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MODULAR FORMS ARISING FROM ZETA

FUNCTIONS IN TWO VARIABLES ATTACHED TO

PREHOMOGENEOUS VECTOR SPACES RELATED TO

QUADRATIC FORMS

TAKAHIKO UENO

Abstract. In this paper, we prove the functional equations for the zeta func-
tions in two variables associated with prehomogeneous vector spaces acted on
by maximal parabolic subgroups of orthogonal groups. Moreover, applying the
converse theorem of Weil type, we show that elliptic modular forms of integral
or half integral weight can be obtained from the zeta functions.

§1. Introduction

The theory of prehomogeneous vector spaces provides a variety of

Dirichlet series satisfying functional equations and it is a natural ques-

tion to ask whether zeta functions of prehomogeneous vector spaces are

related to automorphic forms. However we have only few examples of pre-

homogeneous zeta functions whose relation to automorphic forms are fully

understood. In the present paper, generalizing our previous work [14], we

consider zeta functions in two variables associated to certain prehomoge-

neous vector spaces (on which a maximal parabolic subgroup of orthogonal

group acts) and prove that, if one of the complex variables takes an integer

value, the zeta functions coincide essentially with the Mellin transforms of

holomorphic modular forms of one variable.

Our prehomogeneous vector space is the following.

Put V = Cm+2 and let Q(x) be a non-degenerate integral quadratic

form on V of the form

Q(x) = x0xm+1 +
∑

1≤i,j≤m

aijxixj ,
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where aij = aji ∈ 1
2Z (i 6= j) and aii ∈ Z. The matrix of Q is given by





0 0 1/2
0 A 0

1/2 0 0





with A = (aij). We consider the maximal parabolic subgroup of SO(Q) of

the form

P =











a −2a tuAh −aA[u]
0 h u
0 0 a−1





∣

∣

∣

∣

∣

∣

a ∈ C, a 6= 0
h ∈ SO(A)
u ∈ Cm







.

Then the triple (P × GL1(C), V ) is a prehomogeneous vector space.

For positive integers l, n, we put

r(l, n) = ]{v ∈ Zm/(lZ)m | A[v] ≡ n (mod l)}

and define the Dirichlet series Z(n,w) for n ∈ Z (as follows):

Z(n,w) =

∞
∑

l=1

r(l, n)l−w.

The Dirichlet series Z(n,w) converges absolutely in the domain {w ∈ C |
Re(w) > m}. The zeta functions associated with the prehomogeneous

vector space is given by

ζε(w, s) =

∞
∑

n=1

Z(εn,w)n−s (ε = ±).

We prove that the zeta functions have analytic continuations to mero-

morphic functions on C2 and satisfy functional equations. Let p (resp.

q) be the number of positive (resp. negative) eigenvalues of A and put

c(ε, k) = 2k + 1 + ε(p− q)/2 for k ∈ Z. We prove that, if we specialize the

variable w to

w = c(ε, k) +m/2 > m,

then the zeta function ζε(w, s) is the Mellin transform of a holomorphic

modular form of weight c(ε, k) + 1.

Let k and N be positive integers and χ a Dirichlet character modulo N .

We denote by Gk(N,χ) the space of holomorphic modular forms of weight
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k and character χ with respect to Γ0(N). When k is odd and N is divisible

by 4, we denote by Gk/2(N,χ) the space of holomorphic modular forms of

weight k/2 and character χ with respect to Γ0(N). Then our main result

is the following.

Theorem. Put D = detA and

aε(k;n) =











(−1)k+1|D|1/2Γ(c(ε, k) + 1)ζ(c(ε, k) −m/2 + 1)

(2π)c(ε,k)+1
(n = 0),

nc(ε,k)Z(εn, c(ε, k) +m/2) (n ≥ 1).

Then the function

fε(k; z) =
∞
∑

n=0

aε(k;n)e(nz) (Im z > 0)

is a holomorphic modular form belonging to































Gc(ε,k)+1

(

|D|,
(

(−1)m/2+1D

∗

))

, if m is even and |D| 6≡ 2 mod 4

Gc(ε,k)+1

(

4|D|,
(

(−1)m/2+14D

∗

))

, if m is even and |D| ≡ 2 mod 4

Gc(ε,k)+1(2|D|, id2|D|), if m is odd,

where id2|D| is the identity character modulo 2|D|.

The proof of the theorem is based on the functional equations satisfied

by ζε(w, s) and the converse theorems of Weil type (Weil [15] and Miyake [3]

for the case of integral weight and Shimura [10] for the case of half integral

weight).

The zeta functions have been studied in some special cases (see Re-

mark 3 in Section 4). We can regard the prehomogeneous vector space

studied in [14] as a special case of the prehomogeneous vector spaces (P ×
GL1(C), V ), since the group SL2(C) is isomorphic to Spin(1, 3) and is lo-

cally isomorphic to SO(1, 3). That is the case of m = 2 and A (negative)

definite.

In the course of our investigation, the work [5] of Peter appeared. He

studied essentially the same zeta functions under the assumption that A be

positive definite. He proved the functional equation of the zeta functions
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from a different view point and conjectured that the zeta functions are

related to modular forms. Our theorem give an affirmative answer to his

conjecture without any restriction on the signature of A. Our approach

to the zeta functions is based on the theory of zeta functions in several

variables associated with prehomogeneous vector spaces. The use of the

general theory of the zeta functions associated with prehomogeneous vector

spaces allows us to remove the assumption on the signature and to treat

the zeta functions and the twisted zeta functions in a unified manner. We

refer to [8] and [9] for a general treatment of L-functions of Dirichlet type

associated with prehomogeneous vector space.

Now, we give an outline of this paper. In Section 2, we introduce our

prehomogeneous vector space and describe the functional equation of lo-

cal zeta functions associated with the prehomogeneous vector space. In

Section 3, we recall the definition of the zeta functions and the zeta inte-

grals associated with the prehomogeneous vector space and give a relation

between the zeta functions and the zeta integrals. We also prove the func-

tional equation of zeta integrals and calculate the poles and residues of zeta

integrals explicitly. In Section 4, we describe poles and residues of the zeta

functions given in Section 3 and prove our main result, Theorem 4.5.

Acknowledgement. I would like to thank Professor F. Sato for help-
ful advice.

Notation. For z ∈ C, we use the symbol e(z) as an abbreviation for
exp(2π

√
−1z) and define

√
z = z1/2 so that −π/2 < arg(z1/2) < π/2.

Further we put zk/2 = (z1/2)k for every k ∈ Z. For u ∈ Cm, tuAu is
abbreviated as A[u].

For any finite dimensional real vector space V , S(V ) is the space of
rapidly decreasing C∞-functions on V .

§2. Prehomogeneous vector spaces acted on by maximal parabo-

lic subgroups of orthogonal groups

Let Q(x) be a non-degenerate integral quadratic form on V = Cm+2.

We assume that Q(x) is of the form

Q(x) = x0xm+1 +
∑

1≤i,j≤m

aijxixj,
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where aij = aji ∈ 1
2Z (i 6= j) and aii ∈ Z. The matrix of Q is given by





0 0 1/2
0 A 0

1/2 0 0





with A = (aij). We assume that the matrix A has p positive and q nega-

tive eigenvalues. Let P be the maximal parabolic subgroup of the special

orthogonal group SO(Q) = {g ∈ GLm+2(C) | Q(gx) = Q(x), det g = 1}
defined by

P =











a −2a tuAh −aA[u]
0 h u
0 0 a−1





∣

∣

∣

∣

∣

∣

a ∈ C, a 6= 0
h ∈ SO(A)
u ∈ Cm







.

The group P × GL1(C) acts on V by

ρ(p, t)x = tpx (x ∈ V, (p, t) ∈ P × GL1(C)),

ρ∗(p, t)y = t−1 tp−1y (y ∈ V, (p, t) ∈ P × GL1(C)).

Then the triples (P ×GL1(C), ρ, V ) and (P ×GL1(C), ρ∗, V ) are prehomo-

geneous vector spaces with singular sets

S = {x ∈ V | xm+1 = 0} ∪ {x ∈ V | Q(x) = 0},
S∗ = {y ∈ V | y0 = 0} ∪ {y ∈ V | Q∗(y) = 0},

where Q∗(y) is the quadratic form defined by

Q∗(y) = y0ym+1 + 4−1
∑

1≤i,j≤m

a∗ijyiyj with A−1 = (a∗ij).

The polynomials xm+1 and Q(x) (resp. y0 and Q∗(y)) are the fundamental

relative invariants of (P × GL1(C), ρ, V ) (resp. (P × GL1(C), ρ∗, V )) and

they satisfy

(ρ(p, t)x)m+1 = χ1(p, t)xm+1, Q(ρ(p, t)x) = χ(p, t)Q(x),

(ρ∗(p, t)y)0 = χ∗
1(p, t)y0, Q∗(ρ∗(p, t)y) = χ∗(p, t)Q∗(y),

where

χ1









a ∗ ∗
0 h ∗
0 0 a−1



, t



 = ta−1, χ









a ∗ ∗
0 h ∗
0 0 a−1



, t



 = t2,

χ∗
1









a ∗ ∗
0 h ∗
0 0 a−1



, t



 = (ta)−1, χ∗









a ∗ ∗
0 h ∗
0 0 a−1



, t



 = t−2.
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Hence, we see that χ∗
1(p, t) = χ1χ

−1(p, t) and χ∗(p, t) = χ−1(p, t). If we

identify the dual vector space V ∗ with V by the bilinear form

〈x, y〉 =

m+1
∑

i=0

xiyi (x, y ∈ V )

for x = t(x0, x1, . . . , xm+1) and y = t(y0, y1, . . . , ym+1), then the represen-

tation ρ∗ coincides with the contragradient representation of ρ.

Put VR = Rm+2 and let

P+ =











a −2a tuAh −aA[u]
0 h u
0 0 a−1





∣

∣

∣

∣

∣

∣

a ∈ R, a > 0
h ∈ SO(A)
u ∈ Rm







.

Then the P+×GL+
1 (R)-orbit decomposition of the sets VR−SR and VR−S∗

R

are given as

VR − SR =
⋃

ε,ε1

Vεε1 , VR − S∗
R =

⋃

η,η1

V ∗
ηη1

for ε = ±, ε1 = ±, η = ± and η1 = ±, where

Vεε1 = {x ∈ VR | sgnQ(x) = ε, sgnxm+1 = ε1},(2.1)

V ∗
ηη1 = {y ∈ VR | sgnQ∗(y) = η, sgn y0 = η1}.(2.2)

For later use, we put Vε =
⋃

ε1
Vεε1 and V ∗

η =
⋃

η1
V ∗
ηη1 . For f, f ∗ ∈ S(VR),

we set

Φεε1(f ;w, s) =

∫

Vεε1

|xm+1|w|Q(x)|sf(x) dx,

Φ∗
ηη1(f

∗;w, s) =

∫

V ∗
ηη1

|y0|w|Q∗(y)|sf∗(y) dy,

Φε(f ;w, s) =
∑

ε1

Φεε1(f ;w, s),

Φ∗
η(f

∗;w, s) =
∑

η1

Φ∗
ηη1(f

∗;w, s).

The integrals Φεε1(f ;w, s) and Φ∗
ηη1(f

∗;w, s) converge absolutely for

Re(w) > 0 and Re(s) > 0, so the integrals Φε and Φ∗
η converge absolutely

in the same domain. The integral Φε(f ;w, s) (resp. Φ∗
η(f

∗;w, s)) is called
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the local zeta function associated with the prehomogeneous vector space

(P × GL1(C), ρ, V ) (resp. (P × GL1(C), ρ∗, V )).

For f ∈ S(VR), the Fourier transform f̂ of f is given by

f̂(x) =

∫

VR

f(y)e(x, y) dy,

where we denote e(〈x, y〉) by e(x, y). The local zeta functions Φε and Φ∗
η

satisfy the following functional equations, which was proved in [4] with the

method of microlocal calculus and later in [8] with an elementary method.

Theorem 2.1. The integrals Φε(f ;w, s) and Φ∗
η(f ;w, s) have analytic

continuations to meromorphic functions of (w, s) in C2 and satisfy the fol-

lowing functional equation:
(

Φ+

Φ−

)

(f̂ ;w −m, s− 1) = γ(w, s)

(

Φ∗
+

Φ∗
−

)

(

f ;w −m,
m

2
−w − s

)

,

where the Γ-matrix γ(w, s) is given by

γ(w, s) = 2|D|−1/2(2π)m/2−w−2sΓ(s)Γ
(

w + s− m

2

)

×
(

cos π(w+2s−p)
2 cos π(w−q)

2

cos π(w−p)
2 cos π(w+2s−q)

2

)

.

For f, f ∗ ∈ S(VR), we set

Σ(f ; s) =

∫

Rm

∫

R

|a|s−m/2−2f





−a−1A[u]
u
a



da du,

Σ∗(f∗; s) =

∫

Rm

∫

R

|a|s−m/2−2f∗





a
u

−(4a)−1A−1[u]



da du.

The integrals Σ(f ; s) and Σ∗(f∗; s) converge absolutely for s ∈ C with

Re(s) > (m+ 2)/2.

Proposition 2.2. (1) If f ∈ C∞
0 (VR − SR), we have

Σ∗(f̂ ; s) = 2|D|1/2(2π)1−sΓ(s− 1)

×
∑

ε

cos
π(p− q + ε(2 − 2s))

4
Φε

(

f ; s− m

2
− 1, 1 − s

)

.
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(2) If f ∗ ∈ C∞
0 (VR − S∗

R), we have

Σ((f∗)∧; s) = 2|D|−1/2(2π)1−sΓ(s− 1)

×
∑

η

cos
π(q − p+ η(2 − 2s))

4
Φ∗
η

(

f∗; s− m

2
− 1, 1 − s

)

.

Let us recall the following formulas for the Fourier transforms of |x|s
and e(A[u]) for a symmetric matrix with sgnA = (p, q) which are necessary

for the proof of Proposition 2.2:

( ∫∞
0 |x|s−1f̂(x) dx
∫ 0
−∞ |x|s−1f̂(x) dx

)

(2.3)

= (2π)−sΓ(s)

(

e
(

s
4

)

e
(

− s
4

)

e
(

− s
4

)

e
(

s
4

)

)( ∫∞
0 |x|−sf(x) dx
∫ 0
−∞ |x|−sf(x) dx

)

,

∫

Rm

f̂(u)e(A[u]) du(2.4)

= |det 2A|−1/2e
(p− q

8

)

∫

Rm

f(u)e
(

−1

4
A−1[u]

)

du.

Proof of Proposition 2.2. We prove only (1), since the second assertion
is proved in the same way. By the principle of analytic continuation, one
may assume Re(s) > (m+2)/2. Then, since f ∈ C∞

0 (VR−SR), the integrals
that will appear in the calculation below are absolutely convergent. We have

Σ∗(f̂ ; s) =

∫

Rm

∫

R

|a|s−m/2−2f̂





a
u

−(4a)−1A−1[u]



da du

=

∫

R

|a|s−m/2−2 da

∫

Rm

du

×
∫

VR

f(x)e(ax0 + tuv − 4−1a−1xm+1A
−1[u]) dx0 dv dxm+1

=

∫

R

|a|s−m/2−2 da

∫

R2

dx0 dxm+1

∫

Rm

e
(

−xm+1

4a
A−1[u]

)

du

×
∫

Rm

{f(x)e(ax0)}e( tuv) dv
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for x = t(x0,
tv, xm+1). Using the formula (2.4), we see that

Σ∗(f̂ ; s) = |D|1/2
∫

R

|a|s−2 da

∫

VR

|xm+1|−m/2f(x)e(ax−1
m+1Q(x))

× e
( (q − p) sgn(axm+1)

8

)

dx0 dv dxm+1

= |D|1/2
∑

ε

∑

η

e
(εη(q − p)

8

)

∫

sgn(a)=ε
|a|s−2 da

×
∫

sgn(xm+1)=η
|xm+1|−m/2 dxm+1

∫

Rm+1

f(x)e(ax−1
m+1Q(x)) dx0 dv.

Put y0 = x−1
m+1Q(x). Then, since sgn(y0) = η sgn(Q(x)) and x0 = y0 −

x−1
m+1A[v], we have

Σ∗(f̂ ; s) = |D|1/2
∑

ε

∑

η

e
( εη(q − p)

8

)

∫

sgn(a)=ε
|a|s−2 da

×
∫

sgn(xm+1)=η
|xm+1|−m/2 dxm+1

∫

Rm+1

f(x′)e(ay0) dy0 dv

for x′ = t(y0 − x−1
m+1A[v], tv, xm+1). By the formula (2.3), we have

Σ∗(f̂ ; s) = 2|D|1/2(2π)1−sΓ(s− 1)
∑

η

∫

sgn(xm+1)=η
|xm+1|−m/2 dxm+1

×
∫

Rm+1

cos
ηπ(q − p− sgn(Q(x))(2 − 2s))

4
|y0|1−sf(x′) dy0 dv

= 2|D|1/2(2π)1−sΓ(s− 1)

∫

VR

|xm+1|s−m/2−1|Q(x)|1−s

× f(x) cos
π(q − p− sgn(Q(x))(2 − 2s))

4
dx0 dv dxm+1.

Therefore we obtain

Σ∗(f̂ ; s− 1) = 2|D|1/2(2π)1−sΓ(s− 1)

×
(

cos
π(q − p− 2 + 2s)

4
Φ+(f ; s−m/2 − 1, 1 − s)

+ cos
π(q − p+ 2 − 2s)

4
Φ−(f ; s−m/2 − 1, 1 − s)

)

.
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§3. Zeta functions associated with the prehomogeneous vector

space

In this section, we define the zeta functions and the zeta integrals as-

sociated with the prehomogeneous vector space (P × GL1(C), ρ, V ) and

describe a relation between the zeta functions and the zeta integrals. More-

over, we prove the functional equation of zeta integrals. For later use, we

also consider the zeta functions twisted by Dirichlet characters with prime

conductors.

In the following, we consider the group

G =











a −2a tuA −aA[u]
0 1m u
0 0 a−1





∣

∣

∣

∣

∣

∣

a ∈ C, a 6= 0
u ∈ Cm







× GL1(C)

instead of P × GL1. Then the triple (G, ρ, V ) remains a prehomogeneous

vector space and the relative invariants are the same as in Section 2. More-

over, it turns out that the zeta functions are essentially the same and it

is easier to treat the zeta functions if we regard them as zeta functions

associated to (G, ρ, V ).

We put

G+ =











a −2a tuA −aA[u]
0 1m u
0 0 a−1





∣

∣

∣

∣

∣

∣

a ∈ R, a > 0
u ∈ Rm







× GL+
1 (R),

Γ =











1 −2 tuA −A[u]
0 1m u
0 0 1





∣

∣

∣

∣

∣

∣

u ∈ Zm







,

VQ = Qm+2, VZ = Zm+2.

Let r be an odd prime number and ψ a Dirichlet character modulo

r. We understand that ψ(n) = 0 if (r, n) 6= 1. We define the following

functions on VQ:

φ1(x) =

{

1 if x ∈ VZ,

0 if x 6∈ VZ,
φψ(x) =

{

ψ(Q(x)) if x ∈ VZ,

0 if x 6∈ VZ.

Since the polynomial Q(x) is Γ -invariant, the functions φ1 and φψ are Γ -

invariant.
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For a function φ = φ1 (or φψ) and each y ∈ VQ, we take a positive

integer M , which may depend on y, such that

x ≡ x′ (mod MVZ) =⇒ φ(x)e(−x, y) = φ(x′)e(−x′, y).

Define φ̂ as follows:

φ̂(y) = M−m−2
∑

x∈VQ/MVZ

φ(x)e(−x, y), (y ∈ VQ).

This definition does not depend on the choice of M . We call the function

φ̂ the Fourier transform of φ. These functions appear in the functional

equation of the zeta functions.

In the following, the “quadratic residue symbol”
(

a
b

)

has the same

meaning as in [10].

For an odd positive integer r, we put εr = 1 or
√
−1 according as r ≡ 1

or 3 (mod 4). For a Dirichlet character ψ modulo N , we denote by ψ(N)

and ψ(N) respectively,
(

∗
N

)

ψ and
(

N
∗

)

ψ. For a primitive Dirichlet character

ψ modulo N , the Gauss sum τ(ψ) is given by

τ(ψ) :=

N
∑

j=1

ψ(j)e(j/N).

The following proposition gives the Fourier transform of φ.

Proposition 3.1. (1) We have

φ̂1(y) =

{

1 if y ∈ VZ,

0 if y 6∈ VZ.

(2) Let r be a prime number not dividing 2|D|, ψ a primitive Dirichlet

character modulo r and put Cr,m = r−m/2−1εm+2
r .

(i) If m is even, then we have

φ̂ψ(y) =











Cr,m

(

D

r

)

ψ(−D)τ(ψ)τ(ψ̄)−1ψ̄(DQ∗(ry)) if y ∈ r−1VZ,

0 if y 6∈ r−1VZ.
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(ii) If m is odd and ψ 6=
(

∗
r

)

, then we have

φ̂ψ(y) =



















Cr,m

(

2D

r

)

ψ(r)(−D)τ(ψ(r))τ(ψ̄)−1

× ψ̄(r)(DQ
∗(ry)) if y ∈ r−1VZ,

0 if y 6∈ r−1VZ.

(iii) If m is odd and ψ =
(

∗
r

)

, then we have

φ̂ψ(y) =

{

Cr,mα( ∗

r )
if y ∈ r−1VZ,

0 if y 6∈ r−1VZ,

where

α( ∗

r )
=



















(r − 1) ×
(

2

r

)m+2(D

r

)

ε−1
r r−1/2 if r | Q∗(ry),

−
(

2

r

)m+2(D

r

)

ε−1
r r−1/2 if r 6 | Q∗(ry).

Remark 1. (1) If m is odd, then |D| is even and 2|D|Q∗ has integral
coefficients. If m is even, then |D|Q∗ has integral coefficients (Remark 4
and Lemma 4 in [13]).

(2) The character
(

D
∗

)

is a character of modulo 4|D| if m is even and
|D| ≡ 2 mod 4.

For the proof of the above proposition, we need the following lemma.

The first assertion of the lemma is due to Stark [13, Theorem 1] and the

second assertion can be proved easily by using the identity (36) in [13].

Lemma 3.2. Let q(x) be an n-variable non-degenerate quadratic form

with integral coefficients, F the symmetric matrix with F [x] = 2q(x), d =
detF and q̄(y) = 2−1dF−1[y]. Let r be an odd prime number not dividing

d and ψ a primitive Dirichlet character modulo r.

(1) If n is even or ψ 6=
(

∗
r

)

, then we have

∑

x∈(Z/rZ)m

ψ(q(x))e(r−1〈x, y〉) = αψτ(ψ̄)−1rn/2ψ̄′(q̄(y)),
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where

αψ =

(

εr

(

2

r

))n(d

r

)

ψ′(−d)τ(ψ′), ψ′(j) = ψ(j)

(

j

r

)n

.

(2) If n is odd, then we have

∑

x∈(Z/rZ)m

(

q(x)

r

)

e(r−1〈x, y〉)

=















εn−1
r

(

2d

r

)

(r − 1)r(n−1)/2 if r | q̄(y),

− εn−1
r

(

2d

r

)

r(n−1)/2 if r 6 | q̄(y).

Proof of Proposition 3.1. We only prove the second assertion, since the
first assertion can be proved in the same way. For y = t(y0, y1, . . . , ym+1) ∈
VQ, we can take a positive integer q such that qyi ∈ Z for 0 ≤ i ≤ m + 1.
By the definition of the function φ̂ψ, we have

φ̂ψ(y) = (qr)−m−2
∑

x∈VQ/qrVZ

φψ(x)e(−x, y)

= (qr)−m−2
∑

a mod rVZ

ψ(Q(a))e(a, y)
∑

b mod qVZ

e(rb, y).

Since
∑

b mod qVZ

e(rb, y) =

{

qm+2 if y ∈ r−1VZ,

0 if y 6∈ r−1VZ,

we see that the function φ̂ψ(y) becomes

φ̂ψ(y) =











r−m−2
∑

a mod rVZ

ψ(Q(a))e(a, y) if y ∈ r−1VZ,

0 if y 6∈ r−1VZ.

Hence our assertion follows from Proposition 3.2.

Now we introduce the zeta integrals and the (twisted) zeta functions

associated with the prehomogeneous vector space (G, ρ, V ).
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For f, f ∗ ∈ S(VR) and φ = φ1 or φψ, the zeta integrals Z(f, φ;w, s)

and Z∗(f∗, φ̂;w, s) (w, s ∈ C) are given by

Z(f, φ;w, s) :=

∫

G+/Γ
χ1(p, t)

wχ(p, t)s
∑

x∈VQ−SQ

φ(x)f(ρ(p, t)x) drg,

Z∗(f∗, φ̂;w, s) :=

∫

G+/Γ
χ∗

1(p, t)
wχ∗(p, t)s

∑

x∈VQ−S
∗

Q

φ̂(x)f∗(ρ∗(p, t)x) drg,

where drg is the right-invariant measure on G+ normalized by

drg = 2t−1am−1 dt da du for g =









a −2a tuA −aA[u]
0 1m u
0 0 a−1



, t



 .

The zeta functions ζεε1(φ;w, s) and ζ∗ηη1(φ̂;w, s) are defined for ε, ε1, η, η1 =

± by

ζεε1(φ;w, s) :=
∑

x∈Γ\Vεε1∩VQ

φ(x)|xm+1|−w|Q(x)|−s,

ζ∗ηη1(φ̂;w, s) :=
∑

y∈Γ\V ∗
ηη1

∩VQ

φ̂(y)|y0|−w|Q∗(y)|−s,

where Vεε1 and V ∗
ηη1 are given by (2.1) and (2.2), respectively. It is obvious

that ζε+ = ζε− and ζ∗η+ = ζ∗η−, so we put

ζε(φ;w, s) := ζε+(φ;w, s)

ζ∗η (φ̂;w, s) := ζ∗η+(φ̂;w, s).

It is easy to see that our prehomogeneous vector space satisfies the condition

of Theorem 1 in [7] and the zeta functions converge absolutely in Re(w) >

m, Re(s) > 1.

Next we define the Dirichlet series Z(n,w) and Z ∗(n,w) for n ∈ Z,

which are related to the zeta functions above:

Z(n,w) =
∞
∑

l=1

r(l, n)

lw
, Z∗(n,w) =

∞
∑

l=1

r∗(l, n)

lw
,

where

r(l, n) = ] {v ∈ Zm/(lZ)m | A[v] ≡ n (mod l)} ,
r∗(l, n) = ]

{

v∗ ∈ Zm/2lAZm
∣

∣ 2−1 · |D|A−1[v∗] ≡ n (mod 2|D|l)
}
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if m is odd,

r∗(l, n) = ]
{

v∗ ∈ Zm/2lAZm
∣

∣ 4−1 · |D|A−1[v∗] ≡ n (mod |D|l)
}

if m is even.

Then we see that the Dirichlet series Z(n,w) and Z ∗(n,w) converge

absolutely for Re(w) � 0 from simple estimates of r(l, n) and r∗(l, n).

Moreover, from Lemmas 3.3, 3.4 and the convergence of the zeta functions,

we can show that Z(n,w) and Z∗(n,w) converge absolutely in the domain

{w ∈ C | Re(w) > m}. The Dirichlet series Z(n,w) coincides with the series

L(w, n; 1, A) studied in [5], where the following lemma is proved.

Lemma 3.3. (1) ([5, Lemma 3.8]) For n ∈ Z\{0} define

F (n,w) :=
Z(n,w)L

(

w − m
2 + 1,

(

(−1)m/2+14D
∗

))

ζ(w −m+ 1)

if m is even and

F (n,w) :=
(w − (m+ 1)/2)Z(n,w)ζ(2w −m+ 1)

ζ(w −m+ 1)

∏

p|2D

(1 − pm−1−2w)

if m is odd. Then F (n,w) can be extended to an entire function. For σ1 ∈ R

there exist constants c1, c2 > 0 such that

|F (n,w)| ≤ c1|n|c2(| Im(w)| + 1)c2(|w| + 1) for Re(w) ≥ σ1.

(2) ([5, Lemma 3.9]) Define

F (0, w) :=
Z(0, w)L

(

w − m
2 + 1,

(

(−1)m/2+14D
∗

))

ζ(w −m+ 1)L
(

w − m
2 ,
(

(−1)m/2+14D
∗

))

∏

p|2D

(1 − pm−2w)

if m is even and

F (0, w) :=
Z(0, w)ζ(2w −m+ 1)

ζ(2w −m)ζ(w −m+ 1)

∏

p|2D

(1 − pm−1−2w)

if m is odd. Then F (0, w) can be extended to an entire function. For

−∞ < σ1 < σ2 < ∞ there exists a constant c > 0 such that |F (0, w)| ≤ c
for σ1 ≤ Re(w) ≤ σ2.



16 T. UENO

The functions Z(n,w), Z∗(n,w), ζε(φ;w, s) and ζ∗η (φ̂;w, s) satisfy the

following relation.

Lemma 3.4. (1) If m is even, then we have

ζε(φ1;w, s) =
∞
∑

n=1

Z(εn,w)n−s,

ζ∗η (φ̂1;w, s) =























|D|s
∞
∑

n=1

Z∗(ηn,w)n−s if |D| 6≡ 2 (mod 4),

(4|D|)s
∞
∑

n=1

Z∗(ηn,w)(4n)−s if |D| ≡ 2 (mod 4),

ζε(φψ ;w, s) = ψ(ε)

∞
∑

n=1

ψ(n)Z(εn,w)n−s,

ζ∗η (φ̂ψ ;w, s) = c(ψ,D, η)rw−m/2−1

×























(|D|r2)s
∞
∑

n=1

ψ̄(n)Z∗(ηn,w)n−s if |D| 6≡ 2 (mod 4),

(4|D|r2)s
∞
∑

n=1

ψ̄(4n)Z∗(ηn,w)(4n)−s if |D| ≡ 2 (mod 4),

where

c(ψ,D, η) =
εm+2
r

(

D
r

)

ψ(−D)τ(ψ)

τ(ψ̄)

×
{

ψ̄(η sgn(D)) if |D| 6≡ 2 (mod 4),

ψ̄(4−1η sgn(D)) if |D| ≡ 2 (mod 4).

(2) If m is odd, then we have

ζε(φ1;w, s) =

∞
∑

n=1

Z(εn,w)n−s,

ζ∗η(φ̂1;w, s) = (2|D|)s
∞
∑

n=1

Z∗(ηn,w)n−s,
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ζε(φψ;w, s) = ψ(ε)

∞
∑

n=1

ψ(n)Z(εn,w)n−s,

ζ∗η (φ̂ψ;w, s) = c(ψ,D, η)rw−m/2−1(2|D|r2)s

×























∞
∑

n=1

ψ̄(r)(n)Z∗(ηn,w)n−s if ψ 6=
(∗
r

)

,

( ∞
∑

n=1

rZ∗(ηrn,w)(rn)−s −
∞
∑

n=1

Z∗(ηn,w)n−s
)

if ψ =

(∗
r

)

,

where

c(ψ,D, η)

=















ψ̄(r)(η sgn(D))εm+2
r

(

2D

r

)

ψ(r)(−2D)τ(ψ(r))τ(ψ̄)−1 if ψ 6=
(∗
r

)

,

εm+1
r

(

2D

r

)

r−1/2 if ψ =

(∗
r

)

.

Remark 2. (1) Lemma 3.4 shows that the zeta functions for φ1 and φ̂1

coincide up to an elementary factor with the Dirichlet series τ̃ studied in
[5], where A is assumed to be positive definite.

(2) Since ε2r =
(

−1
r

)

, we obtain

c(ψ,D, η)

=



















ψ̄(η)

(

(−1)m/2+1D

r

)

ψ(−|D|)τ(ψ)/τ(ψ̄) if |D| 6≡ 2 (mod 4),

ψ̄(η)

(

(−1)m/2+1D

r

)

ψ(−4|D|)τ(ψ)/τ(ψ̄) if |D| ≡ 2 (mod 4),

in the above lemma (1). In the above lemma (2), since sgn(D) = (−1)q+1,
we obtain

c(ψ,D, η)

=















ψ̄(η)

(

η

r

)

εp−q+2
r

(

2D

r

)

ψr(−2|D|)
(

2D

r

)

τ(ψ(r))/τ(ψ̄) if ψ 6=
(∗
r

)

,

εp−q−1
r

(

2D

r

)

r−1/2 if ψ =

(∗
r

)

.



18 T. UENO

Proposition 3.5. The integrals Z(f, φ;w, s), Z ∗(f∗, φ̂;w, s) and the

Dirichlet series ζε(φ;w, s), ζ∗η (φ̂;w, s) are absolutely convergent for Re(w) >
m, Re(s) > 1. Moreover, the following equalities hold :

Z(f, φ;w, s) =
∑

ε

ζε(φ;w, s)Φε(f ;w −m, s− 1),

Z∗(f∗, φ̂;w, s) =
∑

η

ζ∗η (φ̂;w, s)Φ∗
η(f

∗;w −m, s− 1).

Proof. For any x0 ∈ Vεε1 , G
+
x0

is trivial and

(3.1)

∫

G+

F (ρ(g)x0) drg =

∫

Vεε1

F (x)ω(x) for F ∈ L1(Vεε1 , ω),

where ω(x) = |xm+1|−m|Q(x)|−1 dx, which is a G+-relative invariant mea-
sure on VR and the space L1(Vεε1 , ω) is the vector space of absolutely ω-
integrable functions. Using the formula (3.1), we can show that

Z(f, φ;w, s) =
∑

ε

Φε(f ;w −m, s− 1)ζε(φ;w, s).

Since the series ζε(φ;w, s) converges for Re(w) > m, Re(s) > 1, our asser-
tion is proved.

We define the integrals Z+(f, φ;w, s) and Z∗
+(f∗, φ;w, s) by putting

Z+(f, φ;w, s) =

∫

GR/Γ, χ(p,t)≥1
χ1(p, t)

wχ(p, t)s

×
∑

x∈VQ−SQ

φ(x)f(ρ(p, t)x) drg,

Z∗
+(f∗, φ;w, s) =

∫

GR/Γ, χ∗(p,t)≥1
χ∗

1(p, t)
wχ∗(p, t)s

×
∑

x∈VQ−S
∗

Q

φ(x)f∗(ρ∗(p, t)x) drg.

Proposition 3.5 implies that the integrals Z+(f, φ;w, s) and Z∗
+(f∗, φ;w, s)

are holomorphic functions in the domain
{

(w, s) ∈ C2
∣

∣ Re(w) > m
}

.

Proposition 3.6. Assume that Re(w) > m, Re(s) > 1 and f ∈
S(VR).
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(1) We have

Z(f, φ1;w, s) = Z+(f, φ1;w, s) + Z∗
+

(

f̂ , φ̂1;w,
m

2
+ 1 − w − s

)

+
|D|−1Z∗(0, w)

w + s− m
2 − 1

Σ∗
(

f̂ ;w − m

2
+ 1
)

+
ζ(w −m+ 1)

s− 1

∑

ε

Φε(f ;w −m, 0)

− Z(0, w)

s
Σ
(

f ;w − m

2
+ 1
)

− ζ(w −m+ 1)

w + s− m
2

∑

η

Φ∗
η(f̂ ;w −m, 0),

Z∗(f, φ̂1;w, s) = Z∗
+(f, φ̂1;w, s) + Z+

(

f̂ , φ1;w,
m

2
+ 1 − w − s

)

+
Z(0, w)

w + s− m
2 − 1

Σ
(

f̂ ;w − m

2
+ 1
)

+
ζ(w −m+ 1)

s− 1

∑

η

Φ∗
η(f ;w −m, 0)

− |D|−1Z∗(0, w)

s
Σ∗
(

f ;w − m

2
+ 1
)

− ζ(w −m+ 1)

w + s− m
2

∑

ε

Φε(f̂ ;w −m, 0).

(2) Let ψ be a Dirichlet character whose conductor r is an odd prime

not dividing 2|D|. Then we have

Z(f, φψ;w, s) = Z+(f, φψ;w, s) + Z∗
+

(

f̂ , φ̂ψ;w,
m

2
+ 1 − w − s

)

+
φ̂ψ(0)|D|−1Z∗(0, w)

w + s− m
2 − 1

Σ∗
(

f̂ ;w − m

2
+ 1
)

+
φ̂ψ(0)rm−wζ(w −m+ 1)

s− 1

∑

ε

Φε(f ;w −m, 0),

Z∗(f, φ̂ψ;w, s) = Z∗
+(f, φ̂ψ;w, s) + Z+

(

f̂ , φψ;w,
m

2
+ 1 − w − s

)

− φ̂ψ(0)|D|−1Z∗(0, w)

s
Σ∗
(

f ;w − m

2
+ 1
)

− φ̂ψ(0)rm−wζ(w −m+ 1)

w + s− m
2

∑

ε

Φε(f̂ ;w −m, 0).
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Proof. From the Poisson summation formula, it follows that

∑

x∈VQ

φ(x)f(x) =
∑

x∈VQ

φ̂(x)f̂(x).

Hence we have

Z(f, φ;w, s) = Z+(f, φ;w, s) + Z∗
+

(

f̂ , φ̂;w,
m

2
+ 1 − w − s

)

+Σ(3.2)

where

Σ =

∫

GR/Γ,χ(p,t)≤1
χ1(p, t)

wχ(p, t)s

×
(

χ(p, t)−m/2−1
∑

y∈S∗

Q
∩VQ

φ̂(y)f̂(ρ∗(g)y) −
∑

x∈SQ∩VQ

φ(x)f(ρ(g)x)

)

drg.

Since the functions φ and φ̂ are Γ -invariants, we see that

∑

y∈S∗

Q
∩VQ

φ̂(y)f̂(ρ∗(g)y) =
∑

y∈Γ\S∗

Q
∩VQ

φ̂(y)
∑

γ∈Γ/Γy

f̂(ρ∗(gγ)y),(3.3)

∑

x∈SQ∩VQ

φ(x)f(ρ(g)x) =
∑

x∈Γ\SQ∩VQ

φ(x)
∑

γ∈Γ/Γx

f(ρ(gγ)x),(3.4)

where Γx denotes the stabilizer of x in Γ .
We consider the case φ = φ1. We call two points x, y of VZ ρ(Γ )-

equivalent (resp. ρ∗(Γ )-equivalent) if they lie in the same ρ(Γ )-orbit (resp.
ρ∗(Γ )-orbit) in VZ. Then it is easy to see that a complete set of represen-
tatives of ρ(Γ )-equivalence classes in SQ ∩ VZ is given by the union of the
following subsets of VZ:

L1 =











x0

v
xm+1



 ∈ VZ

∣

∣

∣

∣

∣

∣

xm+1 6= 0, v mod xm+1Zm, Q





x0

v
xm+1



 = 0







,

L2 =











x0

v
0



 ∈ VZ

∣

∣

∣

∣

∣

∣

v 6= 0, x0 mod 2αv







,

L3 =











x0

0
0





∣

∣

∣

∣

∣

∣

x0 ∈ Z







,
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where αv is a positive integer such that v′ := α−1
v Av is a primitive vector.

Recall that an integral vector v = t(v0, v1, . . . , vm+1) is said to primitive if
the greatest common divisor (v0, v1, . . . , vm+1) equals 1. It is easy to see
that Γx = {1} for x ∈ L1, Γx = Γ for x ∈ L3 and

Γx =











1 −2 tuA −A[u]
0 1 u
0 0 1





∣

∣

∣

∣

∣

∣

u ∈ 〈v〉⊥A ∩ Zm







for x =





x0

v
0



 ∈ L2,

where

〈v〉⊥A =
{

u ∈ Rm
∣

∣

tuAv = 0
}

.

Similarly, the union of the following subsets forms a complete set of repre-
sentatives of ρ∗(Γ )-equivalence classes in S∗

Q ∩ VZ:

L∗
1 =











y0

v∗

ym+1



 ∈ VZ

∣

∣

∣

∣

∣

∣

y0 6= 0, v∗ mod y0Z
m, Q∗





y0

v∗

ym+1



 = 0







,

L∗
2 =











0
v∗

ym+1



 ∈ VZ

∣

∣

∣

∣

∣

∣

v∗ 6= 0, ym+1 mod αv∗







,

L∗
3 =











0
0

ym+1





∣

∣

∣

∣

∣

∣

ym+1 ∈ Z







,

where αv∗ is a positive integer such that (v∗)′ := α−1
v∗ v

∗ is a primitive vector.
We also see that Γy = {1} for y ∈ L∗

1, Γy = Γ for y ∈ L∗
3 and

Γy =











1 −2 tuA −A[u]
0 1 u
0 0 1





∣

∣

∣

∣

∣

∣

u ∈ 〈v∗〉⊥ ∩ Zm







for y =





0
v∗

ym+1



 ∈ L∗
2,

where

〈v∗〉⊥ =
{

u ∈ Rm
∣

∣

tuv∗ = 0
}

.

Using the identities (3.3), (3.4) and the calculation of Γx and Γy, we see
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that the third term Σ on the right hand side of (3.2) is equal to

2 ×
∫ ∞

0

∫ 1

0
am−w−1tw+2s−1{I∗1 ((ft)

∧) + I∗2 ((ft)
∧) − I1(ft) − I2(ft)} dt da

(3.5)

= 2 ×
∫ ∞

0

∫ 1

0
am−w−1tw+2s−1{I∗1 ((ft)

∧) − I1(ft)} dt da

+ 2 ×
∫ ∞

0

∫ 1

0
am−w−1tw+2s−1{I∗2 ((ft)

∧) − I2(ft)} dt da,

where

I1(f) =
∑

x∈L1

∫

Rm

f





ax0 − 2a tuAv − axm+1A[u]
v + xm+1u
a−1xm+1



du,

I2(f) =
∑

x∈L2

∫

Rm/(〈v〉⊥A∩Zm)
f





ax0 − 2a tuAv
v
0



du+
∑

x∈L3

f





ax0

0
0



,

I∗1 (f) =
∑

y∈L∗

1

∫

Rm

f





a−1y0

2y0Au+ v∗

−ay0A[u] − a tuv∗ + aym+1



du,

I∗2 (f) =
∑

y∈L∗

2

∫

Rm/(〈v∗〉⊥∩Zm)
f





0
v∗

−a tuv∗ + aym+1



du+
∑

y∈L∗

3

f





0
0

aym+1





and ft(x) = f(tx). We can easily calculate the first integral on the right
hand side of (3.5):

2 ×
∫ ∞

0

∫ 1

0
am−w−1tw+2s−1(I∗1 ((ft)

∧) − I1(ft)) da dt

= |D|−1
(

w + s− m

2
− 1
)−1

(

∑

y∈L∗

1

|y0|−w
)

Σ∗
(

f̂ ;w − m

2
+ 1
)

− s−1

(

∑

x∈L1

|xm+1|−w
)

Σ
(

f ;w − m

2
+ 1
)

.

Next we consider the second integral involving I ∗2 (f̂)−I2(f). Put Av = αvv
′,

where the vector v′ is a primitive vector, then we choose a set of vectors
{v1, . . . , vm−1} such that U = (v′, v1, . . . , vm−1) ∈ GL(m,Z). We take a
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basis of VR of the form {f1, f2, . . . , fm} for tU−1 = (f1, f2, . . . , fm). Denote
a vector u of VR by u = c1f1 + c2f2 + · · ·+ cmfm, then tuv′ = 0 if and only
if c1 = 0. Hence we see that the subspace 〈v ′〉⊥ is spanned by the vectors
{f2, . . . , fm}. Since du = dc1 · · · dcm, we see that

I∗2 (f̂) − I2(f) = a−1
∑

v∗∈Zm−{0}

∫

R

f̂





0
v∗

c



dc+
∑

y∈Z

f̂





0
0
ay





− a−1
∑

v∈Zm−{0}

∫

R

f





c
v
0



dc−
∑

x∈Z

f





ax
0
0



.

We can see easily that

∑

v∗∈Zm−{0}

∫

R

f̂





0
v∗

c



dc =
∑

v∗∈Zm

∫

R

f̂





0
v∗

c



dc−
∫

R

f̂





0
0
c



dc

=
∑

v∗∈Zm

∫

R

f̂





0
v∗

c



dc−
∫

Rm+1

f





x
u
0



dx du.

From the Poisson summation formula, we have

∑

v∗∈Zm

∫

R

f̂





0
v∗

c



dc =
∑

v∈Zm

∫

R

f





c
v
0



dc

=
∑

v∈Zm−{0}

∫

R

f





c
v
0



dc+

∫

R

f





c
0
0



dc

=
∑

v∈Zm−{0}

∫

R

f





c
v
0



dc+

∫

Rm+1

f̂





0
u
x



dx du,

∑

y∈Z

f̂





0
0
ay



 = a−1
∑

l∈Z

∫

Rm+1

f





x
u

a−1l



dx du,

∑

x∈Z

f





ax
0
0



 = a−1
∑

l∈Z

∫

Rm+1

f̂





a−1l
u
x



dx du.
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Hence we obtain that

I∗2 (f̂) − I2(f) = a−1
∑

l∈Z−{0}

∫

Rm+1

f





x
u

a−1l



dx du

− a−1
∑

l∈Z−{0}

∫

Rm+1

f̂





a−1l
u
x



dx du.

Thus we have

2 ×
∫ ∞

0

∫ 1

0
am−w−2tw+2s−1(I∗2 ((ft)

∧) − I2(ft)) dt da

= (s− 1)−1ζ(w −m+ 1)(Φ+(f ;w −m, 0) + Φ−(f ;w −m, 0))

−
(

w + s− m

2

)−1
ζ(w −m+ 1)(Φ∗

+(f̂ ;w −m, 0) + Φ∗
−(f̂ ;w −m, 0)).

This proves the assertion for φ1. We note that φψ(x) = 0 if Q(x) = 0. Our
assertion for φψ can be proved in the same way as in the case of φ1.

Corollary 3.7. For φ = φ1 or φψ, Z(f, φ;w, s) and Z∗(f̂ , φ̂;w, s)
have analytic continuations to meromorphic functions in the domain
{

(w, s) ∈ C2
∣

∣ Re(w) > m
}

. Moreover they satisfy the functional equation:

Z(f, φ;w, s) = Z∗
(

f̂ , φ̂;w,
m

2
+ 1 − w − s

)

.

Using Proposition 2.2, we obtain the following corollary.

Corollary 3.8. If f ∈ C∞
0 (Vε), then the following identities hold :

Z(f, φ1;w, s) = Z+(f, φ1;w, s) + Z∗
+

(

f̂ , φ̂1;w,
m

2
+ 1 − w − s

)

(1)

+
2|D|−1/2(2π)m/2−wΓ

(

w − m
2

)

Z∗(0, w)

w + s− m
2 − 1

× cos
π(p− q + ε(m− 2w))

4
Φε

(

f ;w −m,
m

2
−w

)

+
ζ(w −m+ 1)

s− 1
Φε(f ;w −m, 0).
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Z(f, φψ;w, s) = Z+(f, φψ;w, s) + Z∗
+

(

f̂ , φ̂ψ;w,
m

2
+ 1 − w − s

)

(2)

+
φ̂ψ(0)|D|−1/2(2π)m/2−wΓ

(

w − m
2

)

Z∗(0, w)

w + s− m
2 − 1

× cos
π(p− q + ε(m− 2w))

4
Φε

(

f ;w −m,
m

2
− w

)

+
φ̂ψ(0)rm−wζ(w −m+ 1)

s− 1
Φε(f ;w −m, 0).

Proof. It is sufficient to prove only
∑

η Φ∗
η(f̂ ;w − m, 0) = 0. If the

support of f is contained in V+, the function Φ−(f ;w, s) vanishes identically.
From Theorem 2.1, we have

cos
π(w − p)

2
Φ∗

+

(

f̂ ;w −m,
m

2
− w − s

)

(3.6)

+ cos
π(w + 2s− q)

2
Φ∗
−

(

f̂ ;w −m,
m

2
− w − s

)

= 0.

In the same manner, we have

cos
π(w + 2s− p)

2
Φ∗

+

(

f̂ ;w −m,
m

2
− w − s

)

(3.7)

+ cos
π(w − q)

2
Φ∗
−

(

f̂ ;w −m,
m

2
− w − s

)

= 0,

if the support of f is contained in V−. When s tends to m/2 − w in (3.6)
and (3.7), we have

∑

η

Φ∗
η(f̂ ;w −m, 0) = 0.

§4. Main results

First, we give the functional equation satisfied by ζε(φ;w, s) and

ζ∗η (φ̂;w, s) for the cases φ = φ1 and φψ and calculate their poles and

residues.

Theorem 4.1. The zeta functions ζε(φ;w, s) and ζ∗η (φ̂;w, s) (φ = φ1

or φψ) have analytic continuations to meromorphic functions in the domain

D =
{

(w, s) ∈ C2
∣

∣ Re(w) > m
}

with the following properties.
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(1) They satisfy the following functional equations for φ = φ1 or φψ:

(

ζ∗+
ζ∗−

)

(

φ̂;w,
m

2
+ 1 − w − s

)

= tγ(w, s)

(

ζ+
ζ−

)

(φ;w, s),

where

γ(w, s) = 2|D|−1/2(2π)m/2−w−2sΓ(s)Γ
(

w + s− m

2

)

×
(

cos π(w+2s−p)
2 cos π(w−q)

2

cos π(w−p)
2 cos π(w+2s−q)

2

)

.

(2) Fix a complex number w with Re(w) > m.

(i) The function (s−1)(s+w−m/2−1)ζε(φ1;w, s) is an entire function

of s. The residues of ζε(φ1;w, s) are given by

Res
s=1

ζε(φ1;w, s) = ζ(w −m+ 1),

Res
s=m/2+1−w

ζε(φ1;w, s) =
2Γ
(

w − m
2

)

Z∗(0, w)

|D|1/2(2π)w−m/2

× cos
π(p− q + ε(m− 2w))

4
.

(ii) The function (s−1)(s+w−m/2−1)ζ∗η(φ̂1;w, s) is an entire function

of s. The residues of ζ∗η (φ̂1;w, s) are given by

Res
s=1

ζ∗η (φ̂1;w, s) = ζ(w −m+ 1),

Res
s=m/2+1−w

ζ∗η (φ̂1;w, s) =
2Γ
(

w − m
2

)

Z(0, w)

|D|1/2(2π)w−m/2

× cos
π(q − p+ η(m− 2w))

4
.

(iii) If m is even or ψ 6=
(

∗
r

)

, then the functions ζε(φψ;w, s) and

ζ∗η (φ̂ψ;w, s) are entire functions of s.

(iv) If m is odd and ψ =
(

∗
r

)

, then the functions (s − 1)(s + w −m/2 −
1)ζε(φ( ∗

r )
;w, s) and ζ∗η (φ̂( ∗

r )
;w, s) are entire functions of s. The resi-
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dues of ζε(φ( ∗

r )
;w, s) are given by

Res
s=1

ζε(φ( ∗

r )
;w, s) = rm/2−w−1αζ(w −m+ 1),

Res
s=m/2+1−w

ζε(φ( ∗

r )
;w, s) =

2αΓ
(

w − m
2

)

Z(0, w)

|D|1/2(2π)w−m/2

× cos
π(q − p+ η(m− 2w))

4
,

where α = (r − 1) × εm+1
r

(

2D
r

)

r−1/2.

Proof. Our assertions for the analytic continuations and functional
equations follow immediately from Proposition 2.1, Proposition 3.5 and
Corollary 3.7. Now we compute the residues. We have the following identity
for any f ∈ C∞

0 (Vε) from Corollary 3.8 (1):

Φε(f ;w −m, s− 1)ζε(φ1;w, s)

= Z+(f, φ1;w, s) + Z∗
+

(

f̂ , φ̂1;w,
m

2
+ 1 − w − s

)

+
(

w + s− m

2
− 1
)−1

2|D|−1/2(2π)m/2−wΓ
(

w − m

2

)

× cos
π(p− q + ε(m− 2w))

4
Z∗(0;w)Φε

(

f ;w −m,
m

2
− w

)

+ (s− 1)−1ζ(w −m+ 1)Φε(f ;w −m, 0).

Since there exists an f ∈ C∞
0 (Vε) such that Φε(f ;w−m, 0) 6= 0, we see that

the function ζε(φ1;w, s) has a pole at s = 1 and the residue is ζ(w−m+1).
In the same manner as above, we obtain the assertion for the residue of
ζε(φ1;w, s) at s = m/2+1−w. Our assertion for ζ∗η (φ̂1;w, s) can be proved
in the same way as in the case of ζε(φ1;w, s). Using Corollary 3.8 (2), we
can prove our assertion for ζε(φψ ;w, s) and ζ∗η (φψ;w, s) in the same way.

Moreover using Lemma 3.3, we can extend ζε(φ;w, s) in C2.

Corollary 4.2. For φ = φ1 or φψ, ζε(φ;w, s) has an analytic con-

tinuation to a meromorphic function in C2.

Proof. Define

g(w) := ζ(w −m+ 1)−1L

(

w − m

2
+ 1,

(

(−1)m/2+12D

∗

))
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if m is even and

g(w) :=
(

w − m+ 1

2

)

ζ(w −m+ 1)−1ζ(2w −m+ 1)
∏

p|D

(1 − pm−1−2w)

if m is odd and put

G(w, s) := (s− 1)
(

s+ w − m

2

)

g(w)ζε(φ1;w, s).

From Lemma 3.3 and Lemma 3.4, we have

G(w, s) = (s− 1)
(

s+ w − m

2

)

∞
∑

n=1

F (εn,w)n−s.

From Theorem 4.1 and the estimate of F (εn,w) in Lemma 3.3, there exists
a positive number c for any σ1 ∈ R such that G(w, s) is holomorphic in the
domain

{

(w, s) ∈ C2
∣

∣ Re(w) > m
}

∪
{

(w, s) ∈ C2
∣

∣ Re(w) > σ1, Re(s) > 1 + c
}

.

Since the convex hull of this domain coincides with
{

(w, s) ∈ C2
∣

∣ Re(w) >
σ1

}

and σ1 is arbitrary, the assertion for φ = φ1 follows from Theorem 2.5.10
in [2]. The proof for φ = φψ is similar to the case for φ = φ1.

Let k be a positive integer greater than (m + ε(q − p) − 2)/4 and put

w = c(ε, k) + m/2 in the above proposition with the constant c(ε, k) =

2k + 1 + ε(p − q)/2, (c(ε, k) + m/2 > m by the assumption for k). Then

the γ-matrix γ(w, s) in Theorem 4.1 becomes an upper or lower triangular

matrix. Hence we have the functional equations below:

|D|1/2(2π)−(c(ε,k)+1−s)Γ(c(ε, k) + 1 − s)ζ∗ε

(

φ̂; c(ε, k) +
m

2
, 1 − s

)

(4.1)

= (−1)k+1(2π)−sΓ(s)ζε

(

φ; c(ε, k) +
m

2
, s− c(ε, k)

)

.

This functional equation suggests that ζε and ζ∗ε are related to modular

forms.
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Now we introduce Dirichlet series Lε(k; s) and L∗
ε(k; s), which will turn

out to be the Mellin transforms of modular forms, as follows:

Lε(k; s) := ζε

(

φ1; c(ε, k) +
m

2
, s− c(ε, k)

)

=

∞
∑

n=1

aε(k;n)n−s,

L∗
ε (k; s) := (−1)k+1|D|1/2D̃c(ε,k)/2+1/2−sζ∗ε

(

φ̂1; c(ε, k) +
m

2
, s− c(ε, k)

)

=
∞
∑

n=1

bε(k;n)n−s,

where

D̃ =











|D| if m is even and |D| 6≡ 2 (mod 4),

4|D| if m is even and |D| ≡ 2 (mod 4),

2|D| if m is odd.

From Lemma 3.4, we see that

aε(k;n) = nc(ε,k)Z
(

εn, c(ε, k) +
m

2

)

,

bε(k;n) = (−1)k+1D̃1−c(ε,k)/2nc(ε,k)

×
{

δ(n)Z∗(εn/4, c(ε, k) +m/2) if m is even and |D| ≡ 2 (mod 4),

Z∗(εn, c(ε, k) +m/2) otherwise.

For a positive integer N , we set

ΛN (s; k, Lε) =

(

2π√
N

)−s

Γ(s)Lε(k; s),

ΛN (s; k, L∗
ε ) =

(

2π√
N

)−s

Γ(s)L∗
ε (k; s).

Proposition 4.3. The functions ΛD̃(s; k, Lε) and ΛD̃(s; k, L∗
ε ) are

meromorphic in the complex plane and satisfy the functional equation

ΛD̃(1 + c(ε, k) − s; k, L∗
ε ) = ΛD̃(s; k, Lε)

and the function

(4.2) ΛD̃(s; k, Lε) +
aε(k; 0)

s
+

bε(k; 0)

c(ε, k) + 1 − s
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is holomorphic on the whole s-plane, where

aε(k; 0) =
(−1)k+1|D|1/2Γ(c(ε, k) + 1)ζ

(

c(ε, k) − m
2 + 1

)

(2π)c(ε,k)+1
,

bε(k; 0) =
D̃1/2(c(ε,k)+1)Γ(c(ε, k) + 1)ζ

(

c(ε, k) − m
2 + 1

)

(2π)c(ε,k)+1
.

Proof. The identity (4.1) implies the above functional equations. Since
Γ(s) has poles at s = 0,−1, . . . , it follows from Theorem 4.1 that the
possible poles of ΛD̃(s; k, Lε) are at s = c(ε, k)+1 and s = 0,−1, . . . . On the
other hand, from the expression on the left hand side of (4.3), we see that the
possible poles of ΛD̃(s; k, Lε) are at s = 0 and s = c(ε, k)+1, c(ε, k)+2, . . . .
Therefore we deduce that the function ΛD̃(s; k, Lε) has poles only at s = 0
and s = c(ε, k) + 1 and the residues are

(−1)k+1|D|1/2Γ(c(ε, k) + 1)ζ
(

c(ε, k) − m
2 + 1

)

(2π)c(ε,k)+1
(s = 0),

D̃1/2(c(ε,k)+1)Γ(c(ε, k) + 1)ζ
(

c(ε, k) − m
2 + 1

)

(2π)c(ε,k)+1
(s = c(ε, k) + 1).

Let r be a prime number not dividing 2|D|. For a primitive Dirichlet

character ψ modulo r, we define Dirichlet series Lε(k; s, ψ) and L∗
ε (k; s, ψ)

as follows:

Lε(k; s, ψ) :=

∞
∑

n=1

ψ(n)aε(k;n)n−s,

L∗
ε (k; s, ψ)

:=























r

∞
∑

n=1

bε(k; rn)(rn)−s −
∞
∑

n=1

bε(k;n)n−s if m is odd and ψ =

(∗
r

)

,

∞
∑

n=1

ψ(n)bε(k;n)n−s otherwise.

Then, by Lemma 3.4 and the definition of aε(k;n) and bε(k, n), we have

Lε(k; s, ψ) = ψ(ε)ζε

(

φψ; c(ε, k) +
m

2
, s− c(ε, k)

)

.
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We also have

L∗
ε (k; s, ψ̄) = (−1)k+1|D|1/2(rD̃1/2)c(ε,k)+1−2sC−1

ψ

× ζ∗ε

(

φ̂ψ; c(ε, k) +
m

2
, s− c(ε, k)

)

×











1 if m is odd and ψ =

(∗
r

)

,

ψ̄(ε) otherwise

where

Cψ =







































































(

(−1)m/2+1D

r

)

ψ(−|D|)τ(ψ)/τ(ψ̄) if m is even,

|D| 6≡ 2 (mod 4),
(

(−1)m/2+14D

r

)

ψ(−4|D|)τ(ψ)/τ(ψ̄) if m is even,

|D| ≡ 2 (mod 4),

ε−2c(ε,k)−2
r

(

2|D|
r

)2

ψ(−2|D|)τ(ψ(r))/τ(ψ̄) if m is odd, ψ 6=
(∗
r

)

,

ε−2c(ε,k)−1
r

(

2|D|
r

)

r−1/2 if m is odd, ψ =

(∗
r

)

.

For a positive integer N , we set

ΛN (s; k, Lε, ψ) =

(

2π√
N

)−s

Γ(s)Lε(k; s, ψ),

ΛN (s; k, L∗
ε , ψ̄) =

(

2π√
N

)−s

Γ(s)L∗
ε (k; s, ψ̄).

The proof of the following proposition is similar to the proof of Proposi-

tion 4.3.

Proposition 4.4. Let r be a prime number not dividing 2|D| and ψ a

primitive Dirichlet character modulo r. Then the functions ΛD̃r2(s; k, Lε, ψ)
and ΛD̃r2(s; k, L

∗
ε , ψ̄) have analytic continuations to meromorphic function

of s in C and satisfy the following functional equation:

ΛD̃r2(s; k, Lε, ψ) = CψΛD̃r2(c(ε, k) + 1 − s;L∗
ε , ψ̄).
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The function

ΛD̃r2(s; k, Lε, ψ) +
bε(k; 0)r

−1/2(r − 1)ε
−1−2c(ε,k)
r

(2|D|
r

)

c(ε, k) + 1 − s
(4.3)

×











1 if m is odd and ψ =

(∗
r

)

0 otherwise

,

is holomorphic on the whole s-plane.

Let H be the upper half complex plane, Gk(N,χ) the space of holo-

morphic modular forms on H of the integral weight k and character χ with

respect to Γ0(N) and Gk(N,χ) the space of holomorphic modular forms

on H of the half integral weight k and character χ with respect to Γ0(N),

for the definition, see [3] for integral k and [10] for half integral k. The

following is our main theorem.

Theorem 4.5. Let k be a positive integer with c(ε, k) > m/2. Let

{aε(k;n)}n≥1 and {bε(k;n)}n≥1 be as above and put

aε(k; 0) =
(−1)k+1|D|1/2Γ(c(ε, k) + 1)ζ

(

c(ε, k) − m
2 + 1

)

(2π)c(ε,k)+1
,

bε(k; 0) =
D̃1/2(c(ε,k)+1)Γ(c(ε, k) + 1)ζ

(

c(ε, k) − m
2 + 1

)

(2π)c(ε,k)+1
.

(1) If m is even, set

fε(k; z) =
∞
∑

n=0

aε(k;n)e(nz),

gε(k; z) =
√
−1

−c(ε,k)−1
∞
∑

n=0

bε(k;n)e(nz),

(z ∈ H).

Then both fε(k; z) and gε(k; z) belong to Gc(ε,k)+1

(

|D|,
(

(−1)m/2+1D
∗

))

or

Gc(ε,k)+1

(

4|D|,
(

(−1)m/2+14D
∗

))

according as |D| 6≡ 2 mod 4 or |D| ≡ 2

mod 4 respectively. They satisfy the following relation:

gε(k; z) = (D̃1/2z)−c(ε,k)−1fε

(

k;
−1

D̃z

)

.
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(2) If m is odd, set

fε(k; z) =

∞
∑

n=0

aε(k;n)e(nz),

gε(k; z) =
∞
∑

n=0

bε(k;n)e(nz),

(z ∈ H).

Then fε(k; z) belongs to Gc(ε,k)+1

(

2|D|,
(

2|D|
∗

))

and gε(k; z) belongs to

Gc(ε,k)+1(2|D|, id2|D|). Moreover they satisfy the following relation:

gε(k; z) = (−
√
−1D̃1/2z)−c(ε,k)−1fε

(

k;
−1

D̃z

)

.

To prove this theorem, we apply the converse theorem to the functions

ΛD̃(s; k, Lε) and ΛD̃r2(s; k, Lε, ψ). The converse theorem is proved in [15]

for the case of integral weight (see Theorem 4.3.15 in [3]). For the case

of half integral weight, Shimura [10, pp. 479–481] described the functional

equations of the Dirichlet series given by the Mellin transform of half inte-

gral weight modular forms and he pointed out that the functional equations

characterize modular forms of half integral weight. The proof of the char-

acterization of modular forms is omitted in [10], since it is almost the same

as that in [15].

Proof of Theorem 4.5. Propositions 4.3 and 4.4 show that the functions
Λ and Λ∗ satisfy the conditions of the converse theorem, except the bound-
edness of the functions given by (4.2), (4.3). Therefore it suffices to prove
the boundedness of the functions (4.2), (4.3) on any vertical strip. To show
this, we consider a function q(t) ∈ C∞(R), satisfying the following two con-
ditions. The existence of such a function q(t) is known (see Lemma 1.4 in
[11]):

(1) If t < 1, then q(t) = 0, and all the derivatives of q(t) are bounded
functions on R.

(2) Set

λ(s) =

∫ ∞

0
ts−1q(t) dt (Re(s) < 0).

Then the function λ(s) is a holomorphic function in the domain
{s ∈ C | Re(s) < 0} and for every pair of positive numbers (ν1, ν2),
there exists a constant c > 0 such that |λ(s)| > c exp(−

√

| Im(s)|) on
−ν1 ≤ Re(s) ≤ −ν2.
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Set

Kε = {x ∈ Vε | |xm+1| > 1, |Q(x)| = 1}
and take a function hε ∈ C∞

0 (Kε) such that hε ≥ 0 and

∫

Kε

hε(x)ω(x) = 1,

with dx = dQ ∧ ω. For a positive integer L, let

fε,L(x) =

{

|xm+1|m/2−c(ε,k)|Q(x)|−Lq(|Q(x)|)hε(x/|Q(x)|1/2) x ∈ Vε,

0 x 6∈ Vε.

The function fε,L belongs to C∞(VR). Then, by Lemma 4.5 in [14], Theo-
rem 2.1 and the Poisson summation formula hold for fε,L for L sufficiently
large. Hence the following identity, which is derived from Propositions 3.5
and 3.6, still remains true for fε,L for L sufficiently large.

ΛD̃(s; k, Lε) +
aε(k; 0)

s
+

bε(k; 0)

c(ε, k) + 1 − s

=
D̃s/2Γ(s)B(s)

(2π)sΦε

(

fε,L; c(ε, k) − m
2 , s− c(ε, k) − 1

)

− 1

s

(

D̃s/2Γ(s)ζ
(

c(ε, k) − m
2 + 1

)

Φ∗
ε

(

f̂ε,L; c(ε, k) − m
2 , 0

)

(2π)sΦε

(

fε,L; c(ε, k) − m
2 , s− c(ε, k) − 1

) − aε(k; 0)

)

− 1

c(ε, k) + 1 − s

×
(

D̃s/2Γ(s)ζ
(

c(ε, k) − m
2 + 1

)

Φε

(

fε,L; c(ε, k) − m
2 , 0

)

(2π)sΦε

(

fε,L; c(ε, k) − m
2 , s− c(ε, k) − 1

) − bε(k; 0)

)

,

where

B(s) = Z+

(

fε,L, φ1; c(ε, k) +
m

2
, s− c(ε, k)

)

+ Z∗
+

(

f̂ε,L, φ̂1; c(ε, k) +
m

2
, 1 − s

)

.

For ν > 0 the above function is bounded on any vertical strip with | Im(s)| <
ν, since the left hand side of the above function is holomorphic. Therefore
it is sufficient to prove that the above function is bounded on any verti-
cal strip with | Im(s)| > ν. Then Z+

(

fε,L, φ1; c(ε, k) + m/2, s − c(ε, k)
)

+
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Z∗
+

(

f̂ε,L, φ̂1; c(ε, k)+m/2, 1−s
)

are bounded on any vertical strip and from
Stirling’s estimate, we have

Γ(s) = O
(

| Im(s)|Re(s)−1/2e−π| Im(s)|/2
)

on any vertical strip. Therefore we need an estimate of Φε from below. By
the definition of fε,L, we obtain

Φε

(

fε,L; c(ε, k) − m

2
, s− 1

)

=

∫

Vε

|xm+1|c(ε,k)−m/2|Q(x)|s−1fε,L(x) dx

=

∫ ∞

0
ts−L−1q(t)

(∫

Kε,t

hε(x/t
1/2)ω(x)

)

dt

=

∫ ∞

0
ts−L−m/2−1q(t)

∫

Kε

hε(x)ω(x) dt

=

∫ ∞

0
ts−L−m/2−1q(t) dt = λ

(

s− L− m

2

)

,

where
Kε,t =

{

x ∈ Vε
∣

∣ |xm+1| > t1/2, |Q(x)| = t}.

Hence we obtain Φε(fε,L; c(ε, k)−m/2, s−1) > Ce−
√

| Im(s)| (Im(s) → ±∞)
and

ΛD̃(s; k, Lε) +
aε(k; 0)

s
+

bε(k; 0)

c(ε, k) + 1 − s

= O
(

| Im(s)|Re(s)−1/2e−π| Im(s)|/2+
√

| Im(s)|
)

.

In particular, the function on the left hand side is bounded on any vertical
strip. Our assertion for ΛD̃r2(s; k, Lε, ψ) can be proved in the same way
as in the case of ΛD̃(s; k, Lε). Therefore the functions ΛD̃(s; k, Lε) and
ΛD̃r2(s; k, Lε, ψ) satisfy all the conditions in the converse theorem.

Remark 3. Theorems 4.1 and 4.5 include several earlier results as spe-
cial cases.

(1) In the case m = 1 and A = (1), the zeta functions were studied in
[11] and the corresponding modular forms are the Cohen Eisenstein series.

In the case m = 2, (p, q) = (0, 2) and

A =

(

−1 0
0 dK/4

)

or A =

(

−1 −1/2
−1/2 (dK − 1)/4

)
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according as 4 | dK or 4 6 | dK, where dK is the discriminant of imaginary
quadratic field K. Theorems 4.1 and 4.5 have been obtained in [14].

(2) In the case m = 2, (p, q) = (1, 1) and

A =

(

0 1/2
1/2 0

)

,

then −det 2A = 1 and the theorems give classical examples. In fact, our
zeta function coincides with ζ(w−1)ζ(s)ζ(s+w−1)ζ(w)−1 up to a constant
and the corresponding modular forms is the holomorphic Eisenstein series.

(3) The functional equation of Theorem 4.1 was obtained in [5] under
the assumption that A be positive definite. Moreover he posed a conjecture
that the zeta functions are related to modular forms. Theorem 4.5 gives an
affirmative answer to this conjecture.
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