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CHARACTERIZATIONS OF
FILTER REGULAR SEQUENCES AND
UNCONDITIONED STRONG d-SEQUENCES

K. KHASHYARMANESH, SH. SALARIAN AND H. ZAKERI

Abstract. The first part of the paper is concerned, among other things, with
a characterization of filter regular sequences in terms of modules of generalized
fractions. This characterization leads to a description, in terms of general-
ized fractions, of the structure of an arbitrary local cohomology module of a
finitely generated module over a notherian ring. In the second part of the pa-
per, we establish homomorphisms between the homology modules of a Koszul
complex and the homology modules of a certain complex of modules of gener-
alized fractions. Using these homomorphisms, we obtain a characterization of
unconditioned strong d-sequences.

80. Introduction

Throughout this note A is a commutative ring (with non-zero identity),
a is an ideal of A and M is an A-module.

There is a lot of current interest in the theory of filter regular sequences
and unconditioned strong d-sequences (u.s.d-sequences) in commutative al-
gebra; and, in recent years, there have appeared many papers concerned
with the role of these sequences in the theory of local cohomology. The
main purpose of this note is to establish connections between modules of
generalized fractions introduced in 7] and the above mentioned sequences.

This paper is divided in two sections. In the first section we provide
a characterization of a-filter regular sequences in terms of modules of gen-
eralized fractions. This result is a slight generalization of the Exactness
Theorem [5, 3.1]. In [9], Sharp and the third author proved, in certain
situation, for a finitely generated module N over a (Noetherian) local ring
R having maximal ideal m, that the i-th local cohomology module H (N)
is isomorphic to the i-th homology module of a certain complex of modules
of generalized fractions. Our characterization of a-filter regular sequences,
in this paper, yields improved forms of the above theorem and the results
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[1, 3.8] and [12, 2.5] which we mention two in details here. We show, under
Noetherian hypothesis on A, that

(i) whenever M is finitely generated, then each local cohomology module
Hi(M) may be viewed as the i-th homology module of the complex
C(U, M) of A-modules which involves modules of generalized fractions
derived from M and an a-filter regular sequence, and that

(ii) whenever z1,-- -,y is an a-filter regular sequence on M, then

Hy(M) = H, (M)

..,zn)
forall 0<i<n-1.

In the second section of this paper, firstly we establish homomorphisms
between the homology modules of a Koszul complex and the homology mod-
ules of a certain complex of modules of generalized fractions. Then, using
these homomorphisms, we obtain a characterization of u.s.d-sequences.

Let us recall briefly the construction of a complex of modules of gen-
eralized fractions. The concept of a chain of triangular subsets on A is
explained in [5, p.420]. Such a chain W = (W;);en (Throughout, we use N
to denote the set of positive integers) determines a complex of modules of
generalized fractions

o mEwrin — . S wriv owoiay —
1 i i+1
in which fO(m) = (’—f—)- for all m € M and fi(m/(wy,---,w;)) = m/(wy,- -,
w;, 1) for all : € Nym € M and (wy,---,w;) € W;. We shall denote this
complex by C(W, M).

§1. A characterization of filter regular sequences

We say that a sequence i, - - -, xz, of elements of A is an a-filter regular
sequence on M if x1,---,xy € a and

i—1 i—1
Supp (3 A2y)M iy 2)/(Y Aw;)M) C V(a)
1=1 1=1

for all 2 = 1,---,n. In particular case, when A is local and M is finitely
generated, this notion has been studied in [6], [10], [11] and has led to some
interesting results. Note that z1,---,z, is a poor M-sequence [12, §2] if
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and only if it is an A-filter regular sequence on M. It is easy to see that
the anolouge of [10, Appendix, 2 (ii)] is held whenever A is Noetherian,
M is finitely generated and m is replaced by a; so that, if z4,---,z, is an
a-filter regular sequence on M, then there is an element y € a such that
1, -, Ty, Y is an a-filter regular sequence. Thus, for a positive integer n,
there exists an a-filter regular sequence on M of length n.

Let I be the set of positive integers or I = {1,...,n} for some n € N.
In this section we shall work with a family & = {U;};es of sets which has
the following properties:

(i) for all 4 € I, U; is a triangular subset of A* such that U; C (a — {0})?,
(ii) whenever (uy,...,u;) € U; with i > 1, then (u,...,u;—1) € Uiy
Given such a family U, set

Ui = {(yh ...,y;) : there exists j with 0 < j <4 such that
(yl,...,yj)er and yj+1:"':yi:1}

for all « € N. Then U = {U;}ien is a chain of triangular subsets on A4;
hence, as we mentioned in the introduction, we may construct the complex
CU,M).

The next theorem, which characterizes the concept of an a-filter regular
sequence in terms of modules of generalized fractions, is an improved form
of the general exactness theorem [5, 3.1].

THEOREM 1.1. With the above notation, each element of U; s an a-
filter regular sequence on M for alli € I if and only if Supp(H? (C(U, M)) C
V(a) for all j € I, where HI(C(U, M)) denotes the j-th homology module
of C(U,M).

Proof. Write the complex C(U, M) as

4 F1g, d iy 4. i1
0 — M —U 'M-—- - —U M~«>UiJrl M— ...

and suppose that, for all ¢+ € I, each element of U; is an a-filter regular
sequence. Let P ¢ V(a). Let ¢ : A — Ap be the natural homomorphism
and, for all 7 € N, set

Uip = {(p(y1), -5 0(mi)) : (y1,--,9:) € Ui},
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which is a triangular subset of (4p)'. Then each element of Us;p is a poor
Mp-sequence for all + € I. Hence, by [5, 3.1], the complex

0— Mp — Uﬁ}Mp —_— e — ﬁi__ifPlMp — Ui;iMp —_— e

is exact. Therefore, in view of [2, 2.1], P & Supp (ker d*/imd*~!) for all
¢ € I. This proves one side of the theorem. A similar argument shows that
the other side is also true.

For the remaining part of this section, we shall assume that A is Noethe-
rian. One can use the arguments in the proof of [9, 2.4] to obtain the
following theorem.

THEOREM 1.2. Letn € N and let W = (W,);en be a chain of triangular
subsets on A such that

(i) foralli=1,---,n, Hg(W;‘M) =0 for every j € NU {0}, and,

(ii) for alli=0,---,n — 1, Supp (H*(C(W, M))) C V(a).

Then H(C(W, M)) & H{(M) for alli=0,---,n— 1.

In the next consequences, of the above theorems, we improve the results
[9, 2.4], [1, 3.8] and [12, 2.5] which are mentioned in the introduction.

CONSEQUENCES 1.3. (i) Suppose that M 1is finitely generated and let
I={1,...,n}. Let z1,...,z, be an a-filter reqular sequence on M. (Note
that the ezistence of such sequences is explained in the beginning of this
section). Let U = {U,}ics, where

U; = {(z3,...,2]") s a1,...,0; € N}

for all i € I. With the above notations, since, by [7,3.2] ﬁi‘iM = Ui_iM
for all i € I, we have, by [8,2.2], that Hﬁ(Ui‘iM) = 0 for all j € N|U{0}
and i € I. Hence, by 1.1 and 1.2, H(C(U, M)) = H:(M) for alli =0,...,
n— 1.

(i) Let zy,...,x, be an a-filter reqular sequence on M. Since zy,...,x,
as well as is an Yy ., Az;-filter regular sequence on M, we deduce, by using
the argument as in (i), that H (M) = H(iml,...,zn)(M) for alli =0,1,...,

n—1.
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82. A characterization of unconditioned strong d-sequences

For a system of elements z = z1,-- -, z, of A4, let K4(z, A) and Hp(z, A)
denote the Koszul complex generated by = over A and the p-th homology
module of Koszul complex, respectively. When discussing Koszul complex,
we shall use the notations of [4]. In particular, we shall abbreviate K,(z, A)
to K, when no confusion is possible. For each i € N set

U(z)i = {(7*,-+,2") : there exists j with 0 < j <

such that o, --,0; € N and aj4; =+ = o = 0},
where z, is interpreted as 1 whenever » > n. Then, for each i € N, U(z);

is a triangular subset of A*. We use A(z) to denote the family (U(z);):en-
Write the associated complex C(A(z), A) as

e ! 0 . g .
f A U@)A— - — Uz)[ A 2 Ue) it A— -

lH

0

It will be convenient to allow U(z);°A and U(m):(l_l)A to denote A and 0
respectively.

Next, in order to characterize the concept of an u.s.d-sequence, we
establish homomorphisms from the homology modules of the complex
K,(z, A) to the homology modules of the complex C(A(z), A), and we con-
sider the commutative diagrams which are needed in the proof of the char-
acterization. For each integer p with 0 < p < n, we define \IIZ,A Kn_p —
U(z),P A as follows. \Ilg’A : Kn — A is the identity map, ¥7 4 : Ko —
U(z),™A is such that ¥7 ,(1) = (E'l',z_nj and, for each 1 < p < n -1,
% 4 Kn—p — U(z)p" A is defined by the rule

1
WL g (Cirin_y) = (@1, 2)

0 otherwise.

if (ila"'>in—-p) = (p+171n)

It is easily seen that, for all 0 < p < n. \IIZ 4 is a well-defined A-homomor-
phism and that the diagram

0 > Kp Kpny —-— K — Ky

0 1 -1
lwz,A 1wz,A lW:,A ng,A

0 A Ul)*A — - —U(2);"'A — U(z);"A
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is commutative. Therefore, for all 0 < p < n —1, ¥P 4 induces an A-

ker eP

homomorphism Hy_,(z,A) — im—e:f} which we denote by T’;’A. Let
z,A

n>2andsetz =z, -+, Tn_1. Let K,(z, A) be the complex obtained from
Ko(z, A) by shifting the degrees up by 1 (that is K, (z, A) = Kp(z, A) and
the differential of K(z, A) is that of K,(z, A)). Then there is a morphism
of complexes

(9)° = (9p)p : Ko(z, 20, 4) — K, (z, A)
which is such that, for all p € {1,...,n} the A-homomorphism g, : K, —
K, is defined by the rule

€iy i1 if ip=n

gp(eil...,-p) = .
0 otherwise.

Also, with the above notations, it is straight forward to check that, for all
-1 <1¢ < n -2, the diagram

Kn_i(g, .’En,A) ‘ Kn—i——l(E, .’En,A)
U(z)]*A
|

K:z—i—l(ﬁ’ A)

U(z)i i1 A

K:m—i(&a A)

commutes. Thus, for all 0 <7 < n — 2, there is a commutative diagram

Hn——i(z, Zn, A)

\ ker ei’A

(1) gn_l/' im elm_,_zi
Hn—l——i(g.a A)

in which the homomorphism 9n—i is induced by (g)°.

Remark 2.1. Consider for the moment the special case in which A is
Noetherian and —\i;’;, 4 is surjective for all 0 < p < n—1. Then the hypotheses
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. ker ef
of Theorem 1.2 are satisfied and therefore H? (A) = % for all
(z1,20) im eZ’A
p=0,---,n—1. If moreover A is a local ring and z;,-- -,z is a system of

parameters for A, then A is generalized Cohen-Macaulay local ring.

The theory of d-sequences was introduced by Huneke in [3]. The se-
quence z1,- -+, Z, of elements of A is called a d-sequence on M if, for each
1=20,---,n— 1, the equality

(i: Amj)M M Tip1Tp = (i Aa:j)M ‘M Tk
j=1

=1

hold for all £ > ¢ + 1 (this is actually a slight weakening of Huneke’s defi-
nition); it is an unconditioned strong d-sequence (u.s.d-sequence) on M if
z7*, -+, 2% is a d-sequence in any order for all positive integers oy, - - -, ap.
D-sequences are closely related to filter regular sequences. It is easy to
see that if x1,...,2, is a d-sequence on M, then it is an ) ;. , Az;-filter
regular sequence on M. Also, when A is Noetherian and M is finitely gen-
erated, by slight modification in the arguments of [11, 2.1], one can show
that if zy, ..., %, is an a-filter regular sequence on M, then, for each & > 0,
there exists an ascending sequence of integers k < ry < ... < 7, such that
z1',...,zy is a d-sequence on M. We now gather together the well known
properties of d-sequences which are needed in this paper.

Remark 2.2. Let z1,---,x, be a d-sequence on M and let yi,...,yn

be any permutation of z1,...,%,. Then:
(i) z1,---,zn form a d-sequence on (_(J_:MMw_l—) too. In particular, z; is a
non-zero divisor on (O_ffaf)
(i1) The sequence z3,- - -, z, form a d-sequence on mi\/[M'
(iii) If any permutation of z1,...,z, is a d-sequence on M, then, for each

1=20,...,n -1, the equality

(i: Ayr)M ‘MY; = (Z‘: Ayr) M Yk

r=1

holds for all j, &k > ¢+ 1.
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(iv) If any permutation of z1,...,z, is a d-sequence on M, then

(0:py) N (i Ay'r)M =0
r=1

foralli=1,...,n
NOTATIONS Let ¢ = :cl, -, T, be a sequence of elements of A. We
put A = —m and A’ = . The natural image of an element a of A in

A (respectively A') is denoted by a (respectively a’).

There are basic exact sequences which we will use to prove the main
theorem in this section. We separate these exact sequences in the following.

LEMMA 2.3. Assume that x = x1,--,z, 15 an u.s.d-sequence on A.
Then, for each 0 < i < n, the sequence

0 — U(z);]"A % U(z);]"A — U(z);'A' — 0.
is ezact, where U(z);"A — U(z);* A’ is the natural homomorphism.

Proof. 1t istrivial in case ¢ = 0. Now suppose that 1 <7 < n. In view of
[7, 2.9], the only non-trivial point is the proof that U(z); 4 == U(z);"A

is injective: to do this, let (m_l_b_mj 0 in U(z);"A for some b € A

and (z*,---,z;") € U(z);. Then, by [5, 1.7], there exists § € N with
8 > max{ay,---,a;} such that

§—ay | __mé—ai

zpb € (a8, 28 ))A.

z i
Since z1, -,z form an u.s.d-sequence on A, it follows, by 2.2 (iii), that
l‘i “ '”xf_ai+1be (IL‘?,---,.’Ef_l)A
Hence ;%% = 0 in U(z);*A. Therefore, by [8, 2.1], %T =0in
25T 2 (@1 o)

U(w);iA, as requlred.

Let £ =z, -+, x, be an u.s.d-sequence on A. Consider the complexes
C(A(z),A), C(A(z), A) and C(A(z),A’). By 2.3, we can build commuta-
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tive diagram

v v ~

0 — U(x);" 1A -, Ux)]"T'A — U(x);"1A —— 0

n—1 n—1
n—1 n—1 n—1
e o e €
z,A z,A z,A!

N L RA
0 —— U(x),"A LN U(z),"A —— U(z);"A' ——0

with exact rows which makes the induced exact sequence

(U 0 0 1
0 ker ez,A ker em,A ker em,A’ Ag ker eaz,A
im e} im e} im e} im €% -
z,A z,A z,Al z,A

-1 _ _

An—p KT €7 ker ez ker e

im "2 im e”7? ime 2
z,A z,A z,4'

Moreover, we obtain a commutative square

H’n—p(x) AI) _— Hn—p—l(xa A)

2) J‘T”;,A: l“’”ﬁ

1
ker e? A kerePt}

z,Al P x,A
imeP ™1 imef |
ime_ s

for all p = 0,...,n — 2. Next we show that A, is surjective for all p =
0,...,n—2. Let 0 <p<n-—2and let

p+1
@, ) €A
1 1 p+1
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for some a € A and (z{?,- -,z Zﬂl) € U(z)pt1. Then, by [5, 1.7] there
exists 6 € N with 6 > max{ai, -+, ap41} such that
e b—a 5 5 i
zy "'3'3;)+1lerrl Tpi2a € (ml, o Ty A
Since zi, -, Zn is an u.s.d-sequence on A, we have, by 2.2 (iii), that
5 b—a )
1 ay '..xp—‘-]_ p+1 Tpa € (:El’ ..,xp+1)A.
Hence, mn( 5 € im eac 4 This leads to the conclusion that
Ty aTpig
A ker eg,A, ., ker eTAI
P im Pk im e? .
im e; oA

is surjective.
We now come to the main theorem of this section.

THEOREM 2.4. Let x = z1,---,Z, be a sequence of elements of A.
Then the following conditions are equivalent.
(i) z1,+-+,Zpn 18 an u.s.d-sequence on A,
(ii) For any permutation o of the set {1,---,n}, the A-homomorphism
— ker eg(z),A
VYo(a),a  Hnplo(z), A) — ——5—
M € (x),4
is surjective for all p with 0 < p < n—1, where 0(z) = T,(1), "+, Ta(n)-

Proof. (i) = (ii) We may assume without loss of generality that o is
the identity permutation. We prove this by induction on n. To begin, note
that in the case when n = 1 is easy. Now suppose inductively that n > 1 and
the result has been proved for smaller value of n. Since z’' = z,---,z}_,
is a u.s.d-sequence on A', it immediately follows from inductive hypotheses
that _\ITI;,YA, is surjective for all integer p with 0 < p < n — 2. Now, using
elementary facts on Koszul complexes and modules of generalized fractions,
we obtain the commutative diagram

0 — Hp p(a’,A") —— Hyp_p(z,A") —— H(p_q)_p(a’, A') —— 0

P P
z,A! ¥ 2!, Al
kerez,A, @ kerem,’A,
" p—1 — 7 N p—1
ime_ ime;
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in which the upper row is exact and ¢ is the natural isomorphism. Hence
EZ,A' is surjective for all p with 0 < p < m — 2. Next, using the exact
sequence

0 — (0:g2,) —A— A—0,

we obtain the commutative diagram

H"—P(xﬁA) - Hn—P(:Evﬁ)

- p _
J,‘le’A l‘l’:A

P keref
ker ez,A z,A
. p—1 i _
ime, , ime, zp-1

in which, for all p > 0, the lower row is the natural isomorphism and, since
the map Hn_p_1(2,0 :4 ©n) — Hp_p_1(z, A) is injective in view of 2.2(iv)
and the definition of Koszul complex, the upper row is an epimorphism. It
now follows, on use of (2), that \Iﬂ; 4 is surjective for all p with 0 <p < n-2.
Finally, since 0 :4 z1 = 0 :4 (21, L ,Zn) In view of 2.2(iii), it is clear that
\Ilg’ 4 is the identity map. The result now follows by induction.

(ii) = (i). We use induction on n, the length of the sequence. It is easy in
case n = 1. Now suppose that n > 2 and assume that our assertion holds
for smaller value of n. It immediately follows, from the inductive hypothesis
and commutative diagram (1), that every sequence of elements of the set
{z1,--+,zn} of length n — 1 is u.s.d-sequence. Let o be any permutation of
the set {1,---,n} and let a3, -+, a, € N. In order to prove the result, it
suffices to show that

V&

(3) (m:hy TGyt ,ngn_ll)) F To()Ta(n)
a V& Qe .
= (xa(ll)’ BRERLIC) I ’xa(n—ll)) * Lo(n)
forall j=1,...,n—1, and
(@5ty 5 Totminy) Tty = Tty To(ney) * To(n)s

where the character with ¥ means that it is deleted. We may assume without
loss of generality that o is the identity permutation. First we will prove
that

a1 v On—1y . — (01 v Gn-1Yy.
(:Lll ,...’xj ’...,In_l)_xjxn__(xl ,...,:L'j ’...’mn_l).xn.
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In view of the hypotheses, it suffices to show that

Qn—2\ | _ o an—2\ .
(7, ,@,"57)  Tpm1 @, = (27,25 %) T
To do this, let r € (a:‘l"l,u-,a:a"”z) Tp—1Tpn. Then —(,T——I—wn—i— € ker e} AZ.

T o
!

(@@

Therefore, by assumption, = .T..x::an_z
1 7 "n-2

" € A. Consequently, in view of [5, 1.7], we have that

) € im eIA for some

6 —aq | b—an—2 M, o1—1 ap-2—1 ) )
Ty B wn—Qn (Txn T Ty o xni2 ) € (ml’ e 7$n—2)A

for some (sufficiently large) integer 6. Hence by [1, 2.3]

" ap_2—1
Ty, — T g2
vk
a1 an 2 (631 Qn_-2
EE (x1 R I RRA) ) xk +(£L‘1 y 9 Tp_o )
because x,::+,Zp—2 is an u.s.d-sequence. Since Xy, -+, Tk, *,Tn_9, Ly 1S

an u.s.d-sequence, we have, by 2.2 (iii), that

ay V% QAn—-2\ , O __ oy vk Qn—-2Y\ ,
(ml ,...,xk ,...,xn~2).xk __(xl ’...’xk ’...,xn_z).xn.

Also, it is easy to deduce from the definition of the map -\_Ild:, 4 and the
construction of Koszul complex that

e (xla T ,xn—Z) ‘T
It therefore follows that
UlS (xcl’q?' : ’xznZZ) : 17721 = (xtlll" "’xan 2) Tn

and this completes the proof of (3).

Next, we will prove that (z,-- -, zo"7") 1 22 = (271, -, 20" 7") 1 Tn . Let
a . On-1) ., L« s n—1
s € (z7',-+,z,"7") : 3. Then T € ker e;",". Hence, by the
same argument as in the proof (3), there exists s” € (z1,-+*,Zn_1) : Tn
such that
" _aj—1 an—1—1
§— s 1 SR A
-1
S aq vk an 1 (3] Qn—1
E (1;1 7...,xk7... ) .’L‘ (xl,...’mn_l .
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Now, applying (3), we may deduce that s € (z{*,---,2"7") : Zn. The

1*n—1
result now follows by induction.

As the referee suggested, one can define the canonical homomorphism
U3y for every A-module M and, by using the same arguments as above, es-
tablish 2.4 for modules. Thus 2.4 provides a characterization of Buchsbaum
modules in terms of modules of generalized fractions.

Acknowledgements. The authors are deeply grateful to the referee
for his careful reading of the manuscript and helpful suggestions. Also the
authors would like to thank the Institute for Studies in Theoretical Physics
and Mathematics for the financial support.

REFERENCES

[1] S. Goto and K. Yamagishi, The theory of unconditioned strong d-sequences and mod-
ules of finite local cohomology, preprint.
[2] M. A. Hamieh and R. Y. Sharp, Krull dimension and generalized fractions, Proc.
Edinburgh Math. Soc., 28 (1985), 349-353.
[3] C. Huneke, The theory of d-sequences and power of ideals, Adv. in Math., 46 (1982),
249-279.
[4] H. Matsumura, Commutative ring theory, Cambridge University Press, Cambridge,
1986.
[5] L. O’Carroll, On the generalized fractions of Sharp and Zakeri, J. London Math.
Soc. (2), 28 (1983), 417-427.
[6] P. Schenzel, N. V. Trung and N. T. Cuong, Verallgemeinerte Cohen-Macaulay-
Moduln, Math. Nachr., 85 (1978), 57-73.
[7] R.Y. Sharp and H. Zakeri, Modules of generalized fractions, Mathematika, 29 (1982),
32-41.
[8] R. Y. Sharp and H. Zakeri, Local cohomology and modules of generalized fractions,
Mathematika, 29 (1982), 296-306.
[9] R. Y. Sharp and H. Zakeri, Generalized fractions, Buchsbaum modules and general-
ized Cohen-Macaulay modules, Math. Proc. Camb. Phil. Soc., 98 (1985), 429-436.
[10} J. Stiickrad and W. Vogel, Buchsbaum rings and applications, Springer Verlag,
Berlin, 1986.
[11}] N. V. Trung, Absolutely superficial sequences, Math. Proc. Camb. Phil. Soc., 93
(1983), 35-47.
[12] H. Zakeri, d-sequences, local cohomology modules and generalized analytic indepen-
dence, Mathematika, 33 (1986), 279-284.



50 K. KHASHYARMANESH, SH. SALARIAN AND H. ZAKERI

K. Khashyarmanesh

Institute for Studies in Theoretical
Physics and Mathematics (IPM)
P.O. Boz 19395-5746

Tehran, Iran

Sh. Salarian

Institute for Studies in Theoretical
Physics and Mathematics (IPM)
P.O. Bozx 19395-5746

Tehran, Iran

H. Zakeri

Institute for Studies in Theoretical
Physics and Mathematics (IPM)
P.O. Boz 19395-5746

Tehran, Iran
ZAKERIHQKARUN.ipm.ac.ir





