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A SECOND ORDER THREE-POINT BOUNDARY VALUE PROBLEM
WITH MIXED NONLINEAR BOUNDARY CONDITIONS*

BASHIR AHMAD! AND TAGREED G. SOGATI*

Abstract. We apply the generalized quasilinearization method to a second order three-point
boundary value problem involving mixed nonlinear boundary conditions and obtain a monotone
sequence of approximate solutions converging to the unique solution of the problem possessing a
convergence of order k(k > 2).

Key words. Quasilinearization, Three-point boundary value problem, Rapid convergence

AMS subject classifications. 34A37, 34B15

1. Introduction. The method of quasilinearization developed by Bellman and
Kalaba [1] and generalized by Lakshmikantham [2-3] later on, has been studied and
extended in several diverse disciplines. In fact, it is generating a rich history and an
extensive bibliography can be found in [4-10].

Multi-point nonlinear boundary value problems, which refer to a different family
of boundary conditions in the study of disconjugacy theory [11], have been addressed
by many authors, for example, see [12-14]. In particular, Eloe and Gao [15] dis-
cussed the quasilinearization method for a three-point boundary value problem. In
this paper, we study the generalized quasilinearization method for a second order
three-point boundary value problem with mixed nonlinear boundary conditions. In
fact, a sequence of approximate solutions converging monotonically to a solution of
the nonlinear three-point problem with the order of convergence k(k > 2) has been
presented.

2. Preliminary results. Consider a three-point boundary value problem with
mixed nonlinear boundary conditions

z"(t) = f(t,z(t)), (1.1)

1

p(0) — g2’ (0) = a, pr(1) +q2'(1) = g(x(3)); (1.2)

where f is continuous with f, > 0on [0,1] x R, p,¢q>0withp>1landg: R— R
is continuous. By Green’s function method, the solution, z(¢) of (1.1)-(1.2) can be
written as

_ —t p+q 1 t q !
o) = ol + )+ gl e + o+ [ Gl (sa(s)as

where the Green’s function G(t, s) for the mixed three-point boundary value problem
is given by

_ 1 (pt+q)(p(s —1)—¢q), f0<t<s<1,
G(t’s)_(p2+2pq){ (pt=1)=q)(ps+¢q), f0<s<t<1

*Received April 6, 2004; accepted for publication December 3, 2004.

fDepartment of Mathematics, Faculty of Science, King Abdul Aziz University, P.O. Box 80203,
Jeddah 21589, Saudi Arabia (bashir_qau@yahoo.com).

fDepartment of Mathematics, Faculty of Science, King Abdul Aziz University, P.O. Box 80203,
Jeddah 21589, Saudi Arabia (teetawa@hotmail.com).

295



296 B. AHMAD AND T. G. SOGATI
Notice that G(t,s) < 0 on [0,1] x [0, 1].

We say that a € C2[0,1] is a lower solution of the boundary value problem (1.1)-
(1.2) if

a’(t) > f(t,a), te€|0,1],

1

pa(0) — qa’(0) < a, pa(l) 4 qa’(1) < 9(a(3));

and 3 € C2[0, 1] is an upper solution of the boundary value problem (1.1)-(1.2) if

pI(t) < f(t,8), t€[0,1],

P30 ~aBO) 2a, A0 +aF (1) 2 9(B(3).

THEOREM 1. Assume that f is continuous with f, > 0 on [0,1] x R and g is
continuous with 0 < ¢’ < 1 on R. Let 8 and « be the upper and lower solutions of
(1.1)-(1.2) respectively. Then a(t) < 3(t), t € [0, 1].

Proof. Define h(t) = a(t) — B(t) . For the sake of contradiction, we suppose that
h(t) > 0 for some t € [0, 1]. First we take to € (0,1). Then by the definition of lower
and upper solutions together with f; > 0, we obtain

h"(to) = " (to) — 8" (to) > f(to, alto)) — f(to, B(t)) > 0. (1.3)

By the standard methodology, let h(t) have a local positive maximum at ¢to € (0, 1),
then A/(ty) = 0 and h"(tg) < 0, which contradicts (1.3). Thus, for t; € (0,1), we
have a(t) < B(t). Now, suppose that h(t) has a local positive maximum at ¢y = 1,
then /(1) = 0 and A”(1) < 0. On the other hand, by definition of lower and upper
solutions and in view of the condition 0 < ¢’ < 1, we find that

ph(1) + gt (1) < gla(3)) ~ 9(5(3))
< a(3) - 4(3)
= h(3)

Thus, ph(1) < k(%) or h(1) < h(%) for p > 1, which is a contradiction. Similarly, we
get a contradiction for ¢y = 0. Hence we conclude that a(t) < 4(t) on [0, 1].

THEOREM 2. Assume that f is continuous on [0,1] x R with f, > 0 and g is
continuous on R satisfying 0 < ¢’ < 1. Further, we assume that there exist an upper
solution § and a lower solution « of (1.1)-(1.2) such that a(t) < 3(t), ¢t € [0, 1]. Then
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there exists a solution x(t) of (1.1)-(1.2) satisfying a(t) < z(t) < B(t), t € [0, 1].

Proof. Define F and G by
f(t0) + 5= ﬁ, if 2(t) > B(¢t),

Ft,z) = fto), ifa(t) < a(t) < A1),
flto) + i, ifa(t) < alt),
gBL)),  ife> (),
Gl) =4 gl ita(}) <z < B
gad)),  ifr<ad)

Since F(t,x) and G(z) are continuous and bounded, a standard application of
Schauder’s fixed point theorem ensures the existence of a solution, = of the prob-
lem

2 (t) = F(t,z(t)), t €]0,1],

))-

In order to complete the proof, we need to show that a(t) < z(t) < S(¢) on [0,1]
which can be done using the procedure employed in the proof of theorem 1. In this

case, G satisfies 0 < G’ <1 on [a(%),ﬁ(%)]

pr(0) — g (0) =a,  pr(1)+a2'(1) = Glalg

REMARK. In case of the problem —z”(t) = f(¢,z(t)), we require the condition
fz < 0 and the corresponding Green’s function G(t, s) is nonnegative, that is,
2

q
G(t,9) 2 s (6:9) € [01] % [0,1],

3. Main result.

THEOREM 3. Assume that
(A1) aa—;f(t,x), i=0,1,2,..., k, are continuous on [0, 1] x R satlsfymg s f(t,r) >
0,7=0,1,2,....k — 1, with ‘9 (f(t,x) + ¢(t,x)) <0, where W ( ,T), 1=
0,1,2,..., k are continuous and ng(t, x) < 0 for some function ¢(¢, x).
(Az2) a,f € C?[0,1], R] are lower and upper solutions of (1.1)-(1.2) respectively.
(As) %ig(:zr), i = 0,1,2,...,k, are continuous on R satisfying 0 < %g(x) <
# with %g(z) >0and 0< M < 1.
Then there exists a monotone sequence of approximate solutions {w,} converging to
the unique solution, x of (1.1)-(1.2) with the order of convergence k(k > 2).

Proof. Define F: [0,1] x R — R by
Flt,2) = f(t,2) + (1, 2).

Using (A1), (As) and the generalized mean value theorem, we obtain

7 k)T g,
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%

k—1 i T
g(x) > Zdiig(y)( N
=0

i!

Set
*k = 8Z (.I - y)z
F (t,{E,y) = Z 6,@1F(t7y> i' - ¢(t,$), (14)
i=0 ’
and
—d oy
W (a,y) = Y =gy (15)
i=0 ’

Observe that F**(t,x,y) and h*(x,y) are continuous and

flit,x) = InyinF**(t, x,y), ft,x) = F**(t,z, x), (1.6)
g(z) = Inan h*(z,y), g(z) = h*(z, ). (1.7)

Expanding ¢(t, ) by Taylor’s theorem, (1.4) takes the form

k—1

P (t,@,y) = 2 5 (v el o1 (1.8)
Differentiating (1.8) and using (A4;), we get
k=l gi y)zel

=1

which implies that F}*(¢,z,y) is increasing in x for each (¢,y) € [0,1] x R. Similarly,
differentiation of (1.5) together with (As) yields

k=1 — y)i-1
=(7,9) _g dz?? z—l) ’

which is clearly nonnegative and further

. ’ :v—y)i‘l
ha(@,y) Zdaﬂ (i —1)!
7 (ﬁ_a)ifl
< - _—
—;dng(y) i—1)
k—1 k—2
M 1 1
<y —— <M ~ )= M(3— ——
_;(i—l)!< (+;2H) 6= 2=)
<3M < 1,

where a <y <z < 3. Select @ = wy and consider the following mixed problem

"= F*(t,x(t), wo(t)), t €[0,1], (1.10)
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pr() — g 0) =0, pe()+a'() = K@) (L1

Using (As), (1.6) and (1.7), we obtain

wy > f(t,wo) = F**(t,wo, wo),t €[0,1],
1 1 1

pwo(0) — qup(0) < a, pwo(1) + qup(1) < g(wo(g)) = h*(wo(g), wo(g)),

and

6” < f(tvﬂ) < F**(t,ﬂ,’u)o),t € [07 1]7

1 1 1

pB(0) — qB'(0) > a, pB(1) +¢6'(1) > 9(B(3)) 2 " (B(3), wo(3)),

which imply that wy and 3 are lower and upper solutions of (1.10)-(1.11) respectively.
It follows by Theorems 1 and 2 that there exists a unique solution, wy of (1.10)-(1.11)
such that

wo(t) < wi(t) < B(t),t € [0,1].
Now, we consider the problem

" = F*(t,z(t),w (t)),t € [0,1], (1.12)

pr(0) g’ O =a,  pr() e ()= W) w(z)  (L13)

Again, using (As), (1.6) and (1.7), we get

W = F* (t,wy,w0) > F**(t,wy,w1),t € [0, 1],

i) -quf(0) Sa,  pua(D)+aut (1) = K (i), wo(3)) < K (), wa(3)),

and

6” S f(tvﬂ) S F**(tvﬁvwl)vt € [07 1]7

1 1 1

pB(0) — qB'(0) > a, pB(1) +qp'(1) > 9(B(35)) 2 1" (B(3), wi(3)),

implying that wy and (3 are lower and upper solutions of (1.12) — (1.13) respectively.
By the earlier arguments, we find a solution, wsy of (1.12) — (1.13) such that

wo(t) < ws(t) < B(t), ¢ €[0,1].

Continuing this process successively, we obtain a monotone sequence {w, } of solutions
satisfying

wo(t) < wi(t) < wa(t) < ... < wn(t) < B(E), t€[0,1],
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where each element w,, of the sequence is a solution of the following problem

e F**(t,x(t%wnfl(t))a te [O’ 1]’

wr 1 1
pr(0) —a@'(0)=a,  pr(1) +'(1) = B (a(5), wa 1 (3))
and is given by
—t p+gq " 1 1 t q
nt - + +h n\5 /) Wn—-1\3 +
walt) = o= ) b () e () g + g

1
+ / G(t,8)F** (s, wp, wp—_1)ds.
0

(1.14)

In view of the fact that [0, 1] is compact and the monotone convergence is pointwise,
it follows that the convergence of the sequence is uniform. If 2(t) is the limit point of
the sequence, then passing onto the limit n — oo, (1.14) gives

—t p+q N 1 1 t q
z(t) =a + + h*(x(=),z(= +

]

/GtsF**sx() x(s))ds

ptq 1 t q
= a5+ ) o)) 1

+ /0 G(t,s)f(s,z(s))ds.

Thus «(t) is the solution of (1.1)-(1.2).

Now, we show that the convergence of the sequence of iterates is of order k(k > 2).
For that, we set ey (t) = x(t) — wn(t), an(t) = wpt1(t) — wp(t), t € [0,1] and note
that e, (t) > 0, an( ) >0, en(t) — an(t) = ent1(t). Also e, (t) > an(t) and hence by
induction e (t) > aF(t). Further

pen(0) — ¢4 (0) = 0, pea(1) + e (1) = g(e(5)) — A*(un(3), wn 1 (5)):

Using the generalized mean value theorem, we have
€n1(t) =a" —wp
= U0 e ftwa) el B p(t, ) el

R e e e

7!

z%ﬁiaww<l ) 28 p(r€) Ll 4 2 g1, en
k—1 k

(Z 6811 (t wn) Z ej l - J)enJrl + (amkf(t 5) + amk(b(t 5))

i=1

Y

v
Q

O pt, &) Len)
(1.15)
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where M is a bound on %%F(t,{) for t € [0, 1]. Thus, in view of (1.15), we have

eni1(t) = (g(x(%)) - h*(wnﬂ(%),wn(%)))[pfw e f%q
1 . 1 1 t q
< (g($(§)) —h (wn+l(§)7wn(§)))[p+ 2q + p2 + 2pg

|+ / G(t, 5)elLy, (t)ds
1

1
+ el [ 16 5)lds
0

k-1 (L w,, (1)) k (L) — wy (L))F
:[dezg(wn(2))( (2) - (2)) +dikg(€(§)>( (2) = (2))
1=0 ’
= di 1 (wn+1(%)_wn(%))l t q
- T gotun(z) . e+ ]
+ Myllen]
k—1 i1 1 k
(i) —ah(d) a1 (e
gt 2 e
q
]+ Ml
k=1 o k—1
=12 gn(g)) S eh(Gai I (e (3)
i=1 =0
k e (L))
Loty
k—1 i—1
<Y o o G Maena () + Madaleal + Ml
i=0 j=0

(1.16)

Where M; provides a bound for M f01|G s)|ds, Ms provides a bound for
dzk 9(5( ))kl? and M3 = p+2q + W Letting

k—1 i—1

M 1
Pn(t)zz T (5)al(5),
— )14 n n
i=0 (F —a)=til 7=0
we find that
lim P,( 1 eI 1 M 1
Jim P, —nLH;oZ _WWZ al(3) =M <3

Therefore, we can choose A < % and ng € N such that for n > ng, we have P,,(t) < A
and consequently (1.16) becomes

lemsall < Allensall + Maflen (1.17)
Solving (1.17) algebraically yields

lensll < 1=
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where My = My + MaoMs, A1 = AM5 and |le,|| = max{|e,(t)| : t € [0,1]} is the
usual uniform norm. This completes the proof.

EXAMPLE. As an example, we can take f(¢,2) = e® and g(x) = 2P (for instance,
p=k) in (1.1)-(1.2) which clearly satisfy the hypotheses of the main result.
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