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GRAM MATRICES OF REPRODUCING KERNEL
HILBERT SPACES OVER GRAPHS II
(GRAPH HOMOMORPHISMS AND DE

BRANGES-ROVNYAK SPACES)

MICHIO SETO, SHO SUDA, AND TETSUJI TANIGUCHI

ABSTRACT. We study graph homomorphisms over finite graphs from a viewpoint
of reproducing kernel Hilbert space theory. In particular, introducing de Branges-
Rovnyak theory into graph theory, the relation between injective graph homomor-
phisms and de Branges-Rovnyak spaces is discussed in detail.

1. Introduction

The purpose of this paper is to give a reproducing kernel Hilbert space framework
dealing with graph homomorphisms as a sequel of [4]. First of all, we shall introduce
our idea. Let G be a graph. All graphs appearing in this paper are assumed to be
finite, non-directed and have neither loops nor multi-edges. The vertex set of G will
be denoted by V' = V(G), the edge set by F = FE(G) and the adjacency matrix by

A= (Agy)l“,yev‘

Definition 1.1. Let G and G3 be graphs. A map ¢ from V; = V(Gy) into V5 =
V(Gs) is called a homomorphism of G; into G if Afllyl < Agfxl)w(yl) for any x1,y;
in Vi. Further, G; and G, are said to be isomorphic if there exists a bijective
map ¢ between V; and V, which preserves adjacency, that is, both ¢ and ¢! are

homomorphisms.

We shall explain correspondences between some problems on complex analysis
and analysis on graphs. Let ¢ be a homomorphism from G; into G3. Graphs

will be identified with open sets in the complex plane. Then the inequality Afllyl <
Go
e(z1)p(y1)

in complex analysis that holomorphic maps preserve regions. Now, in complex

(x1,y1 € V1) can be seen as a discrete analogue of a fundamental principal
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analysis, there was once a famous problem called the Bieberbach conjecture. It
was solved completely by L. de Branges in 1984'. Some of ingredients of his original
proof are composition operators induced by injective holomorphic maps, generalized
Dirichlet integrals and the theory developed by him and his collaborator J. Rovnyak
in [2]. In graph theory, composition operators induced by graph homomorphisms
can be defined easily, and Dirichlet integrals on graphs have already been introduced
by many researchers. Therefore, under our identification, it is reasonable to expect
that there would exist some interplay between graph theory and de Branges-Rovnyak
theory. This is our basic idea.

This paper is divided into four sections. Section 1 is the introduction. In Section
2, we deal with Hilbert spaces constructed from adjacency matrices of graphs, which
will be denoted by H¢, and give some general properties of the composition operator
C, induced by a homomorphism ¢ : G — G3. In Section 3, we introduce de
Branges-Rovnyak space M induced by the adjoint of C,. M is a Hilbert space
consisting of vectors in the range of that operator with the inner product defined
by the pullback operation. A certain condition that two graphs are isomorphic is
given with the language of de Branges-Rovnyak theory. In Section 4, we study
relations between those spaces and the growth of vertices and edges by an injective
homomorphism.

2. Dirichlet spaces over graphs

Let G be a graph. Then £(-, -) will denote the discrete Dirichlet form on V' defined
as follows:

o) =5 3 AG (ulx) — ul) (v(x) — v(y)),

z,y€V(G)
where v and v are real valued functions on V. Let §, denote the delta function at
x, deg(x) denote the number of edges connected at .

Lemma 2.1. For any x and y in 'V,

. deg(z) (z=y)
E(0z,0y) =
(1) ( ) {_Azy (ZE 7é y)
(ii) Let ¢ be a map from Vy to V,. Then

£z 09,0, 09) = [{(w,2) € (¢7 () x (¢ (2))) : {w, 2} € E}|.
Proof. 1t is easy to see (i). We shall show (ii). Setting

I={(w,2) € 7 () x (¢~ (2))° : {w, 2} € B},

For its interesting history, see “The Bieberbach Conjecture-Proceedings of the Symposium on
the Occasion of the Proof”, Math. Surveys Monogr., 21, Amer. Math. Soc., Providence, RI, 1986.




we have that

E@eop.0i00) =5 3 Aus{bulp(w) — ()

w,z€V
= 3 {0(e(w) — 8a(p())}?
{w,z}€FE
= 3 {Gulp(w)) = 6.(0(2))
(w,z)el
=|I|.
This concludes the proof. =

Let H¢ denote the Hilbert space consisting of real valued functions on V' with the

following Sobolev norm:
lull3e, = Ilullz2 + € (u, u),

where ||ullez = (3,cy |u(z)]?)/?. Then, since H¢ is of finite dimension, He¢ is
a reproducing kernel Hilbert space. For every z in V| the reproducing kernel of
He at z will be denoted by k¢, that is, k¢ is the unique vector in H¢ such that
(f,kS)ne = f(z) for any f in Hg. Let Gy and Gy be graphs, and let ¢ be a
homomorphism from G, into G5. For each function u in H¢,, Cou = v o ¢ defines
a linear operator C, from Hg, into Heg,. We set N, = maxy,ev, | (22)].

Theorem 2.1. [|Cyull3,, < Nyllullyg, -

Proof. For any u in H¢,, we have that

E1(Cpu, Cpu) = E(uo p,uop)

1
=3 Z Ay [0 p(zy) —uop(y)|

z1,91€EV1

1
=3 Y Appnluo pla1) —uop(y)

z1,91€V1

> Anglu(za) — ulyn) Pl (@)l (12)]
x2,y2€0(V1)
N2
TS Al - ulw)?

z2,Yy2€V2

Ex(u, u)

N —

IN

_ 2
_N@

and

Yo lwop(e)f =Y fulzs)Ple (z2)] S Ny Y Julas)l”

z1EVL x2€p(V1) T2€Vs
These inequalities conclude the proof. U



We set T' = C7/N,, where we deal with C, as an operator from Hg, into Hg,
Then T is a linear operator from Heg, into He,, ||T']] < 1 by Theorem 2.1, and it is
easy to see that Tk:fl1 = kgf 1)/N¢ for every z; in Vj.

T

Theorem 2.2. T is an onto isometry if and only if p is an isomorphism.

Proof. The if part is trivial. We shall show the only if part. First, by (ii) in Lemma
2.1, we have the following:

176,02, = o (@) + | (w,2) € 90‘1(1‘?\)[; (o~ (x2))° : {w, 2} € EA}|

_ 17 (@) |(1 + degg, (2))
< e

. (2.1)

Suppose that 7" is an onto isometry. Then we have that |V;| = |V,| and || T*0,, H%Gl =
1622113, - It follows from (2.1) that

o~ (2)|

L+ e (22) = [0, = 176 B, < P (1 + et (1)),
©

and which implies that [~ (z3)| = 1 for any zy in V5, that is, ¢ is injective. Since
[Vi| = |Va], ¢ is bijective. Furthermore, by (i) in Lemma 2.1, if 25 # y, then we
have that

_A.S;yg = <5w2’ 6y2>7'lc2
= <T*5£L‘27 T*6y2>7'lc1

= <5¢*1(w2)v 5@*1@2))%@1
G
AN o) ()

that is, ¢ is an isomorphism. This concludes the proof. l

3. de Branges-Rovnyak spaces over graphs

In this section, we shall introduce the theory developed by de Branges and
Rovnyak. This theory is well known to experts in Hilbert space operator the-
ory. Standard references will be Ando [1], de Branges-Rovnyak [2], Sarason [3]
and Vasyunin-Nikol’skil [5]. We will refer to [3] for several results which we need in
this paper.

Let Pyerryr and Py r-y1 denote the orthogonal projections onto the orthogonal
complements of ker 7" and ker T in H¢, and Hg,, respectively. Now, we introduce
new inner products on linear spaces TH¢, and T*H¢, defined as follows:

(Tuy, Tvi)r = (Puer )L U1s Prer )t V1) 1e, (U101 € Hay),

<T*U27T*'U2>T* = <P(kerT*)Lu27 P(kerT*)lfU2>HG2 (UQ,UQ - HGQ).



We are interested in Hilbert spaces M(T) = (THg,, ||-||7) and M(T*) = (T*He,, |-
||7+) rather than THq, and T*H¢, as usual Hilbert subspaces.

It is easy to see that M(T') = H¢, as Hilbert spaces if and only if 7" is an onto
isometry, that is, ¢ is an isomorphism by Theorem 2.2. Since ||T’|| < 1, we have the
following quasi-orthogonal decomposition of Hg, and Hg, by (I-12) in [3]:

He, = M(T) + H(T), (3.1)
He, = M(T*) + H(T*), (3.2)

where H(T) = M(\/Ing, —TT*) (vesp. H(T") = M(\/Ing, —T*T)), and will be

called the de Branges-Rovnyak complement of M(T') (resp. M(T%)).

Remark 3.1. In our framework, injective homomorphisms will be essential. Because,
first, by the construction of M(T'), when ¢ is injective, the inner product of M(T)
is inherited from that of H¢,, secondly, the structure of Hs is equivalent to that
of G in general. Hence, it can be expected that the data of ¢ : Gi — G will be
encoded into the contractive embedding M(7T') < Hg,. Then de Branges-Rovnyak
complements will replace not only as orthogonal complements but also as quotient
spaces.

We note that M(T') = M(|T*|) and M(T*) = M(|T) by (ii) of (I-5) in [3]. In
general, the intersection of M(T') and H(T'), which is called the overlapping space
with respect to 7', is non-trivial. In fact, by (I-9) in [3], TT* (resp. T*T) is an
orthogonal projection if and only if (3.1) (resp. (3.2)) is the usual orthogonal direct
sum. By the formula in (I-3) in [3], M(T), H(T), M(T*) and H(T™*) are reproducing

kernel Hilbert spaces, and their reproducing kernels are

TTkS?,  (Iy, — TTES?, T*TES) and (I, — T*T)kS

x9 x2 7 x1
respectively. Then, it is easy to see that
1

N — (kS? 0 0, kS 0 Oy,

T2 ? x2 )

(TT*ES2, TT* k) paery = (TkS2, Tk ) gy, =

and

G2 G2

* * 1
(T*TKS, T TkG1> M(T*) = (Tk;? TkG1>HG2 N2< (w1)7k¢(y1)>HG2'

x] ) 1
In general, those reproducing kernels might not be linearly independent. Two ma-
trices

K(M(T)) (<TT*kG2 TT*kG2>M(T )w27y2€V2

z2
and
K(H(T)) = (I = TT*)kgy, (I = TT* k2 ) 1m) s gneve
will be called Gram matrices of M(T) and H(T'), respectively. Since entries of
those matrices are values of corresponding reproducing kernels, Gram matrices are



essentially equal to reproducing kernels. Similarly, Gram matrices K (M(T*)) and
K(H(T*)) are defined.

Let Hy and Hs be graphs, and let @ be a homomorphism from H; into Hy. We
set S'= Cy/Ny.

Definition 3.1. T is said to be compatible with S if there exists a bijective map ¥
from V(G3) onto V(Hj) such that the following three conditions hold:

(i) (TT*kS2, TT*kS2) pqq (SS*kgfw LSS kgl ) Mm(s);

x9 ?

(ii) ((I = TT*kC>, (I — TT*)k;yG;) = ((I = 55" kgt (I = SS*ky?, as),

T )
(iii) the following two linear relations are mutually equivalent

> o, TT RS> = Y by, (I = TT*)ES?,

xo€Vs xro€Vo
> a5, 5SSk = > bay (I — SS)kGE .
zo€ Vs zo€Vs

In other words, T" and S are said to be compatible if there exists a bijective map ¥
from V(Gs) onto V(Hy) such that the following three conditions hold:
(i) KM(T)) = K(M(S)) up to the permutation induced by ¥,
(ii) K(H(T)) = K(H(S)) up to the permutation induced by U,
(iii) K(M(T))a= K(H(T))b if and only if K(M(S))a = K(H(S))b under the
identification in (i) and (ii), where a and b denote vectors in RIV(G2)l,
Similarly, the compatibility of 7" and S* is defined.

Theorem 3.1. If there exist isomorphisms ® and VU such that the following diagram

commutes:
%)
G1 — G2

‘I’l l\p
H1 T> Hg,

then T and T are compatible with S and S*, respectively.

Proof. We set Uy = C§ and U, = (. Since the Sobolev norm is invariant un-
der isomorphisms, U; and U, are onto isometries such that the following diagram
commutes:

He, —— Ha,

a [

HHI T> HHQ.

Then, trivially, we have that SS* = U,TT*U; and S*S = Uy T*TU;. Further, by
(ii) of (I-5) in [3], it suffices to show the statement for M(|T*|) and M(|S*|). We
shall see that



(i) Cy @ Cy is an isometry from M(|T*|) & H(|T™*|) onto M(|S*|) & H(|S*|),
(i) CyTT kS = SS*ky?,),
(i) Cy(I = TT*)kS? = (I — SS*)kg?,,
)

(iv) the following two linear relations are mutually equivalent:

D an, TT RS = > by (I =TTk,

z2€V2 T2€Vs
*71.H *\ 1.H:
D e, SSkE = bay (I — SSkE .
xo€Vs xro€Vo

First, it is trivial that UpM(|T7|) = M(]S*|) as linear spaces by SS* = UsTT*Us;.
Furthermore, for any us in He,, we have that

10| T [zl amqs+)y = (1S |Uauzll aqse)
= ||P(ker\S*\)iU2u2||’HH2

= HP(kerU2|T*|U2*)lU2u2”’HH2
= ||U2P(ker\T*\)lUQ*UQUQH’HHQ
= || Per |7y U2l 216,

= |||T*|U2||M(|T*\).

Hence M(|T*|) is isomorphic to M(|S*|). Similarly, it is shown that H(|T*|) is
isomorphic to H(|S*|) by Us. Thus we have (i). Since U;TT* = SS5*Us,, we have
that

UsTT kS = SS*Usky® = S5 kyt,.
This concludes (ii) and (iii). It is easy to see that (iv) follows from (ii) and (iii). O

Next, we shall show the following:

Theorem 3.2. Let ¢ : Gy — Gy and o : Hi — Hy be homomorphisms. Then

(i) Gy and Hy are isomorphic if T and S are compatible,
(ii) Gy and Hy are isomorphic if T* and S* are compatible.

In order to prove this theorem, we need some lemmas.
Lemma 3.1. If T is compatible with S then
Uy : M(T) = M(S), TTkg* = SS*ky,,
and
Up : H(T) = H(S), (I =TTk = (I = SS")kyt,

are 1sometries.



Proof. Since

H Z CmTT*]{? HM - || Z CI2SS*kG2 )HM(S
xo2€Vs xroE€Vs
by (i) in Definitoin 3.1, U; is well defined and isometric. O

We set U = U, @ U, for Uy and U; in Lemma 3.1. Then U is an onto isometry from
M| T*) ® H(T*|) onto M(|S*|) ® H(|S*|) if T is compatible with S by Lemma
3.1. Further, we set

T: M(|T*) @ H(T|) = Hay, udv—u+wv,
S:M(S*|) ® H(|S"|) = Hp,, udv— u+o.
Lemma 3.2. M(T) = Heg, as Hilbert spaces.

Proof. This proof is taken from Ando [1]. Since x = TT*x + (I — TT*)x, we have
that M(T) = Hg, as linear spaces. We shall show that ||z[|xt) = [|7|l3, for any
x in Hg,. First, since

2 3ery = IT(TT* 2, I=TT*)2) | paery < N1 TT 23y H 1T =TTy = llll3e,,
we have that [|z]|pmy < [|#llae,. Next, let & = T(Tay, (I — TT*)"?ay) where

(Tay, (I-TT*)"%ay) bein (ker T)*, a; be in (ker T)* and ay be in ker((1—TT%)'/2)+.
Then we have that

2 3uer) = IT(Tar, (I - TT*)?ay)|*
= ||Tar |3y + I = TT*)az|3yz)
= a3, + lazllfs,
It follows from this identity that
213, = (2, 2)ae, |”
= [(z,Tay + (I = TT*)Pas)p,
= [((T"z, (I — TT")'"?2), (a1, a2)) g, o, |
< (1Tl + I =TT 222 Yol + )
= [[2ll3, 1)
Therefore we have that ||z sty > |||, This concludes the proof. O
Lemma 3.3. If T is compatible with S then Uker T = kerS.

Proof. Let (u,v) be in ker T. Then we have that (u,v) = (u, —u) where u belongs
to M(|T*|) N H(|T*|). Hence u can be represented as follows:

w= Y ap,TTk? = Y by, (I — TT*)kS?.

xro€Vo xo €V



Since T' is compatible with S, we have that
D an, Sk = D bay(I = S5T)ky?, ).
T2€Vo T2€V2

Further, by Lemma 3.1, we have that
U an,TTES? = > by, (I = TT*)ES?)

zo€Vs zo€ Vs
= (D an,SSkGE = > bay(I =SS ).
z2€Va T2€Vs

This concludes the inclusion Uker T C kerS. Since U is an onto isometry, it is
similar to see the converse inclusion. 0

Proof of Theorem 3.2. 1t suffices to show (i) because Lemmas 3.1, 3.2 and 3.3 hold
for T* and S*. We set U = SUT!. Then U is a well-defined linear operator by
Lemma 3.3, and the following diagram commutes:

M(|T*)) & H(IT*]) —— M(|S*]) @ H(]S"])

| s
HG2 T> HHQ.

Since {k$?},,ev(c,) and {k§(2$2)}$2€V(G2) are linearly independent and UkS? = kgfm)
we have that U = (Y, and which is an invertible linear operator from He, onto
Hp, satisfying UT = SU. We shall show that U is an isometry. Let w be a
function in Hg,, and let w = u + v be its unique decomposition with respect to
M(|T*|) and H(|T*]). Then (u,v) belongs to the orthogonal complement of ker T
in M(|T*|) ®H(|T*]), and ||w\|§ic2 = ||u||3vl(|T*|) + Hv||3{(|T*‘) by Lemma 3.2. Setting
U(u,v) = (v/,0"), (u/,v") belongs to the orthogonal complement of ker S in M(]S*|)&®
H(|S*|) by Lemma 3.3 and U(u+v) = SUT ! (u+v) = ' +v'. Hence we have that
1w, = Nl + v'|[3,,

= HU/H.%\/IOS*D + ||U/||3-L(|S*|)

= HU||3\4(|T*\) + ||U||$-£(|T*|)

= ol
Next, we shall show that ¥ is an isomorphism. Since

<512>6y2>7'102 = <U*5‘1’($2)7 U*(S‘I’(y2)>7'lc:2 = <5‘P($2)’5‘1’(y2)>HH2>

we have that (U(z3), U(y2)) belongs to E(H,) if and only if (x4, y2) belongs to E(Gs)
by (i) in Lemma 2.1. Therefore G5 and H, are isomorphic. O

Corollary 3.1. Let Gy and Gy be graphs.



(i) If there exist a graph H, homomorphisms ¢ : H — Gy and ¢ : H — Gy
such that T and S are compatible, then G, and Go are isomorphic.

(ii) If there exist a graph H, homomorphisms ¢ : Gy — H and ¢ : Gy — H
such that T* and S* are compatible, then Gy and G4 are isomorphic.

In general de Branges-Rovnyak theory, analysis of H(T) and H(T™) is not easy.
Next, we shall give a general property on H(7T") and H(7*) in our setting.

Lemma 3.4. Let ¢ be a homomorphism from Gy to Gy. Then
dim M(T') = dim M(T™) = |p(V1)].

Proof. First, it is trivial that dim M(T) = |(V1)|, because TkS! = k&2 /N and

o(z1
{kS1}aev; is linearly independent. Moreover, since M(T*) = ranT* = (ker T')* as

linear spaces in H,, we have
dim M(T*) = |Vi] — dimker T = [Vi| = (V3] — lp(1A)]) = (VA)].
Thus we have the conclusion. O

We set
ind7 = dim H(T™) — dim H(T).

It is easy to see that this quantity is invariant under isomorphisms in the sense of
Theorem 3.1.

Theorem 3.3. Let ¢ be a homomorphism from Gy to Gy. Then
lp(Vi)] = [Va] <ind T < [Vi] — [(V3)].
Proof. By the decomposition (3.2) and (I-9) in [3], we have that
V1| = dim He,

= dim M(T") + dim H(T™) — dim(M(T™) N H(T™))

= dim M(T") + dim H(T™) — dim T*H(T)

> dim M(T™) + dim H(T™) — dim H(T').
Similarly, by (3.1), we have that

Vo] > dim M(T') + dim H(T') — dim H(T™).
These inequalities concludes the following inequality:
dim M(T) — |V5| < dim H(T*) — dim H(T') < |Vi| — dim M(T™).

By Lemma 3.4, we have the conclusion. U



4. Injective homomorphisms

In this section, we deal with injective homomorphisms. First, we shall give a
partial converse of Theorem 3.1:

Theorem 4.1. Let ¢ : Gy — Gy and ¢ : Hy — Hy be injective homomorphisms.
If T and T are compatible S and S*, respectively, then there exists isomorphisms
b : Gy = Hy, V: Gy — Hy and a unitary operator U on Hy, such that UCT{,C:; =
C;;C;) on 7’[@1.

Proof. By Theorem 3.2, there exist isomorphisms ¢ : Gy — H; and ¥ : Gy — Hs.
Then we have that

(k3 -

H
Wop(z1) k‘llgso(yl)>7"Hz

CoyTkSY, CoTkS )3y,
Tk TG )3,

T*TkSY, T*TESY) p(re)
= (5" Skg(ay)s 5" Skl ) Mm(s?)
Skate,y Skay) ),
Epen(an): Fioow(n)

o~ o~ o~ o~~~

Hence there exists a unitary operator U on My, such that U : k22 — k2

Vop(z1) Pod(z1)’
and which is equivalent to that UCGCy = CjC5 on Hg,. This concludes the
proof. O

Furthermore, ind T' can be obtained explicitly for injective homomorphisms.
Theorem 4.2. Let ¢ be an injective homomorphism from G to Gs. Then
ind7T = |Vi| — |V

Proof. 1f ¢ is injective, then so is T. Hence we have that dim M(T") = dim Hg, =
[Vi|. Moreover, from M(T)NH(T) = TH(T*) by (I-9) in [3], it follows that

dim(M(T)NH(T)) = dim H(T™).
By the identity which follows from (3.1), we have that

|Va| = dim H,
= dim M(T) + dim H(T) — dim(M(T) NH(T))
= |Vi| + dim H(T') — dim H(T™).

This concludes the proof. O



Remark 4.1. ind T is an integer valued function invariant under isomorphisms. It
would be worth mentioning the following observation which is a consequence of
Theorem 4.2. Let ¢1 : G; — G5 and ¢y : Gy — G3 be injective homomorphisms.
Then since 1371, = C*

pa0pr s We have that

ndTyTy = |Vi| — [Va| = V3| — |Va| + [Va| — V4] = ind T} + ind T,

that is, ind T" is additive for injective homomorphisms. We should note that Fred-
holm index in a finite dimensional case is just a difference between dimensions of
underlying spaces.

Next, we shall see that the growth of numbers of edges by an injective homomor-
phism is encoded in the Hilbert space structure of H(T).

We will write o~ !(z), instead of o' ({x}), for every z in V5 if no confusion occurs,
and set Ay-1(z)p-1¢y) = 0 if o7 (x) is empty.

Lemma 4.1. Let ¢ be an injective homomorphism from Gy to Gy. Then

. . degg, () — degg, (¢7'(2))  (¢7'(x) #0),
) 11 = TT*)0: |3y = { .
1+ degg, (7) (™ () = 0),
(ii) (I =TT*)6,, (I = TT*)8y)uery = —AS2 + AZ () 2 F Y.
Proof. First, since T*§, = 0, o p, we note that 7%6, = 0 if p~!(z) is empty. For any
x in V5, we have that
(I = TT*)dul3yry = (I = TT")ds, (I = TT")8u) pur)
= ((I =TT")0s, 0s) e,
= [10all325, = 17" 0all34s,
= degg, (v) — degg, (¢ ().
Hence we have (i). Next, we shall show (ii). For any z, y in V5 such that = # y, we
have that
(I =TT%)bz, (I =TT)6y )y = (L = TT")dx, 6y ) e,
= <5x7 5y>7'lc:2 - <T*51‘7T*5y>7'ic1
_ G G1
= Ay A @)
Thus we have (ii). This concludes the proof. O
Remark 4.2. Suppose that G = ¢(Gy) and Vo = {z1,...,2,}. Then, by (i) and (ii)

in Lemma 4.1, we have that

n

(I —=TT*)Y " ;b0 iry = (Lay — U Le, U (ers - - en), (e, - cn))men,

J=1



where Lg denotes the Laplacian matrix of G and U denotes the unitary matrix
induced by ¢ as a permutation.

In general de Branges-Rovnyak theory, calculation of dim H(7") is important, but
not easy. However, in our case, it is possible under some conditions. We shall see
how to calculate it with several examples.

Example 4.1. If Gy = p(Gy) and |E(p(Gy))| — |E(Gy1)| = 1 then dimH(T) = 1.
Indeed, we assume that x; and x5 are in Vo = o(V1) and Ay 2, > Ap-1(21)0-1(as)- BY
Lemma 4.1, for any function u = ervg ¢0, in Hg,, we have that
<(IHG2 - TT*)U, u>7'lcz
= ||(IHG - TT*)UH?H(T)

= > ci(deg(x) = deg(p™'(2) + D caty(—Auy + Api@pei(y)

zeVs z,yeVa
= (Cxl - 612)2'
Hence we have that dimker(Iy, —TT") = |[Va| — 1,
dim H(T') = dimran(l3,, — TT") = dim(ker(I3,,, — TT )t =1
and H(T) is generated by (Ip,, — TT*)"/?(6z, — 0a,)-
Ezample 4.2. If Gy = ¢(G1) and |E(p(G1))| — |E(G4)| = 2 then dlmH( ) =2. We
assume that x; is in Vo = (V1) (i = 1,2,3,4) such that A > A,

forv=1,3.
(Case 1) If {1, 22} is not connected with {z3,y4}, for any function u =~ _,, c,0,

TiTiq1 e (wig1)

in Hg,, we have that

<(IHG2 - TT*)“? u>HG2 = (6361 - 0962)2 + (0963 - 0334)2'

Hence we have that dimker(ly,, —TT") = [Va| —4 + 2 = [V3| — 2. This concludes
that dim H(T') =
(Case 2) If {x1,x2} is connected with {x3,z4}, then we may assume that zo = x4.

For any function v = ) c.0, in He,, we have that

reVy
<(IHG2 - TT*)U7U>HGQ = (Cl'l - 612)2 + (CI2 - 623)2’

Hence we have that dimker(/3,, —T7T") = [Vo| =3 + 1 = [V3| — 2. This concludes

that dim H(T') =

Ezxample 4.3. Suppose that Gy = ¢(G1) and |E(¢(Gy))| — |E(G1)] = 3. Then
dim H(T') = 3 does not always hold. Indeed, we assume that x;, 25 and x3 are in
Vo = (V1) and {z1, 22}, {x9, 23} and {x3, 21} are in |E(p(G1))], however neither



{e7 (1), o7 (w2)}, {7 (w2), @7 (w3)} mor {7 (23), o7 (1)} is in [E(G1)[. Then

for any function u =3 .., ¢.0, in Hg,, we have that

<(IHG2 - TT*>U’7 u>7'lc2 = (Cwl - sz)z + (0962 - C$3>2 + (0963 - Ca?l)z'

Hence we have that dimker(l3,, —T7T") = [Vo| =3 + 1 = [V3| — 2. This concludes
that dim H(T') = 2.

Example 4.4. Let O, denote the graph having no edge with n vertices, and K,
denote the complete graph with n vertices. We consider an injective homomorphisms
¢ : O, — K, such that ©(0O,) = K,,. For any function u = >_ ¢,0, in Hg,, we have
that

(Tpye, = TT*)u, u)pgye, = (n—1) Zcij -2 Zcmicxj = Z(le — Ca:]-)2~

J i>7 i#]
Hence ker(/ — T'T*) is generated by u = > ., 6, = 1. Therefore we have that
dimH(T) =n— 1.

Let ¢ : G; — G5 be an injective homomorphism such that Gy = p(G1). We set

AGE = {{zi, 25} € E(p(G1)) : {07 (), 97 (7)} € E(G1)}-
Then, in Examples 4.1, 4.2, 4.3 and 4.4, it is essentially shown that

||(‘[HG2 - TT*) Z Cx(SCL‘”’%-[(T) = Z (Cl‘i - ij)27

z€Vr {zi,0;}EALE

and which implies that dim H(T") < |ALE)|.

Theorem 4.3. Let ¢ : G — H be an injective homomorphism such that H = ¢(G).
We setn = |ALE|. Then H(T') can be decomposed into n one-dimensional subspaces
in the sense of quasi-orthogonal decomposition.

Proof. Let ¢ : G — H be decomposed as follows:

Pn—1,n Pn—2n—1 $1,2 $0,1
G=G, — Gp1 — =G —Gy=H, ¢=¢pp10-0¢Pyp_1n,

|E(0)j+1(Gj1))| — [E(Gy)| = 1 and ¢;;41(Gj41) = Gy for j = 0,1,...,n — 1.
Setting ¢; = pp10---0pj_1,, ¢; : G; = Gy = H is an injective homomorphism.
Furthermore we set Tj_; ; = C;j—u :Hg, = Heg,_, and T = C;j cHa, — Ha,-
Then trivially, we have that 7}, = 7;7};11. and we note that dim H (7} ;1) = 1
by Example 4.1. Using (I-10) in [3] inductively or by Theorem A140 in Vasyunin-
Nikol’skif [5], H(T') can be decomposed as follows:

n—1

H(T) =H(T,) = ZIH(TﬁTJ—H)

J=0



Since (T}, Tjy1) = M(T;(I = Tj 11T ;41)"?) and Tj is injective, we have that
Qi H(T, Tyr) = dim H(T) 1) = 1.
This concludes the proof. U

Acknowledgements. The authors are grateful to the referee for valuable comments
and suggestions which have contributed to the preparation of the paper. The authors
also would like to thank Professors Takahiko Nakazi, Saburou Saitoh, Shuichi Ohno
and Takumi Yamada who gave the authors opportunity to discuss analysis on graphs
and made many valuable suggestions.

References

[1] T. Ando, de Branges spaces and analytic operator functions, Lecture notes, Sap-
poro, Japan, 1990.

[2] L. de Branges and J. Rovnyak, Square summable power series, Holt, Rinehart
and Winston, New York, 1966.

[3] D. Sarason, Sub-Hardy Hilbert spaces in the unit disk, University of Arkansas
Lecture Notes in the Mathematical Sciences, 10. A Wiley-Interscience Publica-
tion. John Wiley & Sons, Inc., New York, 1994.

[4] M. Seto, S. Suda and T. Taniguchi, Gram matrices of reproducing kernel Hilbert
spaces over graphs, Linear Algebra Appl. 445 (2014), 56-68.

[5] V. I. Vasyunin and N. K. Nikol'skii, Quasiorthogonal decompositions with re-
spect to complementary metrics, and estimates of univalent functions, Leningrad
Math. J. 2 (1991), 691-764.

(Michio Seto) Department of Mathematics, Shimane University, Matsue 690-8504, Japan
(Sho Suda) Department of Mathematics, Aichi University of Education, Kariya 448-8542, Japan

(Tetsuji Taniguchi) Department of Electronics and Computer Engineering, Hiroshima Institute of
Technology, 2-1-1 Miyake, Saeki-ku, Hiroshima 731-5193, Japan
E-mail address:  mseto@riko.shimane-u.ac.jp (M. Seto), suda@auecc.aichi-edu.ac.jp

(8. Suda), t.taniguchi.t3@cc.it-hiroshima.ac.jp (T. Taniguchi)

Received July 30, 2014
Revised January 19, 2015



