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Introduction

Submanifolds of a Sasakian manifold were investigated from two differ-

~ ent points of view, namely, one is the case where submanifolds are tangent to
the structure vector, and the other is the case where those are normal to the
structure vector (3], [6], [7] etc. But, without these considerations generic
submanifolds of a Sasakian manifold are defined as follows : Let M be a

submanifold of a Sasakian manifold M with almost contact metric struc-

ture (¢, G, V). If each normal space is mapped into the tangent space under
the action of ¢, M is called a generic submanifold of M [4). For example,

hypersurfaces of a Sasakian manifold are generic.

The purpose of the present paper is to investigate generic submanifolds
of an odd-dimensional sphere with nonvanishing parallel mean curvature vec-
tor.

In §1, we state general formulas on generic submanifolds of a Sasakian
manifold. §2 is devoted to the study a generic submanifold of a Sasakian
manifold, which is not tangent to the structure vector. Moreover, we sup-
pose that the shape operator in the direction of the mean curvature vector
commutes with the structure tensor induced on the submanifold. In §3 we
study generic submanifolds which is not tangent ‘to the structure vector of
an odd-dimensional unit sphere with nonvanishing parallel mean curvature
vector. In §4, we consider generic submanifolds, tangent to the structure

vector, of an odd-dimensional sphere and compute the restricted Laplacian

* Supported by TGRC-KOSEF.
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for the shape operator in the direction of the mean curvature vector. As
applications of these, in the last §5 we prove our main results.
The authors would like to express their thanks to the refree for his

valuable suggestions.

1. Generic submanifolds of a Sasakian manifold

In this section, the fundamental properties of generic submanifolds of a

Sasakian manifold are recalled [4], [7].

Let M be a Sasakian manifold of dimension 2m + 1 with almost contact

metric structure (¢, G, V). Then for any vector fields X and Y on M, we

have

£X = —X +o(X)V, G(¢X,4¥) = G(X,Y) - v(X)w(¥),
v(¢X) =0, ¢V =0,v(V) =1, G(X,V) = v(X).

Since M is a Sasakian manifold, we then have

where V denotes the Riemannian connection of M.

Let M be an (n+1)-dimensional Riemannian manifold covered by a sys-
tem of coordinate neighborhoods {U;z*} and isometrically immersed in M

by the immersion i : M — M. When the argument is local, M need not be
distinguished from (M) itself. Throughout this paper the indices ¢, j,k, - --

run from 1 to n 4+ 1. We represent the immersion z locally by
yA =yA(:ch), (A= 1,~~,n+1,---,2m+1)

and put B;4 = 9;y*, (§; = 52 ) then B; = (B;#) are (n+1)-linearly in-
dependent local tangent vector fields of M. We choose 2m — n mutually or-

thogonal unit normals C, = (C,4) to M. Hereaafter the indices u,v,w,z, - -

— 88 —



run from n 4 2 to 2m + 1 and the summation convention will be used. The
immersion being isometric, the induced Riemannian metric tensor g with

compoents g;; and the metric tensor § with components §,, of the normal

bundle are respectively obtained :
gji = G(‘B,'HBI), 6y:c - G(Cy, Cz).

By denoting V; the operator of van der Waerden-Bortolotti covariant

differentiation with respect to g and G, the equations of Gauss and Wein-

garten for the submanifold M are respectively given by

(1.2) V]Bi = AjizCz’ V,Cz = —Ajthh’

where A;;* are components of the second fundamental tensors and the shape

operator A% in the direction of C, are related by
A = (A4,"%) = (4iyg™ %), g7 =(g;i)7"

An (n + 1)-dimensional submanifold M of a Sasakian manifold M is

called a generic submanifold if
$Np(M) C Tp(M)

at each point p € M, where T,,(M) is the tangent space of M at p and N,(M)
the normal space at p, [4], [6].

From now on, we have only to consider generic submanifolds of a Sasakian
manifold. Then the transforms of B; and C; by ¢ are respectively represented

in each coordinate neighborhood as follows :

(1.3) ¢$B; = f;"*By — J;*C,, ¢C, = J By,

where we have put f;; = G(¢Bj, Bi), Jjz = —G(¢Bj,C:), J:j = G(¢Cy, Bj),
fjh = fjig** and J;* = Jjy6¥*. From these definitions we verify that f;; +

Also, we can put the Sasakian structure vector V of the form
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(1.4) V =¢*By + wC,,

where ¢; = G(B;, V) and w, = G(C,, V), £® being the associated vector with
€.

By the properties of the Sasakian structure tensor, it follows from (1.3)
and (1.4) that we obtain

(1.5) fi'feh = =5t + 8" + TR,
(1.6) I =6, — wyw?,
(1.7) fRI = w bt fiuft = Jjw7,
(1.8) Jtzﬁt =0,

(1.9) wow® =1— &€

Differentiating (1.3) and (1.4) covariantly along M and making use of
(1.1), (1.2) and these equations, we easily find (cf. [4])

(1.10) Vifi* = —gri€* + 616 + A I — A T,
(1.11) Vidjz = gkjwe + Akrz f;7,
(1.12) AjreJ™ = A"V,

 (1.13) “ Vi€ = fji + Ajizw®,



(1.14) vaz = "‘JJ:c — Ajr:llﬁr'
Remark 1. We notice here that if £; = 0 on some open set, then f;; =0
and A;j,;w” = 0 because of (1.13).

Promise. In the following, we define

(1'15) Az = Ajizgjﬁi/'élz, szz = Ajinijzi'

Then it is clear that P,,, is symmetric for all indices because of (1.12). In
the sequel the index n + 2 will be denoted by the symbol *.

For the shape operator A* a function h(,) for any integer m > 2 is

introduced as follows :

(1.16) B(m) = tr(A*)™.

2. The structure tensor of generic submanifolds

Let M be a generic submanifold of a Sasakian manifold and denote by
a = wz;w®. Suppose that the function a(l — a) does not vanish almost

everywhere, and that A*f = fA*, namely

(2.1) AT+ A fT=0

holds on M. By transvecting f,’ and making use of (1.5), we then have
A‘jk* - (Ajr*‘]zr)‘]kz - (Ajrté-r)é'k - Asr*fjsfkr = 07

and hence taking the skew-symmetric part with respect to k& and j,

(2.2) (Aj,-*er)sz — (Akr*er)sz + (Ajr,.,fr)fk — (Ak,-*ﬁr)fj =0.
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If we transvect this by £* and make use of (1.8) and (1.9), then we get
(2.3) (1 —a)Ajrel” — (Asra€°€7)E — (Asral®J,)J;* = 0.
Transvecting this with J,/ and using (1.6) and (1.8), we find
@A arnbT T, — wy(Aereb T, w7) = 0,
which joined with (1.7) gives
aAaret"J," + wy(Ajref;EE) = 0.

Thus it is, taking account of (2.1), clear that A,,.{"J,* = 0 because the func-

tion « is not vanish almost everywhere. Hence (2.3) implies (1 — a)(A;r&" —
Ax€;j) = 0 because of (1.15) and consequently

(24) Ajrtﬁr = ’\*EJ

with the aid of (1.9). Therefore (2.2) is reduced to

(2.5) (Ajre I, )" — (Aired,7)J;* = 0.
Because of (1.7), (2.1) and (2.4), we have
Ajrad,"W* = —Ajru f, 7€ = Aw, J;*.

Thus, by transvecting J,} to (2.5) and using (1.6) and (1.15), we find

(26) Ajr*er = sz*sz,

where we have put

(27) sz* = AW, W, + Prp...

Transforming (2.6) by f;’ and taking account of (1.7), (2.1) and (2.4),
we find
(/\*wz - sz*wz)é.j =0
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and hence

(28) sz*wz = /\*'wz

because the function 1 — a does not vanish almost everywhere.

Differentiating (2.8) covariantly along M and making use of (1.14), we
find '

szkaz* - (sz + Akrzgr)Qyz*
= (VkA#)wy - A*(Jky + Akryér)°

By transvecting ¢* and using (1.8) and (1.15), we can get

(2.9) W ViQyae = (E¥ViA)wy + (1 — a)(QyzeA* — Aidy).
From (2.7) we have
Quer = Aw,? + AT JF

by virtue of the second equation of (1.15). Differentiating the last equation
covariantly and using (1.11), (1.14) and (2.6), we find

ka*** = (VkAm)'w,.:2 - 2/\*‘11)*(.]]5* + Akr*gr)

+ (Ve A;i) 10+ 2Qcun(wi i + TP A f;7),

which together with (1.7) and (2.8) gives

(210) ka*** = (Vk/\*)w*z + 2w*(Qz**sz - A*Jk*)
+(Vid;") 00,0

3. Generic submanifolds with parallel mean curvature vector
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In this section, we consider that a generic submanifold M of an odd-

dimensional unit sphere S2™+!. Then, the equations of Gauss, Codazzi and

Ricci for M are respectively obtained :

(3.1) Rrjin = gkngji — 9ingi + Agp Ajiz — Ay Akiz,
(3.2) VkAjiz - VjAkiz = 0,
(3.3) Rjiyz == AjrzA"ry - A"rzAjry.

where Ryjin and Rjiy: are components of the Riemannian curvature tensor
of M and that with respect to the connection induced in the normal bundle
of M, respectively.

Let H be a mean curvature vector of a generic submanifold M. Namely,

it is defined by
H=g"A;;*C./(n+1) = h*C;/(n +1),

which is independent of the choice of the local field of orthonormal frames

{C:}.

In what follows we suppose that the mean curvature vector H of M is
nonzero and is parallel in the normal bundle. Then we may choose a local
filed {C,} in such a way that H = 0Cpr42 = 0C,, where o = |H| is nonzero
constant. Because of the choice of the local field, the parallelism of H yields

h*=0, z>2n+3
(3.49)

h* = (n + 1)o.
Then by (3.1), the Ricci tensor S with components Sji of M is given by

(3.5) Sj,' = ngj;; + h‘AJ',',., - Aj,.zAirz.
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Here we notice that the condition (2.1) does not depend on the choice
of the local field because of (3.4).
The parallelism of the mean curvature vector yields that the restricted

Laplacian AAj;* of A* is given by

(3.6) AA;* = SjrA;™ — Rijin AF™

i
because of (3.2), and that Rj;.; = 0 shows
(3.7) Aj'.zAir* - A,',.zAjr* =0
with the aid of (3.3).

Lemma 3.1. Let M be an (n + 1)-dimensional generic submanifold
satisfying (2.1) of $2™+! with nonvanishing parallel mean curvature vector.

If the function a(1 — a) does not vanish almost everywhere, then we have

(3.8) Ajiy AT = B*Qyun-

Proof. Transforming (3.7) by J,*J,’ and using (1.15) and (2.6), we find

(39) Qyu*quz = Qzu*Pyuz,

which enable us to obtain

(310) Qyz*szz = Pzsz*

for any index z, where we have defined P? = P_**. Thus, it is clear that

(3.11) Qe PY** = P*Q, 0.

Differentiating (2.6) covariantly and substituting (1.12), we find
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(312) (VkAjr*)Jyr + Akj*'U)y + Ajr*Aksyfrs
= (kayz*)sz + Qyz*wzgkj + Qyz*Akrzfjrv

from which taking the skew-symmetric part with respect to indices k and 7,
and making use of (2.1) and (3.2),

A Aray ;" — A Ajsy fi”
= (ViQyze)J;* — (ViQyaus)i™ + Quun(ArSf;" — Aj° fi7)-
If we transvect f7* to this and take account of (1.5) and (1.7), then we obtain
A% Agay(g*" — £FET — JE=J.T)
= M (ViQyes )™ + QueeAr (6" — €57 — J™I),
which together with (1.15), (2.4), (2.6), (2.8), (2.9) and (3.4) yields
Ajiy AV = (E5Vidwy + h*Qyee + Quze P**y — P7Q 1y

Because of (3.10), it is seen that

(3.13) Ajiy A = (" Vil )wy + h* Qe

On the other hand, differentiating (2.4) covariantly and substituting
(1.13), we obtain

(3.14) (VkAjr*)fr + A" (fer + Akrzw®) = (VA + Ae(frj + Arjzw®).
Transvecting ¢*7 to this and taking account of (3.2) and (3.4), we get

w? Ajir AT = £V + Ak wy,
which together with (2.8) and (3.13) give raise to (1 - a)ékaA* = 0 and

hence
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(3.15) VA =0

because the function 1 — & is not zero almost everywhere. By (3.13) our

assertion is thus proved.

Lemma 3.2. Under the same hypothesis as that in Lemma 3.1, we

have
(3.16) h* = (n 4+ 1)A*,
(3.17) Ajie = Ai(gji — Ji*Jiz) + Qyz*ijJiz°

Proof. If we take the skew-symmetric part with respect to k and j in

(3.14), and make use of (2.1), (3.2) and (3.7), then we find

24rufi" = (Vk)\*)ﬁj — (Vj/\*)fk + 2 fij-

By transvecting ¢’ and using (2.4) and (3.15), we see that A\, = const.

Therefore we have

(3.18) Ajrefi” = A fij-
Accordingly (3.14) is reduced to

(VkAj,-*)fr = —-Aj,-*Akrz’wz + /\*Akawz,

from which, transforming f,j and taking account of (3.18),

(3.19) (Vedjr ) f? =0.

Differentiating (3.18) covariantly and using (1.10), (2.4) and (2.6), we
obtain . .
(3:20) (ViAir)f;" = (AkrsA;™ — AiAriz);® — (Akiv — Augri)€j

- (sz*'];’z - A*Jiz)Aka’
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which together with (3.2) and (3.7) implies that
Aij(sz*Ji f - ’\*Jiz) = Akiz(sz*JjZ - )‘*JJ'I-‘)'
Therefore (3.20) implies

(VeAir) f;" — (ViAjre) fiT 4+ (Akie — Aagri)€; — (Akjn — Augh;j)Ei
= (AkrzAir* - A:n:AI.':':l:)Jj:I: - (Akf’zAjr* - A"‘A'kj?':)']i “.

If we transvect ¢7 to this and take account of (1.8), (2.4) and (3.19), then

we get
(VkAir*)fjrfj + (1 - a)(Akix — Augri) =0

and hence (1 — a){h* — (n + 1)A,.} = 0. Thus (3.16) is obtained.
Transforming (3.18) by f;* and using (1.5), (2.4) and (2.6), we can verify
that (3.17) is valid. This completes the proof of Lemma 3.2.

Lemma 3.3. Under the same hypothesis as that in Lemma 3.1, we

have

(3.21) hay = h*Qrua@™".

Proof. Since we have (3.17), it follows that we obtain
14]','!,."11"-"= = /\,(hy - Py) + sz*Pzzy,
which joined with (3.8) and (3.10) gives
(3.22) P*Qyae = h*Qyux + Au(Py — hy),
which implies

(3.23) P*Qux = h*Quus + Au(P* — R*).
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Thus, (3.11) turns out to be

(3~24) Qyznxpyz* = h*Q*** + /\*(P* - h*)

Making use of (3.9) and (3.22), it is seen that

(325) QuZ*Pzz*Qzut = h*Qz**ta* + (/\*)2(P* _ hm)
On the other hand, we have from (3.17)
Ajr*Ai" = A*(Aji* - QyanyJiz) + Qyz*wa*Jiji :

by virtue of (2.6). Transvecting A7** to the last equation and taking account
of (1.15) and (1.16), we get

h(3) = ’\*(h(2) - Qyz*Pyz*) + Qyz*wa*sz*.
Since we have from (3.8)
(3.26) h(2) = h*Q***’

it follows, using (3.24) and (3.25), that h@z) = h*Q,..Q***. Hence Lemma
3.3 is proved .

Lemma 3.4. Under the same assumptions as that in Lemma 3.1, we

have
1
. = — — ——(h*)2}.
(27 Ay = (n = D{ha - ——(h")?}

Proof. By (3.6) we have

(3.28) AA;" = (n+ 1)A;" —h%gji + h*(A4;")? — h*Qux A7,
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where we have used (3.1), (3.5), (3.7) and (3.8). If we transvect (3.28) with
J. 7.} and make use of (1.6), (1.15), (2.6) and (2.7), we obtain

= N A * 2
(3.29) (AAJ! )J*JJ* = (n + 1)P*** —h (1 —w, ).

As is, in the proof of Lemma 3.2, already shown that A, is constant,
(2.10) turns out to be

VkQ*** = zw*(Qz*thz - Ath*) + (VkAji*)J*jJ*'..

We then have

AQurr = —2(Jju + M) (Qrend ™ — MJT*) + (AA;*)T0 T}
+ 2wt{(VjQz**)sz + (n + 1)(Qz**wz - A*w*)}

because of (1.11), (1.14), (2.4) and (3.2), which joined with (1.6), (1.8), (2.7),
(2.8), (3.16) and (3.29) yields

(830)  AQuu=(n—1){Quue — b} +20s(V;Quer) .

On the other hand, transvecting (3.12) with ¢g*/ and taking account
of (3.2), (3.4), (3.7) and (3.16), the last term of (3.30) vanishes identically.
Thus we arrive at (3.27) because of (3.26). This completes the proof.

By (3.28) we have

(3.31) AT*AA* = (n+ 1)k — (R*)?

by virtue of Lemma 3.1 and Lemma 3.3.

Since we have in general

1 ..
(3.32) 50ha) = A A4 L + |vA*?,
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1t 1s seen that

*

n+1

(n+3)|4* — I +2|VA*2 =0

by (3.31) and Lemma 3.4., where I denotes the unit tensor. Therefore M is
pseudo-umbilical and hence A* is parallel. Thus we have. -

Theorem 3.5. Let M be a generic submanifold satisfying (2.1) of

S2m+1 with nonvanishing parallel mean curvature vector. If the function

a1l — a) is not zero almost everywhere, then M is pseudo-umbilical.
Remark 2. The hypersurface satisfying (2.1) in a Sasakian space form

is totally umbilical (cf. [5]).

4. Generic submanifolds tangent to the structure vector

Let M be a generic submanifold satisfying (2.1) of an odd-dimensional

sphere $S?™+1, Suppose that the mean curvature vector of M is nonzero and

is parallel in the normal bundle. Moreover, we suppose that the submanifold

M is tangent to the structure vector V. Then by (1.4) we have

(4.1) wy =0

and hence §;£* = 1. Thus, (1.6) and (1.7) become respectively

(42) th']ty = 613},

(43) fth‘]zt =0, fjt&t = 0.

We also obtain from (1.14)

(4.4) Ajf'l' T = _sz.



Consequently (2.2) leads to

(Ajred VT = (Aire VT3 + Tinky — Tjui = .
Transvecting this with J,* and using (4.2) and (4.3), we get
(4.5) Ajredy)" = Pyrud;” — 6y.€;.

If we transvect (3.7) with J,*J,/ and use (4.4) and (4.5), then we obtain

(46) Pyz*quz - qu*P;yz = 5u*5::y - 6y*‘szu
and thus
(4-7) Pzz:uPzzy - Pszy* = (p - 1)6y-n

where p = 2m — n.

Lemma 4.1. Let M be a generic submanifold satisfying (2.1) of $?™+1
with nonvanishing parallel mean curvature vector. If M is tangent to the

structure vector, then we have

(4.8) AjiyA’™ = h*Pyeu + (n + 1)é,.,

(4.9) h(zy = h*P e P*** 4 (n + 1)Pou. + h*.

Proof. Differentiating (4.5) covariantly along M and making use of
(1.11), (1.13), (2.1) and (4.1), we find

(VkAjrt)Jyr + Ar’*Aksyfjr = (kayz*)sz + Pyz*Akrzfjr - 6y*fkj-

Hence, if we take the skew-symmetric part with respect to k and j, then we

obtain
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(4.10)A,° Ay f;" — A Ajsy fi”
= (Vi Py )J;* = (ViPyra) k™ + Pyru(ArSf;7 — A7 fi7) + 26y fi-
Transvecting (4.10) with f7* and using (1.5) and (4.3), we can get
Al Arey (" — €47 - T* )
= Pyas A (9" = €8¢ — T* 1)) + 8yu(n — p),
which joined with (3.4), (4'.4) and (4.5) yields
Ajiy A7 + J,° Apoy€® — (Puwan I — 6:4€°) Aray J**
= h*Pyus — P*P,y. + (n — p)by..

Hence we have

AjiyA7*™ = B* Pyuy + Pyuu P%) — P* Py, + 20,4y J** + (1 — p)byx,

where we have used (1.12) and (4.4), which together with (4.2) and (4.7)
implies that (4.8) is valid.
When y = * in (4.10), we have

(4.11) —-2Aj:Ar"*fkr = (VkP,,,.,,.‘)Jjz — (V;jPux)Ji*
+ Pz**(Akrzfjr - Ajrszr) + 2f]k

because of (2.1).
By the way we have

Ajrtfrt(vtPZ**)sz — 0
with the aid of (4.3) and (4.5). Hence, by transvecting A,7* f** to (4.11) and
using (1.5), we find
Art*A“*Aia*(gri _ Erei _ Jerzi)

= Pox A, AT (9" = €€ — TP+ A7 - €€ T,
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or, using (4.2), (4.3), (4.4) and (4.5)

h(z) — A" (Pyzed,” — 6:4&0)(P,7"T,7 — 67%¢,)
= I)z;g*14..""zAji’.l - Pz**AjazJ’w(wa*ij - 6w*£’) + h* - P*.

Thus it follows that we obtain

h(3) — Pythzz*sz*

= h*Pzt*Pz** + (n + 2)P4nm - Pzt*wa*Pzwy + h* — P*

because of (4.2), (4.4) and (4.8). Since we have from (4.6)

(4.11) P,..P,**P*¥* _P,, P, P** = P* _P,,.,

above equation can be written as
h(3) = "l’.‘.Pz‘uan’.".l + (n + l)P*** + h*,

which proves (4.9). Hence, Lemma 4.1 is proved.

Lemma 4.2. Under the same hypothesis as that in Lemma 4.1, the

function h(;) is harmonic.
Proof. By definition, we have P,,, = A,-,-*J,.,j J,!. Differentiating this
covariantly and making use of (1.11), (4.1) and (4.5), we find
ViPase = (VeA;) I, + 2APowd i = &) Ay 7,

which gives Vi Py = (VkAj,-*)J*jJ*" because of (4.3). Thus the Laplacian

of the function P,., is given by
APyys = (AA;*) T, +2(ViA; M)A T,
which together with (2.1) and (3.2) yields
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APyve = (AA;*)T7 5
Hence, by (3.6) we have
(4.12) AP, = SjrA;™ T 3T, — Ry AF*J 3T 0.

On the other hand, we verify, taking account of (3.5), (4.4) and (4.5),
that

Sjid,} = (n—1)J;. + R*(Ppaxdi® — &) — Py A, 5T
Thus, using (1.8), (4.2), (4.3) and (4.4) we obtain

(413) Sj"Air*J*iJ*j
=(n —1)P,yy + h* P, P*** — Pyus Py PY*Y + h* — P*.

We also have from (3.1)
Rijin A*™ I T = B — Prvs + P AF™ A7
_ Akh*(sz*Jhw _ 6z*€h)(Pyz*Jky _ éz*fk)
because of (4.2), which joined with (4.3), (4.4), (4.8) and (4.11) yields
RkjihAkh*J*jJ*i
= h* - P* + h*Pz**Pz** + (n - I)P*** - Pz**sz*Ptyz-

Hence the right hand side of (4.12) vanishes identically by virtue of (4.13).

Since we have from (4.8)

(4,14-) h(2) =h*Pue +n + 1,

it follows that we have Ahp)y = 0 because the mean curvature vector is

parallel. This completes the proof.
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On the other hand, we have from (3.5)
Sj,Ai‘"Aji* = nh(2) + h*h(s) _ AjrzA’rzAiatAji*’

which together with (3.7), (4.9) and (4.14) implies that

SjsA;** AT = (h*)2Pyuu P™* + (21 + 1)h* Pru + n(n + 1)
+ (h*)z _ Aj,.zA.'.zA"*Aji*.

We also have from (3.1)

Rpjin AF** A7 = (h*)?2 — h* Prse — (n + 1) + (A*)? Pyuu P***
+2(n + 1)h*Prwe +(n + 1)? - AjrzAiazAr"Aj,i*

because of (4.8) and (4.14). From the last two equations, it follows that we

obtain
SjaAia*Aji* _ Rkj'_hAkhtAji* = 0.

Therefore, by (3.6) we have A/"*AA;;, = 0 and consequently VA* = 0 by
virtue of (3.32) and Lemma 4.2. Thus we have

Theroem 4.3. Let M be a generic submanifold satisfying (2.1) of
an odd-dimensional unit sphere with nonvanishing parallel mean curvature
vector. If the structure vector V is tangent to M, then the shape operator

in the direction of the mean curvature vector is parallel.

Remark 3. An example satisfying all conditions of Theorem 4.3 is

given in [2].

5. Theorems

Let M be a generic submanifold of an odd-dimensional unit sphere.

Suppose that the mean curvature vector of M is nonzero and is parallel in

the normal bundle, and that A*f = fA* holds on M.
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If we now put My = {p € M|a(p) = 0}, M1 = {p € Ma(p) = 1} and
M = M — My U M;, then we have M = M U My U M;, where a = |w.|%.
The sets My and M; are then geometrically characterized as follows: The
structure vector field V in the ambient space is tangent to the generic sub-
manifold M at any point in the set Mj, and the vector field V is orthogonal
to M at each point in M; because of (1.4).

If we suppose that there is an open subset U contained in M;, then we
have Aj;;w® = 0 in U by Remark 1 and hence h*w, = 0 because of (3.4).
Consequently we see that w, = 0 on U since the mean curvature vector is
not zero, and therefore Jj, = 0 on U by (1.14). This contradicts (1.6). Thus
the set M; is bordered. Hence we may discuss properties of the covariant

derivative of the second fundamental tensor A* only on M U M, since it is

continuous.

Suppose that there exists a connected component W of the set M¢;.

Then, by Theorem 4.3, we have VA* = 0 on W. When M is not empty, as a

consequence of Theorem 3.5, we see that VA* = 0. Hence VA* = 0 on each
component of M and M. Since VA* is continuous it follows that we obtain

VA* =0on M. When M is empty, Theorem 4.3 implies VA* = 0. Thus we

have

Theorem 5.1. Let M be a generic submanifold of an odd-dimensional
unit sphere with nonvanishing parallel mean curvature vector. If the shape
operator A* in the direction of the mean curvature vector commutes with

the structure tensor f induced on M, then A* is parallel.

We will consider the case where A* is parallel on M. For any point in
M we can choose a local orthonormal frame {E;} so that the shape operator
A* is diagonalizable at that point ¢, say A;;* = A;6;i. Then h(n) can be

written as

h(m) = Z’\ima (m = 172a"')'
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Because of VA* = 0, we see that h(,) = const. for any integer m > 1, it
is seen that \; constant, namely all eigenvalues of A* are constant. Taking
accout of the Ricci formula for A* and the facts that Rjj., = 0 and VA* =0,
we find

(A5 — Ai)oji =0

for any fixed j and 7, where oj; denotes the sectional curvature spanned by
E; and E;. If eigenvalues of A* are mutually distinct, we then obtain o;; = 0.

Because each eigenvector of A* is parallel, it follows that we have

Theorem 5.2. Let M be a generic submanifold of S?™*! with nonva-
nishing parallel mean curvature vector. If A*f = fA* and if the eigenvalues
of A* are mutually distinct, then M is flat.

Now, let y;,- - -, s be mutually distinct eigenvalues of A* and n;,---,n,
their multiplicities. Since A* is parallel, the smooth distribution T,(a =
1,---,8) which consists of all eigenvalues accociated with the eigenvalue can
be defined and is parallel. M is assumed to be simply connected and com-
plete, then by means of the de Rham decomposition theorem, the submani-
fold is a product of Riemannian manifolds M; x - - - x M, where the tangent
bundle of M, correspond to T,. Since the shape operator A* restricted to
T, is proprotional to the identity transformation of T, and each submanifold
M, is totally geodesic in M, the mean curvature of M is an umbilical section
of M, in $?™*1, Thus, by means of the above arguments and Theorem 5.1,

we have

Theorem 5.3. Let M be a complete and simply connected generic
submanifold of $?™*! with nonvanishing parallel mean curvature vector. If
the shape operator A* in the direction of the mean curvature vector com-
mutes with the structure tensor f induced on M, then M is a product of
Riemannian manifolds M; x - - - x M,, where s is the number of distinct eigen-
values of A*, and the mean curvature vector of M is an umbilical section of

M,(a=1,---,s).
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