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Introduction

Recently one of the authors has defined an almost Kihlerian space which is a
generatization of a Kihlerian space and called it an *0O-almost Kihlerian space or
briefly an *O-space [5]. An *O-space is characterized by the fact that the covariant
derivative of the structure tensor fields v jF;-” is pure with respect to j and ¢, where
V; denotes the covariant derivative with respect to the Riemannian connection.

On the other hand, in an almost complex space with a ¢-connection, in a
Kihlerian space or in a K-space, a holomorphically projective transformation and a
holomorphically projective curvature tensor have been studied in [87, [2], [3], [4],
and [10]. In this paper, we shall define the notion of the holomorphically projective
transformation, and the holomorphically projective curvature tensor in an *O-space.

In the next place, we shall consider an *QO-space of constant holomorphic sec-
tional curvature and an *0-space satisfying the axiom of holomophic planes.

When the holmorphically projective curvature tensor vanishes, we shall prove
that the space is of constant holomorphic sectional curvature and satisfies the axiom
of holomorphic planes. In the last section, we shall show that a K-space with a
vanishing holmorphically projectitive curvature is necessarilly a Kihlerian space.

§1. *0O-almost Kéihlerian spaces and K-spaces

A 2n-dimensional differentiable space, with a tensor field FJ’ and a positive

definite Riemannian metric tensor field gj; satisfying
1.1 Fy F,}=—3;i.
(1.2) gii=F;"F;’gsa.

is called an almost Hermitian space.
An almost Hermitian space is called an *O-almost Kihlerian or a K-space, if a

tensor Fji=F; gri satisfies.
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(1.3) ViFin+FF;*V sFan=0
"~ or
a4 ' ViFir+ViFin=0,
respectively. Transvecting (1.3) and (1.4) with g/, we see that an *O-space and a
K-space both satisfy

| .5 V- F;"=0.
| Let Tjin, Trjin be tensors in an almost Hermitian space and we define the
i following operation
|
| (1.6) 0;iTjin= % (Tjin—F"F *Tsan),
 K0;iTjin= —21— (Tjin+ Fi*FjeTpan).
For the tensor T;; we denote *Q;;T;j;=%0T;; briefly.
(L.7)  *Or*OinTrjin= % (Trjin + FPF*Toain + FPF}'Trjba + Fyl FF 2 FifTpadc).

We see

(1.8) 0;i0ji=0ji, *0;i*0ji=*0ji, *0;i0;i=0;i*0;i=0,
*Ok *0ih="*0in*Okj, OrjOin=0inOk;.

A tensor is called pure (hybrid) in two indices if the tensor vanishes by
transvection of *0O(0) on these indices.
From this definition, the condition (1.3) can be written in the form;

a9 *0;iV jFin=0.
In an almost Hermitian space, using (1.2), we have
(1.10) *0;iV rFji=0.

Since an *O-space and K-space are an almost Hermitian space, we shall operate
*0;, to (1.4) and using (1.4) and (1.10), we have

*0;iV iFin=0.

|

‘ Hence a K-space is necessarily an *O-space.
| Let Krji#* be the curvature tensor, i.e.
i
\

(L1D) Krjih=0k {1} —0; (£} + (A} (7} — (W (5D

| where 0r=0/0x*%, and denote

(1.12) Krjin=Krji"grn, Kji=Kyjir, Kji=F]Kir, K=giiKji
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Hji = 4 FatKyaji, Hji=Fy Hir, H=FiiH;i.

From which we see
1.13) FkhKpjin=H ji.

Now, if we assume that Kj;=Hj;, then by the symmetrity of K;i we have
Hji=Hi;, which means that OH;i=0 by definition (1.12). The relation Kj;=Hji is
equivalent to Kji=H;;, from which we have OK;;=0 by the anti-symmetrity of Hji.
Transvecting Kji=Hj; with gii, we get K=H.

We notice that a semi-Kidhlerian space of type II and an almost Kihlerian space
with an almost analytic Nijenhuis tensor satisfy the relation Kjizﬁji. S. Koto. [6],

[71

§2. Holomorphically projective transformations and Holomorphycally
projective curvature tensors

We introduce the curves satisfying the differential equations

dxi

@ A AR A O K- A TGl

S de dt dt

Such a curve is called a holomorphically flat curve or a complex geodesic [4].
If in an *O-space there are two connections {]’.',-} and / { ;}, and if the two con-

nections have all holomorphically flat curves in common, then
@2 {7 =} +8hpi+8ihpi+ Floi+ Filoj

holds for certain vectors fields p; and ;.
Under the restriction (1.5) on both of the connections, we have

Gi=—pi
where pi=F; pr.
Accordingly (2.2) becomes
@23 (1) = {1} + 8ihpit+dihp; — Fi'pi—F'oj.

This transformation is called a holomorphically projective transformation (H. P.
transformation) in an almost Hermitian space with the relation (1.5).
After some calculations, from (1.11) and (2.3), we obtain



36 ‘ H. MIZUSAW A and S. KOTO

(2.4) 'Kpjih= Kpjih+3ih(Prj— Pjr) + (6 jh Pri— ok Pji) — (szF;-h —PjiFMF}
— (PuF}—PuFy) F+ LF(VF = VaF{) + F{ (W iF !~ VaF}")
_‘_F;thjF;_l_F;thF;l+F;IVjF}h_F;lka;_h]pI’
where we have put
(2.5) Pji=V jpi—pjpi+D0ibi.
By contraction over i and 4 in (2.4), we have
(2:6) Pji=Pij.
By contraction over £ and % in (2.4), and using (1.3), we have
€Xp) Aji=—2(nPji+ F;’F;®Pso) + F;' (ViF{7+ ViF; )p,

where we have put Aji='K;ji—Kji.
Operating *0j; to (2.7) and using (1.3), we have

1

(2.8) Pji+ F;'FiPoa = — -7 *0Aji,
From which
2.9) F}Pi—F;Py ,~=——7@1+—1>—(F;’Au—F;.’Az D
Next, transvecting (2.4) with F}, we get
(2.10) Bji=—2F; Pii+2nF; Pij—[ ViF;'— (2n+ 1)V iF; i

where we have put Bji='H;i— Hji.

Since Bj; is skew symmetric with respect to j and i, we get

211 Bji=(n+D[—(F}Pii— F!Pi)+(ViF!—=viFDpl

1
@12 0=(n—1) (F} Pii+ F; Pij)+n(ViF{+ViF;Dp.
Operating *0;; to (2.11) and comparing with (2.9), we get
*0;i(Fjl A1i) =*0Bji.

Transvecting (2.12) with F; and using (1.3), we have

2.13) F(ViF7+ViFpi= "L (= Pji+ F{?F{Pso).
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From (2.7), (2.8) and (2.13), we have

(2.14) Py _—.—2@51_—17(*0@ —nAjD).

Substituting (2.9) into (2.11), we get

. . 1 doa dog . ..
(2.15) (ViF!—vViFHp = _m(—F,- Ali+ F} Aij+2B;ji).

Substituting (2.14) into (2.12), we get

(2.16) (ViF 4+ ViF;Dp, =—2<71Jr—1—)-(F;-’Au+F;-’Az D
From (2.15) and (2.16), we obtain
. :
2.17) (VjF;-l)m:W(F}lAlj-i—Bji).

We substitute (2.14) and (2.17) into (2.4), and operate *Og*Oir to this equation.
Then by virtue of (1.10) we see that the tensor

(2.18) Prjin=%0r;*¥0in Krjin— —Z(Tl—T)_ {gin(¥*OKri —nKri) — gen(¥*OKji—nK ji)

— FinF;}(*OKri— K1)+ FenF;' (FOK j1— K j1)
—(—1)(FjnHri— FrnH ji) —2(n—1) Fix*OHg;} ]
is invariant under the H. P. transformation. @We call it the H. P. curvature tensor

in an *QO-space.
Taking account of (1.7), it is written down as follows:

(2.19)  Prjin=*0r*0inKrjin+ —gknLji+ FinLri— FenLji+2Fis*OHg;),

1 T
W(gjhlzkz

where we have put
(2.20) LjiE*OKji+*Oﬁji, zjiEF}lLizz*OHji—i—*OI?ji.

TueoreM 2.1 In an *O-space the H. P. curvature temsor with the form (2.19) is
invariant under the H. P. lransformation (2.3).
We notice that, if the space is Kéhlerian, the following relations are known:
(2.21) *Or;*OinKrjin=Krjin, ¥OK ji=Kji, *OH;i=Hji, Kji=Hji.

From which in a Kihlerian space, we find

2.22) Prjin=Krjin+ —genKji+ FjnHgi— FrnHji+2Fin Hij).

1 . )
W(gﬂl}{kt



38 H. MIZUSAW A and S. KOTO

§3. *O-spaces with a vanishing H. P. curvature tensor

In an *O-space, if the H. P. curvature tensor identically vanishes, then by virtue
of (1.7) and (2.19), we obtain

@31 *0p*0in Krjin=— nLti—grnLji+ FinLri— Frn Lji+2Fin*OHg)),

1 .
4(n+1) @i
(3.2)  *0p*OinKrjin= 7} (Krjin+ FyY F;2Kpain+ F;PF;*Kijbat+ FR F*F 2 Ff Kpadc).
Transvecting (3.1) and (3.2) with gii; we have
(33) 2(n—1*0K ji +2(n+1)*OH ji=g;i(K+ H).
Transvecting (3.1) with gkh, we have
3.4 *OK ji=*0Hji.
From (3.3) and (3.4), we have

(3.5) *OKji=*Oﬁji=—Zln—(K+H)gji.
From which, we have
(36) *OK ji—= —*OHji=7117(K+ H)Fji.

Substituing (3.5) and (3.6) into (3.1), we obtain

G3.D *¥Or*0inKrjin =%(gjigkh —grigih+ FjiFen— FriFin—2Fr;Fin),
where
-1
k= TICERY) (K+H).

TueoreMm 3.1. In an *O-space, if a H. P. curvature temsor vanishes, then the
curvature tensor of the space has the form (3.7).
Notice that if the space is Kihlerian, (3.7) be reduced to

3.8 Kgjin= % (gjigrn—grigin+ Fji Feh— FriFjn—2FyiFin),

K
S

§4. Almost Hermitian spaces of constant holomorphic sectional curvatures

We consider in an almost Hermitian space a holomorphic sectional curvature
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with respect to a vector ut

4.1 — KmjtnF " ut F ubuiuh
k=

SrjwkuIgi nuiuh

If k= constant with respect to any vector at any point of the space, then the space
is called a space of constant holomorphic sectional curvature.
In this case

(4.2) KomjthF;" Fyl uauindwh= — kgq;gphuudsiiubuh

should be satisfied for any vector u*, from which we get
4.3 A FF ) Kim) j111ny=—8k(garghi+8angip-+gaigph)-

Transvecting (4.3) with F;7F:*, we have

2[ (Krjin+ Kijen)— F 2F;} (Kijig+ Kijig) — FPF (Krimp+ Kmiks)

—F{"F{ (Kmhkp+ Kenmp) — F30Fi (Kintg+ KinigQ)+ FF ?F " F ;! (Kmaip+ Kigmp)
= — BkF F;?(gasgni+gangiv+gaigon).

This equation is written as follows

(4.9 *O j*Oi);Kk jin+*0; *Opn K jen— F,;"F;,’ *01%0i¢K1jiq
= —k(grighj+ FenFij+ Fr;jFin).
Taking the alternating part with respect to £ and j, we obtain
4.5 2%0k%0; h Kk jin+ 2%0r j(*¥Ori*0inKrijn—*0;i*Orn K jirn)
=k(grngii—gingri+ FrnFji— FinFri—2FrjFin).

THEOREM 4.1. If an almost Hermitian space has a constant holomorphic sectional
curvature at every point, then the curvature tensor of the space satisfies (4.5).

Now we shall prove that if an *O-space satisfies the relation Kj;i=H;; then the
k in (4.5) is an absolute constant, in §1 we have see that if Kji=Hj; holds then
OK;i=0, OH;;=0 and K=H are valid. Taking account of these relations, we shall
apply the Bianchi identity to (4.4).

From (1.7) the first term of the lé_ft hand side of (4.4) is following:

(4.6) 4%0,%0inKrjin = Krjin+ Fy F" Kimin + F; FyS Keits+ Fy F"F{ F; Kimes.
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Applying the Bianchi identity to the first term of the right hand side of (4.6),

we have
V sKrjin+ VeKjpin+ V i K pkin=0.
Traﬁsvecting with gphgii, we get
2V ?Krp— Vi K=0.

Next, as to the second term of (4.6), we get

gPhgii [V o(Fy F Kimin) + Vi (F{F Kimin) + V j(F F" Kimin) ]

=2V1>I—~Ikp— VeH
=2V ?Krp— VrK
=0.

By this way, we find that the third term of (4.6) vanishes and the fourth term becomes
2VH(F S Fy" Kom)— VK =0

by virtue of OKpr=0.

Thus the first term of the left hand side of (4.4) vanishes. Similarly the second
and third term of the left hand side of (4.4) are reduced to —4V:K and 4V:K
respectively. Therefore the left hand side of (4.4) is zero by this way. As to the
right hand side of (4.4) we obtain 4(1—#n?)Vk in the same way. Hence we have
Vik=0.

Notice that in a Kihlerian space [1], [11], formula (4.5) be reduced to

4.0 Krjin= g (Grhgii—gingri+ FrnFji— FinFri—2F ki Fin).

In an *O-space by means of Theorem 3.1 and 4.1 we can easily have the fol-
lowing

Tusorem 4.2. In an *O-space satisfying Kji=Hji, if a H. P. curvature temsor
vanishes, then the space is of constant holomor phic curvature.

§5. Almost Hermitian spaces satisfying the axiom of holomorphic planes

In an almost Hermitian space, there is given a holomorphic plane element -
determined by two vectors u# and Fikui at a point. When we can always draw a
2-dimensional totally geodesic surface passing through this point and being tangent
to the given holomorphic plane element, we say that the space satisfies the axiom
of holomorphic planes.

If we represent such a surface by the parametric equation
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(5.1) xh=xh(ya) a. b c d=12,

then the fact the surface is totally geodesic is represented by the equation

(5.2) 9cBi+BIBi () —Bi’ (3} =0

Oxh . . . i i
where Bﬁ:——ai—band "{cp} is the Christoffel symbol formed with the gcs=B!B,g;i of
the surface.

The integrability condition of (5.2) are

(5.3 BlBIB; Kijih=B" Kacsa.
If we put
Bt=ur, Bi=Fui
equation (5.3) rﬁust be satisfied by any unit vector #*. Thus we have

F"wsuin!Kpmjit= aur -+ ﬁF},huP,

F;muSuiF;Il Ut Kpjih=2ur+puF ;,hui’.

(5.4)

From the first equation of (5.4), we obtain
(5.5) (F;’”ijih—agsjéih—- Bgsi FMusuini=0,
from which
(5.6) F{P K mljiyh=agsigiyh~+ BgcsiFirh.

Contracting by gji, we get a=0.
Transvecting this with F,® and taking the alternating part with respect to k%
and' j, we obtain

GNP *Or*0inKrjin+*0kj(¥Ori*0jnKrijn—*0;i*OrnK jirn)
=28(grhgii—gingri+ FrnFji— FinFri—2Fk;jFin)

which shows that the space is of constant holomorphic curvature. Thus we have
Turorem 5.1. If an almost Hermitian space satisfying Kji=H ;i admits the axiom
of holomorphic planes, then the space is of constant holomor phic sectional curvature.
In an *O-space, by means of Theorem 3.1, we can easily have the following
THEOREM 5.2. In an *O-space, if a H. P. curvature temsor vanishes, then the space
admits the axiom of holomorphic planes.
Notice that in a Ké&hlerian space, formula (5.7) be reduced to
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(5.8 Krjin= —g(gkhgji —gingrki+ FenFji— FinFri—2Fr;Fip).

§6; K-spaces with a vanishing H. P. curvature
- In a K-space, if we operate Vi to (1.4) and taking alternating part with respect
to £ and j, we have
(6.1 —Kpji* Fra— Kijn” Fir+ VeV iFjp— ViV i Fra=0.
Transvecting (6.1) with g/ and using (1.5) we have
(6.2) Kun+Hik=V 7V rFh
from which
Kji+Kij=0
Hence we have
(6.3) ' OK;i=0
Transvecting (6.1) with Fki, we get directly
(6.4 OH;i=0
Using (6.2) aud (6.3), we have [9]
(6.5) OK;i=0
(6.6) OH;i=0
LemMma (6.1) [5] A mecessary and sufficient condition that a K-space be Kdihlerian
is
6.7 ' Kji=H;i

holds good.
Proof. In a Kihlerian spaceV ,Fj;=0, is valid, hence from (6.2) it follows that

K;i+H;j=0.
This is equivalent to (6.7). Conversely we assume a K-space satisfies (6.7), then
using (1.5), we get
0=V, [Vi(FiiF;)] = (V,Fji)(ViF{)+Fji(V-V;iF;).
By virtue of (1.4), we have
(6.8) ‘ Fii(VrV ,Fii)+(V,Fii) (V7 Fit)=0.
From (6.2) and (6.8), we obtain
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(V,F;i)(VrFji)= Fji(KNij+ Hji).
Thus we have
VeriZOQ

This means that the space is Kihlerian. q.e. d.
Using (6.3), (6.4) and (2.18) we obtain
THEOREM 6.1. In a K-space the H. P. curvature tensor has the form

(6.9)  Prjin =*0r*0jn[ Krjin+ (ginKri—genKji+ FinHri— FrnH ji+2FinHej) 1.

1
2(n+1)

In a K-space, if a H. P. curvature vanishes, then using (6.1), (6.4) and (3.7) we
have

Kiji=Hji.
By virtue of Lemma (6.1), we obtain

TuroreM 6.2 A K-space with a vanishing H. P. curvature is necessarilly Kihlerian.
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