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- As we remarked in §§ 1 and 2 of [1], the following proposition holds. The
purpose of this paper is to give its proof. Free use will be made of the definitions
and notations of [1].

ProrosiTion 1. 1°. If (K, L) is a Kan pair with base point ¢ L,, DEFINITIONS
1.7 and 1.10 in [1] of n.(K, L, ¢) are equivalent for n=0. 2°. If (K; L, M) is a
Kan triad with base point o=(LNM),, DeriniTiONS 2.4 and 2.7 in [1] of =.(K; L, M,
@) are equivalent for n=2. I.e. the natural embedding map ir: K—S|K| given in [7]
induces one-to-one onto maps (ir)x:ma(K, L, ¢)—ma(S|K|, S|L{, @(p)) and (ir)x:
ma(K; L, M, ¢)—rn.(S|K|; S|L|, S|M|, ir(p)) where n, means the set defined by
DeriNITIONS 1.7 and 2.4 in [1].

Proof of 1°. The equivalence follows from Turorem 7.3 in [1], Remark 1 in
[3, §4] and the five lemma for #=>2, and by their definitions for n=0.

To show that (#z)4 is one-to-one onto for n=1, consider =;(K, L, ¢) and =;(S| K|,
S|L|, ir(¢)). In this case we may assume that K is connected, i.e. ny(K, ¢)=0.
Then we can construct the c.s.s. group G(K ; ¢) which is a loop complex of K rel.
¢ [2, Tueorem 9.2]. Put U=G(K;¢)x:K, C=G(K; ¢)x:L and ¢=(&, ¢)EU,
where ¢ is a twisting function defined by fc=g, ¢, is the identity element of the group
G(K; ¢)o. By Lemma 9.3 in [2] U is contractible. Let p: U—K be given by p(p, o)
=g for(p, 0)EU. Then p is a fibre map: (U, C, ¢)—(K, L, ¢) and (U, C) is a Kan
pair. By TreoreM 8.3-2) and Prorosition 8.2 in [1], px:m(U, C, ¢)—m(K, L, ¢)
and (S| P|)x:m(S|U|, S|C|, iy(¢))—m(S|K]|, S|L|, ir(p)) are one-to-one onto.

Consider the following commutative diagram :

bx ' b
EI(K’ L, SD> « ”ICU’ G ¢) - m(C, )

| Gix | G | Gox

) (S]]« ) 9’ :
m (S| K|, S|L|, ix(p)) « i (S|U|,- S|C|, iv(¢d) — m(S|Cl, ic(¢)dr

where ¢ and ¢’ are the boundary operations induced by the 0-th face operation, (ic)x
is one-to-one onto [3, §4 Remark 1]. Therefore to show that (ix)x is one-to-one
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onto it sufficies to prove the following.

LemMa 2. If (U, C) is a Kan pair with base point ¢=Cy and if U is comtrac-
tible, then é: m(U, C, ¢)—my(C, ¢) is one-to-one onto.

(In this case, S|U| is also contractible and that §’ is one-to-one onto is verified

~ by the same method.)

Proof. Since ny(U, ¢)=0 it is clear that ¢ is onto.
Now consider two simplices ¢ and t&I"(U, C, ¢) such that ge®~rzef, ie. there
exists 7&C; with 7¢0=¢¢? and 7¢l=7e0 Let w;&EU, be a solvent of

@ @ @
[7, o, O]

and let ¢’=w;e2. Let w;&=U, be a solvent of

@ (M @

Le’, =, O]
and let =w;c?. we have 0e0=¢ and fel=¢. Since m(U, ¢)=0= {¢7°, there exists
o3& U, such that w3e0=w3zel=¢1% wze?2=60. Let w,=U, be a solution of

o @O @ @&
(O, % @, w3l

and p&U, be a solution of

@ @ (2 @
[O, @1, 7% w4l
Then we have pe9=7cC,, pel=0, pe2=r and therefore p:o~7 Isd. C.

Proof of 2°. The equivalence follows from Tueorem 7.1 in [1], THrorem 1-1°
and the five lemma for n=3.

To show that (ix)x is one-to-one onto for n=2, consider =,(K; L, M, ¢) and
(S|K| ; S|L|, S|M]|, ig(p)) where we may assume that K is connected. Let U, C, ¢,
be those given in the proof of 1° and moreover let D=G(K; ¢)x:M. Then (U; C,
D) is a Kan triad with base point ¢, and the following diagram is commutative:

’ Grx : )
m(K: L, M, ¢) ~  w(SIK|; S|LI, S|M|, ix(yd)
T b TsioDx
G

”ZCU; C, Dy ‘/’)

—  m(S|U|; S|C|, S|D|, iy(¢d)d,

where p: U—K is the fibre map given in the proof of 1° and py and (S|p|)x are
one-to-one onto (THroreM 8.3-1 in [1]). Therefore to show that (igx)s« is one-to-
one onto it sufficies to prove that (iy)x is so.

To prove that (iy)x is onto, consider an arbitrary simplex f&I',(S|U|; S|C]|,
S|Dj, iy(¢)). fis a continuous map from 4, into |U| where 4, means the unit
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simplex in euclidean space R3. Put e=fe00(4,) &|C|N|D| for the sake of nota-
tional simplicity. It is clear that there exist a 1-simplex g&(S|C|NS|D|); and a
0-simplex #=(CN D), such that ge%(dy)=e¢ and gel=i(#). Since S|C| and S|D| are
Kan complexes, there exist solvents hy&(S|C|): and hc&(S|D|), of the following
equations

o ) @ @ @

[g fe% O] and [g, fel, [1] respectively.
We see that hye2cM(S|C|, S|¢UB|, ic(¢)) and (ic)x: m(C, ¢UB, ¢)—m(S|C|, S|¢U
8|, ic(¢)) is one-to-one onto (Turorem 1-1°) where ¢J0 means the c.s.s. complex
generated by ¢ and 8. Therefore we have a simplex ¢o=I"1(C, ¢ U6, ¢) such that
00e%=0 and ic(gg)~Mnye? Isd. S|¢UB|. Donote this homotopy by k&(S|C|). It is
clear that ke=i(#)7°. We have also a simplex o:&7I"1(D, ¢U6, ¢) such that o;0=0
and ip(o1)~Mme? Isd. S|¢UUO|. Denote this homotopy by kE(S|D|),. We see that
k1e9=ip(@)7°. Let f,&(S|C|); and 1E(S|D|), be solutions of the following equations

@ @ @ @& @ @ @ @
[gn° O, hy ky] and [gn® [, hy, k1] respectively.

Then we have f~f3 Isd. S|C|, S|D| where f3&(S|U|), is a solution of the following

equation

@ M @ @

[va fl; f! D]-
On the other hand, let Y&U, be a solvent of the equation

@ @ (@

[‘70’ g1y D]
and let v=0¢2  Then we have vel=vel=¢, and since n;(U, ¢)=0 there exists a
simplex Q&U; such that 2e9=02¢1=¢7° and 2¢2=v. A solution ¢ of the equation in

U:

0 @ @ ®

[007707 D9 r’ Q]
is a simplex contained in I'p,(U; C, D, ¢), i.e. 0e%=0y, oel=0g; and oge2=¢7° Let
F3&(S|U|); be a solvent of the equation in S|U]| :

()] n @ @
[iU<00)7]°’ f3) iU(”)! D]
and let fy=F33. Then we have fe0=fel=f,e2=iy(¢)7° and since n,(S|U]|, iy(¢))
=n,(U, ¢)=0 there exists F,&(S|U|); such that Fy0=Fl=F2=iy(¢)y1 and
F.3=f, Let FE(S|U|); be a solution of the equation in S|U]|:
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()] (6} ©)) 3 @
LivCeo)n®, O, iy(ednt, Fs, Fy]

and let GE(S|U|); be a solution of the equation in S|U]|:

(O) w @ &
LivCoo)n®? iv(edn? O, iy(ednt, Fl.
Then we have Ge%=iy(a)nlES|C|, Gel=ip(e'ES| D|, Ge2=iy(e) and Ge3=f; ie.
iy(e)~f3 Isd. S|C|, S|D|. Thus we have iy(e)~f Isd. S|C|, S|D|, i.e. (i)« is onto.
To show that (i)« is one-to-one, consider two simplices ¢ and &, (U; C, D, ¢)
such that there exists a homotopy F&(S|U|)s: iy(e)~iy(z) lsd. S|C|, S|D], ie.
Fe0cS|C|, FeleS|D|, Fe?=iy(o) and Fe3=iy(z). For the sake of simplicity, put
$o=0¢%0 and ¢, =re%0. Since (icnpdx: m(C|D|, goU¢1, $1D)—m(S|CINS|D|, S|goU¢nl,
i(¢1)) is one-to-one onto (Tueorem 1-1°) where ¢yU¢; means the c.s.s. complex
generated by ¢y and ¢; and since Fe%°=I";(S|C|NS|D|, S|¢oUd¢1|, i(¢1)), there
exists a simplex 7&(CMN D), such that 7e0=¢,, Tel=¢; and i(¥)~ Fe%0 Isd. S|¢eU¢1].
Denote this homotopy by g=(S|C|NS|D|), i.e. ge®=i(Po)n® gel=:i(7) and ge2= Fe0%0,
Let h&(S|C|); and hE(S|D|); be solvents of the following equations

()] (¢)) @ @ ()} (¢)) @ @
[g, Fe%lpl, [, Fe°] and [g, Felely!l, [, Fel] respectively.

Consider a solution F'&(S|U|); of the equation in S|U|:

o 1 @ 3 @
[hOv hl: F€27729 0, F]'
Then we have F'e0=he?cS|C|, Fel=me?ES|D|, Fe2=iy(e) and F'e3=i(z), ie.
F' :iy(o)~iy(c) Isd. S|C|, S|D|. Moreover we have F’e0:0=hye2e0=gel=i(7).
Let 79p&C3 and ;& D; be solvents of the following equations

o M @ 0w @O @
[7, O, re°] and [7, [, 7el] respectively.

Then z~7’ lsd. C, D where -'&'2(U; C, D, ¢) is a solution of the following equation
in U:

» @ @ @
[TO, n D’ T].

Therefore, to complete this proof it sufficies to show that z/~¢ lIsd. C, D. Let
k=(S|C|); be a solution of the equation in S|C]:

()] 1 @ 3
[iC(T)”l’ , FISO’ iC(TO)]',

Then we have ks0=ic(¢o)n®, kel=ic(ae?), ke2=ic(z’¢?). Therefore ic(oeD~ic(z’'e?)
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Isd. ic(¢p). Hence we have ce0~7’e0 Isd. ¢y, for (ic)x:m(C, ¢Ude ¢)—m(S|C|,
Sl¢Udgol, ic(¢)) is one-to-one onto. Namely there exists a simplex py&=C, such that
Poe®=¢ 0 poel=0e® and pye2=1’¢%  Similarly we have a simplex p;&D, such that
p1e°=¢0 piel=cel and pje?=rt’el. Then t'~7’’ Isd. C, D where "'&I'y(U; C, D, ¢)
is a solution of the equation in U:

@ @O @ &
[PO; (40 I:I) T,]'

On the other hand, for a solvent ScU; of the following equation in U:

(0 W @ @

Lo, o'/, 0elpl 1],
each face of ¢=2F5¢3 degenerates at ¢. Therefore there exists a simplex 2cU; such
that Qe0=QsZ#Qe3=¢p0pl and Qel=¢, for =,(U, ¢)=0. Let pcU; be a solution of
the equation in U:

@ @O O & W
L0, 71,772’ g, 7”770v P,]
where p’EUsj is a solution of the equation in U:
0 @O @ @ @)
[D, &, 7”770’ 05]7]0”1’ ‘Q]
and {&D; is a solvent of the equation in D:
()] @ 2 3
[, z'"n%?t, ©/'7%2, geln®].
Then we have pe0=1""¢%1cC, pel={e%< D, pe2=7'’ and ped=¢. Thus we have o~
t//~c'~7 1sd. C, D.
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