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1. Introduction

In [1] Arveson gives a non-commutative generalization of Choquet boundary and
Silow boundary. We shall study those of a tensor product of C*-algebras.

If E is a subspace of a C*-algebra and M, is the algebra of # X » complex matrices,
then the algebraic tensor product EQM. is the set of »X#»n matrices with entries in E.
If ¢: E—F is a linear map from one linear space into another, then, for each positive
integer », define ¢n: EQM,—> F XM, by applying element by element to each matrix
over E, i.e. on(Tij)=(¢(Ti;)). ¢ is called completely positive (resp., completely isome-
tric) if each ¢ is positive (resp., isometric).

Following Arveson [11, let B be a C*-algebra with unit and A a subspace of B which
contains unit and generates B as a C*-algebra.

An irreducible representation = of B is called a boundary representation for A if the
restriction =|A has a unique completely positive linear extension to B.

A closed two-sided ideal J in B is called a boundary ideal for A if the canonical
quotient map g,: B—>B/] is completely isometric on A.

A boundary ideal is called the Silov boundary for A if it contains every other bound-
ary ideal.

A is called an admissible subspace of B if the intersection of the kernels of the
boundary représentatoins for A is a boundary ideal for A.

Throughout this paper, we use the following notations. Let B; and B, be C*-algebras,
and let for each i =1, 2, ¢; be unit in B;, A; a subspace of B; which contains ¢; and gener-
ates B; as a C*-algebra.

2. Boundary representations

Let A;®A, be the algebraic tensor product, and B;®B, the C*-tensor product [3].
Then A;QA; generates B;R®B; as a C*-algebra.
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THEOREM 1. Let my (resp., ny) be a boundary representation of By (resp., By) for A,
(resp., Az). Then n@r; is a boundary representation of B1QB; for A1QA,.
Proor. Let ¢ be a completely positive extension to B;®B, of the restriction ;@
72| 4,4, Then there is a representation = of B;®B; on a Hilbert space H such that
o(2)=HQHx(x)HQH; xEB1QBs;,

where H; and H, are representation spaces of x; and #,.
Let L(H;) and L(H,) be the C*-algebras of all bounded operators on H; and Hz We
define the bounded linear map L, , of L(H1)®L(H2) to L(Hy) by
Le, y(s@y) =€ n)%, *€L(HD, yEL(Hy), & 9EH,.

Then Le ¢ is a completely positive map. By [1: Theorem 1. 2. 9] it has a completely
positive extension to L(H;®H,), and is also denoted by L¢ ¢.
Then the map: a—L¢, sp(a@ e,) is completely positive and we have

Le,ep(a@ez)=(£]|m(a), acA;.

Since =, is a boundary representation of B; for A;, we have

Le,ep(aQe)=(§|Om(a), aEB;.
Since Lg , is a linear combination of maps of the form L¢ ¢, we have

Le,1p(a@e2)=(&|n)mi(a), aEB;.

Hence we have -

p(a@e)=n1(00RIH,, ac&hB.

Consequently, by [1; p. 1741, H;®H, is a invariant subspace for z(B1®B3).
Similarly, we have ¢(e;Qb)=1Iy,Qm2(b), bEB,, and H;®H, is a invariant subspace

for z(e;@B32).
Hence we have

p(a@®b)=H,QHx(a @ b)HRQH,
=H,QHr(a@ ez)n(e; Q@ b) HiQH,
=7r1(a)®1r2(b), aEB1 N bEBz N

Consequently, we have ¢==;®n,. This completes the proof.

In [2] Hopenwasser proved the following result.

Let B be a C*-algebra with unit es. Let S be a linear subspace of BQQ M»n which gener-
ares BQQM, and which contains the set of matrix units es @ eij, i, j=1,..., n. Let T be the set
of operators in B which appear as a matrix entry in some element of S. Then an irreducible
representation z of Bis a unique completely positive extension of =|r to Bif and only if =Rl
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is a boundary representation for S.

We shall give the proof of the “if” part in a slightly different way.

Proor. Let n be a boundary representation for T, acting on the Hilbert space H, and
let ¢ be a completely positive extension to BQMsx.

Then, by [1: p. 146], we have a representation n» of B&QM, such that

o(x®y)=HRHnms(x Qy)HRHn, x=B, and y&M,,
where H, is n-dimensional Hilbert space.
Since esReij =S,
o(evsQeij)=Prp(er Q eij ) P=1IxR eij,
where P is the projection on HRH,.
Hence the map: x——¢(e» @ x) is a representation of My, and so P is invariant for
ws(esQMy).
Now, we have
o(xRei;)=Prs(xRQen)ns(esRei;) P
=Prs(x R en) PIgR eij,

where ey is unit of M.
On the other hand, we have

o(x R eij)=Prs(es R eij )ms(x R en)
=IyReijPrs(x R en)P.

Hence, we have Pry(xQ@en) PE(IgR®L(Hr)), and so there is a positive linear map p
such that

Pry(x R en) P=p(x)R1py,,.

Since we have for each s&S, pRIx(s)=nR1Ix(s), we have p== on T.

On the other hand, the map: x—>¢(xRQen) is completely positive, and = is a boundary
representation for " we have ==p on B.

Then P is invariant for zs(BRen).

Consequently, we have ¢o=pQL,=nQI,. This completes the proof.

3. Boundary ideals

We assume throughout this section, for each i=1, 2, B; acts on a Hilbert space H;.

THEOREM 2. Let Ji be a boundary ideal for Ai of Bi. Then ker (q;,R4;,) is a boundary
ideal of Bﬂ?BZ Sfor A1RA,.

Proor. The map ¢;,(¢)—>a is completely isometric on ¢;,(Ay) by [1: Theorem 1.
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2. 9], this map has a completely positive linear extension to B;//;. There are a repres-
entation m;, of B;/J; and a linear isometric map V; from H, into a representation space Hr,
of m; such that

a=Vi*m1(q;,(@) V1, aE€A;.
Similary, there are a representa'tion np of By/J, and a linear isometrié map V, from
H, into a representation space H., of z; such that
b=Vy*m(q;,(b)) V2, bEA;.
We have for ecA; and b& A,

a®b=V18V2)*11Q 2(4,,(@)B4;, (b)) V1R V>.

Hence the map: gxer(e 7,84, (x)—> x is completely contractive.

Consequently, ker (g,,Rq;,) is a boundary ideal.

THEOREM 3. Let Ay (resp., Ay) be an admissible subspace of B1(resp., Bs), and Ki(resp.,
K,) be the intersection of all kernels of boundary representations of By(resp., By) for Ai(resp.,
Ay). Then ALQRA, is an admissible subspace of Bl@Bz, and ker (qx,QRqy,) is the Siloy
boundary for A1QRA,.

Prooe. Let B; denote the set of boundary representations of B; for A;, and let

pi= >\ @mij be the direct sum of boundary representations of B;. Let J be the intersec-
nijE€B;

tion of the kernels of representations of the form z;m®n Where nym and .. are bounda-
ry representations of By and B,. Since ¢,,®4q,, (Bi®B;) is *-isomorphic to p;Qp,(B1&R
B,), we have

ker(qu ®qKz> =]

Let K be the intersection of all kernels of boundary representations of B;QB, for
«
A1RA,.
By Theorem 1, n;mQ@mon is a boundary representation, then we have

JDOK.

On the other hand, by Theorm 2, ker (g.,®¢y,) is a boundary ideal. Therefore, K
is a boundary ideal, and so A;®A, is admissible. Then K is the Silov boundary ideal [1:
Theorem 2. 2. 3], hence we have

KDOker(gg, R dy,).
Consequently, we have

K=ker(g.,® aqy,).
This completes the proof.
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