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REGULARIZATION FOR ACCURATE NUMERICAL WAVE
PROPAGATION IN DISCONTINUOUS MEDIA*

ANNA-KARIN TORNBERG! AND BJORN ENGQUIST?

Abstract. Structured computational grids are the basis for highly efficient numerical approx-
imations of wave propagation. When there are discontinuous material coefficients the accuracy is
typically reduced and there may also be stability problems. In a sequence of recent papers Gustafsson
et al. proved stability of the Yee scheme and a higher order difference approximation based on a
similar staggered structure, for the wave equation with general coefficients. In this paper, the Yee
discretization is improved from first to second order by modifying the material coefficients close to
the material interface. This is proven in the L? norm. The modified higher order discretization
yields a second order error component originating from the discontinuities, and a fourth order error
from the smooth regions. The efficiency of each original method is retained since there is no special
structure in the difference stencil at the interface. The main focus of this paper is on one spatial
dimension, with the derivation of a second order algorithm for a two dimensional example given in
the last section.

Key words. Yee scheme, discontinuous material coefficients, regularization

AMS subject classifications. 35L05, 35R05, 65M06, 65M12

1. Introduction. In a sequence of recent papers [4, 5, 6], Gustafsson et al.
developed and analyzed finite difference methods for wave equation approximations
on structured and staggered grids. These algorithms were proved to be L?-stable and
well behaved even for discontinuous coefficients and of second and fourth order of
numerical accuracy when the coefficients are regular. The second order discretization
is the Yee scheme [15], and the fourth order discretization is as compact in time as
the Yee scheme.

The main motivation to use this type of methods is computational efficiency.
Stable higher order methods on unstructured grids based on finite element approxi-
mations are readily available and they can handle discontinuous material properties.
Whenever it is possible to use the explicit structured grid techniques with staggered
storage of the unknowns this is preferable because of efficiency. The gain in computa-
tional complexity and storage can often be more than an order of magnitude. This is
why the Yee scheme in computational electromagnetics is still so popular in spite of
its difficulty in handling discontinuous material properties and irregular boundaries
[10].

We have in a sequence of papers [12, 13, 11] developed regularization techniques
for computations with discontinuous coefficients and singular source terms. It is the
purpose of the current work to apply these techniques to the numerical schemes of
Gustafsson et al. [4, 5, 6], in order to produce a new and efficient class of methods.
These new methods have similar stability properties as the original methods [4, 5] but
are of higher order of accuracy also for discontinuous coefficients.

A major advantage of the algorithms we introduce here is that there is no special
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structure in the difference stencil at the material interface. The same types of formulas
are used all over the computational domain. The only components that are modified
near the interfaces are the material coefficients of the original differential equations.
This streamlines the computer code and makes rigorous proofs for stability and error
estimates possible. An extension of this technology is to include boundary conditions
that do not fit to the computational grid. It is covered in [14] and it is also based on
adjusting the coeflicients in the differential equations.

There have been other approaches to accommodate discontinuous material coef-
ficients in finite difference approximations. Zhang and LeVeque [16] applied the im-
mersed interface method to the acoustic wave equation. The Lax-Wendroff method
(or a higher order scheme) was used away from the discontinuities, and a three point
stencil (in 1D) was used closest to the discontinuities, with the weights derived using
the physical jump conditions. In 2D, a six point stencil was used at such irregular
points. Ditkowski et al. [2] suggested a modification to the Yee scheme as applied to
Maxwell’s equations, which includes an extrapolation from grid values on the other
side of the discontinuity, to the location of the discontinuity, and the use of this value
in a modified stencil. In the case of a jump in the solution itself, this jump is taken
into account in the modified stencil. This leads to a three point stencil for points
closest to the discontinuity in 1D. Two other approaches to this problem, which both
involve the introduction of “ghost” values close to the discontinuities can be found in
[9, 8, 17]. Another popular approach is averaging of the discontinuous coefficients [1].
See also the review article [7] and the references therein.

The outline of this paper is as follows. In section 2, we give the differential equa-
tions and discuss the jump conditions that apply for the solutions at a point where
the material properties are discontinuous. In section 3, we give the basic numerical
schemes and the stability results, as derived in [4]. We proceed in section 4 to derive a
regularization of the coefficients that yields a fully second order accurate scheme and
we see that a specific regularization must be applied to the inverse of the coefficients.
We prove first order convergence in L? for the Yee scheme with discontinuous coeffi-
cients, and second order convergence with the regularized coefficients. In section 5,
this regularization technique is applied to a higher order discretization, resulting in a
discretization with a second order error component arising from the discontinuities,
and a fourth order error component from the smooth regions. In section 6 we consider
a problem with a discontinuous solution. We indicate the multidimensional possibili-
ties in the final section, where we derive the modifications needed to achieve second
order accuracy for a selected example in two dimensions.

2. Equations and interface conditions. The wave equations approximated
in [4, 5, 6] have the form,
bt = CL(’LLI + vy)v
Ut = bva
vy = bpy, (1)
in two space dimensions and in one space dimension we have,
Pt = QUg,

up = bpy. (2)

The application discussed by Gustafsson et al. is acoustics with discontinuous ma-
terial properties. The variable p denotes pressure and u, v the z- and y-velocities
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respectively. The material coefficients are a = —pc? and b = —1/p with p = p(z)
density and ¢ = ¢(z) the speed of sound. We can naturally apply the techniques to
other equations with the same structure as for example in electromagnetics, where
the Maxwell’s equations have the same structure as (1) in 2D [10].

In this paper, we are mainly concerned with the one-dimensional case, and we
consider the system in Eq. (2). We assume that a and b are piecewise constant,
discontinuous at x = T, such that

at  ifx <z, bl ifz < 7,
“(””)_{aR te>z, (@S 0 ia>z ®)

The solutions v and p are continuous across &, whereas u, and p, and higher
derivatives of u and p in general are not. Taylor expansion of u(z,t) close to Z yields

@.4) w(@,t)+ Y L —z)morul  ifx <z,
u(x,t) = )
w(@,t)+ Y L —z)morul ifx >z,

(4)

where we have used the definitions

orul = lim 0Mu(x), OMuf= lim 9OTu(x).

TrT—T— T—T+

The Taylor expansion of p is on the same form.
Let us introduce the notation

[fl= lim f(z)~ lim f(z). (5)
The solutions u and p are continuous, [u] = [p] = 0. Therefore, u; and p; are also

continuous, and from this fact, together with the system in (2), we obtain the jump
conditions

[aug] = a®ul — alul =0, (6)
[bp,] = bTpl —bEpl = 0. (7)
3. The numerical schemes. The Yee scheme for the system in Eq. (2) is de-
fined on a grid that is staggered both in space and time, with space step h and time
step k. The variables p and u are stored at half grid points (241 /2, t+1/2) and full grid
points (x;,,) respectively, as shown in Figure 1. Here, x; = jh, 11,2 = (j +1/2)h,
tn = nk and t, 41 /0 = (n +1/2)k. With the difference operators defined by
D+pj+1/2 = (pj+3/2 _pj+1/2)/h7 D—Pj+1/2 = (pj+1/2 _pj71/2)/h7
Dyuj = (ujyr —uj)/h, D_uj = (uj —uj1)/h, (8)
the Yee scheme [15] is

n+1/2 n—1/2

Pif1)2 —Pip1ys = kajrip Dy, (9)
nl _ oo n+1/2
uim =i =kbiD_p; [, (10)

The discretization error in space for the Yee scheme is ah?tpqe /24 (evaluated at
T;41/2) for the p-equation, and bh2pyys /24 (evaluated at x;) for the u-equation. We

have that
n+1/2 n—1/2
Pivij2 ~Pjr1j2 k>

A =pt+ ﬂpttt + 0(k4),
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[ZFSE ° ° ° °
n+1/2
o OpJ-H/2
u??
tn ° o’ . °
O O O
Zj Tjy1 T

Fic. 1. The staggered grid

with p; and py evaluated at xj41/2,n-
From the equations in (2),

Pt = (AU )t = QUgt = Uty = a(bpy)z,

and similarly pyr = a(b(aug)z)z. Also, uyr = b(a(bps)z)z. Using this to rewrite
temporal derivatives to spatial derivatives and by subtracting off the second order
error terms, as discretized to second order, a fourth order accurate scheme is obtained,
see [4]. The scheme reads

n+1/2 _ n—1/2

n k: n
Pit1/2 = Pjr1j2 T kajri2Dyug + ﬂaj+1/2(k2D+bijaj+1/2D+ —h?DiD_)uf,

(11)

k
n n n+1/2 n+1/2
’u,jJrl = uj + kbjD*pj+1//2 + ﬂbj(kPD,aj_’_l/gDerjD, - h2D+D2,)pj+1//2. (12)

We will henceforth refer to this scheme as the @4 discretization.

These explicit schemes have L? stability conditions in form of time step restric-
tions k£ < Ah. The predicted CFL number A for the Yee scheme as given by the
analysis in [4] is

M didy < 1, (13)

where

di = mj‘@X% (\/aj+1/2bj + \/aj+1/2ba‘+1) SNCES mjaxé (\/aj+1/2bj + \/aj—1/2bj) :

We can also define

A= mfxc(:z:) A= max va(x)b(z) - A (14)

This non-dimensionalized CFL number is independent of the scaling of the physical
parameters. Naturally, k& < (Ah)/ max, ¢(z). For the fourth order scheme, the analysis

in [4] yields
[ 12
M dids < ma (15)
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with d; and ds as given above, and

8= max {max (\/a_j+3/2/a’j+1/2’ \/aj—l/Q/ajHﬂ) } '

This is a sufficient condition for stability, together with the assumption

max [max (\2a;1/2b;, A%a;_1/2b;)] < 2.
J

These restrictions on the time step size k hold without any assumption regarding
the smoothness of a(z) and b(x), and thus hold also for discontinuous coefficients.

4. Regularization for the Yee scheme. In the regularization technique [12],
the material coefficients are modified in a narrow region close to the discontinuities
in order to improve accuracy. An important property with this approach is that the
structure of the basic scheme does not change. There are no special difference stencils
at the interface and the stability analysis of the original scheme applies directly.

4.1. Derivation of regularized coefficients and error estimates. The local
truncation error in the spatial discretization of the first equation in (2) as given by
ajr1/2D1u; is Jajy10Dpu; — a(@ji2)uq(@j1/2)]- This is O(h?) away from the
discontinuity.

For z; <% < x;41, we have that

Ujr] — Uj 1 N N
ajp12Dyu; = aj+1/2% = 7 0j+1/2 ((@jr1—2)ul — (x;—2)uk)+O0(h), (16)

where u;41 and u; have been Taylor expanded around Z, using the expansion in
Eq. (4). Again using Taylor expansion around Z, a(z;41/2)us(2;41/2) evaluates as

_ [ al(ug + (w12 — )ug,) + O(R?)  ifajpyn <7
a(Tjq1/2) Uz (Tj41/2) = { o (u + ($Jg'+1//2 D)+ om?) it CC;H;Q >z
(17)
Let us consider the error |a;41/2D4uj — a(xj41/2)uz(2j11/2)|. As can be seen
from above, keeping a discontinuous yields an O(1) error in this point. A similar
analysis for b;D_p;, 1/ yields an O(1) error in the approximation of b(x;)p.(z;) for
Z—h/2 < x; < Z+h/2. The Yee scheme is formally second order accurate. To achieve
this second order accuracy we can typically allow for one order lower local truncation
error at a few grid points. This is established in theorem 1 below. Compare also
to the boundary condition case [3, 14]. With these local O(1) errors, the accuracy
will however degenerate to first order in the approximations of both u and p. This
is intuitive, since the location of the discontinuity, Z, can be translated by up to h/2
(remember the staggering) without any change in the numerical solution.
We can however improve the O(1) local truncation error to O(h) if let a;41/2 =
a(xj41/2), and define a(x) such that we have

1 _ _
7 4i+1/2 ((xjp1 — Dull — (z; — 2)ul) = P ull = a* ul

for any 7 such that z; < Z < z;41. The equality aPul = aftull

condition (Eq. (6)).

comes from the jump
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This yields that @ on the interval [Z —h/2,Z + h/2] must be the inverse of a linear
function, with value 1/a® at z — h/2 and value 1/a® at & + h/2. Hence,

a® if e <Z—h/2,
a(r) =< O((x —x)/h,al,a®) ifz—h/2<x<Z+h/2, (18)
ak if £ >z 4+ h/2,
where
(bL ¢R
O(n,¢", ") = : (19)
$(0F +0M) + n(éF — o)
We could also write
o) = 1 (20)
T e D~ )
where Hp(z) is the regularized Heaviside function
0 if 2z < —h/2,
Hu(z) =14 2+ if —h/2<z<h/2, (21)
1 if 2 > /2.

Hence, we have regularized 1/a rather than a itself, using this regularized Heaviside
function. A similar derivation can be done for the spatial discretization of the second
equation in (2). This yields that the same regularization should be applied to b(z),
i.e. we define

) bE ifx <z —h/2,
b(z) =<{ O((x—xz)/h,b",bR) ifz—h/2<x<T+h/2, (22)
bt if x>z +h/2.

with the function © as defined in Eq. (19).

Applying the Yee scheme with these regularized coefficients will yield a first order
truncation error in only a few points (one in each equation) close to the discontinuity,
and a second order truncation error in all other points. Theorem 1 gives second order
accuracy in L? and the numerical results indicate that this is also true in L.

Hence, the regularization we suggest for the Yee scheme in Egs. (9)-(10) is to
define

ajirje = a(Tjp1/2), by = b(x;), (23)

with a(z) and b(z) defined in Eq. (18) and Eq. (22), respectively.

Other regularizations, such as a linear regularization applied directly to a instead
of 1/a, will yield an O(1) error in the spatial discretization in at least one grid point
close to the discontinuity, as can be seen from the Taylor expansions above. This will
yield first order error overall, albeit possibly with a smaller error coefficient than for
the piecewise discontinuous coefficients.

In order to prove optimal convergence rate we need to show that the effect of
the larger local truncation error is spread to a wider domain. Otherwise the order of
accuracy estimate would be O(h'/?) weaker, see remark 4.1. We prove this by intro-
ducing an auxiliary problem in lemma 1, and then comparing the numerical solution
to the sum of the analytical solution and the solution of the auxiliary equations. In
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the auxiliary problem it is easier to prove that the truncation error, which in that
problem corresponds to boundary values, will spread following the characteristics to
a larger domain.

LEMMA 1. For any functions fi(t), f2(t) € C3[0,T) there exist u(z,t),p(x,t) €
C3(R\ #,[0,T)]) such that @, are solutions to (2), (3) for x # & and

;13%(&(:? + E,t) - ﬂ(i' - Evt)) = [ﬂ(‘fvt)] = fl(t)v (24)
;%(ﬁ(i +e,t) —p(@ —e,t) = [p(Z, )] = f2(?). (25)

Proof. Extend the functions f; and fo to [—7,T], 7 > 0, such that
Al-r,7], Y1) ==r=0 k=0,1,2,3 26
fluf?e [ T, ]7 fl ( T) f2 ( T) ) 5 Ly 4y e ( )

The functions @(x, t), p(z, t) are defined as solutions to (2), (3) in the domains (—oco <
x < Z)and T < x < 00) separately, with initial conditions &« = p =0 at t = —7. The
boundary conditions at © = &: @y (t), u—_(t), p+(t), p—(t), are given such that they
satisfy the same conditions as in (26) and
lim a(x +e,t) = us(t), limo plx te,t)=pL(t).
£E—

e—0

Hence,

g (t) —a—(t) = fr(t), py(t) —p-(t) = fa(t). (27)

The characteristics are found by diagonalizing the original wave equation. We de-
fine boundary conditions for the characteristic quantities emerging from the boundary
r=2zx,

ﬁ*+aLﬂ‘* :ﬁLa ZN)+_QR’&+:6R7

where o = \/aL/bL and off = \/af!/bE. and the functions 3L (¢) and B%(t) remain
to be determined. We also have the following homogeneous conditions due to the zero
initial condition,

p_—aoltu_ =0, py+afa, =0.
The functions BL(¢t) and $%(t) are uniquely determined by the conditions above,
together with condition (27). Hence, the necessary boundary conditions are known,

and the solutions @(z,t) and p(x,t) are given by the method of characteristics and
are in C3(R \ =, [0, 7).

THEOREM 1. Assume that p,u are compactly supported solutions of the wave
equation (2) with a,b defined in (3), such that u,p € C*(R\z, [0,T]). Let p"*t'/2 u™
be solutions to the corresponding Yee scheme (9)-(10) with k = Ah, where \ obeys the

stability requirement in (13). The following error estimate is then valid (0 < /2 <
T),

(s t"F2) = p 2 4 (ul, 87) = w2 < OB,

with s = 1 for the Yee scheme with a and b defined by (3) and s = 2 with a and b
defined by (23).
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Proof. Consider first the Yee scheme (9)-(10), with unregularized coefficients (3),
and assume T, < T < Tppq1/2- Let p(x,t) and u(z,t) be exact solutions to the wave
equation. Using Taylor expansions, we get

p(Tj11/2, ¢z =p(Tjt1/2, )+ ajy1/2kDyu(z;, t")
+ hg"“(t")Sj m + 6jmO(h*) + O(h?),
w(zy, ") =uaj, t") + bikD_p(;11/2, ¢n/2)
+ hgP(t"TY2) 8, + 6;mO(h?) + O(R®), (28)

L j=m,
0 j#m.

The last three terms in each equation comprise the scaled truncation error for this
discretization. The local O(h) term in the first equation, written as A multiplying a
O(1) function g* occurs in relating u,(z;41/2) and Dyu(x;,t") for x; = 2, since u,
is discontinuous at = = z (if af/a’ = 1, then w, is continuous, and g, = 0). The
function g" will depend on derivatives of u. Compare to the Taylor expansions in
Egs. (16)-(17) and the following discussion. The term hgP occurs in a similar manner,
as well as the local O(h?) terms.

We will define auxiliary functions p(z,t) and @(z,t) that will be used to match
the terms ¢g* and gP. For the matching of the leading terms in the local truncation
error, we will see below that we need,

where ;= {

afk “
T[u(‘rvt)] =-9 (t)7
(29)
bk ,
T[P(%f)] =—g"(1).
This will be achieved with fi(t) = ——f-g¢"(t) and fa(t) = — 3 gP(t) in the Lemma.

afL
Since ¢g“(t) and g¢P(t) are O(1), so are ];”1 (t) and f5(¢), and hence also the auxiliary
solutions @(zx,t) and p(z,t).
Now, p(z,t) and u(x,t) have three continuous derivatives and satisfy the wave
equation at each side of z, but are discontinuous at x = . Using Taylor expansions,
we now have the relation

i (@g1/2:1) = D, t) — o),

and similarly for p. Hence, we have

tn+1/2) —

P(Tj11/2, P(Tj11/2, tnil/z) + “j+1/2kD+a($j’ t*)

K 128 (3 07)] 4 O(R)) + O(R?),

@y, ") = Ay, ") + bk D_ P40, ")
+%@@m{—m@¢wﬂﬂn+oao}+0m%. (30)
Let us introduce,
(ep)n+1/2 _ p($j+1/2, tn+l/2) _ hﬁ(xj+1/2,t"+1/2) . pn+1/2

j+1/2 j+1/2°

(e")} = u(z;,t") — ha(x;, t") — ul, (31)
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where

1/2 _ u -
()13 o = —hp(j1/2,87%) = O(h), (")) = —hi(w;,1°) = O(h). (32)

Using (28) for p(z,t) and u(x,t), (30) for p(z,t) and @(z,t), and the fact that
Pjt1/2 and uj are solutions to the Yee scheme (9)-(10), we have

() y = ()13 + ajur 2k Dy ()7 + 8;,mO(h?) + O(h?),

u\n n+1/2
(") = (")} + bjkD_(eP)! 112 + 6, mO(h?) + O(h®),

The discrete error functions e and e* satisfy the original difference equations
modulo the order terms 4, ,,O(h?) + O(h?), and these terms have L? norms bounded
by Ch®/2. The bound on the initial conditions and Duhamel’s principle together with
the basic discrete L? stability estimate then imply,

(") /2|2 < Cihy [l(€)"|lz2 < Cah,
and from the triangle inequality
IpC, ™42 = p" 2| o - J[ul, ") — |2 < (Co+ Co)h+ B2 12 + Bll@"|| 2 < Ch.

The case xy,_1/2 < T < Zy, can be handled in an analogous way.

The same argument also applies to the Yee scheme with modified coefficients (23).
In this case, the terms hg® and hg? should be replaced by h2g* and h2?gP, where g*
and ¢? are still O(1) functions. Furthermore, the coefficients a and b in (29) should

be appropriately modified. This yields the definition of (ep)?ill //22 and (e*)} as in (31)

but with A2 in front of the  and 7 terms. These quantities now satisfy

n+1/2 n—1/2
(ep)j:-rl/g = (ep)g+1//2 +aji1/2kDy ()] + O(RY),

()t = (")) + bjkD_(e")" 113 + O(h).

The fact that the initial conditions (ep)lil/Q and (e*)? in (32) are now O(h?), yields
an error bounded by Ch? when we conclude the proof as before.

REMARK 4.1. If we would not use the auxiliary functions p, a4 but instead directly
apply the stability estimate to p(.,t”+1/2) —p" T2 and u(.,t") — u™ we would get the
weaker result

lp(, " +Y2) = "2 e+ (. 87) = u| 2 < CRYZ.

This follows from the Lo morm of the local truncation error,

g(t™)8jml L2 = ( hzg )2 (85,m)*)? = (hg(t™)'/? = |g(t™)| R/

REMARK 4.2. The O(h) error that originates from the interface is given by the
terms hp(z,t) and hi(x,t) and they are bounded by h - const for all time (p £ ou,
o = +/a/b, is constant along characteristics). On the other hand, the O(h?) error
that originates from the O(h®) terms in the local truncation errors grows linearly in
time.
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REMARK 4.3. The proof does not directly extend to the Qq discretization in (11)-
(12) that is fourth order accurate for regular a(x), b(x). Substantial modification of
the proof will be needed, but we conjecture that it should hold that an O(h®) (s < 4)
scaled local truncation error (compare to h®g“ and h®gP in the Yee scheme) at a
finite number of points in the x-direction contributes O(h®) to the total error. Since
the O(h?®) local truncation error occurs in more than one grid point a simple set of
auziliary functions is not enough.

In [5], Gustafsson and Wahlund perform a accuracy analysis for the case of unreg-
ularized discontinuous coefficients both for the Yee and the Q)4 discretizations. The
analysis is performed in Fourier space based on harmonic waves, and the authors
show that there is a O(h) component of the error originating from the interface in
both cases.

4.2. Numerical results. In this section, we present numerical results for the
Yee scheme. We solve the problem in the domain 0 < z < 27, 0 < ¢t < T and
introduce two discontinuities, one at x = ¥ and one at * = T 4+ 7. That is, we define

Rel)y ifz<ax<z+nm

el = { 000) e (53)

and from here, a(z) = —p(z)c(z)?, b(z) = —1/p(x).
With w = wgcr, where wp is an integer, the solution is periodic in space. If
|z — /2| < §, then for 0 <t < w/2 — §, on the interval [0, 7) we have a solution

0<z<z: (34)
p(z,t) = sin <w <t— x—x>) _ PLCL Z PROR ) (w (t—|— x—a:))’
cL PLCL + PRCR cL

1 - _ -
{sin (w (t—x x)) —i—ichL PRCR sin (w (t—i—x x))} ,

PLCL crL pLcr + PRCR crL

r<ax<T: (35)

2pRCR . r—x
pz,t) = ———————sin(w | t— ,
pLcrL + PRCR CR

2 . r—T
u(a:,t)—ism(w<t— >)
PLCL + PRCR CR

For our experiments, we set pr, = 1.0/1.8, pr = 1, ¢, = 0.87879, crg = 1. The
analytical solution on [0, ) for both u and p with wy = 16 is shown in Figure 2 at
time t = 0.127 for & = 7/2.

The Yee scheme is staggered not only in space, but also in time, i.e. the numerical
approximation of u is available at times ¢, = nk, and p at times t,;1/2 = (n+1/2)k.

u(z,t) =

To initialize the problem, we assign the correct values to u]Q and p;_:{?Q for all j.

In order to compare errors for different grid resolutions, we need to measure
these errors at the same points in time. To have the numerical solutions available at
common points in time, both for u and p, we use a grid refinement factor of 3. We
solve the problem on [0, 27] with periodic boundary conditions.

Since the error depends on the relative location of Z to the grid points, we will
make a number of (M) shifts of Z, compute the error in maximum norm over the
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Fi1G. 2. The analytical solution of u (to the left) and p with wo = 16 is plotted versus x/m on
the interval x € [0,7) at t = 0.127 (T = m/2).

interval [0, 7) for each, and then take the average. We let
- 1 B
(!E)z—(§+ﬁlh)7r, l=1,....M (36)

with 8 = \/5/ 1.42 an irrational number close to one. In the following we have used
three grid resolutions, with the number of grid points N = 480, 1440 and 4320. Hence,
h =27 /N, and we set k = 0.8h. The number of shifts M = 6.

First, we keep a and b discontinuous. The error for v and p as a function of time,
up to t = 0.487 is shown in Figure 3.
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F1G. 3. Error in u versus t (to the left) and in p versus t, for N = 480, 1440 and 4320, with
a and b kept discontinuous. The errors have been measured in the maximum norm averaged over
M = 6 shifts of T, as explained in connection to Eq. (36). wo = 16.
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F1G. 4. The convergence rate for the numerical approzimation of u versus t (to the left) and
in p versus t, as computed from the results displayed in Figure 8 (Based on the errors for N = 480
and N = 1440, solid line, and N = 1440 and N = 4320, dashed line).
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From the analysis, we expected a first order error. This is what we approach
in the second refinement, which can be seen from the computed convergence rates in
Figure 4. For the coarser grid, the first order error originating from the discontinuities
does not as clearly dominate the second order error, yielding a computed convergence
rate larger than one.

Now, let us repeat the same numerical experiment with a and b regularized as
defined in Eq. (23). The error in the numerical approximations of u and p in this case
is plotted versus time in Figure 5. Computing the convergence rates based on these

0.06 T T T 0.03
0.04 0.02
0.02 0.01
T ‘55’:‘1‘”}_5

F1G. 5. Errors in u (to the left) and in p, plotted versus t. As in Figure 3, but with a and b
regularized as given in Eq. (23).

results, we find that for the first refinement, the convergence rate oscillates around
2, as a function of time. For the second refinement, it is very close to the predicted
second order at all times, as shown in Figure 6.
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F1G. 6. The convergence rate for the numerical approzimation of u versus t (to the left) and
in p versus t, as computed from the results displayed in Figure 5 (Based on the errors for N = 480
and N = 1440, solid line, and N = 1440 and N = 4320, dashed line).

In Figure 5, the error is increasing with time. This is due to the second order
frequency dependent error, that is present for the Yee scheme also with smooth coef-
ficients. For unregularized coefficients, this error could not be seen in Figure 3, since
it was obscured by the large first order error originating from the discontinuities.

Let us now consider a case with a larger w, i.e. with a more oscillatory solution.
In Figure 7 we display the error up to t = 0.247 for wg = 128, for N = 960, 2880
and 8640. These errors can be compared to the results in Figures 5, for wy = 16 (up
to t = 0.487), which was produced for smaller N. The errors are of second order
also for this larger w, but they are large at the end of the simulation, indeed very
large for N = 960. In Figure 8, the numerical solution for N = 960 and the analytical
solution is plotted in an interval around T at t = 0.127w. At this point, we can note the
accumulating errors. For long time simulations, a second order method might not give
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FiG. 7. Error in u versus t (to the left) and in p versus t, with wg = 128 for N = 960, 2880
and 8640
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Fi1G. 8. The numerical solution (solid line) and analytical solution (dashed line) for w and p at
t = 0.127 for wo = 128, with N = 960. Here, the accumulating errors can be clearly seen.

sufficient accuracy due to these errors, and it is often more efficient to use a higher
order method, such as the @4 discretization introduced in (11)-(12). This method is
fourth order accurate for smooth coefficients, and will be discussed in Section 5.

4.3. Numerical stability. The restriction on the non-dimensionalized CFL
number )\ sufficient for stability of the Yee scheme was given in Eqgs. (13)-(14). We
have tested this CFL condition in a range of experiments where the point wise initial
values for v and p are given by random numbers between 0 and 1. This type of initial
conditions will quickly cause any instability to grow. As in the numerical experiments
described above, we let pr = cgr =1 (i.e. ar = bg = —1) and ¢z, = 0.87879, but we
vary pr,. Hence, in these experiments, the CFL number A and the non-dimensionalized
CFL number ) are the same.

With pr, = 0.001, 0.1, 33 and 420, the predicted maximum CFL numbers for the
unregularized Yee scheme are 0.061, 0.49, 0.33 and 0.105, respectively (as computed
from Eq. (13)). The practical CFL numbers that we find by these experiments are
very close to (slightly above) these theoretical limits. The CFL condition is the same
for any shift of Z in the grid, which can be seen from Eq. (13) together with the fact
that there are two locations of discontinuitites: one at x = T where the coefficients
are (pr,cr) to the left and (pg,cr) to the right, and one at Z 4+ 7 where the opposite
is true.

For the regularized Yee scheme, as given in Eq. (23), the predicted maximum
CFL numbers are again computed from Eq. (13), but now with the modified a and
b coefficients. The predicted limits (minimum over Z) in the four cases mentioned
above are 0.91, 0.92, 0.92 and 0.91.

In the numerical experiments, A\ = 0.99 is stable in all cases, A = 1.0 causes a
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slow growth of the numerical solution, and A = 1.01 causes a rapid blow-up. The
result is the same for all the many shifts in the grid that we have tested. Hence, it
appears that the practical CFL limit is A < 1 for the regularized scheme. This can
be compared to the CFL numbers for the unregularized scheme - the lowest being
X < 0.06 for these cases.

It is apparent that, in addition to achieving a higher order accuracy with the
regularized scheme, the stability properties of the scheme are also improved. Hence,
it also results in a more efficient scheme, since larger time steps can be used.

4.4. An extreme test case. Before we conclude this section, let us consider
a case with extreme physical contrasts, such as an interface between water and air.
We set pr, = 1000, ¢, = 1500, pr = 1.3, cg = 340. This yields the large ratios
CLL/(ZR = 14972, bL/bR = 0.0013.

In the expression for the analytical solution (Egs.(34)-(35)), we can see that the
magnitude of u(z,t) is very small, due to the appearence of prcy, in the denominator
for the solution in both domains. For p, the reflection coefficient is close to one
(0.9994) while the transmission coefficient is only 6 - 10=%. The analytical solution for
p is plotted to the left in Figure 9.
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Fi1G. 9. The analytical solution of p (to the left) for pr, = 1000, ¢, = 1500, pr = 1.3, cg = 340
att = (3-10~%)7w. The solution is plotted versus x/m on the interval x € [0,7) (T = /2, wo = 16).
The error for p in the mazimum norm tis plotted versus time t to the right for N = 480, 1440 and
4320 (averaged over M = 12 shifts of T in the grid).

We regularize a and b as given in Eq. (23). For our numerical experiments, we
again use a number of grid points of N = 480, 1440 and 4320, with M = 12 shifts
(Eq. (36)) in the grid . The limit on the time step k < (Ah)/(max, c(z)), with A = 1
as found in the previous section, evaluates as k < (6.66 - 10~%)h due to the large wave
speeds in the problem. We here set k = (5 - 10=%)h, which is stable for all choices
of . We run the same number of time steps as before, up to 7' = 3 -10~%. The
error in p as a function of time is plotted to the right in figure 9. The error in p is
larger in this extreme case compared to the case that we considered before and the
sensitivity of the error from the location of T is also larger. The largest errors occur
when (Z —z;)/h =0 ~ 0.7 — 0.8, and is smaller when Z is close either to a “full” grid
point (0 close to 0 or 1) or a “half” grid point (6 close to 0.5). We do however still
obtain second order convergence (or even a bit higher). The error in p for the finest
resolution as plotted in the figure is less than 103 at the end time.

Without regularization, the Yee scheme is unstable for a time step of k = (5 -
10~°)h (independent of Z), i.e. a time step that is ten times smaller than we have
used with our regularized scheme.
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5. Higher order discretization. The @4 discretization in (11)-(12) is a fourth
order accurate approximation to the system in (2), when the coefficients a(x) and
b(x) are smooth. For this discretization, let us again consider the problem with
discontinuities in a and b at = = , as defined in Eq. (3).

5.1. Derivation of regularization. In this work, we want to prescribe simple
modifications to the coefficients a and b, to improve the accuracy of the numerical
scheme. The regularization should not depend on the numerical solution, such that
it can be applied only once before initializing the time stepping. It does however
not seem feasible to fully recover fourth order accuracy for the current discretization
within this framework, the main difficulty being the correction term introduced to
cancel the second order error term from the temporal discretization.

In Eq. (11), this correction term is k2D+bjD,aj+1/2D+u}‘, and in in Eq. (12),
n+1/2
J+1/2°
correction terms are of order O(h?) (k = Ah). However, for discontinuous a and b,
these correction terms will be O(1). This is true also if we regularize the coefficients
locally (over a region with the width proportional to h). Hence, this will limit the
order of accuracy of the discretization to first order.

To see this, consider k*Db;D_a;41/2Dyu?, which approximates (b(au)s)s, for
an index j such that z; < z < z;41. In the discretization, this term is multiplied
by aj41/2 and a factor of k2. Expanding (b(au).)., we see that we have one term
including b,.a, and one term including ba,,. When a and b are either not regularized,
or regularized over a region proportional to h, a and b will change by a constant over
an interval of length A, and the numerical difference approximating the derivative will
be proportional to 1/h. Hence, with two derivatives, we have a leading term which
is proportional to 1/h2. This term is multiplied by k2, so with & = A\h, this term is
O(1). Hence, this will yield a method with a first order error component originating
from the discontinuities.

Clearly, we want to do better than this. It is however of value to use the Q4
discretization even if the error due to the discontinuities is of lower order. In [5],
it was shown that with discontinuous coefficients, the error of the (4 scheme has
one first order component originating from the discontinuities, and a fourth order
error component that would be present also for smooth coefficients. This fourth order
frequency dependent error can be kept small to a lower computational cost for long
time integrations compared to the Yee scheme, for which this error is of second order.
Hence, also in this case, a substantial reduction in the total error can can be achieved
by using the Q4 discretization compared to the Yee scheme [5].

Our aim here is to design a method with second order accuracy over all, but
where the frequency dependent errors still are of fourth order. To obtain a second
order error, we can regularize a and b as was done for the Yee scheme, and simply not
add the correction terms in the Q)4 scheme in grid points close to the singularity. To
formalize this, we write our modified ()4 scheme as

this correction term is kQD_ajH/QDerjD_p For smooth coefficients, these

Pi)s = Piii)s + kajia 2D
+ 2_k4aj+1/2(aj+1/2k2D+bjD—“j+1/2D+ — Bjp1/2h*DYD_)uj, (37)
u;”l =uj + kbjD,p;.li_ll//g
+ %bj(ajkszaj+l/2D+bjD* - 5jh2D+D2_)P?:11//22’ (38)
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where a(x) =1 and S(z) =1 in the original @4 scheme.
The modified discretization described above is then defined by Egs. (37)-(38),
with

Ajy1/2 = d($j+1/2)7 b( )7
BT B =

with a(z) and b(z) as defined in Eq. (18) and Eq. (22), respectively.

The regularizations a(z) and l;(x) were derived to improve on the order of accuracy
of the spatial difference formulas a; /0D u; and bjD_pj; /9, respectively. In the
first equation of the @4 scheme (Eq. (11)), the term from the Yee scheme plus the
correction term for the spatial error expands as

11

h2
aj+1/2{D+uj — _Din’LLJ} = ﬂﬁ

21 aj+1/2{—uj+2 + 2Tuj 41 — 27uj + ’U,jfl},

which for smooth functions is a fourth order approximation to a(z;41/2)ue(Tj41/2)-
Similarly, the term from the Yee scheme plus the correction term for the spatial error
in Eq. (12) approximates b(z;)ps(x;) to fourth order for smooth coefficients.

Using Taylor series expansions on each side of Z in the wider stencil above, sim-
ilarly to what was done for the Yee discretization, we can derive the regularizations
of a and b that matches this discretization such as to give a first order error at the
grid points closest to the discontinuity. We obtain regularized functions that could
then be used in the discretization (37)-(38), but this time with 3 = 1 since the spatial
correction terms should be included at each point.

However, the regularization we find this way will not yield a scheme with good
properties for all choices of ay, ar, by, and bg. As a matter of fact, the regularization
is not even well defined for all sets of coefficients. Also for choices of coefficients
where it is well defined, the stability properties of this scheme is inferior to that with
the Yee regularization suggested in (39). Since the accuracy of the two schemes are
comparable, we will not use this second regularization.

5.2. Numerical results. We now repeat the numerical experiments presented
in Section 4. Before we introduce any regularization, we first present the error in the
numerical solution for v and p when a and b are kept discontinuous. This is done
in Figure 10 for wy = 16, and for N = 480, 1440 and 4320. The results can be
compared to the ones for the Yee scheme, with no regularization applied, as presented
in Figure 3.

Here, we have a first order error from the discontinuity (remember the factor of
3 in the refinement of the grid), and the total error is rather similar to the error for
the Yee scheme without any regularization.

We now apply our @4 discretization with regularized coefficients (Eqs. (37)-(39)).
The errors for v and p versus time are shown in Figure 11 and the computed conver-
gence rates based on these results in Figure 12. The errors are much smaller than for
the unregularized discretization, and the computed convergence rate for the second
refinement is very close to second order at all times. These errors can be compared
to the error for the Yee-scheme with the same regularization, as shown in Figure 5.
In both cases, the errors are of second order, but for the Yee scheme, they are larger
and growing in time. This is due to the fact that the second order error from the
discontinuity blends with the second order frequency dependent error that grows in
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Fi1G. 10. Error in u versus t (to the left) and in p versus t, for N = 480, 1440 and 4320. The
fourth order scheme in Egs. (11)-(12) has been used, with a and b kept discontinuous. The error
has been computed as the average of the error over M = 6 shifts in T (Eq. (36)). For each shift the
error has been computed in max norm over the grid points in the interval [0, ).
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F1c. 11. Error in u versus t (to the left) and in p versus t, for N = 480, 1440 and 4320. As in
figure 10, but with the regularization as given in Eq. (39) applied.

time. For the @4 discretization, the error component that would arise also for smooth
coefficients is of fourth order, which for these grid resolutions and choice of wy is
completely dominated by the second order error term arising from the treatment of
the discontinuity. Hence, we can see no growth in time for the error.
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F1G. 12. The convergence rate for the numerical approzimation of u versus t (to the left) and
in p versus t, as computed from the results in Figure 11.(Based on the errors for N = 480 and
N = 1440, solid line, and N = 1440 and N = 4320, dashed line).

We now turn to the example with a more oscillatory solution, with wy = 128.
For the Yee method, the results were displayed in Figure 7. We now repeat the same
simulations, with our @4 discretization with regularized coefficients (Eqgs. (37)-(39)).
In Figure 13 we display the errors up to ¢t = 0.247 for N = 960, 2880 and 8640. The
convergence rates for these errors are computed to be higher than two (highest for
the coarser grids), which indicates that the second order error does not as strongly
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Fic. 13. Error in u versus t (to the left) and in p versus t, for N = 960, 2880 and 8640 for
wo = 128. The regularization as suggested in Eq. (39) has been applied.

dominate the fourth order error any more. That can be seen also from the fact that
the total error grows with time, especially for the lowest value of N, in Figure 13.

The errors are however much smaller than the errors for the Yee scheme in Fig-
ure 7, where the frequency dependent errors are also of second order. Already for
N = 960, the errors for the Q4 scheme is about ten times smaller than the errors for
the Yee scheme, and this difference magnifies with consecutive refinements. Hence,
even though the discontinuity is treated to second order (with regularization) for both
schemes, and both schemes therefore are formally second order, it is in many cases
computationally more efficient to use the ()4 scheme, since a comparable total error
can be obtained with a coarser grid and hence also a larger time step.

5.3. Numerical stability. The restriction on the non-dimensionalized CFL
number X sufficient for stability for the Q4 scheme was given in Egs. (15) together with
(14). This can be applied directly to the unregularized scheme. With pp = cp =1
(i.e. agr =bg = —1), ¢, = 0.87879, and a varying py, of pr, = 0.001, 0.1, 33 and 420,
the predicted maximum CFL numbers for the unregularized fourth order scheme are
0.03, 0.41, 0.27 and 0.065, respectively. Compare to section 4.3 for results for the Yee
scheme.

For the regularized scheme as given in Egs. (37)-(39), the theory does not directly
apply, due to the fact that we mask out the correction terms at a few points close
to the discontinuity. For a stability proof with a masking of a somewhat different
form, see [14]. For the Q4 scheme with the regularized a and b but without masking
of correction terms, the predicted CFL limits (minimum over #) are about A = 0.45,
0.78, 0.78 and 0.60, respectively, for the different values of py, listed above. However,
close to the discontinuity (which is where the coefficients vary), the scheme is the
regularized Yee scheme, for which the predicted limits on A is closer to 1.

We perform the same numerical experiments as in Section (4.3), and find the
same results as for the regularized Yee scheme. That is, we find a practical CFL limit
of A < 1, independent of Z. Hence, it appears as if the addition of the correction
terms away from the discontinuity, to achieve fourth order accuracy in the domain,
does not alter the stability limit compared to the regularized Yee scheme.

Even though the practical CFL limits that we find for the unregularized Q)4 scheme
is higher than the predicted limits - about 0.06 instead of 0.03 for p = 0.001 for
example, they are much smaller than the limit of A < 1 for the regularized scheme.
Hence, the regularized scheme is not only more accurate, but also more efficient than
the unregularized scheme, since larger time steps can be used.
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6. A problem with discontinuous solution. Consider the system

Pt = (au)w,
us = bp,. (40)

We again assume that a and b are piecewise constant, discontinuous at x = Z, as given
in Eq. (3).

In the previous example, for the system in Eq. (2), the solutions u and p are
continuous across I, whereas u, and p, are not. In this case, u itself is discontinuous
across T. The understanding of this discontinuous case is important for approxima-

tions in higher dimensions, see section 7. With @ = —au, we can write (40) as
bt = _ﬂ/w7
Uy = —(ab)py. (41)

This is the system we have already considered, for which we know the jump conditions
(Eq. (6)). Hence, for the solutions to (40) it holds

[au] = aRuR abut =0, [(au),] = a®uf — aFul =0,
p] = p" —p" =0, [(ab)p,] = a"bpff — a’b"p} = 0. (42)

6.1. Modified coefficients. Consider the system in Eq. (40) as discretized by
the second order method,

n+1/2 n—1/2
ijrl//Q - J+1//2 + kD-i-(aJ ) (43)
n n+1/2
uj+1 = uj + kbjD*pj+1//2' (44)

The error in the spatial discretization of the first equation in (40) is given by
|Dy(aju;) — (a(2jp1/2)u(zj41/2))e] This is O(h?) away from the discontinuity.
For z; <% < x;41, we have that

Qi Uit — iU, 1 _ _

% = 7 (a5 (" + (21 = 2)ug) — a5 (u” + (2= 7)uy)) +O(h), (45)
where u;41 and u; have been Taylor expanded around Z, using the expansion in
Eq. (4). Again using Taylor expansion around Z, (au), at ;412 with a piecewise
constant evaluates as

_ _ O(h) itz <zji10,
(au)m|1j+1/2 - a(xj+1/2)um(xj+l/2) - { aLuL + O( ) ifz > x;+1;2'
L

Using the jump conditions, we have that afuft = alul and afull = alul, and
hence, if we let ;11 = o't and a; = a¥, from Eq. (45), we get (aj41uj11 — ajuj)/h =
Ryl + O(h) = alul + O(h). Hence, without any modification of a, we obtain a first
order error in this one point. Actually, if we would introduce any regularization such
that ajiiuft # aju”, there will be an O(1/h) error in this spatial discretization in
one point, and hence a potential O(1) error in the numerical solutions to the system.
Let us now consider the second equation, for z;_ 10 < T < m;y1/2, where
bj(pj+1/2 —Pj—1/2)/h should approximate b(x;)p.(z;). Using the same kind of Taylor
expansions, and the fact that p is continuous, yields that to obtain a first order error
we must require
b LoL  if o
# (($j+1/2 —z)pf + (Tj—1/2 — f)pﬁ) = { 21%];2% i ij i ;7
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The jump condition is a®b®pft = afblpl. Hence, if z; < T, we replace plt =
(aFbl)/(af*bF)pL in the expression to the left. Then we can divide by pL on
both sides, and obtain an expression for b;. Similarly, if z; > Z, we replace
pL = (a®bf)/(albL)pl. We obtain the regularized, or rather modified, function

bL ife<z—h/2
- O((x — z)/h,albt ool Jal  fZ—h/2<z<Z

b(z) = O((x — 2)/h,albl afbl) /ol ifz <z <Z+h/2 (46)
bR if 2 > 7+ /2
where
L 4R
O, 6", ") = T

L7 +0M) +n(F = oR)

We have written it in this manner to relate this to the inverse linear regularization
that we derived for a and b in Section 4. In this case, to define the modification for
b, we apply the inverse linear regularization to the product ab, where after we divide
by the discontinuous a. Hence, the modified b is in this case discontinuous.

Hence, the modification we suggest for the scheme in Eqs. (43)-(44) is to define

Ajt11/2 = a(z), bj = E(Ij)a (47)

with the discontinuous a(z) defined in Eq. (3) and the modified b(z) in Eq. (46). We
expect this discretization to give second order accuracy, also at the grid points closest
to the discontinuity.

6.2. Numerical results. Again, we solve the problem in the domain 0 < z <
2w, 0 <t <T. We introduce two discontinuities, one at x =z and one at x = Z + 7.
That is, we define

a® b ifrz<z<z+7
otherwise. (48)
with X = —1/2, a® = —1, bl = —1.8 and bf* = —1.

In the above, the system in Eq. (40) was by a simple rescaling rewritten as
Eq. (41), a system of the form studied in Section 4.2, with coefficients —1 and —(ab).
Hence, the analytical solution for this problem can be obtained from the analytical
solution in Egs. (34)-(35) in a straight forward manner. In this case, u is discontin-
uous, whereas p has a discontinuous derivative. The analytical solution on [0, 7) for
both u and p with wy = 16 is shown in Figure 14 at time ¢ = 0.167.

Let us turn to the numerical results. The procedure is the same as in Section 4.
Again, due to the staggering, we use a grid refinement factor of 3. We compute the
error for each of M = 6 shifts of Z (Eq. (36)) in the maximum norm on [0, 7), and
then take the average. In the following we have used N = 480, 1440 and 4320. Hence,
h =27w/N, and we set k = 0.8h.

First we keep a and b discontinuous. The error for v and p as a function of time,
up to t = 0.487 is shown in Figure 15. From the analysis, we expect a first order error
due to the discontinuity. We can see this first order error best at early times. For the
smallest IV at later times, the first order error term does not dominate the growing
second order frequency dependent error, as was the case for the error for the original
system, as shown in Figure 3.
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Fi1G. 14. The analytical solution of u (to the left) and p with wo = 16 is plotted on the interval
[0,7) at t = 0.167.
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F1G. 15. Error in u versus t (to the left) and in p versus t, for N = 480, 1440 and 4320, with
a and b kept discontinuous.

We now repeat the same numerical experiment with ¢ and b modified as defined
in Eq. (47). The error in the numerical approximations of u and p in this case is
plotted in Figure 16. Computing the convergence rates based on these results, we

0.04 0.02
0.03 0.015
0.02 0.01
0.01 0.005
0 0O ’*;5*117577715

F1G. 16. Error in u versus t (to the left) and in p versus t, for N = 480, 1440 and 4320 with a
and b regularized as given in Eq. (47).

find that they are very close to the predicted second order, as shown in Figure 17.
That is, in this case both the error arising from the discretization at the discontinuity
and the error that would arise for smooth coefficients also, are both second order.

Hence, by a simple modification of b(x), we have obtained a second order accurate
scheme for this problem which has a discontinuous solution u and a continuous but
non-smooth solution p.

7. Discontinuous material coefficients in 2D. Consider the system in
Eq. (1). We assume that a and b are piecewise constant coefficients. We do not
here consider the general case, but start by considering the special case where the
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Fic. 17. The convergence rate for the numerical approzimation of u versus t (to the left) and
in p versus t, as computed from the results displayed in Figure 5 (Based on the errors for N = 480
and N = 1440, solid line, and N = 1440 and N = 4320, dashed line).

discontinuities lie along the line x = z. That is, we define a and b as

L

_Joa ifx <Zz,Vy [t ifrx<aVWy
a(z,y) = { a® ifz>2z,Vy bz, y) = { bR if x> 7, Vy. (49)

The pressure p is continuous across . For the velocities, the normal component
is continuous, hence in this case, u is continuous. The tangential component, v in this
case, is however discontinuous. We have the jump conditions

p]=p® —pf =0, [u=uf—ul =0, [pto]=0"/b" —ov/bl =0, (50)

which hold for all y along x = Z. The third jump condition has been obtained from
the first, using the equation v; = bp, and the fact that we are considering a vertical
boundary.

Moreover, if the velocity is irrotational initially (u, — v, = 0), then it will be
so at all times. We will assume that this is the case. Using this, together with the
system (1) and the jump conditions above, we find the following jump conditions for
the derivatives,

[a(us +vy)] =0, [bps] =0, [py] =0

[u] =0, [vs] =0, [07v,]=0 (51)

Combining the first and the last of these jump conditions, we get
uf = %ué—i— (% — ﬁ) ’UL,
a a L ) Y
R L
a a b
ul = a—Luf + (a_L - b—R> vf. (52)

See also [16] for a discussion regarding these jump conditions.

7.1. Regularization for the Yee scheme. The unknowns are now the two
velocity components u and v, and the pressure p. We introduce a regular grid in two
dimensions, with full and half coordinates in = (z; = jh, 7,412 = (j +1/2)h) and in
y (yj = jh, yj+1/2 = (j +1/2)h). The grid points where u and v and p are stored are
all staggered in space, but the velocity components are stored at the same time level,
as shown in Figure 18. We will use the extension of the definition of D, and D_



REGULARIZATION FOR NUMERICAL WAVE PROPAGATION 269

t Y
/ n
I I
I I
f I I
b1
o — — n+1/2
e v o Piri/2,0401/2
Yi+1 I
[ U111y
tn L w ! !
Vit1/2.
1 1
Tj Tj+1 T

Fi1G. 18. The staggered grid.

as given in Eq. (8), to differences in the x and y direction, such that Digujipie =

(Wjt1+1/2 = Wjig1y2)/hand D_ypji1/0i4172 = (Pj+1/2,041/2 — Pjv1/20-1/2)/hs ete.
Consider the system in Eq. (1) as discretized by a generalized Yee scheme,

n+1/2  n-1/2 1) 2)
Piv1/2,041/2 = Pj1/2,041/2 T k aj+1/2,l+1/2D+zu?,l+1/2 + aj+1/2,l+1/2D+y”?+1/2,l )
1 (1) nt1/2
u;l+1/2 =Ujip1 T kbs 1 oD 2Py )9 1412 (53)

n+1 . on (2) n+1/2
Uitia0 = Vjrrjza RO Dyl )0 14 -

We will need to apply different regularizations for ¢V, a®, b and b®. In the
standard Yee scheme, a(®) = a(® = ¢ and bV = p(D =,

To evaluate the pointwise accuracy of the spatial discretization, we can Taylor
expand the right hand sides of the equations in the system in z around x = Z, similarly
to the one-dimensional case. Without regularization, we find that the discretizations
in the first and second equation yields an O(1) local truncation error in a band of
points closest to the discontinuity. For the last equation, the stencil never crosses the
discontinuity, and hence is not affected by it, and we get second order accuracy in all
points.

To design a modification that allows only for first order local truncation errors
closest to the discontinuity, with the goal of second order error in the numerical solu-
tions for u, v and p, we use the jump conditions in Eq. (51) in the Taylor expansions.

We suggest the following regularization: o™ (z,y) = a(x), and b (z,y) = b(xz)
with a(z) and b(z) as given in Eq.(18) and Eq. (22), respectively. Hence, this is the
regularization we had also in the 1D case. However, we let b (z,y) = b(x,y), with b
as defined in Eq. (49), i.e. we keep b?)(z,7) discontinuous.

The coefficient a(® (x,y) gets the most complicated definition. It is given as

a® if x <Z—h/2,
o (z,y) = O((x — z)/h,al,a®) - &L ((x — z)/h,bL,0)  if - h/2 <2 <7,
44 O((z — z)/h,a’, a®) - ®B((x — z)/h,bL,BR)  if Z <2 < T+ h/2,

alt if & >+ h/2,

(54)
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where O(n, al’, a®) is defined in Eq. (19), and

@ (n, 0", b™) = 5 (1 +b7/b%) + (b7 /6" 1),

N~ DN~

of(n, bl bE) = —(1 + L /bF) + (1 — b1 /b). (55)

The reason that the ratio b /b¥ enters this modification of a is due to the mixed jump
conditions in Eq. (52).

7.2. Numerical results. We solve the system (1) with a(z) and b(z) as given
in (49) in the domain [0, 27] x [0, 27], 0 < ¢t < T'. We consider a plane wave, impinging
the discontinuity at an angle . We set a” = b* = —1, and define

ol =cos(0), B=sin(0), off =./1/(aRbR)- 32
We then have the following solutions for p, v and v:

p(z,y,t) = { sin(al(z—2) + By +t) + osin(—al(z—7) + By + 1), ifz <z Vy

rsin(aft(x—2) + By + t) if x> z,Vy
(56)
blak (sin(a(z—z) + By + t) — osin(—a*(z—z) + By + 1)) ,
u(z,y,t) = if © < z,Vy
bRalrsin(aft(z—2) + By + 1) if x >z,Vy
(57)
b8 (sin(a (z—2) + By + t) + osin(—a(x—2) + By + 1)) ,
v(z,y,t) = if x <Z,Vy
bEBrsin(af(z—2) + By + t) if x > Z,Vy
(58)
where the reflection and transmission coefficients are given by
_ blal — ol _ 20Fal
7T bLal foRal’ T T blal + bRak
Below, we present some results for a” = b* = —1.0, a®* = —0.2, bF = —0.5, where

we let § = 7/12. In Figure 19, the analytical solutions for u, v and p at ¢t = 0.37 are
shown.

We impose periodic boundary conditions on the outer boundary. These are not
the correct boundary conditions, and disturbances will hence arise at the boundary.
In the tests below, we run up to T' = 0.37, and we compute all errors in the maximum
norm over the domain Q = [r/2,37/2] x [1/2,37/2], as denoted by ||.||g,o. We do
so for each of M = 6 shift of Z around Z = 7 (in analogy with Eq. (36)), and then
compute the average. With N grid points in both directions, we have h = 27 /N, and
we set k = 0.6h.

We start with the case of no modification, i.e. we keep both a and b discontinuous,
as defined in Eq. (49). In Figures 20-21, the errors in u, v and p are plotted versus
t. The errors are absolute errors. The magnitude of the error in v is smaller, but so
is the norm of v. The numerical errors indicate a first order convergence (remember
the refinement factor of 3).

We now modify a and b, using the suggested modifications in and above Eq. (54)
in the discretization (53). We consider the error in u, v and p as a function of time, for
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Fic. 19. The analytical solution for u, v and p at t = 0.37 (T = w). For x < T, both the
incoming and reflected wave contribute to the solution. For x > T, there is only the transmitted
wave.
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Fi1G. 20. Error in mazimum norm for u (to the left) and for v plotted versus t for N = 60, 180
and 540, with a and b kept discontinuous.

the three grid resolutions N = 60, 180 and 540. In Figure 22, the errors for v and v are
plotted versus time ¢. The error for p is plotted in Figure 23. These results are to be
compared to the errors plotted in Figures 20-21, with a and b kept discontinuous. We
can note that by introducing the modification of a and b, the errors are significantly
smaller than without the modification. The computed convergence rates are close to
second order.
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Fi1c. 21. Error in mazimum norm for p versus t plotted up to t = 0.37 (as in Figure 20 but for
p).
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Fic. 22. Error in mazimum norm for u (to the left) and for v versus t, for N = 60, 180 and
540. Same as in Figure 20 but with a and b modified as given in and above Eq. (54).

x107°

Fi1c. 23. Error in mazimum norm for p versus t (As in Figure 22, but for p).

8. Conclusions. In this paper, the efficient Yee scheme for numerical approx-
imation of wave propagation is generalized to handle discontinuous material coeffi-
cients. We improve the convergence properties by modifying these coefficients near
the material interfaces.

In one space dimension we prove that the original Yee scheme gives a first order
numerical approximation when the interface is located at an arbitrary point relative
to the grid. The new modified scheme is proved to be of second order. This technique
is also applied to a discretization with the Yee scheme structure but with a wider
stencil in space, which gives fourth order accuracy in both space and time for smooth
material coefficients. The higher order discretization can be written as the Yee scheme
with added correction terms. By modifying the coefficients close to the interface we
reach overall second order accuracy even for discontinuities. The phase error is still
of fourth order, and the total error of the scheme has in numerical experiments been
shown to be much lower than for the Yee scheme.
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problem with discontinuous solution is also studied. Even in this case the

coefficients in the Yee scheme can be modified near the interface to give second order
accuracy. Discontinuous solutions are relevant for problems in higher dimensions.
The main advantages of our type of higher order interface approximations, compared
to many others, are that the resulting schemes can be proved to be stable and that
they have the same uniform staggered structure for the full computational domain
including areas with interfaces. This structure is the basis for highly efficient computer
implementations.

In

the last section, a simple example for extension to two space dimensions is in-

cluded. The derivation and implementation of approximations for arbitrary interfaces

in two

=
T w oW ® p

dimensions will be presented in a forthcoming paper.
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