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WIMAN-VALIRON METHOD FOR
DIFFERENCE EQUATIONS

K. ISHIZAKI anD  N. YANAGIHARA

Abstract. Let f(z) be an entire function of order less than 1/2. We consider
an analogue of the Wiman—Valiron theory rewriting power series of f(z) into
binomial series. As an application, it is shown that if a transcendental entire
solution f(z) of a linear difference equation is of order x < 1/2, then we have
log M(r, f) = Lr*(1 + o(1)) with a constant L > 0.

§1. Introduction

In this note we are concerned with an entire solution to a linear differ-
ence equation

(1.1) ap(2)APf(2) + -+ + a1(2)Af(2) + ao(2) f(2) = 0,

where A is a difference operator defined by Af(z) = f(z + 1) — f(z), and
a;j(z) = Z?io al(g)zk, A; =degaj(z) and ap(z) # 0.

Let f(z) be an entire function. We denote by M (r, f), u(r, f) and v(r, f)
the maximum modulus, the maximal term and the central index of f(z),
respectively. We use the standard notation of the value distribution theory
of entire and meromorphic functions, in particular, Wiman—Valiron theory,
see e.g. [5], [8]. Write M; = {(z,y) ; = > 4, y < Ap—j — (p — j)} for
0 < j < p. The Newton polygon for (1.1) is defined as the convex hull of
N =U_ Ny

As is well known, the Wiman—Valiron method is a powerful tool for
the study of differential equations, see e.g. [4], [6], [10]. Suppose that f(z)
satisfies a linear differential equation

(1.2) dn(2)f " (2) + -+ di(2)f'(2) + do(2) f(2) = 0,
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where d;(z) = ZkDio dggj)zk and dp(z) # 0. Then it is well known that

log M(r, f) = LrX(1 4+ o(1)), asr— o0
(1.3) log p(r, f) = LrX(1 4+ o(1)), asr— o0
v(r, f) = xLrX(1 4+ o(1)), asr — oo,

in which L is a constant, and y is a slope of the corresponding Newton
polygon for the equation (1.2). We see that x is a rational number and gives
the order of f(z). Thus f(z) is of finite positive order if transcendental, and
is of regular growth. In what follows, for the sake of simplicity “O(-)” and
“o(-)” mean “O(-) as r — o0” and “o(-) as r — o0” respectively.

On the other hand, if f(z) satisfies a linear g-difference equation

(1.4)  bm(2)f(q¢"2) + -+ b1(2)f(gz) + bo(2)f(2) =0, 0<[q| <1,

with bj(z) = kBio bggj)zk and by, (z) # 0, then we have [2],

log M(r, ) = 70 (log r)*(1 4 o(1)

(1.5) log u(r, f) = ﬁgm(log r)?(1+0(1))
(7, f) = oo (1 +o(1),

where o is a slope of the corresponding Newton polygon for the equation
(1.4). This means that f(z) is of order 0 and is also of regular growth.

The natural question arises whether an entire solution f(z) of the linear
difference equation (1.1) would be of regular growth in some sense, or not.
For instance, the equation zf(z + 1) — f(z) = 0 has an entire solution
f(z) = 1/T(2), which satisfies m(r, f) = 1rlogr(l + o(1)), see e.g. [1].
However, the general situation is not so simple. Indeed, for any periodic
entire function 7(z) with period 1, the product 7(z)f(z) is also a solution.
If ap(z) = 0, then f(z) 4+ m(z) is also a solution. On the other hand, in the
case a;(z) are constants, f(z+m(z)) is also a solution. Hence growth of the
solution is not necessarily determined by the equation.

Throughout this note, we mainly pay attention to entire functions of
order less than 1/2. We will prove the following theorem.

THEOREM 1.1. Let f(z) be a transcendental entire solution of (1.1)
and of order x < 1/2. Then we have

(1.6) log M (r, f) = LrX(1 + o(1)),
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where a rational number x is a slope of the Newton polygon for the equation
(1.1), and L > 0 is a constant. In particular, we have x > 0.

We state some remarks below.

Remark 1.1. The Newton polygons for the differential equation (1.2)
and the g-difference equation (1.4) are given in e.g. [6], [2].

Remark 1.2. For aset E € [0,00), we denote by Im(E) the logarithmic
measure of E. Namely lm(F) stands for the size of the integral a < b being
fab dt/t. Let ¢(r) be a non-decreasing function in [0, 00), let @ be a rational
number, and let C' be a nonzero constant. Suppose that

(1.7) o(r) =Cr*(1+o(1))

holds outside an exceptional set E € [0,00). If Im(FE) < oo, then (1.7) holds
for all r € [0,00). See e.g. [6].

Remark 1.3. In general, (1.6) does not always hold for entire solutions
of order at least 1, which is seen by the example 1/I'(z) mentioned above.

Remark 1.4. Tt is possible to construct an example of a difference equa-
tion of the form (1.1) which has two solutions f and g of different order
x(f) # x(9), x(f), x(g) < 1/2. See Example 6.4. It is an open problem to
explicitly determine which slopes actually appear as the orders of the entire
solutions of (1.1).

We define
(1.8) 2(0) =1, 2(1) =2, z(n) = 2(2—1)--- (z—n+1) =n! <Z> (n > 2).

We call "> ja,z(n), a, € C, n = 0,1,..., binomial series (or factorial
series) in this note. It is easy to see that

Az(n) =nz(n—1), Az(0)=0 and Az(1)=1.

The key idea of the proof of Theorem 1.1 is that we modify the Wiman—

Valiron theory for binomial series and apply it to the difference equation.
In Section 2, we study basic properties of binomial series, and we rewrite

power series into binomial series. Sections 3 and 4 are devoted to the
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construction of the Wiman—Valiron theory for binomial series. We prove
Theorem 1.1 in Section 5. It is not obvious whether there would be a
difference equation which has an entire solution of order < 1/2. Finally we

give an example of difference equation with entire solution of order less than
1/2.

Acknowledgements. The authors would like to thank the referee
for a careful reading of the manuscript and for valuable comments. We
also would like to thank Professor Aimo Hinkkanen for his suggestions and
encouragements.

82. Preliminaries

In this section we state basic properties of the difference operator A,
and of binomial series.

2.1. Properties of difference operator

First we observe n € N times iteration of the difference operater to a
function f(z). We have

n

(21) e =3 () (o),

=0 N
and
(2.2) flz4n)=>_ ( ) A f(z).
J=0 J
Using the relation (2.1), we can rewrite (1.1) as

ap(2)f(z+p)+--+ar(2)f(z + 1) +ao(2)f(2) =0,

where a;(z), 7 =0, ..., p, @p(z) = a,(2z) are polynomials.
By induction, we obtain for any n < k
k!
2.3) A" = hmsimemsn,
(23) Z 81!~"Sn!(k—81—~"—8n)!z

s121,,5n 21
$1+-+sn, <k

Next we consider an analogue of Leibniz formula for higher derivatives.
For two functions f(z) and g(z), and for n > 1, we have

(2.4) A™(f(2)9(2)) = i (2) <"ZZ (n - e) (A 1(2) (Ak+zg(z))> .

=0 k=0
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2.2. Properties of binomial series

Let f(z) be a transcendental entire function of finite order x = x(f) <
1/2. To construct the the Wiman-Valiron theory for binomial series, we
need to prepare the following estimates and calculations. We write

(25)  f(2) =) bu2" = anz(n), 2z(n)=z(z—1)---(z—n+1),
n=0 n=0

where a,,,b, € C. We define

(e 9]

(2.6) @) =3 lbal=".

n=0

Obviously x(f#) = x(f), and M(r, f#) = f#(r) > M(r, f). Write
(2.7) f#(z) =) aff=(n).
n=0
We write A"z¥|,_g = A, . It follows from (2.6), (2.7) and (2.3) that
(2.8) a —iiA b a#—iiz\ b
. n—n!k_ n,kVk > n—n!k_ n,k|Vk|s

k!
Anp = Z sl - s,!

We see that

(2.9) n* > A

Obviously all > 0. Recall that x is represented by the Taylor coefficients
as, see e.g. [3, p. 9],

. klogk
X = limsup -
koo log 5

We fix a sufficiently small e > 0 satisfying 1/(x +¢€) > 2, and for the sake of
simplicity we put v = 1/(x+¢€). Then we see that |by| < k=% for sufficiently
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large k. We get by Stirling’s formula, for some constants Kg and K; > 0,

en nk: nn

(2'10) ‘an‘ <a# <K0_ZW SKO—Zn_”W

nm
=n

oS () ()

if n is sufficiently large. Retaking K, if necessary, we may suppose that
this is valid for n > 1. Hence in the domain |z| < r we have for K; and
Ks(r) which are independent of N

n=1

where [r] is the greatest integer not exceeding r. This implies that the
right-hand side of (2.7) converges uniformly on every compact subset in C.
We define

20 =2z 4+1) - (24 k—1), 2O =1, 20 =2

and, for alf given by (2.8), we put

(2.11) f*(z):ia ”)*Za (z+1)- (z—l—n—l):ib;;z”.
n=0 n=0

Similarly to the proof of the convergence of » >, a#z(n), we see that

Yomto alf ¥ converges uniformly on every compact subset in C. Next
we estimate b% in (2.11). Write z(k) = 2F + S¥=1 ™23 Then we have

j=1"1;
20 = 2k 4 5871 )27 and

B o e 1y (k-1  ((k=DN\* 1
a0 = (G
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We get by (2.11), with a constant Ky > 0,

* 1 d" * EOO
(2.12) bn = m g ak#@z (k)|z=0 = ak#|777(1k)|
: k=n

k=n
ok 2
e’ ((k—1)! 1

<K —
B 1;’”’“ (<n—1>!> (k= n)!

Kin® o~ e * 1 Kin? s e* K n’en
~ (n!)? =2)k (E —n)! — (n!)2 oy =20

(n) _ k(ﬂf ) (k? n) (n) —, n(W ) nyn

where ﬁgn) = 1. Hence we see that f*(z) is an entire function having the

Taylor expansion as in the right-hand side of (2.11). Further (2.13) shows

X(f) £ 1/7 = x(f) + €, and hence x(f*) < x(f). We have x(f*) = x(f)
since M(r, f) < M(r, f*) as easily seen. Obviously u(r, f) = u(r, f#) and

v(r, f) = v(r, f7). We write

213) W) =B ) = un f) = sup (s jaff 2(n)]),
Note that u®(r) = [a% [r*™) = |a¥|r(r+1) - (r + N — 1) for some N. We
define

(2.14)  v®(r) = vO(r, f#) = v®(r, f*) = max{n | |a} |r*" = u®(r)}.

We call u®(r) and v®(r) the ®-maximal term and the ®-central index of
f*(2) (or call sometimes of f#(z)), receptively. We have x(f) = x(f*) =
x(f*). Since u®(r) < M(r, f*), we have

log 1 ®
(2.15) A (4®) = lim sup 128108 #°(")
r—00 log r

<x(f) <

In the case R > r, we have (R+ ¢)/(r +¢) < R/r, for any ¢ > 0. Hence
writing v®(r) as N(r), we have for N = N(r),

R+N—1N< R\ (R+1 R+N-1
r+ N —1 —\r r+1 r+N—1
Ay RN _ u®(R)

aﬁr*(m = ou®(r)’

R+N -1
Nlog (m) <log u®(R) — log p®(r) < log p®(R),
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provided that r is sufficiently large. Set R = 2r+ (N —1). Then N(r)log2 <
log u®(2r + N(r) — 1) and

log N (r) N log log 2

2.16
( ) log r log r
log log u®(2r + N(r) — 1) log(2r + N(r) — 1)
log(2r + N(r) — 1) log r '

Put A = x(u®) + € < 1/2. If we assume there is a sequence rp | oo such
that N(rg) > r,. Then we have 2ry — 1 < 2N(ry) and from (2.17)

1< log N (r) < AlogN(rk) +log3 loglog?2

logr, log 74, logrs

log N Al —log2
(1— A) < (1— A)8 (re) _ Alog3 —log
log r, log .

if k is large. Letting k — oo, we get a contradiction, since we now suppose
A < 1. Hence N(r) < r for any r sufficiently large. Hence it follows from
(2.17) that

log N(r) - Alog(?)r —1) loglog?2
logr — logr logr
for any r sufficiently large. Therefore, we obtain with v = 1/(x(1®)+¢€) > 2,

1 ®
(2.17) lim sup 1282~ (")

< ® d v®(r) <r.
meup 5 < x (1) and Vo) <

On the other hand, since log aﬁ <0, if N = N(r) is sufficiently large, we
have

N-1 .
log 1®(r) = log aﬁ + Nlogr + Z log (1 + %)

j=1
N—-1
< Nlogr + Z log(1 4577 = Nlogr + O(1),
j=1
which implies that
1 ®
x(1®) < limsup log v®(r)

r—o00 10g T
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By (2.8) we see |b,| < alf hence p(r) < p®(r). Thus, if x(f) < 1/2, then,
by (2.15),

(2.18) x(f) = x(f*) = x(p) = x(1®)
14 l/®
= timsp Z57 LD < i s 252D

We now give definitions of maximal term and central index for the
binomial series (2.5). We write

M* (’I”, f) = Sup0§n<oo(sup\z\:r ‘anz(n)‘)
(2.19)
v*(r, f) = max{n | |an|r*) = p*(r)}.

and call them the *-maximal term of f(z), and the *-central index respec-
tively.

Remark 2.1.  Obviously p*(r) < u®(r). Using just the same arguments
as above, we see that y(u*) < x(u®) < 1/2 and v*(r)? <.

Remark 2.2.  When r > n we have for the binomial series in (2.5),
1
(2.20) an = —/ ﬂdc
211 I¢|=r C(n + 1)
1 f©)

= 2mi e S D —n D )

which corresponds to the Cauchy integral formula. In fact, we can write

FO X acl) &R ag an
GEESVRD SOy R % g oy g Bl
n—1n—¢ ng a
= + —— + ¢(¢),
Z:Ok:OC_g_k ¢—n

where (¢) is an analytic function, and By, are constants satisfying
Zz;g By, = 0 for all £. This gives (2.21) immediately.
Suppose r > n?, v > 2. Then

(2.21) lan | < r(r+1)- (r+n—1)

— (T—l)(T—Q)"'(T—n)M(T’f) SKHM(T,f),
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where

1 \" 1 -
Kn§<1+n71) (1_7171) <l+¢, € —0 asn— oo.

Remark 2.3. Tt is seen that the *-central index v*(r) is a increasing
function in r. In fact, we fix r arbitrary, and put v*(r) = N for the sake of
brevity. For any p > 7, we have |ay|r*™) < |ax|p*™) < |ay|p*™), where
M = v*(p). Assume that M < N. From the inequalties above, we have
lanr|/lan| > (p+ M)...(p+ N —1). On the other hand, by definition we
have |ay|[r*™) > |ap |r*™) | namely |ap|/|an| < (r+ M)...(r + N —1).
Combining these estimates, we have (r+M)...(r+N—1) > (p+M) ... (p+
N — 1), a contradiction. Hence we see that M > N.

83. A modification of the Wiman—Valiron theory
Let f(z) and f*(z) be entire functions which are represented as in (2.5)
and (2.11). We construct a modified Wiman—Valiron theory for f(z) and
f*(z) following the idea in [5], [7]. Put
1
o(t) = tlogt(loglogt)1td’
o' (to), 0<t<to,

t > to;

t 1 1 1 1
at) = /0 o' (T)dr = a'(to)to 3 (loglog to)? + 5 (loglogt)?’

in which § > 0 is a positive number, tqg > €. Then «a(t) € C'[0,00) and
—log2 < a(t) <0 if ¢y is sufficiently large. Write

(i = exp [ /0 ' oz(t)dt]  pu = expl—a(n)].
Then

(0% (6779 (6
(3.1) l<py<=2, Lo, <« p>1,
aq (079 Ap41

so that p,, increases. For f(z), a value r is said to be *-normal if for some

anpy
N
ANpPN

| | ™ < Jap|r*@Y)

(n>N)

« n
janlr*™ < lan | ™ (1 4 € n) 22N
aNPN

(n<N)7
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in which

n n—+1 N -1 1 1
€n,N—m+ N 4+ 4 N7 <§N7—2

(n < N),

where v = 1/(x(f) + €) > 2. We have for k = |N — n|,

(3.3) O‘"”TJJLVV = exp [ / "(alt) - a(N))dt] < exp [ / - N)a’(t)dt}

aNpPN N N

1
gexp[—EaNkkﬂ, axe = min Jo/ ()]

In particular, in the case n < N, N > tg, we have

an P L (-)2
3.4 <exp|l—=ay k7],
( ) OKNP% [ 2 N,k ]
(=) : / 1
= t = .
Ok = i 1Ol = o Nioglog )1+

Thus (1 + emN)anp’}V/osz% < 1 for n < N. Hence if r is x-normal, then
lan | = Jap|r(r +1) - (r +n—1) < |ay|r*@)
for n # N, and N is necessarily the x-central index in the sense (2.19).

THEOREM 3.1. Suppose f(z) is an entire function of order x < 1/2.
If pp, oy, are defined as above, then the set E of x-exceptional (that is, not
x-normal) v has finite logarithmic measure.

Proof. If the #-central index N (r) jumps from N to N+F as r increases
through the value ry41, we define ryy1 = -+ = ry4x. We see

lansklr N4k (rNk +1) - (vl + N+ k= 1)
= lan|rv+1(rvs1r +1) - (v + N — 1),
lan|
Ny +N) - (rvpe + N+ k—1)
_ |an|
(rn41+N) - (rvpr + N+ k—1)

‘G/N+k‘ =
(

|lan]|
7“N+1+N)---(T’N+V+N+l/—1)

vl < (L<v<h)
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Thus we always have

lan]| 1
|CLO| - Tl(T2+1)‘--(T’N+N—1)

On the other hand we have

av, 1
o7y} P1: PN
lan| _ laolpr _p2 _ps pN

OéN_Oé0T17“2—|—1T3+2 7“N—|—N—1'

Since ry > N7, v > 2, if ry is sufficiently large (cf. Remark 2.1), and
pn < 2, we have

|CLN| < 002N < 00(267)]\[

A =
N7y T (N S NN

where Cj is some positive number independent of N. Thus F(z) =
Yoo Anz(n) = 307 Apz(z —1)--- (2 — n+ 1) is an entire function (cf.
the proof of convergence of (2.7)), which is of order < 1/v < 1/2 as seen
by (2.13). It follows that, for 0 < p < oo, F'(z) has a *-maximal term for
|z| = p. It M = M(p) is the *-central index of F(z) for |z| = p, we deduce
App™™ < Aprp*™) | hence for n > M,

anlo ™ 3™ Janl(p+ M) (o= Dol

< , and
|aM|P*(M lan| onp%
|anl(ppar) ™ lanl(pprs + M) -~ (pprr +n — 1)
lant|(ppar) ™M) |an|
_ lanlCopar + prrM) -~ (ppar + par(n = 1) _ anlo*™ i ™ anpfy
B 2y !aM\p ~ anpip

Note that for 0 < x; < 1, 377 ;25 < 1 we have [[7_;(1 +;/2) < 1+
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> j—12j. For n < M, since p > M7,

‘an’(PPM)*(n) _ |an|
lane|(ppar)* ™) Jan|(poar +n) -~ (ppmr + M — 1)
_ |an|/lar|

(s + pun) -+ - (poyr + par(M — 1))

oy + pun) - (ppar + pu (M — 1))
(por +n) -+ (ppm + (M — 1))

_ lan|pr®™ (L+n/p)--(L+(M—1)/p)

lanr| D pM=" (1 +n/(ppar)) - (1 + (M — 1)/ (ppar))

|an|p*™) (I+n/p)--- 1+ (M —1)/p)

= an|pr D T (1 41/ (2p) - (1 + (M —1)/(2p))

< |an|P*(”)pﬁ4_Ml(1+£> < || ),OM_M1<1+ : )
- \aM\p*(M)p% - 20) = lam|p*@®pyp 21 2M7

=n

an n n
|aM|p PM QM Par

Thus, if 7 = ppas, it follows that N(r) = M, and the inequality (3.2) holds.
Hence r is *-normal if r is of this form, i.e. if we can write r = pps where
M is the -central index of F(z) for |z| = p.

Let (R, Ry+1) be the interval in which the *-central index of F'(z) is
n. Then the intervals (R, pn, Rn+1pn) are sx-normal for n of f(z), so that
the x-exceptional values of r are contained in the complementary intervals
of the form (R, pn—1, Rnpn). Let Ex be the union of these complementary
intervals for n =1,..., N. Then

m(Ey) < Z/ og 2.

Rnpn—1 Po

Rnpn

Also the x-exceptional values satisfying » < Ry4+1pn are contained in Ey.

We recall that the sx-central index of f(z) is n in the interval
(Rppn, Rny1pn), so that r, < pp,R,. Thus if r, < r < r,q1, we deduce
that r < pp4+1R,42, so that the x-exceptional values in (0,7) are contained
in E,4+1 and so have logarithmic measure at most log(pn+1/po). Thus if E
is the set of x-exceptional values, we have

lm(E N [17T]) < log(anrl/pO)’ rn <1 < 7Tpgt.

Since py is bounded above, so is Im(E N [1,7]) as r — oc. U
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By Theorem 3.1, and (3.2), (3.3) and (3.4), we obtain the following
theorem.

THEOREM 3.2. Let f(z) be as in (2.5). Let E be the *-exceptional set
of r. Then Im(F) < co. For r ¢ E and N = v*(r) we have

*(N+k) 1
|“N+’“Jf < exp(—=b(k+ N)k?), keN,
(3.5) () 2
]aN,k]’r*(ka) 1 9
) < (L +en)exp(=5b(N)E%), 0<k <N,

where ey = 1/(2N772) and
(3.6) b(N) = 1/(N log N (log log N)1*?).
Furthermore, we obtain the following theorem.

THEOREM 3.3. Let b(N) be as in (3.6). Let w > 0 be a constant. Write

(3.7) k= [{I)(LN)log ﬁ}m]

([x] s the greatest integer not exceeding x € R).
Then for any fized real h and wy, 0 < wy < w we have

(3.8) Z nPan 1™ = o(u* (r) N"(N) (/2= (1/2)y
In—N|>k

uniformly as r — oo, r ¢ E.
This theorem can be proved similarly to Lemma 2 in [5, p. 326].

Proof. Let n be an arbitrary number satisfying 0 < n < 1/2. In the
proof, we divide the left-hand side of (3.8) into four parts:

(3.9) Z nPlay, 7

[n—N|=k
= Z n"|a, [r*™) + Z n"|a, |[r*™
n<(l-n)N (I-n)N<n<N-k

+ Z h\a \7“*(” + Z h]a \7“*(”

N+k<n<(1+n)N (I+n)N<n
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First we consider the case (14 n)N < n. Since r is *-normal, we have
forn=N+p,peN

h *(n) h n
n'|ay|r n" o Pl 1 9

<exp(—=« + hlog(N + p)),
lan|r*™) = OéN,O% < exp( o NP g( p))

where ay ), is defined in (3.3). In this case, we see that an, = 1/[(N +
p)log(N + p)(loglog(N + p))'+°]. Since v*(r) = N tends to infinity (as
r — 00), we choose g so large that the following inequality holds for p > nN
and for r > rg

n p
2(1 +n) log(N + p)(log log(N + p))1+9

1
+ hlogp + hlog (1 + —>
n

1/2

1
—QaN,pr + hlog(N +p) < —

<-p
Hence we have

(3.10)

Z h *(n) —pl/2 > —z1/2
n”fap|r™ < Z e < e dx.
n

ay |r*V) _
o] (14n)N<n IN<p N-1

For # > nN — 1, we have z'/2 > T /2 4 %(77N)1/2 — 1, which implies that

[e'9) 0
/ 6711/26&1‘ < efé(nN)l/2 / 617%11/2.
nN—1 0

Hence we see that

BI) o X el 0@ M),
jan|r (1+n)N<n

Secondly we consider the case n < (1 —n)N. Similarly to the case above,
forn=N—-p,peN

R |y () 1
\a‘zﬂ% (1+ e N)exp(—gaﬁv) p* + hlog(N —p)),

where 045\7; is defined in (3.4). This gives that

1 nh *(n) _ —(nN)1/2/2
n<(1-n)N
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Finally we treat the case (1 —n)N <n < N—kand N+k <n <
(1 +n)N. Given € > 0 satisfying € < ex (cf (3.5)), we choose 1 so small
that

BN +[p]) > (1 —e)b(N) for |p|<nN, and (1—n)""<14¢,

which is possible under the hypotheses of Theorem 3.3. Then (3.5) yields
forn:N+p7 ‘p’ <77N7

nh‘a ‘,’,.*(TL) 2 h b* 2
n < —0"p
g = (L en) Nie
where b* = (1 — €)b(N).

It follows from (3.10), (3.10), (3.11) and (3.12) that

(3.13) Z nP|ay,|r*™

In—N|>k

< 2(1+en)’N'p*(r) ( ety O(e(”N)1/2/2)>-

p=k
‘We have
>0 * 02 o0 * .2 o0 2
Ze‘b P S/ e VT 4y = (b*)_1/2/ e Vdy
p=Fk k—1 Y0

g2 o 2
= ()12 <_y -< )

2y0 Yo 2y2
with yo = (b*)'/2(k — 1). Thus in view of (3.8) we deduce that

> 2 e B exp[iw(1 — €) log b(N)]
2 et = O((b*)lﬂyo) - O(b(Nﬁﬂ [1og<1/b<N>>]1/2)

p=k

— o(b(N)(l/Z)wr(lﬁ))

since w; < w and € may be chosen small enough. Hence (3.8) follows from
(3.14).
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§4. Behaviors of differences
LEMMA 4.1. Let P(z) be a polynomial satisfying deg[P(z)] = m, and
|P(2)| < M for|z| <r. Then, if R > r, we have

eMm(R+1)m1

rm

[AP(z)] < A <R

Proof. By [5] p.337 Lemma 7, we have |P’(z)| < eMm(R+1)™~!/rm,
|z| < R+ 1. Hence

eMm(R+1)m"1

rm

9

1
IAP(2)| = |P(z + 1) — P(2)] g/o |P'(z +t)|dt <

since |z +t| < R+ 1if [2] <R. [
THEOREM 4.2. Let f(z) be as in (2.5), and suppose that r ¢ E. Then

z k

an  (5) are = 1@ o (5 ) Mo, =

for h € N, with N = v*(r) and k in (3.8).

Proof. We write

N+k

(4.2) f2) =Y anz(n)+¢(z) = 2(N = k)P(2) + ¢(2).

n=N—k

First we treat ¢(z). By Theorem 3.3,

AR G(z)] =l Z apn(n—1)---(n—h+1)z(n —h)
In—N|>k

rh

< Z nh‘an‘r*(n)
Nk (r+n—"n)---(r+n-1)

— o{y* (r)N"B(N) /D1 =01/2),

if h <n. We choose w = 10 and w; = 9 in the statements of Theorem 3.3.
Then we have b(N)1/2«1=(1/2) — o(N=4) so that

(4.3) | A"G(2)| = o(u* (r)N" ).
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Secondly, we estimate P(z) and A’P(z) below. We remark that k =
k(r) in (3.8) is smaller than r, if r is sufficiently large, since N(r)? < r with
~v > 2. Thus we may assume that N — k is a positive integer. We see that

NZ“‘Z< (N-RHWN —k=1) _,
: r N7 ’
7=1
For0<zj<l1l j=1,..,n, Z?:ij < 1, we have H?Zl(l— 3) >
1— 37", x;. Hence we get

[2(N = F)| = |2(z = 1) - (z = (N = k) + 1)
>r(r—1)...(r—(N—-k—1))

ZTN—k<1_1>...(1_w>
T T
N—k—1
>(1-2 Y L)k
=
oy WM k-1
> ~

=Nkl —¢), e—0 asr— oo

By (2.21) in Remark 2.2,

[P =1=(N =K' Y anz(n)

In—N|<k
< 2k(1+ €y NM(r, f),

< rk_N(l +e€) Z |an|r*(”)
ln—N|<k

where ¢ = (1 + ¢)(1 +max),_y|<j €n) — 1. By definitions of ¢, ¢, and k, we
see that ¢ — 0 as r — oo. Set My = 2k(1+¢€)r*NM(r, f). An application
of Lemma 4.1, with R = r and P(z) in (4.2), shows that

2k—1
AP()| < 2eMok(r + D)*7! ) (E) Mo,

r2k r

Namely, we have |AP(z)| < Cy1(k/r)My for a constant Cy. Similarly we get

fo— 2
2%P(2) = (PG| < RO U o (1),
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Repeating this process, we obtain for any positive integer ¢

|AP(2)] =0 (é)éMo.

By (2.4),

(4.4)  AMz(N —k)P(2))

_ 7@@ - ﬁ)z)'z(N k- h)P(2)

+Z( )Ah P2(N — k)APP(z)

4 ; (2) 3 (h N e) APPL(N — k)APHP(2),

p=0
We estimate the right-hand side of (4.5). To do this, we note that

(N —k)!
(N —k— h+p)

APPLN — k) = 2z(N—k—"h+p)

r

(N - h 1—|—N)pz(N—k—h)>
- <N ki — h AN k- h)>
) an

d (44),

Thus, in view of (4.2), (4.3
(4.5)  AMz(N ~ k)P(=))
(N — k)!
o e (P <>M>

(]\gNkk)h) NNkk;h (f HO(N kMOé))‘

We suppose x* = x(f*) < 1/2, where f*(z) is the function given by
(2.11), corresponding to f(z) of (2.5). Then we can take r > N7, v =
1/(x* +€) > 2. Hence by (2.21)

()Nt < (1+en)M(r, )Nt =0 (;) M(r, f).
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Also rV"FMy = 2k(1 + €)M (r, f). Thus combining (4.2), (4.3), (4.6), we
deduce

(46)  PARf(z) = % ( f(2)+0 (%) M(r, f))
¥t (740 () Mn ) (=)

§85. Proof of Theorem 1.1

Let f(z) be an transcendental entire solution of the difference equation
(1.1). We can apply (4.1) to (1.1). Then for *-normal z, |z| =r ¢ E and
()] = M(J2], /), we obtain

(5.1) AN ()= f(2)(1+ 0(1)) =0,

P
3=0

Thus we have
(5.2) N(r)=v*(r) = Lr*(1 +o(1))

for some L and «. The number « is determined as a slope of the Newton
polygon for the equation (5.1), hence it is a rational number. By (2.19)

a = x = x(f). Since
(5:3)  log () = loglan| +logr +log(r + 1) + -+ log(r + N — 1)

with N = v*(r), we have

N—-1
k
log 4" () = 1 N1 log 1+ ).
og i (r) = log an| + 0gr+; 0g< +r)

Let r1 <7y <... be such that v*(r) = N; for r; <r < r;41. Note that

N;—1
d . vi(r)  d % k
%logu (r):T—F%;log(qu;), fOI"TjST‘<7"j+1

and that

Nj—1 Nj—1

T * t k k
log p*(r) —log p*(r;) = / VT()dH > log (1 + ;) - " log (1 + ;> .
" = k=1 J

J k=1
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Thus for rj11 <r < rjyo,

Njt1-1

* * " V*(t) k
log p*(r) = log p* (741) +/ ; dt + Z log (1 + ;)

r~+1 * t T * t
:log,u*(Tj)-i-/j VT()dt+/ Vt()dt

with Vg = 1. We write the last sum as Ry with N = N;;.

Ny—1 k Ny—1 k 1
1 1+—) < 1 1+— )< .
> og<+w>_Zog( +7“z>_NZQ

k=N;_1

Since Ny > £, we have
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When v > 3, obviously we have Ry = O(log N) = o(rX). When 2 < y < 3,
we have

3—y

N
RN§1+/ 27dt <1+ .
1 3—7

Since N < 71/7, we get Ry = O(r (38— )/7)) o(r (3/v-1) ) O(r(3X+35_1)) _
rXO(r2X=138) Tf 0 < e < (1—-2x)/3, we obtain Ry = o(rX). Furthermore,

Nj+1-1

Z log <1+ > = O(N?*77).

Hence we obtain

Njt1-1
(5.4) log p*(r) =log pu*(r1) + / dt+ Z log< )

1

Jj+1 Ny—1
Z< > log(l+— ) - £r><(1+o(1))

k=Np_1

We note that by the definition of x-nomal and by the similar arguments in
5, pp. 330-334], we have M(r, f) < p*(r)(log u*(r))"/?+% for a positive
constant §'. Combining this and (2.21), we obtain p*(r) < Ky« M(r, f) <
w*(r)(log p*(r))Y/2+9, for a positive constant §. Hence we conclude that

(5.5) log M(r, f) = %rx(l +o(1)).

By the same arguments as in [6, pp. 259-261], we can show that (5.5) holds
for r € Ry, without exceptions.

§6. Examples

In this section we give examples of difference equations which have
entire solutions of order less than 1/2. We start with a remark.

Remark 6.1. If f(z) is a meromorphic solution of a difference equation
with a pole coinciding with neither of the zeros of a;(z), then N(r, f) >
Lr (L > 0), hence it is of order not less than 1.
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Remark 6.2. As we said above, we want to find difference equations of
the form (1.1) which have entire solutions of order less than 1/2. We can
easily see that the order p is at least 3 by Theorem 1.1 and the Newton
polygon. Let us show that there exists actually such a difference equation
of order p = 3.

Remark 6.3. Consider the following equation of third order, with some
constants b; and co,

(6.1) bzz(z —1)(z —2)A3f(2 — 3) + baz(z — 1) A% f(2 — 2)
+b12zAf(z — 1) 4 (coz + bo) f(2) = 0.

For later use we write b3(z) = b3z(z —1)(z —2), ba(2) = baz(z—1), bi(z) =
b1z. Put a formal solution in the form

62)  f&) =3 anam), am=—CTD g
n=0

Fz+1-X—n)’

When A € NU {0}, (6.2) will give an entire solution if the right hand side
converges.

Note that A3f(z —3) = >0 a,,A3(z — 3)x(n). For each term, we
have

2(z = 1)(2 = 2) A%(z = 3)a(n)

B T(z—1) I'(z-2)
_z(z—l)(Z—Q)A2{F(z_l_)\_n) _I‘(Z_Q—/\—n)}

22— 1)(z — 2)A? {F((A;_ﬁ)r_(i :i)) }

— (A )z —1)(z - 2)A {F(Z(f ;f)n) TG S m}

A+n—-1I'(z—-2)
I'(z—X—n) }
2(z—1)(z = 2)I'(z — 2)
z4+1—-X—n)
I'(z+1)
Fz4+1—-XA—n)
=A+n)A+n—1)A+n—2)zx(n).

=A+n)z(z—1)(z—2)A {

=A+n)A+n—-1)(A+n-—2)

=A+n)A+n—1)A+n—-2)
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Similarly

oo

2(z—1) A%f(z—2) = Z()\ +n)(A+n—1ayzr(n),
n=0

zAf(z—1) = Z()\ + n)apza(n).

n=0

Further noting that zf(z) = Y .7, anz - 2x(n), and that

(z=XA—n)l'(z+1) A+n)I'(z+1)

Z.ZA(n):(z—)\—n)F(z—)\—n) Nz4+1—-XA—n)
=2 (n+1) + (A +n)zi(n),
we get
(6.3) > (A+n)(A+n—1)(A+n—2)bsanzr(n)
n=0

—1—2)\—{—71 (A +n—1)baapzr(n —1—2 A+ n)biayza(n)
n=0 n=0

+ (Aco + bo)aoza(0) + ) _[coan—1 + (A + n)co + bo)an]2a(n) = 0.

n=1

Thus we obtain the indicial equation for (6.1)
(6.4) )\()\ - 1)()\ — 2)b3 + )\()\ - 1)b2 + )\(bl + Co) + bo =0.

When roots of (6.4) differ by integers, we get some trouble in determining
coefficients in (6.2). We take so that by =0, co = —1,b1 =2 (by +co = 1)
and by = 1,b3 = 6, then A = 0, 4/3, 3/2. We remark that when A = 0,
zx(n) = zo(n) coincides with z(n). Then

o0

Z6nn—l)(n—2an +Znn—lan n)

n=1
[e%S)

+ Z 2nagz(n) — Z[O‘”—l + nay)z(n) =0,
n=1
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from which we have

n(2n —3)(3n — 4)a, = ap_1,
1 1 11 1

M - )T 6w (- (3/2m)(1— (4/3n) "
Thus we get
-1
1\" 1 a 3 4
00 o= (5) Gy {E(“z—t) <1‘£>}
We have

n

_0 (eXp(Co 3 %)) — O(nC)

t=1

M(-2)"(-2)"

for some Cp. Thus we see that ay = O(67F(k!)~3k0), and hence

S]] o (S (L) AL (muhE 1
’ﬁn’§O<; kel ’) O<l;z<6> (k13 ((n—l)!) (k:—n)!)
1 & 1 1
- ((mygwk—n)!) =0 ()

which shows that |3,| = O(e3"n=3"). Hence we obtain x(f) < 1/3. Using
the relations

b3(2) = b3(2) + ba(z) + b1(2) + (coz + bo),
b;(z) = bQ(Z) -+ 2()1(2) + 3(602’ + bo),
bf(z) = bl(Z) + 3(602’ + bo),

the equation (6.1) is written as
b5(2)A°f (2 = 3) + b3(2) A f (2 = 3) + b1 (2) Af (2 = 3)
+ (coz+bo)f(2—3) =0.

In particular, we see that f(z) satisfies the following equation in our special
case, namely bg =0, cg = —1, by = 2, bo = 1 and b3 = 6,

(622 +192 + 15)A3 f(2) + (2 + 3)A%f(2) — Af(2) — f(2) = 0.

Hence the slope of the Newton polygon is 1/3, and by Theorem 1.1 we have
log M(r, f) = Lr'/3(1 4 o(1)).
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EXAMPLE 6.1. Here we give a difference equation which has two so-
lutions f and ¢ of different order x(f) # x(g9), x(f), x(¢9) < 1/2. First
consider the difference equation

Li[f(2)] = b3(2)A% f(z = 3) + ba(2) A% f(z — 2)
+b1(2)Af(z — 1)+ bo(2)f(2) =0,
b3(z) = 62(z — 1)(2 — 2), ba(z) = z(z — 1), b1(2) =2z, bo(z) = —2z,

which also can be written as

Lo[f(2)] = (62° + 1922 +152) A% f(2) + (2% + 32) A% f(2) — 2Af(2) — 2f(2)
= b3(2) A% f(2) + 05(2) A f (2) + b1 (2)Af (2) + b5 (2) f(2) = 0.

Its solution f(z) =Y o2 anz(n),z(n) = z(z —1)--- (z — n+ 1), satisfies
n(2n —3)(3n — 4)a, = ap_1.
Put g(z) = zf(z). Then g(z) satisfies an equation of the form
Ls[g(2)] = 05" (2)A%g(2) + 05" A%g(2) + b* Ag(2) + b5 (2)g(2) = 0.

Next we consider another difference equation

5
Zc YATh(z — 5) =0,
=0

() =i Az = 1) (rmj+1) (12 <5),
5 =36, c4 =228, c3 =271, ca =28, ¢c; =3, c¢y(z) =coz,c0=—1.

<.

Note that ¢; 4+ ¢o = 2. The equation Ls[h(z)] = 0 can be also written as
Ls[h(2)] = c5(2)A°h(z) + -+ + e1(2) Ah(z) + co(2)h(2) = 0.
Its solution h(z) = > .2 ymz(n) satisfies
n(2n—1)(2n —3)(3n — 1)(3n — 4)v, = Yp—1, n>1,

from which we can show that x(h) < 1/5, and our theorem shows that
x(h) = 1/5, since the slope of the Newton polygon for Ls[h] is 1/5. Now
put L*[f(2)] = Ls[Ls[f(2)]]. Above h(z) is an entire solution of L*[f(z)] =0
which is of order 1/5. Another entire solution d(z) = >_>°,d,2(n) is given
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by Lsld(z)] = g(z), where g(z) = zf(z) is the solution of L3lg(z)] = 0,
which was obtained above. Therefore we have

n(2n —1)(2n —3)(3n — 1)(3n — 4)0,, — dn—1 = ap—1 + nay,.

) 4 52

We can write d,, = 521 + 0n’, where

n(2n —1)(2n —3)3n — 1)(3n — 4)60 — 6V = a,_,
n(2n —1)(2n — 3)(3n — 1)(3n — 4)6@ — 6 = na,,.
Let (5511)/0471 = D,,. Then we get
(2n—1)(3n —1)Dy, =1+ Dyy_1.

Put (2n — 1)(3n — 1)D,, = D),. Then

o 1 ,
D=1+ gy ot
1 1 .
=1+ (2n —3)(3n — 4) + (2n — 3)(3n — 4)(2n — 5)(3n—7)D"*2 — ..

hence we know that (57(11)/0471 = 0(n72), an/ég) = O(n?). 5% can also be
estimated. Since they are non-negative, we see that d(z) is of the same
order as g(z), which is of the same order as f(z). Thus we get

x(h) =1/5, x(d) =1/3.
Finally we will consider slopes of the Newton polygon for

8
L[f(2)] = ) b7 (2)A7 f(2) = 0.
§=0
A direct calculation yields deg[bg™] = 11, deg[b¥**] < 10, deg[bg™] < 9,
deg[bt™] =9, deg[b}**] = 8, deg[b3™*] = 7, deg[b5**] = 6, deg[b7**] = 5 and
deg[b§**] = 5. Therefore the Newton polygon is the convex hull of the union
of
D={(x,y) |z>0, y<0}, (3,4)+D, (8,5 +D;

and its slopes are 1/3 and 1/5.
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