"-8") = H,(z"-{'-§’). Therefore the
following sequence

(@) (b
(22) (E/Ngl,..., g0’ — (E/(g],..., e))'— (E/(g],..., &))"

is a complex whose homology group is isomorphic to the cokernel of H,(§"). Since
Eo+ig
the cokernel of Hy(&") coincides with that of Dj P I{—D—-—> 1], the homology group

of the complex (22) has length equal to £5(H). Q.E.D.
Now we start to prove (3) of Theorem 1.1.

Proof of (3) of Theorem 1.1 (in the case where A contains Q). Assume the con-
trary, i.e., there exists a Cohen-Macaulay local ring A (cf. Remark 2.2), containing
Q, whose non complete intersection locus has dimension at most O such that A has
finitely generated modules M and N which satisfy the assumption of (3) of
Theorem 1.1, and ¥ (M, N) < 0.

Then there exists a Cohen-Macaulay local ring A’, essentially of finite type
over a field of positive characteristic, whose non complete intersection locus has
dimension at most O such that A" has finitely generated modules M’ and N’ which
satisfy the assumption of (3) of Theorem 1.1, and

£,(Tor{ (M, N)) = £, (Tor{ (M’, N"))

for each 1 (cf. Proposition 3.3, Lemma 3.7, Remark 3.9 and Lemma 3.11). Here

note that A” is equi-dimensional and a homomorphic image of a regular local ring.
But, it is a contradiction because we have already proved (3) of Theorem 1.1

in the case where A contains a field of positive characteristic in Section 2. Q.E.D.
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