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FUNCTIONAL EQUATIONS OF ITERATED INTEGRALS
WITH REGULAR SINGULARITIES

ZDZISEAW WOJTKOWIAK

§0. Introduction

Polylogarithmic functions satisfy functional equations. The most famous equa-
tion is of course the functional equation of the logarithm

logx + logy = log(x - y).

The other well known equation is the Abel equation of the dilogarithm

Li2<1 f r 1 f!_ y) = Liz(l g .Z‘) + Liz(?f?) — Li,(x) — Li,(y)

—log(1 — »)log(1 — o).

Polylogarithms are special cases of more general iterated integrals. One can hope
that the known results about functional equations of polylogarithms hold also for
more general iterated integrals. In fact in [5] we have proved some general results
about functional equations of iterated integrals on PY(C) minus several points. In
this paper we generalize our results from [5] to functional equations of iterated in-
tegrals on any smooth, quasi-projective algebraic variety.

Our principal tool is the universal unipotent connection with logarithmic sing-
ularities. First we prove our results for a complement of a divisor with normal
crossings in a smooth, projective variety. Next, using results of Hironaka about re-
solution of singularities we extend our results to smooth, quasi-projective
varieties. The proofs (for a complement of a divisor with normal crossings) are
straightforward generalizations of methods from [5]. These results are in the first
three sections of this paper.

In the fourth section of the paper we are dealing with the dilogarithm. It is
well known that any functional equation of the logarithm on P'(C) can be
obtained by successive applications of the functional equation
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146 ZDZISLAW WOJTKOWIAK

logx +logy =log(z - o).

We shall show that there is a similar situation for the dilogarithm. This section is
a natural complement of our previous work [5]. The result was presented in the
Strasbourg Conference on Algebraic K-theory 1992. In the last section we give a
sufficient and necessary condition to have a functional equation of iterated integ-
rals on a pointed projective line in terms of exotic analogues of the Bloch group
for the dilogarithm.

§1. Canonical connection with logarithmic singularities

Let X be a smooth, projective scheme of finite type over a field k of charac-
teristic zero. Let D be a divisor with normal crossings in X and let V= X\ D.
Let

A*(V) :=I'(X, Q;<log DY)

be a differential algebra of global sections of the algebraic De Rham complex on X
with logarithmic singularities along D.

1.1. 1t follows from [1] Corollaire 3.2.14 that each element of A™(V) is
closed and the natural map A*(V) — HjR(V) is injective.

We shall denote by A*(A'(V)) the exterior product of the vector space
A'(V) with itself and by A" (V) A A'(V) the image of A*(A'(V)) in A*(V).

Let H(V):= A'(V)* and R(V) := A"(V) A A'(V))™ be dual vector
spaces. The surjective map A*(4'(V)) —> A" (V) A A'(V) induces the injective
map R(V) = A*(H(V)).

Let A be a commutative ring with 1, and let M be an A-module. We say that
an A-module Lie (M) is a free Lie algebra (over A) on the A-module M if:

i) there is an A-module homomorphism €,,: M — Lie (M),

ii) for any Lie algebra L over A and any A-linear homomorphism f : M— L
there is a unique A-linear Lie algebra homomorphism f :Lie(M)— L
such that f = f * €,,.

The uniqueness and the existence of Lie(M) is a standard exercise in linear
algebra. We point out that a free Lie algebra on # free generators is a free Lie
algebra on the abelian group Z".

Let Lie(H(V)) be a free Lie algebra over k on H(V). Observe that R(V) is
contained in degree 2 terms of Lie (H(V)). Let (R(V)) be a Lie ideal generated
by R(V). We set
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Lie(V) := Lie(H(V)) / (R(V))
and

L(V) := lim(Lie(V) /T (V)),

n
where I'’Lie(V) := [Lie(V), Lie(V)] and I Lie(V) := [I""Lie (V) ; Lie(V)].
The Lie algebra L(V) we equipped with the multiplication given by the
Baker-Campbell-Hausdorff formula and the obtained group we shall denote by
7(V). Its Lie algebra can be identified with L(V). We define a one form w, on V
with values in the Lie algebra L(V) in the following way. The form w, corres-
ponds to the identity homomorphism id4:y, under the natural isomorphism

A (V) @ HV) = AX(V) @ (A'(V))* = Hom (A'(V), A (V).
LEMMA 1.2.  The one-form wy, is integrable.

1
Proof. 1t is sufficient to show that dw, + P [wy, wy] = 0. 1t follows from

1.1 that dw, = 0. Let K :=ker(A*A'(V) —>A' (V) A A'(V)). The two-form
[wy, w,] is represented by the map K— A*(4'(V)) — A'(V) A A(V), hence it
is zero.

Let us assume that k is the field of complex numbers C. Then Vis a complex
variety with the standard complex topology.

Let x, z € V be two points in V and let 7 be a smooth path in V from x to z.

The principal 7(V)-bundle V X (V) — V we equip with the connection (in-
tegrable by Lemma 1.2) given by the form wy. Let (y(2), L,(z;x, 7)) be its hori-
zontal section along 7 such that the value of L,(z;x, 7) at the starting point is 0.

DeFINITION 1.3. Let x € Vand let a € 7, (V, x) be a loop. We shall define a
homomorphism
Opy:m(V, 2) = (V)
by the formula
Ory(@) = Ly(a(D) ;z, )
and we call it the monodromy homomorphism of the form w, (at the point x).

1.4. Let X, (for £ = 1,2) be smooth, projective schemes of finite type over k.
Let D, be divisors with normal crossings in X; and let V, = X;\ D, for i = 1,2.
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Let f : X,— X, be a morphism such that f *(D,) € D,. Then f induces a morph-
ism from V, to V, which we denote also by f. Moreover f induces r* ANV, —
A(V).

Let fy: H(V,) = H(V,) be the dual map. The map f, induces a group homo-
morphism

fe (V) — (V).

LEMMA 1.5, We have

f*(wvl) =f*(wvz)-

COROLLARY 1.6. Assume that k is the field of complex numbers. Then we have
Ly Gz, 7)) =L, (f@; @), FD).

The lemma follows from the definition of wy as id,iy,. The corollary is the
direct consequence of the lemma.

2. Functional equations 1

2.0. Let X and Y be smooth, projective schemes of finite type over C. Let D
and E be divisors with normal crossings in X and Y respectively. Let us set U =
X\D and V= Y\E. Let Alg(n(U)) and Alg(z(V)) be algebras of regular func-
tions on 7(U) and m(V) respectively. The map f : X— ¥ such that f "(E) € D
determines a map from U to V, which we shall denote also by f.

THEOREM 2.1. Let fi,..., fy: X— Y be morphisms such that fi"l(E) C D for
each 1. Let ¢,,. .., ¢y € Alg(mw(V)) and let p(t,. .., ty) be a polynomial in variables
by, ..., ty. Then there is a functional equation

1) plo, (L, (i@ ; @, DN, ..., ox( Ly (/3@ ; @, (M) =0
if and only if
2) p((01°(fl)*,..., ¢N°(fN)*) =0
in Alg(z(U)).
Proof. The equation 1) follows from 2) by Corollary 1.6. The monodromy

representation 7,(U, x) = ©(U)* induced by 6, has a Zariski dense image in
7(U)®, hence the monodromy representation has a Zariski dense image in 7(U) /
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I'"7(U) for any n. Hence the function p(@, * (). .., @y ° (fy)s) vanishes on a
Zariski dense subset of 7(U) /I""w(U). If n is big enough this implies that the
function p(@; ° (f) ..., @y ° (fy)s) is the zero function.

Let Lie(V)*:= lirF(Lie(V) /T"Lie(V))* be the direct limit of dual

vector spaces. Observe that Lie(V)™ has a natural grading, Lie(V* =
@, (Lie(V)™), where (Lie(V)™), = (I"Lie(V) /I"™"*'Lie(V))*. The elements of
Lie(V)™ can be view as elements of Alg(m(V)). In fact Lie(V)™ generates
Alg(m(V)) as a C-algebra.

COROLLARY 2.2. Let f,,..., fy be as in Theorem 2.1. Let n,, . .., By be complex
numbers and let vy,. .., vy € (Lie(V)™),. Then there is a functional equation

M=

n o] (L, (f,2; £, (@), f(P) =0

i=1

if and only if

=

noov o (f)e=0

i=1

n the group Hom(In(U) /T™'x(U) ; C), where (f)y:I"n(U) /I '2(U) —
Iz (V) /T (V) are homomorphisms induced by (f)) : w(U) — m(V).

The corollary is a special case of Theorem 2.1.

The monodromy homomorphism 6,,:7,(V, y) = x(V) induces a homo-
morphism 6" : I'm,(V, ) /T ' 2, (V, y) = Iz (V) /T 2(V), which has a
Zariski dense image and does not depend on a base point y. For any v:k €
(Lie(V)™), the composition v, ° 6, we shall denote by V,*. Let (f),:I"m, (U, )
/T ' (U, 2) = T, (V, y) /T 7,(V, ) be the map induced by f,: U— V.

CoroLLARY 2.3. Let fi,..., fy, Byy. .., By and vf‘, N v; be as in Corollary
2.2. Then there is a functional equation
y *
n, - v, (L(f(2); £i(2), i(P) =0

i=1

if and only if

M=

I
—

no Ve (f),=0
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in the group Hom (M7, (U, x) /T 7, (U, 2) ; C).

The Corollary 2.3 follows from Corollary 2.2, the equality (f})4 ° 0,(," ‘=47
(f), (which is a consequence of Corollary 1.6) and from the fact that im(ﬁl(,")) is
Zariski dense in "'z (U) /I 2 (U).

Assume that X and Y are defined over a field k contained in the field of com-
plex numbers. Let D and E be divisors with normal crossings in X and Y respec-
tively. Let U= X\Dand V= Y\E.

Setting ( )o:= () X SpecC we find ourselves in the familiar situation
over C. Spec

Notice that Lie(U) and Lie(V) are Lie algebras over k, (Lie( )™, =
Hom(I™Lie () /T"™"'Lie( ) ; k) for () = (U) or (V). We have (Lie(V)"), ®,
C = (Lie(V)™,. We shall identify v™ € (Lie(V)™), with its image v* ®1 in
(Lie(Ve)™).

COROLLARY 2.4. Let f,,. .., fy: X — Y be morphisms such that f; (E) < D for
each 1. Let v;k, U U:; € Lie(M)™ and let Ciy .. ., Cy be complex numbers wot all
equal to zero. If there is a functional equation of the form

N

¢ o] Wy (@ £@, L)) =0

=1

then there are q,,. . ., qy € Kk not all equal to zero such that

M=

g, v Ly (D ; £, £(P)) = 0.

i=1

Corollary 2.4 follows from Corollary 2.2 and from the well known fact that if
vectors w,, . . ., wy € k” are linearly dependent in k¥ @ C = C’ then they are
already linearly dependent in & . g

Observe that in [5] Corollary 10.6.7 we have that q,,.. ., qN(cl, ..., Cy in the
notation of [5]) are in Q even if the varieties are defined over any finitely gener-
ated extension of Q in C. Below there is a kind of formal analogue.

We consider the case when X, D and U, and Y, E and V are over k. There

is a natural map

[ : AW = Hom(H,(Ve, @ ; ©)

given by (fa))(r) = f;w.
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et QM i={wecdW|([w)p Q- (—2m, vre BT, Q)

Then Q'(V) is a Q-lattice in A'(V) i.e. the natural map Q'(V) ® k— A (V) is
injective. Observe that for any f:X— Y such that f '(E) €D we have
£5@(") € Q).

Let 0— (Q'(V) A Q (V) — A*Q'(V)™) be the dual map of

AQ (1)) = Q1Y) A Q' (V) — 0.

Let Lie,,,(V) be a quotient of a free Lie algebra over @ on Q'(V), by the Lie
ideal generated by (Q'(V) A Q'(V))*. The inclusion Q' (V) ® k— A (V) in-
duces a surjective morphism of Lie algebras Lie(V) — Lie,,;(V) ® k. Hence we
have an inclusion

Hom(I""Lie,,, (V) /I"*'Lie,,,(V) ; Q) ® k— (Lie(V)™),.

COROLLARY 2.5. Let fi,. .., fy: X— Y be morphisms such that f,'(E) € D for
cach i. Let vy, . . ., vy € Hom(I"Lieyy; (V) /T Lieys (V) ;Q) and let i, . . ., cy
be complex numbers not all equal to zevo. If there is a functional equation of the form

N

¢, vy (Ly (2 ; fi@), f(1)) =0

—

i=

then there are vational numbers ¢, . .., gy not all equal to zero such that
y *
2q, v, (Ly (£, ; f,(2), £,(P)) =0.
i=1

The proof of the corollary is the same as the proof of Corollary 2.4.

3. Functional equations II

Now we shall study functional equations on any U smooth, quasi-projective
over Spec C. Following Hironaka [3] we can find X smooth, projective, such that
Uc X and X\ U is a divisor with normal crossings. Hence we are in the situa-
tion of 2.0.

Let us assume that U and V are smooth, quasi-projective. Let f,,.. ., fy: U—
V be morphisms of schemes over C. Let X" and Y be smooth, projective compacti-
fications of U and V such that X'\ U and Y\ V are divisors with normal cros-
sings. Let F: U= X’ X Y X --+ X Y be given by F(u) = (u, f;(n),..., fy(w).
Let X be a resolution of singularities of the closure of the image of U in X’ X Y
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X +++ X Y. Then for any ¢ we have a morphism fwi:X-> Y, induced by the pro-
jection on the ¢-th Y factor, making the diagram
i
U—-V
I
7
X—Y
commutative.
Now the assumptions from Section 2 (in Theorem 2.1, in Corollary 2.2,...)
about morphisms f,..., f, are satisfied. Hence we get the following theorem.

THEOREM 3.1. All vesults from Section 2 (Theorem 2.1, Corollaries 2.2-2.5) hold
for U and 'V smooth and quasi-projective over a field k of characteristic zero and fi, . . .,
fv: U= V morphisms of schemes over Spec k.

To show Corollary 2.4 in general situation (and also Corollary 2.5 for any
k in C), one must notice that X and ¥, U < X, X, V < Y and f, are over
Spec k if U, V and f; are over Spec k. In all other cases it is sufficient to work
over C.

Remark. Theorem F from [5] is a special case of Theorem 3.1.

4. Functional equations of the dilogarithm

In this section we want to discuss some elementary properties of the dilogar-
ithm. It is well known that any functional equation of the logarithm on P*(C) can
be obtained by successive applications of the functional equation

(1) logx +logy = log(x - o).

We shall show that there is a similar situation for the dilogarithm. Of course we
must replace the equation (1) by a variant of Abel-Spencer equation. We shall use
a form due to Hill (see [4] 1.18 or [2))

@ Ly = L@ + L) + iy (z 3 —1) +Liy (3 =)
+ %log2 (} : ;)

Let A,(C(2)) := Z(C(2) \ {0,1}) be a free group on the set C(2) \ {0,1}. Ele-
ments of A,(C(2)) we shall write as >, n,[f,(2)] where n, € Z and f,(x) €
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C(@ ™\ (1}. Let b,: 4,(C(2)) = C(™ A C(2)™ be given by b,([f(D]) = f(2) A
(1 —f@). Let pr:C@* AC@*—=C@* AC@*/C* A C(@" be the natu-
ral projection and let 8, := pr ° b,. We set B,(C(2)) := ker B,.

We recall one result from [5].

ProposiTiON 4.1. Let f,, ..., fy: X=P(C)\a,,...,a, ©}—Y=P(C)\
{0,1, o} be regular functions. Let Ny, ..., By be integers. There is a functional equa-
tion

S m - Lip(£(2) + Ldt(@ = 0

i=1
N
if and only if 22 n;,(f) = 0 in
i=1

Hom (7, (X, z) /Tr,(X, ) ; [*x, (Y, ) /T, (Y, ),

where 1.d.t.(2) is a polynomial in logarithms of rational functions.

The proposition is a special case of Theorem E in (5] or Corollary 2.3 in this
paper.

It is a tautological observation that the condition Zf’ 1 1:(f)« = 0 is equiva-
lent to the condition X, #,[f,(2)] € ker B, (see also [5] Theorem 10.8.2). Hence
we have the following result.

PrOPOSITION 4.2, Let £,(2), ..., fy(2) € C(2) \{0,1} and let n,,. .., ny be in-
tegers. There is a functional equation

S, Li(f@) +148@) = 0

if and only if o, m,[£,(2)] € ker B,

Abel

Let B, (C(2)) € A,(C(2)) be a subgroup of A,(C(2)) generated by the fol-
lowing elements

@ (¥ - X1 - (7] - [x ] - [r3=3] |

X, YeEC@\{0,1}, X- Y+ 1},

4) {[X]1+[1/X]1| X € C(2\{0,1}},
(5) {IX1+ 1 —X1|XeCk\{0,1})}.
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The terms (3) correspond to the functional equation of Hill and the terms (4) cor-
respond to the equation Li,(2) + Li,(1/2) + t.1.d.(2) = 0, which can be deduced
from the Hill functional equation. The terms (5) correspond to the equation
Li,(2) + L, — 2) + t.1.d.(2) = 0.

DeriNITION.  For any rational function g(2) = p(2) /¢q(2), where p(2) and
q(2) are polynomials without common factors we set d(g(z)) := max(deg p(2),
deg q(2)).

We say that a rational function g(2) is linear if g(2) = a-z + b.

LEMMA 4.3.  Assume that we have a functional equation

>, - Li,(h,(2)) +1.d.t(2) =0,

iel
where the functions h,(2) are linear and h,(2) # h;(2) if i # j. Then for each i € I
theve is ' € I such that i # 1', hy(2) =1 — h,(2) and n, = n

Proof. The lemma follows immediately from Proposition 4.2. One observes
that B,([f1) + B,(I1 — f1) = 0 for any f in C(2)*\ {1}. On the other hand, if all
fi (i € ]) are linear, f; # f, if i # i’ and the intersection {f}};c, N {1 — f},E,

@ , then the elements {,Bz[f]},ej are linearly independent in C(2)* A C(2)*/C*
ACR™

THEOREM 4.4.  We have B5"° (C(2)) = B,(C(2)).

Remark. This means that every functional equation of the dilogarithm on
P(C) can be deduced from the Hill functional equation and the equation Li,(2) +
Li,(1 — 2) +1d.t.(2) = 0.

Proof. For any f(2) = all;_, (z — a,) /II;., (z — b)) we have a functional
equation

=) - Bu(E=Y) - pu (=) e,

where ¢,’s are defined by the expression

6) Li,(f(2)) = 3 Li, (:
ik k

f@Q—1=uo 1 (z—ck)/ﬁ (z—b)
k=1 j=1
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a, 0 €C* and M_ (z—a), I, (z—b) have no common factors (see
Theorem A in [5]).

lin

Let B, (C(2)) be a subgroup of A,(C(2)) generated by elements
z—a; z— b, z—a;
/@] = E [ck - ai] + ,Zk [ck - b,] + ,ZJ: [b, - a,]

corresponding to the equation (6) and by elements [#(2)] + [1 — k(2)], where
h(2) is linear. It is clear that B," C B, and B, C B, (we omit the field C(2) in
the notation).

Let 22, n,lg,(2] € B,. 1t follows from (6) that for any g;(z) we have
[g,(2] — =, £ [h, (2] € B where all h,,(2) are linear. Hence X, n,[g,()]
— 2 n,(Z, £ [h,D]) € B," and consequently we have a functional equation
>, n,(2, £ Li,(h,,(2))) + t.1.d.(2) = 0 which we can write in the form

(7) > myLi,(h,(2)) + t1d.(2) =0

where all h, are linear and a ¥ & implies h, # h,. It follows from Lemma 4.3
that the equation (7) can be written in the form 2, n, - (Li,(hs(2)) + Li,(1 —
hs(2))) + 1.t.d.(2) = 0. The elements [k,] + [1 — h,] € B," by the definition,
hence X, m,[h,] € B,". This implies that >, #,[g,(2)] € B," and therefore we
have B," = ®,.

Hence to finish the proof it is sufficient to show that any element of the form

[f2] - Zkl [(z—a)/(c,—a)] + F; [G—b)/(c, =01+ 2 [z —a)/(b;—a)]

(where
fQ2) = (a iIZIl (z — a‘)>/<,~1§1 (z — b,«)>,
f@—1=(a kr:11 (z— c,))/(jIjIl = b)),

a, ad € C* and the numerator and the denominator of f(2) have no common fac-
Abel
tor) belongs to B, .
By (4) we can assume that # =m. Let us set X+ Y=f(2) and X =
(Z - al) . (Cl - bl) — (Z - cl) (al - bl)
(Z - bl) (Cl - a1) ’ (2 - bl) (Cl - al) !

Then X —1 Y=aﬁ(z—ai)'
i=2

(e, —a) /T (z— b) (¢, — by and
j=2
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aﬁ (z—a)(c,— a) — ﬁ (z—b)(c; — ayp
Y_ 1 — i=2 ~ j=2 —
IT (z—b)(c, — by)

j=2 J

(z— ¢)%(2)
(z—5)(c, — b

=s

2

where deg 9(2) < n — 2.

> and d(Y' %/:%) are strictly

1—-Y
Observe that d(X), d(Y), d<X "X =1

smaller than # if # = 2. We have

X.I—Y__z—a1 ¢ — b (z— )9 (z—0b)(,— a)
X-1" z=b ¢—a n T —b
4 1 cl al I-I (z _ b]) (Cl - bl) (Z Cl) (al 1)

j=2

(z— a)¥9%(2)
(z—b)(a, — b)

o

2

j

1—-Y 1—X
.Hence d(X’ X = 1) < n — 1. In the same way one checks for Y - Y=1 If

. . il oz
f(2) is a polynomial a iI=11 (z— a;) we set X = —a

of steps we get [f(2)] = 22, p,[g,(2)] where d(g,(2)) = 1. It rests to express

a,

. Hence after finite number

[a- z:z] by polynomials of degree 1. We set X=Z:Z,Y=1_a" Then

_1-w 1-X  (a—1 B 1-Y
X-Y—W'(z—a),Y- Y—l_a(a—b).(z b) and X- X =1
_ (- a

5. [Exotic analogues of Bloch groups

In this section we give necessary and sufficient conditions to have a function-
al equation of iterated integrals in terms of exotic analogues of the Bloch group.
We shall work only on a pointed projective line.

Let Lie(C(2)®) be a free Lie algebra on the abelian group C(2)™ (see Section
1). We shall identify an element f € C(2)* with B (f) € Lie(C(2) ). LetIC
Lie(C(2)™) be a Lie ideal consisting of all brackets [. . N I 7 A D R A
...]1 such that at least one f; is in C*. Let L(C(2)™) := Lie(C(2)™) /L. Observe
that L(C(2)™) is a free Lie algebra on the set {(z — @) |a € C}.

Let X = P'(C)\ {ay,..., a, )} and let Y =P (C)\ {b,,..., b, ). We
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set

BY) := 2] Z,

FeC@\lby,....bp}
the free abelian group on the set C(2) \ {b,,..., b,}. The generator corresponding
to f we shall denote by [f]. For any homogeneous element ¢ € Lie (H(Y)),
e=2aol...[B,...[...,B]...],
dz
z— b

7

*
where B, = ( ) we define a map

by(e) : BY) — L(C(2)™)
by the formula

by ([fD) =Sl [f—b,...[...,f—b,

143

1...1L

dz \*
Let us fix an ordering B, = <_z_——b> , B,, ..., B, of the base of H(Y). Then
1

there is a canonical base B = {e;},.,; of Lie(H(Y)) given by basic Lie elements
(see [6]). Let {e,},c, be the dual linear forms.

THEOREM 5.1. Lete,,..., e, € B be basic Lie elements of degree n. Let f,. . .,
J: X =Y be regular maps. Let ny, . .., ny be integers. Let v be a path in X from X
to z. The following conditions are equivalent.

i) é”i cel (Ly(fi(@ 5 £ (@), (1)) =0;
i) S e+ (£ =0 in Hom(I"2(0) /I™7(X) ; O);
ii) S, + by(e) (LAD = 0.

I
—

Proof. 1t follows from Corollary 2.2 that conditions i) and ii) are equivalent.
Hence we must show that ii) and iii) are equivalent. Let e=[...[B;,...[...,
Bi,,] ...] be a basic Lie element of degree # and let ¢ be its dual. Let f:X—-Y
be a regular map. The map f and ¢” induce

f, e*
Lie (H(X)) = Lie (H(Y)) = C.
Let us set C” := Hom(C, C). Passing to dual objects we get a map

Lie(4' (X)) & Lie(a'(Y)) ‘2 ¢
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Observe that the condition ii) is equivalent to the condition

N
i) Su; - (f)*(e))” = 0in Hom(C", Lie(4'(X))).
t=1
dz @ v, dz
Observe thatf*<z — b,-> =70 -5, dz and (") (idp = [ T b [ .
}—ii%] .. ] Let us define maps

ix : Lie (4" (X)) = L(C(2)™) and iy : Lie(4'(Y)) — L(C(2)™)
by the formula iy <E%> = (z — a;). Observe that the diagram

Led'X) £ Lied'(y) < ¢
Lig liy vei=ig- ("

LC®Y < LEC®Y

commutes, where f*(z — a) = f(2) — a and eide) =[...lz—b,,...[...,z—
b,-k]. ..]. The maps iy and iy are inclusions, hence the condition ii’) is equivalent
to the condition Xy, #, *+ (f)* = & = 0. This last condition is equivalent to the
condition X, #, + (£)*(¢,(idy)) = 0. Observe that (£)*(¢,(idy)) = by(e) [£].
Hence we get that ii) and iii) are equivalent.
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