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1. INTRODUCTION

Let A denote the $c1$ ass of analyti $c$ functi ons $f$ in the unit di sk
$E=\{z:|z|<1\}$ with $f(O)=O,$ $f^{\prime}(O)=1$ . We denote by $S$ the subcl ass
of A consi sting of unival ent functions. A functi on $f\epsilon S^{*}(\alpha)$ $S,$ $O\alpha<1$ ,

$if$ and only $if{\rm Re}\frac{zf^{1}(z)}{f(z)}>\alpha,$ $z\in E$ . We $cal\rceil$ $f$ a starl $i$ ke functi on of
order ct $in$ E. $A1$ so, a functi on $f\in S$ , sati sfyi ng ${\rm Re}$ $m_{Z}^{Z}zf^{1}f^{1}$ } $>$

$\alpha$,
$O\alpha<1,$ $z\in E$ , is cal led a convex functi on of order $\alpha$ and we denote the
class consi sting of such functi ons as $C(\alpha)$ .

It is cl ear that

$f_{\epsilon}C(\alpha)$ if, and onl $y$ if, zf’ $\in S^{\star}(\alpha)$ , (1.1)

Let $c$ be a complex numbers with $c\neq O,$ $-1,$ $-2,$ $\ldots$ . , and consider the
functi on defi ned by

$\phi(a;c;z)=11F(a;c;z)=1+\frac{a}{c}\frac{z}{1!}+\frac{a(a+1)}{c(c+1)}\frac{z^{2}}{2!}+$ .. . . (1.2)

Thi $s$ functi on is cal led Confl uent (or Kummer) hypergeometri $c$ functi on
and it is analytic in C. It satisfies KuIrwner’ $s$ hypergeometric dif-

ferential equation

zw” (z) $+(c-z)w^{\mathfrak{l}}(z)-$ aw(z) $=O$ (1.3)

I $f$ we let $(d)_{k}=\frac{r(d+k)}{r(d)}$

$=d(d+1)\ldots.(d+k-1)$ ,
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and $(d)_{o}=1$ , then (1.2) can be wri tten as

$\phi(a;c;z)=k0\infty\sum_{=}$
$\frac{(a)_{k}}{(c)_{k}}$

$\frac{z^{b}}{k!}=\frac{r(c)}{r(a)}$
$k0\infty\sum_{=}$

$\frac{r(a+k)}{\Gamma(c+k)}$

$\frac{z^{k}}{k!}$ (1.4)

It $is$ well-known [1] that

$C\phi^{\prime}(a;c;z)=$ a $\phi$ ( $a+1;c+1$ ; z), (1.5)

$\phi(a;a;z)=e^{Z}$ (1.6)

Also, if ${\rm Re} c>{\rm Re}$ a $>0$ , then

$\phi(a;c;z)=\frac{\Gamma(c)}{\Gamma(a)\Gamma(c-a)}$ $\int_{0}1t^{a-1}(1-t)^{c-a-1}e^{tz}dt\Rightarrow$ $\int_{0}^{1}e^{tz}d,1(t)$ , (1.7)

where

$||(t)=\frac{r(c)}{r(a)r(c-a)}$ $t^{a-1}(1-t)^{c-a-1}$

is a probability measure on $[0,1]$ . In fact

$\int_{0}1d_{W}(t)=\frac{r(c)}{r(a)r(c-a)}$ . $B$ ( $a$ , c-a) $=1$ , (1.8)

where $B$ is the beta function.

2. MAIN RESULTS
We shall now determi ne conditi ons on a and $c$ so that $\phi$ bel ongs to

$C(\alpha)$ and $S^{*}(\alpha)$ .
Theorem 2. 1

Let $a,$ $c$ and $\alpha$ be real numbers with a $\neq 0,0\alpha C1$ and sati sfy
$c>N(a, \alpha)$ , where

$N(a, \alpha)\Rightarrow\left\{\begin{array}{l}\frac{1-2_{\alpha}^{2}+2_{\alpha}\star 2|a|}{2(1-\alpha)}|\#a|>\frac{(1-\alpha)^{2}}{(3-2\alpha)}\\\\\frac{4(1-\alpha)^{2}(1+a)-\alpha 2}{2(3-2\alpha)(1-\alpha)}+\frac{(3-2\alpha)(\alpha\succ a)^{2}}{2(1-\alpha)}|\theta a|\frac{(1-\alpha)^{2}}{(3-2_{\alpha})}\end{array}\right.$

Then $\phi(a;c;z)is$ convex of order $\alpha in$ E.

To prove this, we follow the techni que of Miller and Mocanu [2] and we
need the following result which is a special case of Theorem 1 in [3].
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$\frac{LeIN\mathfrak{n}a2.1}{Let}D$

be a set in the compl ex pl ane $C$ and 1 et a functi on
$H:C^{2}xE\rightarrow C$ sati sfy the condi $ti$ on

$H(is;t;z)\not\in D$ for $z\in E$ and for real $s,t$ with $t$
$\frac{-(1+s^{2})}{2}$ . If $pis$

analyti $c$ in $E$ wi th $p(0)=1$ and $H$ ( $p(z)$ ; zp’ $(z):z$ ) $\in E,$ $z\in E$ , then
${\rm Re} p(z)>0$ in E.

Proof of Theorem 1
Let

$(\frac{Z\phi^{I\prime}(Z)}{\phi^{1}(z)}+1)=(1-\alpha)p(z)+\alpha$, (2.2)

where $\phi^{\prime}(z)=\phi^{I}(a;c;z)\neq 0$ , see [2]. Cl earl $y$ the functi on $p\{z$ ) is
analytic in $E$ with $p(0)=1$ . Since $\phi$ satisfies the di fferential
equation (1.3), we use (2.2) in (1.3) to have

{zp’ $(z)+(1-\alpha)p^{2}(z)+(1-\alpha)(c-z+\alpha-2)p(z)$

- $[(1-a)c+z(a+\alpha)-(1-\alpha)^{2}]$ } $=0$ (2.3)

Let
$H$ (

$w_{1}$
;

$w_{2}$
; z) $=w_{2}+(1-\alpha)w_{1}^{2}+(1-\alpha)(c-z+\alpha- 2)w_{1}$

$-[(1-\alpha)c+z(a+\alpha)-(1-\alpha)^{2}]$

and $D=\{0\}$ , then (2.3) can be written as
$H$ ( $p(z)$ ; zp $|(z)$ ; z) $\in D$

We shall use Lemma 2.1 to prove that ${\rm Re} p(z)>0$ .
Let $z=x+iy$ . Then

${\rm Re} H(is;t;z)=t-(1-\alpha)s^{2}+(1-\alpha)ys-(1-\alpha)(c-1+\alpha)-(\alpha\vdash a)x$

‘ $-\frac{(1+s^{2}}{2}-$) $-\frac{2(1-\alpha)s^{2}}{2}+\frac{2(1-\alpha)ys-2(\alpha\vdash a)x}{2}-\frac{2(1-\alpha)(c-1+\alpha}{2}$)

$=-\frac{1}{2}[(3-2_{\alpha})s^{2}-2(1-\alpha)ys+2(\alpha\vdash a)x+2(1-\alpha)(c-1-\alpha)+1]$

$\equiv Q(s)$

Now $Q(s)$ $<0$ for all real $s$ and $x^{2}+y^{2}<1$ . In fact the Di scri mi nant $\Delta$

of $Q(s)$ is

$\Delta=(1-\alpha)^{2}y^{2}-(3-2_{\alpha})[1+2(1-\alpha)(c-1-\alpha)+2 ( \alpha\vdash a)x]$

$<(1-\alpha)^{2}-(3-2_{\alpha})[1+2(1-\alpha)(c-1-\alpha)+2( \alpha\#a)x]-(1-a)^{2}x^{2}$

$\equiv h(x)$
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If $|\alpha+$ a 1 ‘ $\frac{(1-\alpha)^{2}}{(3-2_{\alpha})}$ , then

$h^{\prime}(x_{0})=0$ for $x_{0}=\underline{-(3-2\alpha)(\alpha\vdash a)}$

$(1-\alpha)^{2}$

and using (2.1), we have

$h(x)$ ‘ $h(x_{0})=(1-\alpha)^{2}-(3-2_{a})[1+2(1-\alpha)(c-1-\alpha)]+\frac{(3-2\alpha)^{2}(\alpha\vdash a)^{2}}{(1-\alpha)^{2}}$

‘ $0$ for $-1<x<1$ .
If $|\alpha+a|$ $>\frac{(1-\alpha)^{2}}{(3-2_{\alpha})}$ . then $h(x)is$ monotone on $(-1,1)$ and agai $n$ , from
(2.1), we deduce that

$h(x)<-(3-2\alpha)[1+2(1-\alpha)(c-1-\alpha)]+2(2-3_{\alpha})(\alpha\vdash|a|)$

‘ $0$

Hence, in both cases, $\Delta<0$ for $x^{2}+y^{2}<1$ . Also, from (2.1), we have
$Q(0)<0$ and therefore

$(1+s^{2})$

${\rm Re} H(is;t;z)<0$ , for $z\in E$ and all real $s$ and $t$ with $t$ ‘ $-\overline{2}$ .
Hence, from Lemrna 2.1, we have ${\rm Re} p(z)>0,$ $z\not\in$ . This proves that
$\phi\in C(\alpha)$ for $z\in E$ and $c>N(a, \alpha)$ , where $N(a, \alpha)is$ gi ven by (2.1).

Theorem 2.2
Let $a\neq 1$ and $c>1+N(a-1 ,\alpha),$ $0\alpha^{\langle}1$ , where $N(a, \alpha)$ is as defi ned in

(2.1). Then $z\phi(a;c;z)\in S^{*}(\alpha)$ for $z\in E$ .
Proof: Its proof follows immedi ately from rel ations (1.1), (1.5) and

Theorem 2.1.

Remark
For $\alpha^{=0}$ , we obtain the results proved in [2].

3. APPLICATI0NS
To illustrate some of the applications of our main result, we

need the followin9 concepts.
$\infty$

Let $f(z)=z+$ $\Sigma$ $a_{n}z^{n}$ and 9(z) $=z+$ $\Sigma$ $b_{n}z^{n}$ . Then the
$n=2$ $n=2$

Hadamard product (also called the convoluti on) of $f$ and $g$ is defi ned

as

$f(z)*g(z)=z+n2\sum_{=}$
$a_{n}b_{n}z^{n}$

It is known [4] that $iff_{C}C(\alpha)$ , $0\alpha c1$ and 9 is convex then $f^{*}gX(\alpha)$ .
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Let
$u_{i}$

, $0$ ci 5 be the 1 inea $\ulcorner$ operators defined on A by the equati ons
below.

$\nu_{0}(f(z))=$ zf’ $(z)$ , $\nu_{i}(f(z))=$ [ $f(z)+$ zf i (z) ]$/2$

$\nu_{2}(f(z))=$ $\int_{0}2\frac{f(\xi)}{\xi}d\xi$ , $u_{3}(f(z))=\frac{2}{z}$ $\int_{0}zf(\xi)d\xi$ ,

$|14(f(z))=$ $\int_{0}z\frac{f(\xi)-f(X\xi)}{\xi-x\xi}d\xi$ , $|x|$ ‘ 1, $x\neq 1$

$\nu_{5^{(f(z))}}=\frac{1+\gamma}{z^{\gamma}}$ $\int_{0}z\sigma^{\gamma-1}f(\xi)d\xi$ , ${\rm Re}\gamma>0$

Each of these operators can be wri tten, (see [5]), as a convol ution
operator gi ven by }$\downarrow i(f)=\psi_{i}^{\star}f,$ $0i5$ , where

$\psi_{0}(z)=n1\sum_{=}$ $nz^{\cap}=\frac{z}{(1-z)^{2}}$ .
$n+1$ $n$

$z-\frac{z^{2}}{2}$

$\psi_{1}(z)=$ $\Sigma$

$\overline{2}z$

$n=1$ $(1-z)^{2}$
’

$\psi_{2}(z)=$ $\Sigma$ $\frac{1}{n}z^{n}=-$ Log $(1-z)$

$n=1$

$\psi_{3}(z)=$

$\infty\Sigma$

$\frac{2}{n+1}z^{\cap}+\frac{-2[z+log(1-z)]}{z}$

$n=1$

$\psi_{4}(z)=\infty\sum_{n=1}$ $\frac{1-x^{n}}{(1-x)^{n}}z^{\cap}=\frac{1}{1-x}$ Log $[\frac{1-xz}{1-z}]$ , $|z|=1,$ $x\neq 1$

$\psi_{5}(z)=n1\sum_{=}$
$\frac{1+\gamma}{n+\gamma}z^{n}$ , ${\rm Re}\gamma>0$

For a gi ven subclass $M$ of $S$ , let $r_{C}[M]$ denote the minimum radius of

convexi $ty$ over al 1 functi ons $f$ in M. It is not di ffi cult to fi nd the

radius of convexi ty of each of the functions $\psi_{i}$
, $0$ a $\delta$ , that is

$\ulcorner(\psi_{0})c=2-\sqrt{}\overline{3}$ , $\ulcorner(\psi)c1=\frac{1}{2}$

and

$\ulcorner(\psi)c2=r_{C}(\psi_{3})=r_{C}(\psi_{4})=\ulcorner(c*)=1$

These facts together with (Theorem 1.2) yiel $d$ the following result as
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a consequence.

Theorem 2.3
Let $a.c$ and $\alpha$ be real numbers wi th $a4.0\alpha<1$ and $c>N(a. \alpha)$ where

$N(a, a)$ is defi ned by (2.1). Then $u_{i}(\phi(Z))=\mu\psi_{i}$ $\in C( \alpha)$ up to $r_{C}$
$( \psi_{i})$

for each $i,$ $0i5$ . Here $\phi(z)=\phi(a;c;z)$ .
It is known [6] that $f\in C(\alpha)$ implies that $f\epsilon S^{\star}(6)$ where

$2_{\alpha}-1$

$\overline{2(1-2^{1-2\alpha})}$
’

$\beta(\alpha)=$

$\frac{l}{21og2}$ .
and it is a sharp result.

$\alpha\neq\frac{1}{2}$

(2.4)

$\alpha=\frac{1}{2}$

Using this and Theorem 1, we immedi ately have the following

result.
Theorem 2.4

Let $a,c$ and $\alpha$ be as defi ned in Theorem 2.1. Then $\phi(a;c;z)$ $\in S^{*}(\mathfrak{g})$

where $\beta is$ gi ven by (2.4).
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