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ASYMPTOTICS OF SOME ULTRA-SPHERICAL POLYNOMIALS
AND THEIR EXTREMA*

MAGALI RIBOTT

Abstract. Motivated by questions on the preconditioning of spectral methods, and indepen-
dently of the extensive literature on the approximation of zeroes of orthogonal polynomials, either
by the Sturm method, or by the descent method, we develop a stationary phase-like technique for
calculating asymptotics of Legendre polynomials. The difference with the classical stationary phase
method is that the phase is a nonlinear function of the large parameter and the integration variable,
instead of being a product of the large parameter by a function of the integration variable. We
then use an implicit functions theorem for approximating the zeroes of the derivatives of Legen-
dre polynomials. This result is used for proving order and consistency of the residual smoothing
scheme [1], [19].
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1. Introduction. When we discretize implicitly in time a partial differential
equation, we have to solve a linear system, where the matrix depends on the method
used for the spatial discretization. Spectral methods are classical methods, but they
produce matrices, which are not sparse and difficult to invert; therefore, their numer-
ical efficiency depends on the introduction of appropriate preconditioners. A precon-
ditioner P of a matrix M is a matrix, which can be more easily inverted than M and
such that the condition number of P~1M, that is to say the product of the norm of
the matrix P~'M by the norm of its inverse M ! P, is as close to 1 as possible.

In the case of a Laplace — or more generally an elliptic — operator, finite dif-
ferences or finite elements methods have been proposed for preconditioning spectral
methods in Orszag [13], Haldenwang et al. [11] , Canuto and Quarteroni [3] or Deville
and Mund [7, 8].

In [18], Quarteroni and Zampieri investigate the finite element preconditioning of
Legendre spectral methods for various boundary conditions; in this article, they show
numerical evidence of the spectral equivalence between the Legendre spectral matrix
and the finite element matrix. They also apply the preconditioner they propose to
domain decomposition methods in the framework of the elasticity problem.

Let us briefly recall that in the one-dimensional situation of a Laplace operator,
the coefficients of the mass matrix are defined by the scalar product of the elements
of the basis, whereas the coefficients of the stiffness matrix are given by the scalar
product of the derivatives of the elements of the basis.

Denote by Kg the stiffness matrix associated to a spectral Legendre—Gauss—
Lobatto method for —d?/dx? with Dirichlet boundary conditions, and by Kp the
stiffness matrix associated to the P; finite elements method on the nodes of this
spectral method.
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Let Mg be the mass matrix of the spectral method and let Mp be the mass-
lumped matrix of the P; finite elements method constructed on the nodes of the
spectral method. We define precisely all these matrices in [19]. We only need here the
coefficients of the diagonal matrix My " Mg, which are given later in formula (1.6).

Recent results of Parter [15] give the following bounds:

1 _Re (KpMsMz'U,U) - (KpMsMy'U,U)| -c
c - (KsU,U) - (KsU,U) -

(1.1)

Here (', ) denotes the canonical Hermitian scalar product. These results are based
on [14], which itself builds on Gatteschi’s results [9]. When My is not mass-lumped,
Parter [16] proves an analogous result to estimates (1.1).

The main result of [19] is the spectral equivalence between

M;/QM;UQKFM;IQM;Q

and Kg. As a consequence of a result of Parter and Rothman [17], which says that
Kr and Kg are equivalent, it suffices to prove the spectral equivalence between Kp
and

Mé/2MF_1/2KFMF_1/2M;/2-

This question is motivated by the analysis of the residual smoothing scheme
(see [1] and [19]), which allows for fast time integration of the spectral approximation
of parabolic equation.

It turns out that when I started working on this question, I was not aware of
Parter’s results, and I did not consult the recent literature on orthogonal polynomials;
instead of using a Sturm method or a descent method, as is done by most authors
in this field, I took the classical integral representation formula for ultra-spherical
polynomials (4.10.3) from Szegé [20], and I applied to this formula a stationary phase
strategy, in a region where the classical expansions cannot be applied; this method
gives an expansion at all orders, with estimates for the error bound. Let us point out
that this is not a classical stationary phase method, since the exponential term is a
non linear function of the large parameter and of the integration variable.

Though the present result on preconditioning can be obtained with Parter’s
method, T feel that the treatment presented here of the asymptotics is novel and
more general. Indeed, the detailed calculations given here for derivatives of Legendre
polynomials could possibly be generalized to other classes of orthogonal polynomials,
such as derivatives of Chebyshev polynomials or more generally to all ultra-spherical
polynomials.

Let us describe why we need precise asymptotics of the zeroes of the derivatives of
Legendre polynomials to prove the equivalence between M é/ M 7 12K rMp Y26 ;/ 2
and K. Let us also define precisely our notations.

We denote by Pp the space of polynomial functions of degree N defined over
[-1,1]. Let us denote by Ly the Legendre polynomial of degree N and let —1 =
fo < & < < €n-1 < &n =1 be the roots of (1 — X?)L/y; they are the nodes of
the spectral method. Let px, 0 < k < N be the weights of the quadrature formula
associated to the nodes &; since this is a Gauss-Lobatto formula, we shall have

1

(1.2) Vo € Pon_1, /

-1

N
O(x)dx = Z D(&k) pr;
k=0
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the weights pj, are strictly positive.
Bernardi and Maday [2] give explicit expressions of the py’s:

2
N(N+1)
2

(1.3) pk:N(NH)L?V(gk)Jgng—L

PO = PN =

We define 7y by
(1.4) Nk = Arccos(&y).
Since we have
“1=§ <& < <&nv-1<&nv =1,
we infer that

0:77N<77N71<"'<771<770:7T.

REMARK 1.1. Since Ly is even (resp. odd) when N is even (resp. odd), we see
that

(15) ngk:_fky fOTlSkSN—l.

The matrices Mg and Mp are diagonal; we define the diagonal elements of
My Mg as:
ol S as:

2p
Ekr1 — 1’

We make the convention that og = oy = 0.

(1.6) oL = forl1<k<N-—1.

REMARK 1.2. It has been proved in Lemma 8.1. of [17] and in Lemma 2.1. of [4]
that oy, is bounded independently of k and N. Precise estimates of o) are available in
Parter’s Theorem 3.1. of [14]. This result is of great importance since the quantities
oy appear in several problems related with spectral methods [5, 4].

Define the discrete H! norm by

1/2
|Uk 1— Uk|
U, = (U*KpU)? = (Z + :

k1 —

the equivalence between Ml/legl/zKFMlgl/zM;/2 and K is equivalent to the ex-
istence of a constant C' > 0 independent of N such that

_ —1/2 1/2
CYNU Iy, < Mz 2M U s, < CU iy,

Here, as is classical, we had to extend the definition of Uy, by letting Uy = Uy = 0.
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1/2

So, let us consider the square of the HY norm of M, "M ;/ U given by

Ni |1 — VoxU|”
Ekr1 — &k '

We first decompose /cx+1 Up+1 — +/0x Uy, as
\/Ok+1 + \/Ok VOk \/
(1.7) %( Uk) + - (Uk+1 + Uy).

Uky1 —
The contribution of the first term of (1.7) in the estimate of the discrete H! norm is

Z (Uk+1 —Uy)? v _
€k+l - gk

k=0

Uk+1 Ok+1

and we use Remark 1.2 to conclude.

The main result of [19] consists in proving that the contribution of the second
term of (1.7) can also be estimated in terms of the discrete H' norm of U. This result
can also be deduced from Parter’s article [15]. In a first step, we observe that discrete
Hoélder continuity estimates give

k1 + Usl* < (2= €] = &1 ) 1T 1, -

Thus, we are reduced to estimate

N-1

P §k+1

But oy is bounded from above and from below independently of k, see Remark 1.2;
we define

2
_ 2= &kl = |6kt

§k+1 - gk

which is algebraically simpler but analytically equivalent to the expression appearing
n (1.8); according to Lemma 5.7., page 106 of [19], it suffices to show

1 1

Ok+41 Ok

(1.9)

N-1
YN = Z 1 is bounded independently of N.
k=0

Henceforth, we make the convention 1/09 = 1/on5 = 0.
We deduce from symmetry (1.5), formulas (1.3), (1.6) and (1.9) that
MN—k = ptk—1, 1<k<N.

N -1
Denote by |r] the largest integer at most equal to the real r. Define N’ = {TJ ;

it suffices to estimate

N/
(1.10) Sy =3
k=0
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since Xy < 237,

Therefore from the definitions (1.9), (1.6) and (1.3) of uk, or and pi, we have
to provide asymptotic expansions for Ly and for the zeroes & of L'y; we start from
classical integral or asymptotic formulas for Jacobi polynomials that can be found in
the literature.

For the reader’s convenience, it is advisable to consult the fourth edition of Szegd’s
book [20], which is the most complete.

We partition the interval {0,---, N’} into three subintervals:

{()7... ’K}’
(K+1,---,|AN| -1} and
{LANL ,N/},

where K is bounded and will be chosen later, and A belongs to the open interval
(0,1/2).

Let us begin with the leftmost region 0 < k < K, where, since K is kept finite, it
suffices to find the limit of py for NV tending to infinity. Asymptotics for the Legendre
polynomials and their derivatives in this region are available as follows: if NV tends to
infinity and z is bounded by 7K, then

Ly (cos %) ~ Jo(2)

where Jj is the classical Bessel function; an analogous statement holds for L'y (formula
(8.1.1) of Szeg6 [20]). If z denotes the k-th positive zero of the Bessel function Ji,
we find for k > 1 [19] :

Wi e = oty ek = ) 5 ) = (e 22) I3 ()|
The estimate needed for Theorem 5.8., page 108 of [19] is a direct consequence of the
above statement. We do not treat the region 0 < k < K in this article, since we do
not need new asymptotics.

Another result from Szegd’s book [20], formula (8.21.14), is: if A belongs to
(0,1/2) and AN < z < 7(1 — A)N, we have

PJ(\,1/2)(cos(z/N)) =Ly (cos %)

_ = 13 x (20 —1)
(1.11) = %Nz ;Jw”’m N -D@N-3)---2N—20+ 1)
cos((N —v+1/2)z/N — (v +1/2)7/2) iy
. (2sin(z/N))+1/2 +O(NTPY2)

where wy 1/2 is an explicitly known number and the remainder is uniform over the
interval [fAN,7(1 — A)N]. We also have analogous uniform asymptotics for Ly,
L%, and LY; therefore, in the rightmost region |[AN]| < k < N’ and thanks to a
quantitative implicit function theorem, we can find an expansion in terms of k and N
of the zero ny, of @ — L’y(cos#) which lies in a neighborhood of size O(N~?2) about

n/4d+kr (N —k)r+7n/4
N+1/2 N4+1/2 7

(1.12) Nok =T —
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this result will be proved here as Theorem 2.1 and will lead to an estimate of the
quantities oy, |[AN| <k < N’ in Corollary 2.4.

There remains to treat the intermediate region, i.e. z between 7K and wAN; it
corresponds to K < k < |AN|. This case is not treated in the literature, and we had
to devise the estimates and their proof, using the stationary phase method.

Denote by P](V’\) the ultra-spherical polynomial of degree N over the inter-
val [—1, 1], i.e. the orthogonal polynomial of degree N relatively to the weight
(1 _ x2)>\—1/2'

REMARK 1.3. The Legendre polynomial Ly of degree N is precisely equal to
P](Vl/Q), and as a consequence of (4.7.14) from [20], Ly is equal to PJ(V?’ﬁ) and L% is

equal to P](V5122) up to multiplicative constants.

In order to find asymptotics in the intermediate region, we write an integral
representation for P](V’\):

1-2X\ ™
0y, 2 L(N +2X) : 5 N a1
Py (x) = Tz i | (x—|—2\/1—:1: cosgp) sin pdp.

We apply the principle of the stationary phase method as described in Lemma 7.7.3
of Hérmander’s book [12], but we cannot apply directly the lemma, since the phase is
not equal to a large parameter multiplied by a real function of all the other variables:
it is a complex function of the large parameter N and all the other variables. We set

(1.13) XN = —iN sin(z/N)e #/N

and, for A such that 2\ — 1 is an even integer, we eventually find polynomials ), x
such that

P (cos(z/N))

2BIWN A2 [ ¢ e

F(A)2 N' Re e Z XN QV,A(XN/N)
v=A—1/2

£=22+1

)

_Qﬁ

< C(K,AN LN (NP +271)
here XX,(UH/ %) is the principal determination and C'(K, A, ¢, \) depends only on its
arguments (Theorem 3.14). Finally, we use once again a quantitative implicit func-
tion theorem to obtain an asymptotic expansion of the zero of L’y which lies in a
neighborhood of size O(1/N?) about 7(N — k +1/4)/(N +1/2), for K <k < |AN|
(Corollary 3.17); this asymptotic yields an expansion for o;, K < k < |AN] at
Corollary 3.19. Hence we obtain in [19] an estimate on the sum of the py’s for
K <EkE<|AN]|.

The article is organized as follows: in section 2, we compute the asymptotics of the
zeroes in the rightmost region thanks to an implicit functions theorem and we expand
the ratios 0. Section 3, devoted to the intermediate region, is split into four sections:
in section 3.1, we explain the proof strategy; in section 3.2, we prove a general lemma
of stationary or non stationary phase method and we apply it in section 3.3 to obtain
expansions of Legendre polynomials; we finally obtain asymptotics of the zeroes of
their derivative and of the quantities oy in section 3.4.
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2. The region |[AN]| < k < N’. In order to obtain asymptotics for py in the
index range k € {|AN],---, N’} in [19] as explained in the introduction, we first need

asymptotics for the zeroes of P](VS/2) =Ly,
It is more convenient to state the following theorem in an interval which is sym-
metric about N/2:

THEOREM 2.1. Define

w4+ kT

Oog = "
Ok TN T3/2

Then for all A € (0,1/2), there exist C, C' such that for all N > 2 and for all integer

kin {{AN],---,[(1 = A)N1}, there exists a unique zero O of PJ(VB/Q)(COS 0) in a ball
of radius C'/N? about 0y 1; moreover the following estimate holds

3 9

- < CON~4,
8N2tan 0o,k 8NN3 tan Oo k| —

(2.1) 0 — 6‘071C +

Proof. The idea of the proof is to use the quantitative implicit function theorem
given in [6]; let us state it here for the reader’s convenience:

LEMMA 2.2. Let X and Z be Banach spaces, and let f be a C? function from
a neighborhood U of xg € X to Z. Let zo = f(x0). Assume that A = Df(xg) has a
bounded inverse A~'. Assume that the ball of radius p and of center xy is included
inU. Let

M = sup [|[A'D? f(xo + §)]|.
[€1<p

There exist constants a and K given by
a=min(1, (2pM)™Y), K="
such that if |A= 29| < K, the equation
fl) =0
possesses a unique solution in the ball {|x—xo| < ap}; moreover, this solution satisfies

|z — x| < 2|A7 20| and |z — zo + A7 20| < 2M A 2%

As P](VS/2) has the same parity as N, the set of zeroes of PJ(VP’/Q) is invariant by the
symmetry x — —z, and therefore, at the index level, 6 is a zero of PJ(\?/2)(COS 0) iff

On_p is a zero of PJ(\;’/2)(cos 0), and moreover, Oy_ = m — 0. Therefore, it suffices
to prove the lemma for AN < k < N’.

The definition of the binomial coefficients is extended for all x € C and all integer
[>0as

<w) (e - 1)--1-!(95 1),
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this expression vanishes if z is set equal to 0 or if [ is a negative integer. We use the
notation

_(N+A-1\ _ TN+
. o= (") - o

We exploit the asymptotics of P](V’\) given as (8.21.14) of [20] for A = 3/2, 5/2 and 7/2,
since we need an estimate of &7 f/967 for j = 0,1,2, in order to apply Lemma 2.2.
We write the three term formula

PR/ (cos g) = (22:;35)/;/2_ {COS(( N +3/2)0 — 3w /4)
3 cos((N +1/2)0 — 57 /4)
(23) C 22N +1) 2sin g
15 cos((N —1/2)0 — Trr/4) _5/9
"~ 8(2N +1)(2N —1) (2sin6)2 } ON=>F?)

which is uniform in € in [A/2,7/2] and in N; it is then convenient to define

2sin 0)3/2
(2.4) f(B,N) = ﬁp}\?m (cos 0);

since we seek the unique root 6 of f which belongs to a small neighborhood of 6 1,
we will have to calculate f (6o x, N), (0f/90)(0ox, N) and to estimate 92 f /96 for 0
in [0px — N2, 00, + 7N 2]; we will choose r later. We differentiate (2.4) twice, we
use formula (4.7.14) from Szegé [20], viz.

d _x A
PR (@) = 2P0 (@)

and we find

(2.5) %(9, N) = gf t(zn]; ) _ j@ sin®/20 P$/%) (cos 0),
and
%(G,N) = % <® — 2> f(O,N) — iiii cos@sin3/29P](V5121)(cos€)
2.6 ’
> + %ﬁi sin™/20 PJ(VYQQ)(COS 0).

We first calculate f(6o %, N) with the help of formula (2.3) and we find

f(eo-,kv N) =

2.7 3 15

@7) (—=1)k — +O(N3).
42N + 1) tanfy,  16(2N + 1)(2N — 1) tan 6o

We can also evaluate f(0, N) for |§ — 6y x| < rN~2: by Taylor expansion,

lcos((N +3/2)8 — w/4)| < r(N + 3/2)N 2,
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and therefore
(2.8) 0 —bok| <TN"2 = |f(0)] = (r+1)O(N1),

the error term being uniform for k& between |[AN| and N’.

We calculate now 9f /06 at (6p k, N): first we substitute the value found at (2.7)
into the first term on the right hand side of (2.5); as 69 1 is bounded away from 0 and
7, this first term is an O(N 1), uniformly for AN < k < N’. For the second term of

the right hand side of (2.5), we need a two-term expansion of PJ(\? / 2), namely

2w
(5/2) _ N,5/2
: B 15 cos((N+3/2)9—77r/4)) L o112
8(N +3/2) sin 6 '
The error term is uniform on the interval [A/2, 7/2].
We replace N by N — 1 in (2.9) and we observe that
6v/2(sin 0)>/ 2wy _
(2.10) V2(sin0)* 2wy 15/2 _ 3WN-15/2 _ N,

(2sin0)5 2wy 30 2 wnz/2

according to the definition (2.2) of wy x. Furthermore,
cos((N +3/2)0 1, — 5m/4) = (—1)F!

and

cos((N + 1/2)0o.1 — Tr/4) = (—1)* sin(fp ).

Thus we find the asymptotic

(2.11) A(k,N) = %(eo,k, N) = (-1D)F(N +15/8) + O(N ).

Now, we choose 7:
4
r=3 sup{N?|f(0ox, N)JA(k,N)| : N > 1,AN < k < N'};

our estimates show that indeed r is bounded.

There remains to give an estimate of 92 f /962 over the interval [0y — 7N =2, 6+
rN~2]. The first term in the right hand side of (2.6) is an O(1/N), thanks to (2.8);
the second term in the right hand side of (2.6) is an O(N) in virtue of (2.10) and the
expansion (2.9); the last term in the right hand side of (2.6) is estimated with the

help of the one-term expansion of P](\,7 /2) given by

2wy 772

(7/2) _
Py (cos ) = Gsm 0)7/2

cos((N +7/2)0 — Tr/4) + O(N3/?);
but wy_s7/2/wn,3/2 = O(N?) and by a Taylor expansion, cos((N + 3/2)0 — 7w /4) is
an O(r/N) on the relevant interval. Therefore, we obtain the estimate

2
07 N)\ — (r+ DOW).

. — < -2 i
(2.12) |0 — 6| <TN :‘802 ,
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and once again, the estimate is uniform with respect to k such that AN < k < N, to
r, and to V.

We have then M = O(r + 1) = O(1) and for all large enough N, 2rM N2 is
strictly less than 1, so that we may take a = 1 in the statement of Lemma 2.2. But
then K is equal to 3r/4N?, and by definition of r, |f(fox, N)/A(k,N)| < K, and
the conclusion of the lemma applies. Relation (2.1) is simply the translation to our
particular problem of the conclusion of Lemma 2.2. O

REMARK 2.3. We can compare this result with expansion (2.6a) of Parter’s
article [14]; using Remark 1.3, we expand formula (2.1) with N — 1 instead of N and
we find exactly formula (2.6a) of [14]. The main interest of our formula is that the
remainder is independent of k and that 0y is expanded to the next order.

We can now prove the following corollary, which gives an estimate of the quantities
0.

COROLLARY 2.4. The quantities o, |[AN| < k < N’ defined at equation (1.6)
have the following expansion :

2

o =1+ # +O(1/N?),

where the error term is uniform in N and in k € {{AN|,--- ,N'}.

Proof. We consider now the zero 1 of 6 — L'y (cos). Let us define

(N—k+1/4)7
Mk =" 77/
N+1/2

using Remark 1.3 and equation (2.1) of Theorem 2.1, we have the asymptotic

3 1
2.13 = - (1 - = O(N—*
(2.13) M =0k ~ SN T ram o s ( N) +O(N™%),

the error term being uniform in N and in k € {|AN],--- ,N'}.
Let us now compute an expansion of Ly (cosny), in order to calculate py defined
at equation (1.3).

The three term asymptotic expansion of Ly = PJ(\,1 /2 given at equation (1.11) is

2wy 172

V2sin6
where Ty = cos((N +1/2)0 — 7/4),

1 cos((N —1/2)0 — 3w /4) and

P/ (cos ) = (Ty + Ty +T3) + O(N~7/?),

=GN 2sin0
T — 9 cos((N —3/2)0 — 5m/4)
P T 82N —1)(2N —3) (2sin )2

In this subsection, we write for simplicity

t = tan(no k)
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We infer from the asymptotic (2.13) the following asymptotics for each of the terms
Ty, Ty and T3 when 6 = ny:

9
_ N—k -3
h=0D <1‘m)+O<N )
| 1 3 -
Ty = (—1)N-F 1@ <1+W+W>+O(N 3,

9 /(1
_ N—k—1 -3
Ty = (—1) PTNe <_t2 - 1) +O(N®).

Therefore, the sum T + T + T3 is

1 1 3
_ (_1\N—-E _ _ -3
2.14) T+ To+T3=(-1) (1 vt v 16N2t2)+O(N ).

We also need an expansion for 1/4/sinn: from the Taylor expansion

+ O(N—3)> ,

3
(2.15) sinny = sinnok (1 - sNeE

we infer

1 1 3
= 1+ ——— +O(N3 ) :
V/sin g \/sinn&k ( 16 N2¢2 ( )

Finally, we get an expansion of wy 1/ with the help of Stirling’s formula:

(2.16)

1 1 1
2.1 = (1-— 4+ —— 4 O0NN).
(2.17) YN E N < sv 1wz T )>

We perform the product of (2.14), (2.16) and (2.17), and we find
V2 (1 IR SR
/TN sinno i AN ~ 32N?2

Observe that the error term in (2.18) is uniform in N and in k € {{AN],--- ,N'}.
In order to calculate oy, we need an asymptotic of {41 — &x—1: we write a Taylor
expansion of €11 = cosnr+1 at g, and we obtain

(2.18) Ly(cosmg) = (—~1)N=F + O(N_3)> .

Shr1 —Ep—1 =

. 1
sin g (Mk—1 — Met1) — 5((77k+1 — ) = (Me—1 — Mk)?) cos
1

+ 6((77k+1 —nk)® = (Me—1 — me)®) sinm + O(N™H).

Another Taylor expansion gives nr11 — :

3(1+1/t2 _
Me+1 — Nk = (10,61 — M0,k (1 + %) +O(N™%).

Therefore, we obtain with the help of (2.15):

3 72

Err1 — Er—1 ™
2.1 Shil — Sk—1 T (1= T
(2.19) Nri2\ TaNT T 6Ne

= sinmno
2

) +O(N™%).
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We put together (2.18) and (2.19) and we obtain the expansion of oy, given by

2

m 3
(2.20) o =1+ 6N2 + O(1/N”).

O

3. The region K < k < |AN]|. Let us find the asymptotics of the zeroes of
the derivatives of Legendre polynomials in the intermediate region, which is the most
difficult to handle.

The goal of this section is to infer Corollary 3.17 from a long chain of results; we
state it here, for the reader to understand our final aim; it will be stated again at its
natural place.

COROLLARY 3.17 1. Define

o _ TN —k+1/4)
Ok T TN+ 1/2

Then for all K > 0 and for oll A € (0,1/2), there exist C, C' such that for all N > 2
and for all integer k in {K,--- ,[AN |}, there exists a unique zero 0y of L'y (cos®) in
a ball of radius C' /N? about 0 r.; moreover the following estimate holds

13 49 <C((NT'+KTHY.

3.71 0 — 001 —
( ) kT Y0k 8N2tan g + 12N3tanfo | —

For that purpose, we first calculate expansions of Legendre polynomials and we
begin by explaining the strategy of the proof.

3.1. The strategy of the proof. In order to calculate formulas for L'y (cos6)
and for Ly (cos#) and their derivatives, we will use the integral representation given
by formula (4.10.3) of Szegé [20]: define

21722 T(N +2))

(3.1) 20N = TN

the following formula holds for A > 0 and all z € [-1,1]:

N
(:v + 1y 1 — x2 cos cp) sin? 1 o dop.

(3.2) P (z) = Z(\, N) /ﬂ

0

In fact, this formula is also true for all x € C, provided that we choose the appropriate
determination of the square root appearing in the integrand.
We define the two following functions:

fn(z,¢) = (cos(z/N) +isin(z/N) cos cp)N
and gy such that fy =expgn, i.e.
gn(z, ) = Nln(cos(z/N) + isin(z/N) cos ¢)

where we have taken the principal determination of the logarithm.
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We infer from (3.2) the expression of the ultra-spherical polynomials at x =
cos(z/N):

P (cos(/N)) = ZONRe ([ fulerg)sin? 1o dip
(3.3) ! (/ow )

= Z(\, N)Re (/ expgn (2, %) sin® dw)
0

In our calculations, we will often need the following useful remark:

REMARK 3.1. The function gn is an even function of ¢ and therefore its deriv-
atives of odd order will vanish at ¢ = 0.

We shall seek an asymptotic formula for foﬂ In(z, ) sin? 1o dp.
Let ¢ belong to [0, 7/4[ and ¢ be a cut-off function having the following properties

1 is even, m-periodic, of class C*° with values in [0, 1],

3.4
(3:4) 1 is equal to 1 over [0, d] and to 0 over [26,7/2].

The function ¥ will enable us to localize difficulties.
Therefore, we can write

/ﬂ In(z,9)sin™ " pdp = /ﬂ V(@)fn(z,0)sin* " pdy
(3.5) 0 o
+/O (1= (@) fn (2, 9) sin® " o dop.

We will apply a stationary phase strategy, meaning that the second integral in the
right hand side of (3.5) is small: this statement is made precise at Corollary 3.6. The
main effort is devoted to the estimate of

/0 b (z ) sin " pdyp :/0 () exp gn (2, ¢) sin® ! o dp
(3.6) s
= 2Re (/ w(sp) engN(z, 80) gin2A—1 <Pd90>
0

by the stationary phase method.
We use a homotopy technique as in Hormander’s proof. Let qx be the quadratic
part of Taylor’s expansion of gn(z,-) at 0, i.e.

2 92
ZOIN(-,0)

qN(Za 90) = gN(Zvo) +

Op?
(3.7) ,
=iz — sin(z/N)e #/N,
and define
(3.8) Rn(z,0) = gn(z, ) —an(z, ¢).

The extensions of gy and fy as functions over R x [0, 7] x [0, 1] are given by

(3.9) gn(z,0,8) = sgn(z, ) + (1 = s)an (2, ¢) = qn (2, ) + sBn(z, p)
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and

(3.10) In(z,p,8) = expgn(z,p,s).

The double of the real part of the integral

(3.11) IN,A(M):/ Y(p) exp gn (2, ¢, ) sin®* L pdyp
0

is equal to (3.6) for s = 1 and for s = 0, it can be expanded simply. Therefore, in
order to estimate Zy x(z, 1), we use a Taylor expansion at s = 0, viz.

1 %Iy n

= lalzm (.3)
k' Dsk Z,8)| .

<
O<s<1

(3.12)

,0)

IN)\Zl

I s
1=0
We produce explicit approximations of the terms (9'Zy »/0s')(z,0) and the formula
for Ty a(z,1) will be a sum of these explicit approximations plus a sum of remainders
which have to be estimated. There are two kinds of remainders : one comes from the
difference between (9'Zy »/0s')(z,0) and its approximation, and another one comes
from the right hand side of (3.12).

The derivative 0'Zy,»/0s! is given by

O'In.\
; (Z

(3.13) o

= / Y(@) Ry (2, 0) exp gn (2, @, 8) sin®* ™ @ dip.
0
In order to obtain the explicit approximations of (9'Zy x/9s')(z,0) mentioned

above, we first approximate Ry by its Taylor expansion. Let ry be the Taylor ex-
pansion of Ry(z,-) with respect to ¢ of order 2(k 4+ 1) at 0:

k+1

27y 827
P gn
3.14 ry(z,p) = E z,0);
( ) N( 90) = (2,7)! 8<p2'y ( )

observe here that we do not have odd powers of ¢, since Ry is even. Corollary 3.11
gives an estimate of

(3.15) / b() (Ry(2,0) — s (2.9)) expan (2, 0) sin 7 od.

Then, the usable explicit approximations will be calculated using Lemma 7.7.3 of
Hormander [12] for the following integrals :

/ V() (2, 0) exp g (2, @, ) sin®* 7t p dop,
0

which is done at Corollary 3.13.

Finally, we estimate *Zy »/0s*, which is the main part of the right hand side of
equation (3.12), at Corollary 3.9.

The usable algebraic expressions of the terms which appear in asymptotics of PJ(VA)
are given first in general form at Theorem 3.14 for 2\ — 1 an even integer, and explicit
results for A =1/2, 3/2, 5/2 and 7/2 are given at Corollary 3.15.
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3.2. A general lemma of stationary and non-stationary methods. We
show a general lemma to help proving all the estimates explained in section 3.1.
We need several preliminary technical results. First we estimate exp(gn(z, ¢, 8)).

LEMMA 3.2. For all N > 2, for all ¢ € [0, 7], for all z € R and for all s € [0,1],

|exp(gN(z, 2 S))' <L

Proof. Tt suffices to check Regn(z,p,8) < 0 which is true provided that
Regn(z, ) and Regn(z, ) are less than or equal to 0.

The real part of gy is NIn (1 — sin®(2/N)sin® ¢) /2 which has the required sign.
The real part of gy is —N? sin?(z/N)/2 which is also less than or equal to 0. O

Differentiating composite functions can be done with the help of Faa di Bruno’s
formula, see for instance Lemma I1.2.8 of Hairer [10].

For m € N, let C(m) be the set of multi-indices v = (71,72,---) € NV such that
Y1 > y2 > --- and such that ), v = m. Therefore 7; vanishes beyond a certain
rank; we denote by [(y) the largest integer ¢ such that 7; > 1 and we observe that
I(7) < m. For instance, if we only write the non zero terms of each ~, C(3) is equal
to {(3), (2,1), (1,1,1)}.

Faa di Bruno’s formula states that there exist integer constants C(-y, m) such that

m l(’Y)
(3.16) dd—onB = Y Clym)(AUD) o B) ] B,
* ~EC(m) e
k

3

Here, A and B are functions of one real variable. In consequence, if we take A(z) = x
with k € Z, we can calculate for any function B the derivatives of B* :

1)
m k
3.17 — Bk = C 1B TT B0,
(3.17) b= 3 e, i [T
~y€EC(m) j=1
Let us estimate now the derivatives of (9gn/d¢)~!, which will arise later when
we will perform several integrations by part, and let us also estimate the derivatives

of gn-.

LEMMA 3.3. For all k € N, for all « > 0, there exists C > 0 such that for all
N > 2, for all ¢ € (0,7 — & and for all z € [nK,mAN], the following estimates hold

oF 1 cC .
(3.18) FEACITORE (2,) SW(N +27)
and
ok+1
(3.19) ’Tki]f(z,cp)’ < Cz.

Proof. Write

(3.20) v(p) = siny (as in numerator) and
' dn(z,¢) = (cos(z/N) + isin(z/N) cos ) (as in denominator).
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Then the first derivative of gn and its inverse are

(3.21) ‘Zgg (z,¢) = —iNsin(z/N)#j)(p)
and
(3.22) ! i dv(z9)

/07" P) = Nem(z/N) o)

Leibniz formula gives

o 1 ' LR\ Ay 9™ (1
23 L S L Sy
Aok \ dgn /O Nsin(z/N) = \m ) O+ 0pm \v
The successive derivatives of 1/v are computed using (3.17) for k = —1; up to arith-

metic constants, the terms we find in (3.23) are of the form

) (9 dN _1 () (9711/
(3:24) Nsin(z/N) dpk—m H 8<p%

we substitute the expressions of the derivatives

j
(3.25) 8adN (z,0) =isin(z/N)cos (¢ + jn/2), forall j > 1
@’
and
o"v .
(3.26) W(gp) = sin (¢ + nm/2)

into (3.24): for m = k, the expressions (3.24) are equal to

i(cos(z/N) + isi 1)
i(cos(z/N) + isin(z/N) cos p) 1 )
N sin(z/N) sint ) :jl |1 sin(p W/ )

which can be estimated by C/(z¢**1).
For m < k — 1, the terms (3.24) are of the form

1 1)
BSERTe H sin(y +v;7/2)
Yo

—% cos(p + (k — m)ﬂ'/2)

which can be estimated by C/(N¢**+1), proving thus (3.18).
Similarly, we write a Leibniz formula for 9%+ gy /0**1:

ak-l—lgN k k ak—my om 1
FeCs (2,) = —iNsin(z/N) mz:: (m>m(¢)avﬁ (E) (2, 9).
We use formula (3.17) with k = —1, i.e.

am 1 (v 1-1(v)
g () ol = T Clom ) D )

y€EC(m)
1) oVi dN
H 8@VJ &

j=1

(3.27)

(3.28)
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up to arithmetic constants, we substitute the values (3.25) and (3.26) of the derivatives
of dy and v and for k > 1, Leibniz formula implies that the terms of the sum (3.27)
are of the following form

o . (isin z/N)'™)
—iN N k— 2

iNsin(z/N)sin(p + (k —m)m/2) (cos z/N +isinz/N cos @)+
(3.29) 1)

X H cos(p + v;7/2).

j=1

It is plain that the modulus of (3.29) is at most equal to N|sin z/N| and the conclusion
of the lemma is clear. O

The technical lemma 3.5 will be used many times in the foregoing estimates; it
depends on the preliminary lemma 3.4.

Let p € N and b € (0,7). Let u be a function of class C? over [1K, +00) x [0, b];
assume that there exist a real ¢ > 2p and a real [ > 0 such that the following norm

| O
_ —l _—c+i
(530 b= sy <o )
z€[nK,mAN]

is finite. We define by induction

UOZU,
(3.31) a< Up, )
Uni1 = — [ —2—) for all m € {0,--- ,p—1}.

We need to estimate the derivatives of the functions (3.31), since they will appear in
the integration by parts which will be performed in the stationary and non stationary
phase methods.

LEMMA 3.4. Let u be a function of class C? over [nK,+00) x [0,b]; assume that
there exist ¢ > 2p and I > 0 such that [lu|, ., < +o0o. Then, there exists C > 0 such
that for all N > 2, for allm € {0,--- ,p}, for all g € {0,--- ;p—m}, for all ¢ € [0,]
and for all z € [t K, wAN],

(3.32) (N7 4 g hym=lpema=2m,

g+m,c,l

8‘1
‘a—wumw,w)} < Clu

Proof. Let us prove this lemma by induction on m. We have
8‘1U0 0%u
8—@‘1(2’@) = a—w(%@)

and thus using the hypothesis made on ||u|| we infer that

p,c,l
‘8‘1U0

a(pq (N—l —|—Z_1)_l<pc_q.

l —
w)\ < Null, o) 265 < Cllull,.,

Assuming that estimate (3.32) is proved for m, we use definition (3.31) and Leibniz
formula:
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U i1 _% g+ 1\ 99t1-5U,, 9° 1
dpt =\ s ) 9prTs 9pt \Ogn /0 )
Using the induction hypothesis and Lemma 3.3,

g o \agnjop) 7
< Cu]

< Cull

—1 —1\m+1-1l, c—q—2—2m
qg+m—+1—s,c,l (N + z ) ®

_ _ 1 e—qg—
gtmiter (V L g hymTlgemamatmth),
and the proof of Lemma 3.4 is complete. O

Here is our general lemma:

LEMMA 3.5. Let k € N* and b € [0, 7). Take u in C§°([nK,+00) x [0,b]); assume
that there exist | > 0 and ¢ > 2(k +1) such that |[ull,, ., is finite. Then there exists
C' such that for all N > 2 and all z € [t K, 7AN],

(3.33) max

< C N—l —1 k'
s€[0,1] - ”quJrl,c,l ( +z )

b
/ U(Z, 90) engN(Zv ®, 8) dSD
0

Proof. Thanks to several integrations by part and using definition (3.31), we can
write the integral appearing in the left hand side of (3.33) as

b
/ U(Z, 90) engN(Zvcpu 8) dSD =
0

k+1—-1 (—l)m b
(334) Z {mUm(zyw)engN(z,@ys) o

m=0

b
(1 / Ussi(2,0) exp gn (2, 0, ) do.
0

Since v is equal to 0 in a neighborhood of ¢ = b, for all m € {0,--- ,k+1—1}, for all z
in [rK,wAN], Uy, (z,b) vanishes and thus all the integrated terms at ¢ = b disappear:

b kti—1 U
u(z, p) ex zZ,0,8)dp = —1)m—"__(2,0)ex z,0,s
[ v e (e o)do = 37 (17" E .0 expan(=.0.9)

(3.35) )
+ (—1)FH / Uk+i(z,0) exp gn (2, ¢, s) dp.
0

Thanks to Lemmas 3.3 and 3.4, we can estimate all these terms.
Lemma 3.3 with k¥ = 0 and Lemma 3.4 with ¢ = 0 give for m in {0, - k+1—1},
in the neighborhood of ¢ = 0,

U

m _ —1 —1\ym—Il+1, _c—2m—1
G ee) = OV 4271
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where O(1) is bounded independently of ¢ € [0,b], z € [7K,7AN], N > 2 and of
finite [ and m. Since ¢ > 2(k +1) > 2m + 1, we obtain [Uy,/(9gn/0¢)](z,0) = 0.
Moreover, exp gn (2,0, s) = exp(iz) and thus equation (3.35) becomes

b
/ u(z, p) expgn(z, ¢, s) dp
0

b
= (_1)k+l/ Uk—H(%S") engN(Zvcpu 8) dSD
0

Thanks to Lemma 3.2 and Lemma 3.4 with m = k4 [ and ¢ = 0, we obtain esti-
mate (3.33). O

3.3. Asymptotics of Legendre polynomials. Now that Lemma 3.5 is proved,
we can estimate the integrals displayed in section 3.1.

First, a straightforward corollary of Lemma 3.5 shows that the second integral of
the right hand side of (3.5) is small.

COROLLARY 3.6. Let ¢ satisfy conditions (3.4). For all positive integer k and
for all A > 0, there exists C' such that for all N > 2 and for all z in [ K,7AN], the
following estimate holds:

(3.36)

/ "1 = () expgn (e, ) sin? L pdip| < OV 4 2,
0

Proof. We use Lemma 3.5 with u(z, ) = (1 —¢(¢))sin®* 1 and b = 7 — §/2.
The function uw and its derivatives vanish in a neighborhood of ¢ = b and in the
neighborhood [—4, 6] of 0; if we set I = 0 and ¢ = 2k, ||ul|, 4, ¢ is finite. We infer from
Lemma 3.5 that

/0 (1 = (¢)) exp g (2, 9, 1) sin? 1 wdw‘
5

/ (1—1(p)) expgn(z, ¢, 1) sin® " pdp
0

<C ||u||k,2k,0 (N_l + Z_l)ka

where C' depends only on k, which is estimate (3.36). O
In order to apply Lemma 3.5 to the remainder defined by equation (3.12), we
need to estimate the derivatives of the powers of Ry, defined at equation (3.8).

LEMMA 3.7. For all k € N* and m € N, there exists C > 0 such that for all
N > 2, for all z € [nK,7AN] and for all ¢ € [0,7/2],

m Rk
(3.37) ‘a Ry

oo (z,go)‘ < C2F min(1, *F—™).

Proof. For k =1 and m < 3, Taylor’s integral formula gives

3—m

I"RN(2,¢) _ ? a49N ( /) (p—¢')
D™ 0 Opt (3 —m)!

!/

dy',
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and for m > 4,

8’"RN - 8mgN
dpm — Jpm

We infer immediately from these relations and the parity of Ry with respect to ¢ the
estimates

|Rn (2, 0)| < Co'z,
ORN

8—¢(Z’SD)' < O3z,

(3.38) (i;izjv(zv(p)’ < Cy’z,
68¢RN (2, @)‘ < Cypz for m > 3, m odd,
8(;:0]an (=, ‘/’)‘ < Czfor m > 4, m even.

Using Faa di Bruno’s formula (3.17), we obtain

am Rk k—1( 1) 6WRN
3.39 Nip)= Y Cly, ( ) RN (2,0 [] 2,
( ) ™ (rvm U(v) ) 9

~eC(m) j=1

Let us denote by v1 the number of indices j € {1,---,1(y)} such that v; = 1, by 1

the number of indices j € {1,--- ()} such that v; = 2; v, is the number of indices

J such that v; > 3 is odd and v, is the number of indices such that ~; > 4 is even.
Thus, we have the following two relations:

(3.40) v+ e+ v, +ve = 1(7)
and
(3.41) m =1+ + V) = V1 + 202 + 30, + 4ve.

We infer from equation (3.38) the estimate

l(v)
k I( 87]RN o — v vo+tv,

Jj=1

where a = k— () + 11 + 2+ + Ve, and from equation (3.40), we infer the estimate

1)
y
k I( V) H 9 ]RN < Czk¢4k74l('y)+3u1+21@+vo'

Equations (3.40) and (3.41) lead to

4k —4l(y)+ 31 + 200+ v, =4k — 11 — 20 — 3y, — v, > 4k —m
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and the expression 4k — 41(y) + 3v1 + 212 + 1, is also non negative since () belongs
to {0,--- , k}; this completes the proof of estimate (3.37). O

We deduce easily an analogous lemma for the derivatives of the powers of ry,
defined at equation (3.14).

LEMMA 3.8. For all k € N* and m € N, there exists C > 0 such that for all
N > 2, for all z € [nK,®AN] and for all ¢ € [0,7/2],

(3.42)

‘877%% (z <p)‘ < CzFmin(1, p*F—™)
dpm - ’ '

Proof. The estimates for 0™ry/0p™ are analogous to the estimates (3.38)
for ™Ry /O™ and consequently the estimate for ™rk /0p™ is the same as es-
timate (3.37) for 9™ Rk, /0™, O

Recall that Zy » has been defined at equation (3.11). The following corollary
gives estimates of its derivatives.

COROLLARY 3.9. For all integer k > 1 and all X\ > 1/2, there exists C' such that
for all N > 2 and for all z in [7K,7AN] ,

OF T A
(3:43) B o

(z,s)‘ <C(NT 4 27hHk,

Proof. The derivatives of Zy » are given by formula (3.13) and we use Lemma 3.5
with u(z, ) = ¥(@)R% (2, ¢)sin** "1 ¢ and b = 7/2; since, in virtue of Lemma 3.7,
|2/l o, 45, 5 18 finite, we obtain from Lemma 3.5

OF I\

max
s€[0,1]

(2 s>] < Cllully g (V" 2P,

that is estimate (3.43). O
We estimate in next lemma the derivatives of the difference between R}, and 7,
where 7y is defined at (3.14).

LEMMA 3.10. For alll € N* and m € N, there exists C' > 0 such that for all
N > 2, for all z € [nK,7AN] and for all ¢ € [0,7/2]

m

(3.44) a—m(Rév — rév)(z, )| < oF% min(1, g02k+4l_m).
¥

Proof. First, as in Lemma 3.7, we consider the case | = 1 and we estimate the
successive derivatives of Ry — rny. We observe that the derivative of order m of ry
vanishes for m > 2k + 3. We calculate the derivatives of Ry — ry in terms of the
derivatives of gn and using Taylor’s formula and Lemma 3.3 we find the inequalities

am (RN — TN)
dp™

6’” (RN — TN)
Ap™

6’” (RN — TN)
Ap™

(z,0)| < CE* 4™z for m € {0, -+ , 2k + 2},
(3.45) (5:9)| < Copz, for m > 2k + 3, m odd,

(z,0)| < Cz, for m > 2k + 4, m even.
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We factorize Ré\, — 7"5\/ as

Ry =y = (Ry —rn) (Ry '+ R Prn + -+ )

and a Leibniz formula gives

o (Rly —riy) Ny (M) (1) 97 (B — )
0 =333 (1) (3) T e
8@ v=0pB=0v=0 v 6 a(p !
8”’5}%\71_” 6ﬁr1”\,

97 (2, ¢) 9 (2, 0)-
Let us write

agm— (RN — TN)
™=

— l—1—v v
IV PR oy,

(3.46) Tpw = z,¢) 97 (2, 0) 90 (2, ).

Thanks to estimate (3.45), Lemmas 3.7 and 3.8, we can estimate T -, as follows:
T, < C2' min (1, 902k+4_m+7) min (1, <p4l_4_4"_”+ﬁ) min (1, @4"_6)

< 4 min(1, g02k+4l_m)

which proves estimate (3.44). O
We can now infer from Lemma 3.10 an estimate of the remainder (3.15):

COROLLARY 3.11. For k in N*, [ € {0,--- ,k — 1} and X\ > 1/2, there exists
C > 0 such that for all N > 2 and for all z € [ K, wAN]

/2
’/o D) (Ry(2:90) = riv(2,0)) expan (2, 9) sin® " o dyp

< C(NT'427hHk

(3.47)

Proof. We set u(z, ) = ¥(p) (R (2, 0) — i (2,9)) sin®* ! and b = /2. We
deduce from Lemma 3.10 that [[ull;; 44, is finite and Lemma 3.5 yields equa-
tion (3.47). O

We state for the reader’s convenience the one-dimensional version of Lemma 7.7.3
of Hormander [12]:

LEMMA 3.12. Assume a # 0 with Im(a) > 0 and u € S, the Schwartz space over
R. Then for every p € N*, there exists C > 0 such that

. —-1/2 1 \P*+1/2
'/u(x)ela12/2 dCC — (i) Tp(u,a) S O (-) ||U||H2p+1 B

2mi |al

with

Pl 900V 9%y
(3.48) Tp(u,a) = %a—,m)

Here, the principal determination of the fractional power is chosen.

We estimate the last remainder; the number xy is defined at equation (1.13). Let
1(4,4) be the characteristic function of [a, b].
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COROLLARY 3.13. Let k in N*, 1 € {0,--- ,k — 1} and X\ such that 2\ — 1 is an
even integer, there exists C' such that for all N > 2, for all z € [nK,7AN],

(@)r (2, @) sin? 1 pexn®™/2 g — %

= | ro
Z |3
ol
(h
L
2| =
—_
<

(3.49) 9% l s
x 0% (V(p)ri (2, ) sin OLi_n/2,7/2] (¢)) (2,0)

<O(N! +271)k+1/2'
Here, the principal determination of the square root has been chosen.

Proof. We use Lemma 3.12 with

22—1

W(z,9) = L{_n /2,72 ()0 (0)ry (2, @) sin p=k+1land a = —ixn,

the remainder is equal to C |XN|7(k+l+1/2) 1wl grapsa -

In virtue of Lemma 3.8, the norm [[ully; o, 4, is finite and the remainder is
bounded by

Cllullogto141,411 (N4 g kL2
which completes the proof. O

Now that Lemmas 3.2 to 3.13 are proved, we can apply the strategy of proof
described at the beginning of the present section to find an asymptotic formula for
P,

THEOREM 3.14. Let A =1/2,3/2,5/2,7/2,---. Then, there exist real polyno-
mials Q, x of degree v for all v € N such that, for all k € N*, for all K € N and for
all A € (0,1/2), the following estimate holds for all N > 2 and for all z € [nK,7AN]:

P (cos(z/N))
3.50) —
@ —MZ(A,N)Re{ie” ) xN<”“/2>Qu,A<xN/N>H
v=A—-1/2

< C(K, A, k7 )\) (N*l + Zfl)k_2>\+l

)

where C(K, A, k,\) depends only on the displayed arguments and the constant Z (X, N)
is defined at equation (3.1).

Proof. We split (3.3) as in (3.5). Corollary 3.6 implies that the second integral of
the right hand side of (3.5) is an O(N~1 4 z71)k.
We deduce from equation (3.12) and Corollary 3.9 that

(3.51) Inalz, 1) =) — 2,00+ 0 (N7t +271F).

Let us obtain an expression for

5lIN)>\
0s!

/2
= / ()Rl (2, ¢) expan (2, ) sin® " o dep.
0



66 M. RIBOT

We replace Ry by its Taylor expansion ry defined at equation (3.14). We set

TN (2 / V()i (2, ) exp(xne?/2) sin®* ! dop.

Corollary 3.11 implies that
0TIy
Ost

We now use Corollary 3.13 to obtain an algebraic expression for Jn,; . Equa-
tion (3.49) yields

(2,0) = eiZJN,l)\(z) +0 ((N_1 + z_l)k) .

jaiie | 1 9% (rh (2, ) sin® 1

(3.52) = Ity 0
+O (N7 42772,

) (2,0)

We differentiate rfv(z, ©) sin?*~1 ¢ with respect to ¢ up to order 2j and we take its
value at ¢ = 0.
Define
9" sin?? 1
Sn, A = 87@”(0)
We first remark that s, » vanishes when n is odd or n < 2\ — 3. Indeed, since 2\ — 1
is even, z — sin®* ! z is an even function and its derivatives of odd order at p = 0

vanish. Moreover, Faa di Bruno’s formula (3.17) yields

ngin?A 1 B
888790"(0): Z C(%n)(2;\(7)1>l(~y)!sin2’\_1_l(”)(0)

i)

X H sin(%—g).

j=1

Consequently, when n < 2\ — 3, 2XA — 1 — I(7) is positive since I(7y) < n and thus for
all v € C(n), sin?*~1=17)(0) vanishes.
Therefore, for [ = 0, we infer that

k—1

1
In0a(% —Z\/_ Z ]—WSZJ}A‘FO((AF1 +Zﬁl)k+l/2) -
=A—

Consider next the casel > 1. We need first to calculate the successive even derivatives
of rly(2,¢) at ¢ = 0. We deduce from the definition (3.14) of 7y that for j in
{0,---,2l — 1} and for j > I(k + 1) + 1, 0%rk; /0% (2,0) vanishes.

Using version (3.17) of Faa di Bruno’s formula and observing that for v in C(j),
ré{l(w (2,0) = 0y,1() we find that for j in {2,---, (k +1)}:

82J’I” 0%vip
(3.53) (2.00= > Cnil) [[ (=0
1eC) 1<i<t ¥
l(v)=
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and in virtue of definition (3.14),

(3.54) =Y ctnin I] 86%9N(z,0).

27;
vec() 1<i<t 9%
U(v)=l

Thanks to equations (3.27), (3.26), (3.28) and (3.25), we obtain

82’YigN -
8%02% (270) = (_1) XN
(3.55) -
27i—1 XN\ L)
(XN
x Z< . > 3 c(za,zp)Z(a).(N) ,
p=0 a€C(p)

that is to say there exists a real polynomial T’,, of degree ; — 1 such that

82’YigN
W(Z’O) = XNT (XN /N).-

Therefore we deduce, from equation (3.54), that for j in {21,---, (k+ 1)I},
32jr§\,

(3.56) (2,0) = XSi,; (x5 /N),

Op2d

where S ; is a real polynomial of degree j — .
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Hence, using Leibniz’ formula, we infer for > 1 that for j in {0,--- ,k+1— 1},

% (rly(z,¢) sin?* ! ©) g
6@2j (Za O) = XN

2j
2m

<D

m=2]

min(j—A+1/2,(k+1)1)
( > 525—2m AStm(XN/N).

Therefore, we deduce that for j in {0,--- , 2l + A — 3/2},

82 (rh (2, p) sin? "1
(3.57) (TN(Zalem ?) (2,0) = 0
and for j > 20+ X —1/2
22—1

9% (rﬁv(z, ©) sin

(p ~
(358) 6@2j ) (25 O) = Xé\/Slﬁjy)\(XN/N)a

where S; ; \ is a real polynomial of degree j — 1 — A\ + 1/2.
Eventually, formulas (3.52), (3.57) and (3.58) yield

k+i-1 1—j—1/2
. X ~ _ _
Inaa(z) = iVT E j!NQjWSl,M(XN/N) 10 ((N 1y, 1)k+1/2)
j=21+A—1/2
and henceforth
k—1 k+1-1 1—j—1/2

. iz XN G
Ina(z,1) = i/Te AN G\ (xn/N
550 N a(2,1) ;ngm iz Sta (e /N)

+O (NP +27HF),
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where S’OyjﬁA is a constant and for [ > 1, S’LJ;A is a polynomial of degree j —1 — \+1/2.
Finally, we obtain with v = j — [ in formula (3.59) that

k—1
PM (cos(z/N)) = Z(\, N)2y/7Re {ze 3 xjv(”“/”Qu,A(XN/N)}
v=A—1/2

+0 ((N‘l +z—1)’“*”“),

with @, x of degree v — A + 1/2, which completes the proof. O

Corollary 3.15 gives explicit values of the asymptotic for the cases A = 1/2, 3/2,
5/2 and 7/2.

COROLLARY 3.15. Let (y = ie'*/Nyn = Nsin(z/N).

For A=1/2 and k = 3, Theorem 3.1} yields

21 3
P](Vl/2)(cos(z/N)) = \/;QJT [cos (z + % + ZF)
N

X 1—i—|——185 +ism Z+3_z+3_7r 1%

(3.60) 8N~ 128N?2 (N 2N 4 8 64N
43 1 cos [ = + 5z 4 3T
384 CN 2N 4

+O((N""+27h3).
For A\ =3/2 and k = 4, we obtain

(3/2) _ 2.1 3z

Py (cos(z/N)) = (N+2)(N+1)\/;<?V/2[ < +2N+4>

15 1505 1 52 T 13 735

3.61 -2 200 ) 22 Ty (22
(3:61) x( 8N+128N2)+CNSIH(Z+2N+4><8 64N)

_ 1187 cos [+ 2 Tz 4 F us

384¢2, oN 1
For A\=5/2 and k = 4, Theorem 3.1/ implies

1 [2(N+4) 1 52 3m
P(5/2)(Cos(z/N)) 18\/> N m lcos (z + oN + I)
N

+O (N7 +271)2).

(3.62)
105 115 . Tz 3w
><(6 4N>+4<—N1n(z+ﬁ+4) + O(1).
For A\=7/2 and k = 4, we find
4 [2(N+6)! 1 Tz ow
P(7/2) N)) = __\/j _— 4 -
(3.63) N (cos(z/N)) =V - <J7v/2 cos | z + 5N + 1

+O(N + 2)%
Proof. We follow the proof of Theorem 3.14 and we find that for A = 1/2,
Q0,1/2(XN/N) = 1/\/5
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and, for v > 1,

)
Qu12(xn/N) = Z Z %23‘4}1/2

1<I<k—1 ~yi+-+v=j
20<j<k+1-1 V=2
(3.64) i l=v '

1 /1 8igy
<11 o <X—N - (2,0)).

1<i<l
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Let us calculate Qy,1/2 and Q2,1/2. We infer from equation (3.55) the following deriv-

atives of gy with respect to ¢ at ¢ = 0O:

84QN XN
0) = — (1 3—)
(9([74 (Z ) XN + N
and
a69N XN X?v
We deduce from these derivatives that
1 XN
N)= —— (1 + 3—)
Q1,1/2(xn/N) 33 i
and

1 43 55 185y2
Q.1j2(x/N) < 55X XN),

T 2v2 \192 ' 32N ' 64N2
which give the asymptotic formula (3.60).

We use for A = 3/2 the successive derivatives of the square of the sine function

at ¢ = 0 which are

d" sin? 2 0) = (—=1)"/*12"=1 when n is even, n > 2,

(3.65) —
g 0 when n is odd or n = 0.

Therefore, we obtain

_1\w+1
Qu3/2(xn/N) = l&zu—l/z

V!

N~

Yy () e

2mi1/2—5 Il

(3.66) 1<I<k—1  20<m<j—1 2m) 2 /2 g
AHIZj<hAI—1 1 Fp=m

j—l=v Vi>2

1 (1 9%y
<1l (27:)! (X_N Op™i (Z’O)ﬂ’

1<i<l

and more precisely, we have the following values:
Q1,3/2(XN/N) = 1/\/57

1 13 15yn
N = —— _— B —
Q2,3/2(XN/ ) 2\/5(4 + N ),
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and

1 <1187 735><N+1505x?v)

N p—
Q3,3/2(xn/N) 902 \ 192 32N 64N2

which lead to equation (3.61).
We calculate the successive derivatives of the sine function to the power 4 at ¢ = 0
and we find

(=1)"2(227=3 —2"~1)  when n is even, n > 4,

9" sin*
3790”(0) =130 when n is odd or
n=0,n=2.
These derivatives enable us to calculate:
Qa,5/2(xn/N) = 6V2,
and
115 105 xn
N)=—V2| —+ —~=
Q3,5/2(XN/ ) \/_( 4 4 N)

and this yields formula (3.62).
Eventually, the successive derivatives of the sine function to the power 6 at ¢ = 0
are

; (_1)71/24’1271753(37171 _ 2n+1 + 5)
9" sin” ¢ (0) = when n is even, n > 6,
dp™
Owhennisoddorn=0,n=2,n=4.
Therefore we find that

Q3,7/2(xn/N) = 30V2

and the calculation of formula (3.63) completes the proof. O

3.4. Asymptotics of the zeroes of the first derivatives of Legendre poly-
nomials. Now that the formulas for Ly and its derivatives have been computed in
Corollary 3.15, we can find an asymptotic formula for the zeroes of L’y in the region
K <k <AN.

THEOREM 3.16. Define

w/4+ kn

k=T I3N

Then for all A in (0,1/2) and for all K € N, there exist C, C' such that for all
N > 2 and for all integer k in {K,---,|AN]|}, there exists a unique zero zp of

P](\,3/2) (cos(z/N)) in a ball of radius C' /N about zg 1, and moreover the following esti-
mate holds
13 22

3.67 - -
(3.67) Zk T 20,k 8N tan(zg/N) M tan(zo,x/N)

<O(NT'H K3
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Proof. We use the same method as in the proof of Theorem 2.1 and we use again

Lemma 2.2 to calculate an asymptotic formula for the zero zx of P](VS/Q) (cos(z/N));
this function is given by formula (3.61) of Corollary 3.15.
It is equivalent to calculate the zero zj of

_ [m(Nsin(z/N))*2 (32
(3.68) f(z,N) = \/;(N—FQ)(N—I— 1>P (cos(z/N)).
We are searching this zero in the neighborhood of

w4+ kn

kT T 3N

We calculate f(zo, N) thanks to formula (3.61) of Corollary 3.15 and we obtain

(—1)* < 13 509

(3.69) f(ZO,kuN):W 8N~ 96N2

> +0 ((N’l + K*1)5/2) .

We differentiate formula (3.68) to obtain:

of _ 3 fzN)
5.10) 92N = N Tan(z/N)
' VN 2, /N PO/
+3\/7Wsm5/ (z/N)Py"7 (cos(z/N))

and using formula (3.69) and equation (3.62) of Corollary 3.15, we find

of

(2o, N) = (=) '+ O(N"* + K71).

We calculate now the second derivative of the function f using formula (3.70):

D% f 3 1

WW’N) T 4N? (tanQ(z/N) - 2) f(z N)
+124/ 2N% cos(z/N)sin®?(z/N)P§ (5/2 )(COS(Z/N))
_ 15«/%%'2)@1117/2(2/1\[) 7/ (cos(z/NY).

Let C be a positive real such that |[A~!(k, N)f(z0%, N)| < CN~'. Let z belong
to the ball of center zoj and of radius 2CN~1. We still use formula (3.69) and
equations (3.62) and (3.63) of Corollary 3.15 to compute

*f

Sz (5 N) = ON"'+K™).

Therefore the number M of Lemma 2.2 is finite and the number a is equal to 1. The
radius 20N 2 has been chosen so that the hypothesis |A~(k, N) f (205, N)| < K is
satisfied. Therefore, we have the following asymptotic formula:

13

8N tan(zok/N) +O(NTH+ K7

2k = 20,k T
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In order to have a more precise asymptotic formula, we use once more Lemma 2.2
with the same function f but in the neighborhood of

13
ALk = A0k o /)
We compute the values of f and its derivatives at z = 2; j, and we find
22
N)= (1)1 22 L O(N-1+ K13
f(Zl,kv ) ( ) 3N2 taH(Z()Jg/N) + (( + ) ) )

%(21,1@,1\7) = (-4 Oo(N"t+ K

and if z belongs to the ball of center z; ; and of radius 20N ~1, the following estimate
holds:

0% f
022
Eventually, we obtain the following asymptotic formula

13 22
8N tan(zox/N) 3N2tan(zox/N)

(z,N)=O(N~'+ K1)

2k = 2o,k + +O((NT+ K1),

We then have the straightforward corollary:

COROLLARY 3.17. Define

(N —k+1/4)
N+1/2

Then for all K >0 and for all A € (0,1/2), there exist C, C" such that for all N > 2
and for all integer k in {K,--- ,|[AN |}, there exists a unique zero 0y of L'y (cos®) in
a ball of radius C'/N? about 0y 1.; moreover the following estimate holds

13 49
— <C(N"'+KHY).
SN2 tan o x + 12N3 tanfo | — (( + ) )

0ok =

(3.71) 01, — Oo.r

REMARK 3.18. Observe that (3.71) is compatible with (2.1), because the error
term in (3.71) is large with respect to the error term in (2.1).

We end this section with the following corollary, which gives the expansion of the
quantity oy, :
COROLLARY 3.19. The quantities o, K < k < |AN] defined at equation (1.6)
have the following expansion :
2 w2 49

+ S+ O((NT'+ K713,

=1
k=1t 3N TN T 2N tan (o)

Proof. The proof of this corollary follows the same sketch as the proof of Corol-
lary 2.4. Using equation (3.71) of Corollary 3.17, we find that

2 1 1 67 49
I — (=)A=
N (&) = (1) V= N sin 1o s IN T 96NZ T 2aNEe

+O((N""+ K1)
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and we use equation (1.3) to compute 1/py:

1 N 1 23 49
— = |1 I _ o) N—l K—l 2 )
pe msinnok ( Ton T e 12N2t2> +O(NTT+ETY))

Now, to calculate oy, we compute &x41 — Ek—1:

. m 1 11 2
Sky1 — k-1 =2 sin o,k 57 (1 = )

+O((NTT+ETHY

and we obtain

[1]
2]
3]

[4]

[5]

[6]

[7]
(8]

[9]

[10]

[11]

[12]

[13]
[14]

[15]

[16]

2
— 2p7€ 2 ™ + 49 +0 ((N_l 4 K—1)3) .
Skr1 — k-1

Ok

+ 3N? + 6N2  12N?2¢2
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