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BOHMAN-KOROVKIN-WULBERT OPERATORS ON C[0,1] for {Il.x.x* x* x*})

Sin-Ei Takahasi®

Abstract. A class of operators on the Banach space
C[0,1] of all complex-valued functions on {0, 1]

satisfying a Bohman-Korovkin-Yulbert type theorem i
investigated. Under the test function {i,x,x?,x?, x
the sum of two homomorphisms on C[0,1] is an exampl

s
‘)

e.

In 1952, H. Bohman [2] proved that the sequene of interpolation

operators

n
B- = 2 bl.l®6
k=0 tk.l

(og tx,n =1, ty, a<te, 2 (i<k), 0 £ bs, . € C[0.1],J
6+ is the evaluation at t

|
\
|
on C[0,1] converges strongly to the identity operator if

lim || Ba(f) - fll e = 0 for f =1, x, x*, where || |l = denotes the

n— <o

supremum norm on C[0,1]. Such functions {l, x, x?®} are called test

functions.

even if the interpolation operators B. are replaced with positive

linear operators on C[0,1]. In 1968, D. E. Wulbert [5) proved that

In 19589, P. P. Korovkin [3] proved that Bohman's theorem is true
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Korovkin's theorem is true even if the positivity assumption on the
operators is replaced with the operator norm condition on which the
sequence of operator norms converges to one. Then given a subset F of
clo.1], it will be valuable to investigate a class of operators T on
C[0,1] such that if {Tx} is any net of bounded lincar operators on
Cl0.1) with lim x I Txll =l TNl and lim » W Tsf - fll =0 for all f € F,
then {Tx} . converges strongly to T, i.e., Lim I Txf - Tfll = 0 for
all f € C[0,1]. We call such T a Bohman-Korovkin-Wulbert (BKW) op-
erator on C[0,1] for the test functions F. Therefore the Korovkin-
Wulbert approximation theorem asserts that the identity operator on
C[0,1) is BKW for the test functions {1, x, x?}. The author [4] showed
that every homomorphism of C[0,1] into itself is BKW for the test func-
tions {1, x, x?}. However the sum of two homomorphisms of C[0,1] into

itself is not in general BKW even for test functions {l1. x, x?*, x*}.

In fact the sum of one-dimensional homomorphisms 1® 6 ,,: and 1® 6 1.,

is not BKW for (1, x, x®, «x®}. This can be observed from the following
facts:
1 16 1
I} §(l®6 0) + ?(1®6 1,2) * ;(1®6 D= 11®6 1,3 + 1®© 68 2,
= 2

and

1 16 1 - .

{5(1®5o) + _9‘(1®6 1/2) + '9‘(1®6 1)}()( ) = (1@5 1,3 t 1®6 a/x)(X )

= (1/73)" + (2/3)"

for each m = 0, 1, 2, 3.

Then what is a family of test functions for which the sum of two
homomorphisms is always BKW ? The following result gives an answer of

this question.

— 156 —



Theorem. If T, and Tz are two homomorphisms of C[0,1] into
itself, then T, + Ta is a BKW-operator for the test functions

{1, x, x*, x* «x*}.

To show this we need the following lemma which is observed in (4,

Lemma 1] or [1, Corollary 1.2].

Lemma. Let M[0,1] be the space of all bounded regular Borel
measure on [0,1}, F a subset of C[0,1] and T a bounded linear operator
on C[0,1]. Suppose that for any t € [0,1], [ T*S il = IITIHl and
T*6 « is the only measure in M[0.1] which extends T*& (| F and which
norm is less than || T*6 Il . Then any net {Tx} of bounded linear opera-
tors on C[0,1] such that 1lim x || Txll= I TI and lim x || Txf - Tfl = 0

(f € F) converges strongly to T.

Proof of Theoremn. We can assume that T, # 0 and T2 # 0. Then
it suffices from the above lemma to show that the following properties

hold for any t € [0,1]:

(1) I (Ty + Ta)*6 «ll= I Ty + Tall.
(2) If p € M[O, 1], Il 2l €I (Ty +# T2)*6 Il and u (x=) = (T.x")(t) +

(Tax=)(t) (0 < m < 4), then u = (T, + Ta)*S .

Here T* denotes the adjoint operator of T, & « the Dirac measure concen-
trated at t. To do this let t € [0,1] and set t, = ¢,(t), ta =
P2(t), where ¥, and ¢¥. denote the representation functions of T. and

T2, respectively. Then (T, + T2)*86 . =.6 ¢ + 6 ¢ and hence
1 2

I (Tx + T2)*6 «ll = | To + T2l = 2, and (1) was shown. Now suppose that
p € MO, 1], Il e Wl = 2, £ (1) = 2 and g (x™) = t," + t," (1 = mn = 4).
Then u is positive and oz ((x - t,)*(x - t2)*) = 0. Hence the support

of ¢ is contained in {t., t2}. Therefore a simple calculation implies

that ¢ = & . + 0 X and so (2) was shown. Q. E. D.
1 2
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Remark 1. By a similar method used in the proof of Theorem, we
have that 1® 8, + 1® 6., is BKW for {1, x, x?} and that for any
homomorphism T of C[0,1] into itself, 1® 8, + T. 1®6, + T are
BKW for {1, x, x*, x*}. Then it will be valuable to investigate a pair

of two homomorphisms whose sum is BKW for {1. x. x?} or {1, x, x*, «x?*}.

Remark 2. For the n-case, we have that if T.,..., T« are homomor-
phisms of C[0,1] into itself, then T, + ... + T« is a BKW-operator for
the test functions {1, «x,.... x>*}. In fact note that if t,,..., t. €

n
[0,1] and « € M[0,1) such that g (x™) = T t«® (m = 0,1,.... 2n). then

k=0
n n
# (II (x = t«)?®) = 0 and hence u = L & is the only measure in
k=0 k=0 te
M[{0,1] which extends g« | {1,x...., x*"} and which norm is less than
n (=1l £ ). Therefore the desired result follows from the similar

method used in the proof of Theoren.

References

[1] F. Altomare, On the universél convergence sets, Annali di
Matematica, 138(1984), 223-243 |

[2] H. Bohman, On approximation of continuous and of analytic functions,
Ark. Mat., 2(1952), 43-56.

[3] P. P. Korovkin, Linear Operators and Approximation Theory, Hindustan
Pub., Delhi, India, 1960.

(4] s. -E. Takahasi, Korovkin type theorem on C[0,1]}, Approximation,
Optimization and Computing: Theory and Applications, A. G. Law and
C. L. Wang (eds.), Elsevier Science Publishers, B. V. (North-

Holland), 1990, p. 189-192.

— 158 —



[5] D. E. Wulbert, Convergence of opecrators and Korovkin's theorem,

Approximation Theory, 1(1968), 381-390.

Sin-Ei Takahasi

Department of Basic Technology
Applied Mathematics and Physics
Faculty of Engineering

Yamagata University

Yonezawa 992, Japan

Received Feburuary 28, 1990

— 159 —

J.






