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CHARACTERIZATIONS OF
FILTER REGULAR SEQUENCES AND

UNCONDITIONED STRONG d-SEQUENCES

K. KHASHYARMANESH, SH. SALARIAN AND H. ZAKERI

Abstract. The first part of the paper is concerned, among other things, with
a characterization of filter regular sequences in terms of modules of generalized
fractions. This characterization leads to a description, in terms of general-
ized fractions, of the structure of an arbitrary local cohomology module of a
finitely generated module over a notherian ring. In the second part of the pa-
per, we establish homomorphisms between the homology modules of a Koszul
complex and the homology modules of a certain complex of modules of gener-
alized fractions. Using these homomorphisms, we obtain a characterization of
unconditioned strong ^-sequences.

§0. Introduction

Throughout this note A is a commutative ring (with non-zero identity),
α is an ideal of A and M is an A-module.

There is a lot of current interest in the theory of filter regular sequences
and unconditioned strong d-sequences (u.s.d-sequences) in commutative al-
gebra; and, in recent years, there have appeared many papers concerned
with the role of these sequences in the theory of local cohomology. The
main purpose of this note is to establish connections between modules of
generalized fractions introduced in [7] and the above mentioned sequences.

This paper is divided in two sections. In the first section we provide
a characterization of α-filter regular sequences in terms of modules of gen-
eralized fractions. This result is a slight generalization of the Exactness
Theorem [5, 3.1]. In [9], Sharp and the third author proved, in certain
situation, for a finitely generated module N over a (Noetherian) local ring
R having maximal ideal m, that the i-th local cohomology module H^(N)
is isomorphic to the i-th homology module of a certain complex of modules
of generalized fractions. Our characterization of α-filter regular sequences,
in this paper, yields improved forms of the above theorem and the results
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[1, 3.8] and [12, 2.5] which we mention two in details here. We show, under

Noetherian hypothesis on A, that

(i) whenever M is finitely generated, then each local cohomology module

Hι

a(M) may be viewed as the i-th homology module of the complex

C(W, M) of A-modules which involves modules of generalized fractions

derived from M and an α-filter regular sequence, and that

(ii) whenever #i, , xn is an α-filter regular sequence on M, then

for all 0 < i < n - 1.

In the second section of this paper, firstly we establish homomorphisms

between the homology modules of a Koszul complex and the homology mod-

ules of a certain complex of modules of generalized fractions. Then, using

these homomorphisms, we obtain a characterization of u.s.d-sequences.

Let us recall briefly the construction of a complex of modules of gen-

eralized fractions. The concept of a chain of triangular subsets on A is

explained in [5, p.420]. Such a chain W — {W\)i^ (Throughout, we use N

to denote the set of positive integers) determines a complex of modules of

generalized fractions

O C M - ^ W~ιM —> > W~{M -A W~l~xM —> -"

in which f°(m) = jj? for all m £ M and /z(ra/(it;i, , Wi)) — m/{wι, ,

Wi,l) for all i G N,m G M and (wi, ' ,Wi) £ W{. We shall denote this

complex by C(W,M).

§1. A characterization of filter regular sequences

We say that a sequence xi, , xn of elements of A is an a-filter regular

sequence on M if #i, , xn G α and

t - l i-l

Supp ( ( ( £ AXJ)M :M **)/(£ AXJ)M) C V(a)

for all i — 1, ,n. In particular case, when A is local and M is finitely

generated, this notion has been studied in [6], [10], [11] and has led to some

interesting results. Note that xi, ,x n is a poor M-sequence [12, §2] if
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and only if it is an A-filter regular sequence on M. It is easy to see that

the anolouge of [10, Appendix, 2 (ii)] is held whenever A is Noetherian,

M is finitely generated and m is replaced by α; so that, if x1 ? , xn is an

α-filter regular sequence on M, then there is an element y £ α such that

xi, , xn, y is an α-filter regular sequence. Thus, for a positive integer π,

there exists an α-filter regular sequence on M of length n.

Let / be the set of positive integers or / = {1,..., n} for some n £ N.

In this section we shall work with a family IA — {U{}iς.j of sets which has

the following properties:

(i) for all i £ /, U\ is a triangular subset of A1 such that U\ C (α — {0})2,

(ii) whenever (t/i,... , t^) £ Ui with i > 1, then (ui , . . . ,^_i) £ £7i_i

Given such a family W, set

Lζ = {(yιJ..., 2/̂ ) : there exists j with 0 < j < i such that

(j/i5 52/j) ̂  C^ a n d

for all i £ N. Then U — {Ui]i^ is a chain of triangular subsets on A;

hence, as we mentioned in the introduction, we may construct the complex

C(U,M).

The next theorem, which characterizes the concept of an α-filter regular

sequence in terms of modules of generalized fractions, is an improved form

of the general exactness theorem [5, 3.1].

THEOREM 1.1. With the above notation, each element of Ui is an α-

filter regular sequence on M for alii £ / if and only ifS\ipp(HJ (C(U, M)) C

V(α) for all j £ 7 ; where HJ(C(U, M)) denotes the j-th homology module

ofC(U,M).

Proof. Write the complex C(β, M) as

0 —> M - ^ U~λM - ^ > UrιM -^> Ur^~ιM —

and suppose that, for all i £ /, each element of Ui is an α-filter regular

sequence. Let P £ V(α). Let φ : A —> Ap be the natural homomorphism

and, for all i £ N, set

{(φ(yi), . . , ψ{yι)): (yi, .,yι) e ϋτ},
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which is a triangular subset of {Ap)τ. Then each element of Lζ p is a poor

Mp-sequence for all i £ I. Hence, by [5, 3.1], the complex

0 + M p > tffjΪΛfp — > f / ^ M p > i/

is exact. Therefore, in view of [2, 2.1], P 0 Supp (ker cP/imcf"1) for all

z E /. This proves one side of the theorem. A similar argument shows that

the other side is also true.

For the remaining part of this section, we shall assume that A is Noethe-

rian. One can use the arguments in the proof of [9, 2.4] to obtain the

following theorem.

THEOREM 1.2. Letn E N and letW = ( W ^ ) ^ be a chain of triangular

subsets on A such that

(i) for all i = 1, , n , H^W^M) = 0 for every j G N U {0}, and,

(ii) for all i = 0, , n - I, Supp (iΓ(C(>V, Af))) C V(a).

Then H\C(W, M)) ^ Hι

a(M) for all i - 0, , n - 1.

In the next consequences, of the above theorems, we improve the results

[9, 2.4], [1, 3.8] and [12, 2.5] which are mentioned in the introduction.

CONSEQUENCES 1.3. (i) Suppose that M is finitely generated and let

I = {1, . . . , n}. Let x i , . . . , xn be an a-filter regular sequence on M. (Note

that the existence of such sequences is explained in the beginning of this

section). LetU = {Ui}i£i, where

for all i £ I. With the above notations, since, by [7,3.2] U~ιM = U~ιM

for all i G /, we have, by [8,2.2], that HίφpM) = 0 for all j € NlJ{0}
and i € I. Hence, by 1.1 and 1.2, fP(C(W, M)) S flj(M) for alli = 0,...,
n-\.

(ii) Let xι,..., xn be an a-filter regular sequence on M. Since xι,..., xn

as well as is an Σ7=i Axi-filter regular sequence on M, we deduce, by using

the argument as in (i), that Hι

a(M) = HL X\(M) for all i = 0 , 1 , . . . ,

n - 1 .
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§2. A characterization of unconditioned strong ^-sequences

For a system of elements x = #i, , xn of A, let K9(x, A) and Hp(x, A)

denote the Koszul complex generated by x over A and the p-th homology

module of Koszul complex, respectively. When discussing Koszul complex,

we shall use the notations of [4]. In particular, we shall abbreviate Kp(x, A)

to Kp when no confusion is possible. For each i G N set

U(x)i = {(xi1, , x*{) ' there exists j with 0 < j < i

such that cκi," ,Q!j GN and αy+i = * = OLI = 0},

where xr is interpreted as 1 whenever r > n. Then, for each i G N, U(x)i

is a triangular subset of A1. We use Λ(x) to denote the family (U(x)i)i^.

Write the associated complex C(A(x),A) as

It will be convenient to allow U(X)Q A and U(x)_1 A to denote A and 0

respectively.

Next, in order to characterize the concept of an u.s.d-sequence, we

establish homomorphisms from the homology modules of the complex

Km(x, A) to the homology modules of the complex C(A(x), A), and we con-

sider the commutative diagrams which are needed in the proof of the char-

acterization. For each integer p with 0 < p < n, we define Φ^ A : Kn-P —>

U(x)p

pA as follows. Φ^ A : Kn —> A is the identity map, Φ^ A : KQ —•

U(x)~nA is such that Φ ^ ( l ) — /x *. x \ and, for each 1 < p < n — 1,

is defined by the rule

if (ii, , in-p) — (p + 15 *' * 5n)

0 otherwise.

It is easily seen that, for all 0 < p < n. Φ^ A is a well-defined A-homomor-

phism and that the diagram

0 >Kn > ϋΓ n_i > ^ K i > Ko
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is commutative. Therefore, for all 0 < p < n — 1, Φ^ A induces an A-
ker ep

homomorphism Hn-p(x,A) —> ^=τ which we denote by Φ ^ ^ Let

n > 2 and set x_ = x\, , xn-\. Let K'm(x_, A) be the complex obtained from

K9{x_, A) by shifting the degrees up by 1 (that is Kf

p+1(x_j A) — Kp(x_, A) and

the differential of Kf

9(x_, A) is that of Km(x_, A)). Then there is a morphism

of complexes

which is such that, for all p E {1, . . . , n) the A-homomorphism gp : Kp —>

Kp is defined by the rule

0

if ip = n

otherwise.

Also, with the above notations, it is straight forward to check that, for all

— 1 < i < n — 2, the diagram

—i— 1 V^.5

commutes. Thus, for all 0 < i < n — 2, there is a commutative diagram

(1)

in which the homomorphism 9n-i is induced by (g)*.

Remark 2.1. Consider for the moment the special case in which A is

Noetherian and ψζ A is surjective for all 0 < p < n — 1. Then the hypotheses
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ker ep

of Theorem 1.2 are satisfied and therefore Hf \(A) = ^4- for all

p = 0, , n — 1. If moreover A is a local ring and xi, , xn is a system of

parameters for A, then A is generalized Cohen-Macaulay local ring.

The theory of d-sequences was introduced by Huneke in [3]. The se-

quence xi, , xn of elements of A is called a d-sequence on M if, for each

i = 0, , n — 1, the equality

M Xi+iXk = (J>2 Axjj M :M

hold for all & > 2 -f 1 (this is actually a slight weakening of Huneke's defi-

nition); it is an unconditioned strong d-sequence (u.s.d-sequence) on M if
x<\λ->"'-> xnn ^s a ^-sequence in any order for all positive integers αi, , an.

jD-sequences are closely related to filter regular sequences. It is easy to

see that if x i , . . . , xn is a d-sequence on M, then it is an ΣJi^i Axi-Άteτ

regular sequence on M. Also, when A is Noetherian and M is finitely gen-

erated, by slight modification in the arguments of [11, 2.1], one can show

that if # i , . . . , xn is an α-filter regular sequence on M, then, for each k > 0,

there exists an ascending sequence of integers k < v\ < . . . < rn such that

α^ 1 , . . . , x7^1 is a d-sequence on M. We now gather together the well known

properties of d-sequences which are needed in this paper.

Remark 2.2. Let xi, ,xn be a d-sequence on M and let τ/i5 iVn

be any permutation of x i , . . . , xn. Then:

(i) xi, ,xn form a d-sequence on rQ.M

χ \ too. In particular, xi is a

non-zero divisor on (Γi

 M

 λ.

(ii) The sequence X2, , xn form a d-sequence on M

(iii) If any permutation of xχ5..., xn is a d-sequence on M, then, for each

i = 0,..., n — 1, the equality

r=l r=l

holds for all j , k > i + 1.
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(iv) If any permutation of xi,..., xn is a d-sequence on M, then

ί = 0
r=l

for all i — 1,..., n.

NOTATIONS. Let x — £χ, , xn be a sequence of elements of A. We
put A = 7τr̂ —T and A' = ~^τ. The natural image of an element a of A in

\{J-Aχn) Xn-A

A (respectively A') is denoted by a (respectively a').

There are basic exact sequences which we will use to prove the main
theorem in this section. We separate these exact sequences in the following.

LEMMA 2.3. Assume that x = x i , , x n is an u.s.d-sequence on A.

Then, for each 0 < i < n, the sequence

0 —* C/(x)ΓA -^ C7(x)pA —> l/(x)ΓA; —> 0.

i$ exact, where U(x)~ιA —• C/(x)̂ "2A/ is the natural homomorphism.

Proof. It is trivial in case i = 0. Now suppose that 1 < i < n. In view of
[7, 2.9], the only non-trivial point is the proof that U{x)~[ιA —^ ί7(x)^A
is iniective: to do this, let . aΛ

Xnb <* N = 0 in U(x)~ιA for some b £ A
0*iV »*iι)

and (xJV jX?*) G I7(x)». Then, by [5, 1.7], there exists δ G N with
έ > max{αi, , a{} such that

Since xi, , xn form an u.s.d-sequence on A, it follows, by 2.2 (iii), that

Hence . α i

8 i 6

 a<. = 0 in ί / ί s ^ X Therefore, by [8, 2.1], . «,, * άjN = 0 in

U(x)~ιA, as required.

Let x = xi, , xn be an u.s.d-sequence on A. Consider the complexes
C(A(x),"A), C{A{x),A) and C(.4(x),Λ/). By 2.3, we can build commuta-
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tive diagram

A1

x,Λ x,A

U(x)\A\A'

0 , U(x)~nA — = ^ ί7(x)-"A > f7(x)-"

with exact rows which makes the induced exact sequence

\ A ker β ^ , A o ker ek e r el,A
i m eJli i m e*A i m i m

ker e

i m

Moreover, we obtain a commutative square

Hn-P(x, A1) > #n-p-i(z, A)

Ψχ,Af x,A

keτep

x,A'
tore**1

for all p = 0,.. . ,n — 2. Next we show that Δ p is surjective for all p =
0,. . . , n - 2. Let 0 < p < n - 2 and let

a
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for some a G A and (s? V , Zp+Ϊ1) £ U(x)p+1. Then, by [5, 1.7] there
exists < 5 G N with δ > max{αi, , ap+ι} such that

p+2

Since #i, ,xn is an u.s.d-sequence on A, we have, by 2.2 (iii), that

Hence, xn—^—α <*n4_Ί G i m e ^ . This leads to the conclusion that

VX1 ' ' + 1 J

ker
. k β Γ ex,A' ± l ί L

1 1 1 1 ex,A' i m ex,A

is surjective.

We now come to the main theorem of this section.

THEOREM 2.4. Let x = xi, ,x n be a sequence of elements of A.

Then the following conditions are equivalent.

(i) #i, , xn is an u.s.d-sequence on A,

(ii) For any permutation σ of the set {1, , n } ; the A-homomorphism

k e r ep, N Λ

l m

is surjective for allp with 0 < p < n — \, where σ(x) = xσ(i), , ^ σ ( n ) .

Proof, (i) = > (ii) We may assume without loss of generality that σ is

the identity permutation. We prove this by induction on n. To begin, note

that in the case when n = 1 is easy. Now suppose inductively that n > 1 and

the result has been proved for smaller value of n. Since x' = x[, , a4_:L

is a u.s.d-sequence on A', it immediately follows from inductive hypotheses

that Wxι Ar is surjective for all integer p with 0 < p < n — 2. Now, using

elementary facts on Koszul complexes and modules of generalized fractions,

we obtain the commutative diagram

0 Hn-P(x', A1) Hn-p(x, 0

kerep

x1 ,A'

XyA' x' ,Af
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in which the upper row is exact and φ is the natural isomorphism. Hence

Φ^ A, is surjective for all p with 0 < p < n — 2. Next, using the exact

sequence

0 —» (0 :A xn) —> A —* A —> 0,

we obtain the commutative diagram

in which, for all p > 0, the lower row is the natural isomorphism and, since

the map i7n_p_i(x, 0 :A xn) —> Hn-p-ι(x,A) is injective in view of 2.2(iv)

and the definition of Koszul complex, the upper row is an epimorphism. It

now follows, on use of (2), that Φ^ A is surjective for all p with 0 < p < n — 2.

Finally, since 0 :A x\ = 0 :A (x i , . . . , x n ) in view of 2.2(iii), it is clear that

Φ^ A is the identity map. The result now follows by induction.

(ii) = > (i). We use induction on n, the length of the sequence. It is easy in

case n = 1. Now suppose that n > 2 and assume that our assertion holds

for smaller value of n. It immediately follows, from the inductive hypothesis

and commutative diagram (1), that every sequence of elements of the set

{xi, , x n} of length n — 1 is u.s.d-sequence. Let σ be any permutation of

the set {1, , n} and let αi, , an G N. In order to prove the result, it

suffices to show that

( ' {Xσ(lV ' ' ' Xσ(j)' ' ' ' ' Xσ(n-ly ' Xσ(j)xσ(n)

for all j = 1,.. . , n — 1 , and

VXσ(l)' ' ^ ( n - l ) ^ * σ(n) ~~ V σ( l) ' >Xσ(n-l)) ' Xσ{n)i

where the character with v means that it is deleted. We may assume without

loss of generality that σ is the identity permutation. First we will prove

that

(T<*1 . . . Z. 3 . . . ttn-l \ . _ / Qi . . . 1, 3 . . . 3 - 1 \ .
\ x l 5 ? _7 ' ' n — 1 / * dj3djτι — V x l 5 5 ̂ j 5 5 n — 1 / " n '
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In view of the hypotheses, it suffices to show that

\*Ί 5 5 ̂ n—2 ) ' ^n—l^n — \ x i 5 5 n—2 / * n '

To do this, let r € (a??1, , x"nS2
2) : xn-ixn. Then ,r,X>n-2) € ker e^"2.

Therefore, by assumption, ai
 TXntχn_2 — ιχ ^χ y € ime"^3 for some

v 1 » » n — 2 /

r" G A. Consequently, in view of [5> 1.7], we have that

x \ Xn-2 \rxn ~~ r xι Xn-2 ) ^ V^l' ' ' ' > Xn-2)A

for some (sufficiently large) integer 6. Hence by [1, 2.3]

n-2

V ^ l 5 ' ' ' 5 x k 5 * * ' 1 x n - 2 ) ' x k ~^ \ X 1 5 * * * 5 x n - 2 / '

because xi, , xn-2 is an u.s.d-sequence. Since xi, , x^, , xn_2, xn is
an u.s.d-sequence, we have, by 2.2 (iii), that

(τ<*i _ β «n-2Λ α f c _ / «1 . . . ^ . . . «^-2Λ .

Also, it is easy to deduce from the definition of the map Φ x ̂  and the
construction of Koszul complex that

r"

It therefore follows that

and this completes the proof of (3).
Next, we will prove that (x£ι, , x"^ 1 ) : x£Λ = (x"1, , x^"^1) : xn . Let
s e K V - - , ^ - ! 1 ) : <-• Then * . . G ker e ^ 1 . Hence, by the

same argument as in the proof (3), there exists sn G (xi, ,xn-i) ' ̂ n
such that

n - l

Qi ^ v # # α n _ i \ . αfc , /^.α i . . . ^ Q τ * - i \
J . ' > τ\ι 1 1 71 — x / /c V X ' ' I I — X /

fc=l
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Now, applying (3), we may deduce that s £ (x^1, , x^-Ϋ) ' χn

result now follows by induction.

As the referee suggested, one can define the canonical homomorphism
Φ* M ̂ o r e v e r y ^-module M and, by using the same arguments as above, es-
tablish 2.4 for modules. Thus 2.4 provides a characterization of Buchsbaum
modules in terms of modules of generalized fractions.
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