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BIFURCATION OF NONLINEAR EQUATIONS: I.
STEADY STATE BIFURCATION*
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Abstract. We prove in this article some general steady state bifurcation theorem for a class
of nonlinear eigenvalue problems, in the case where algebraic multiplicity of the eigenvalues of the
linearized problem is even. These theorems provide an addition to the classical Krasnoselskii and
Rabinowitz bifurcation theorems, which require the algebraic multiplicity of the eigenvalues is odd.
For this purpose, we prove a spectral theorem for completely continuous fields, which can be consid-
ered as a generalized version of the classical Jordan matrix theorem and the Fredholm theorem for
compact operators. An application to a system of second order elliptic equations is given as well.

Key words. steady state bifurcation from eigenvalues with even multiplicity, transcritical
bifurcation, sadle-node bifurcation, spectral theorem

AMS subject classifications. 47J, 58E, 37L

1. Introduction. One of important topological tools for studying bifurcation of
nonlinear partial differential equations is the classical Krasnoselskii and Rabinowitz
bifurcation theorems; see among others L. Nirenberg [3]. The key assumption in
these theorems is the oddness of the algebraic multiplicity of the eigenvalue of the
linearized problem. To handle problems without the oddness assumption of the al-
gebraic multiplicity of the eigenvalue, Krasnoselski studied bifurcations for potential
operator equations [2]. Unfortunately, in many application problems, the eigenvalue
of the linearized problem has even multiplicity, and the theorems are, in general, not
applicable.

This article, which is Part I of a series of two articles, studies steady state bifurca-
tion of nonlinear equations, and Part II is on dynamic bifurcations of time-dependent
equations. The main objective of these articles is to establish corresponding theorems
for the case where the eigenvalue has even multiplicity. Our main theorems include a
general bifurcation theorem, Theorem 3.1, its global version, Theorem 3.2, and their
special cases with more detailed count on the bifurcation branches, Theorems 4.2 and
5.1.

These theorems are proved by calculating the topological degree of the equation,
and the bifurcation is obtained when the degree changes as the parameter crosses
a critical value. In the classical Rabinowitz and Krasnoselskii theorems, when the
eigenvalue of the linear problem has odd multiplicity at the critical parameter, the
degree, which are either +1 or —1, changes sign as the parameter crosses the critical
value, leading to bifurcation. This is essentially a linear theory as the degree is
calculated, using the homotopy property of the degree, by calculating the degree of
the linearized operator.

When the eigenvalue has even multiplicity, there is no change of the degree for
the parameter on the two side of the critical value. The key idea in this article is
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based on the observation that for a class of nonlinearities, called k-th (k > 2) order
nondegenerate singularities, the degree at the critical parameter is even, creating the
discrepancy of the degree, and leading to bifurcation. To carry out this idea, we need
to introduce a spectral theorem, Theorem 2.3, which can be considered as a unified
version of the Jordan theorem for matrices and the Fredholm theorem for compact
operators.

The main results obtained can be easily applied to bifurcation problems in partial
differential equtions from science and engineering. To demonstrate the applications,
we present an example of a system of two second order elliptic equations. Bifurcation
is obtained at the first eigenvalue, which has multiplicity 2.

This article is organized as follows. In Section 2, we introduce a spectral theorem,
which is useful for the bifurcation study in the rest part of the article, together with
genericity and density theorems for the spectrum of linear completely continuous
fields, which may be useful in other contexts. Section 3 states and proves our general
bifurcation theorem, and its global version. Two special cases are studied in Sections 4
and 5, and an example of applications is given in Section 6.

2. Linear Completely Continuous Fields. In this section, we shall address
some properties on the spectrum of linear completely continuous fields, some of which
are useful for the bifurcation study addressed in this article.

2.1. Notations. Let H and H; be two Hilbert spaces, and H; — H be a dense
and compact inclusion. A linear mapping L = —A+B : H; — H is called a completely
continuous field if A : H; — H is a linear homeomorphism, and B : H; — H is a
linear compact operator.

A number A = a+1i8 € C is called an eigenvalue of a linear operator L : H — H
if there exist x,y € Hy with x # 0 such that

(2.1) Lz=Xz (z=2x+1iy),
and the space
Ex={x,yeHy | (L-N"2=0, z=x+iy, forsomen €N}

is called the eigenspace of L corresponding to A, and z,y € E) are called eigenvectors
of L.

DEFINITION 2.1. A linear mapping L* : Hy — H is called the conjugate operator
of L: Hy — H, if

< Lx,y >g=<=x,L*y >y, Vx,y € Hy.

A linear operator L : Hi — H is called symmetric if L = L*.

DEFINITION 2.2. A linear operator L : Hy — H has a complete eigenvalue
sequence {\;} C C if each eigen-space Ej, corresponding to Ay is finite dimensional,
and all eigenvectors of L constitute a basis of H.

It is clear that eigenvalues A(a) of L(a) = —A + al + B are given by

Aj(a) =Aj+a, acR,
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where I : Hy — H is the inclusion mapping, A; the eigenvalues of L = —A + B.
Hence, for the eigenvalue problem, without loss of generality we always assume that
L has a compact inverse given by

(2.2) L'=-1-AYid-BAY)': H-H.

Therefore, the eigenvalue problem of L = —A + B can be equivalently written as the
following form

(2.3) (L7 = Be)™r =0, Br=2A,", forsomem > 1.

Let H ® C be the complexified space of H given by

H®C={Zakuk | ukEH,ake(C},
k

with inner product
<U,v >p= (< ut,v1 >g + < ug,v2 >g) +i(< Ug, V1 >g — < ULV >H)-

2.2. A spectral theorem. We begin with finite dimensional linear operators.
Let M be an n x n matrix, and M* its conjugate matrix. Let 8; (j = 1,...,n) be
all eigenvalues of M (counting multiplicities). Vectors {; € R™ (1 < j < n) are called
eigenvectors of M if there exist 1 < k; < m; with m; being the multiplicity of j;,
such that

(2.4) (M —pj)k¢; =0,
when f; are real numbers, and

(2.5) {(M — B;)% (& + &) =0,
(M — 6j+1)kj (& —i&j41) =0,

when 3; = (3,,, are complex numbers, with ;11 being the complex conjugate of 3;.
Let & = (&1, -+ ,&jn)! be eigenvectors of M such that

(2.6) MP = PJ,

where J is the Jordan form of M, and

i1 &1 o &
§12 22 0 &2
(2.7) P=1 . ) .
gln 5271 e §nn
Then it is easy to see that
(2.8) MY PTH = (PTHN,

where J? is the transpose of J, which is also the Jordan form of conjugate matrix
(transpose) M* = M*. Hence if we set

(P_l)t = (517 e 75")7
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then &, - --

(2.9)

and

(2.10)
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, & are eigenvectors of M™,

&
Pl=1|:1,
&
t t t
I=rP'p=1|: (51 . gn) _ 52'51 52'52 §2§n

n Ge fg oo de,

We note that equations (2.6) and (2.8) are equivalent to the classical Fredholm
alternative theorem. Therefore, from (2.10) we get a theorem as follows, which is
considered as a unified version of the Fredholm alternative theorem and the Jordan
theorem.

THEOREM 2.3. Let L = —A+ B : Hi — H be a linear completely continuous
field. Then the following assertions hold true.

(1)

(2.11)

(2)

(2.12)

3)

(4)

(2.13)

If {\r | K > 1} C C are eigenvalues of L, then we can take the eigenvectors
of {¢r} C H1 of L and eigenvectors {¢}} C Hi of the conjugate operator L*
such that

< @i, ®; >u=0ij, 0ij the Kronecker symbol.
H can be decomposed into the following direct sum
H=F ¢ E,,

E; = the closure of span{¢y | k > 1} in H,
Ey={veH| <v,¢; >g=0,Vk > 1}.

Ey and E; are invariant spaces of L™, and

||L7”v||11q/" —0 as n— oo, Yv € Es.
Let 31, -+ ,Bk € C be eigenvalues of L™ (counting multiplicities) in the
order of |61] > |B2| > -+ > |Bkl, ¥f, - ,¢5 € H® C be the corresponding

eigenvectors of (L™1)* = (L*)7!, and let E; = span {47, ,¢5} (Ef =0
as k=0). If

Pk+1 =  Sup lim | < L™ "u,u >4 [Y™ >0,
weH®T "
lull=1,ulEg

then there is an eigenvalue By+1 € C of L= with |Brt1| = pra1, and |Brr1| <

|Bk|-
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REMARK 2.4. By (2.11) and (2.12), for any v € H, we have the generalized
Fourier expansion

(2.14) u:Zukqﬁk—l—v, ve By, up=<u,¢; > .
k
In particular, if the operator L = —A + B : Hy — H has a complete eigenvalue

sequence A, C C with eigenvector sequence {¢r} C Hi, then we have the following
complete Fourier expansion

o0
u = Zuk¢k’ up =< u, ¢y, >H .
k=1
REMARK 2.5. Let X be a Banach space, X* its dual space, and B : X — X a
compact linear operator with its conjugate operator B* : X* — X*. Then the above
spectral theorem holds true as well for the eigenvalue problem Bx = Ax. Assertions
(1) and (2) in Theorem 2.3 can be considered as a generalized version of the classical
Fredholm Alternative theorem and Jordan theorem.

Proof of Theorem 2.3. We proceed in several steps as follows.

STEP 1. It is known that the space H can be decomposed into direct sums of
invariant spaces of L' as follows

H=FE &E, H=E'®oE],
(2.15) E; = the closure of span {¢y | k > 1} in H,
E; = the closure of span {¢}, | k> 1} in H.

By the spectral radius theorem, we have

L||¥™ =0 as n— oo, Yo € Fo,
o) {II I :

||L*_"v||;{n —0 as n— oo, Yv € E;.
Assertion (3) follows.

STEP 2. Let {&1, -+ ,&m} C Hi ® C be the eigenvectors of L corresponding to
an eigenvalue A € C, and {n{,--- ,n},} be the eigenvectors of L* corresponding to an
eigenvalue p € C. Set

&G =&+, nj=nj+inn 1<1<m, 1<j<M.

We shall prove that if A # p,

(2.17) <&y >p=0, Vh,r=1,2, 1 <1 <m, 1 <j <M,
(2.18) <0, ¢ >p=0, <v*,¢p >p=0,Yk > 1, v € Ea, v* € EJ,
(219) < &k,fﬁ >H= 5lj . 5kr-

For simplicity, we consider only the case where m = M = 2, and the geometric
multiplicities of A and p are one; while the general case can be proved in the same
fashion. Then we have

(2.20) L7 =21, L' =X1%+e, ccR,
(2.21) L'y =p~'ns, L 'ni=p"'ni+m;, veER



160 T. MA AND S. WANG

As X # p, it follows from (2.20) and (2.21) that

<&My > =< &1 +iki2, My — i >H
:)\<L71€15 77; >ﬁ
=A<&, I 'ns >4

= Aﬁ_l < 517775 >f{

<&, =X Tt <&, M >y

which imply that

< 51]@, W;r >H= 0, k,’l” = 1,2

Similarly, we can induce from (2.20) and (2.21) that

<&,m; >p=0, <& " >=0, 1<4,5<2.

Thus, we have proved (2.17), and (2.18) can be obtained in the same fashion from
(2.3) and (2.16).

STEP 3. Now, we shall prove (2.19) when A = p = complex number; while the
case where A = p = real number can be proved in the same fashion. Let A = a + 0,
ny =& = &5, +i&,. From (2.20) and (2.21) with v = €, we get

(2.22) Le=¢J,

(2.23) Lrer =g,

Here £ is an infinite matrix induced by L~! under a canonical orthogonal basis {h}
of H,
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ailr a2
L= |an ax - )
ailr a1
* t
L :(aij) =|apx ax -],

S
5: 511 512 521 522
1% 1% 1% 1%

11 12 21 22
2% 2% 2% 2%

& = 11 12 21 22 |,
a —3 € 0
B a0 e
J = 0 0 o —-43)°
0 0 (O «
a B 0 0
« _1_ |8 a 0 0
J=J = e 0 a ()’
0 € -0 «

where
aij =< L™ hj, h; >,
I =< &, hj >m,
b =< & hj >n.
It is clear that (2.19) is equivalent to

(2.24) ele—T,

where [ is the 4 x 4 identity matrix.
It is known that for each pair of indices (k,r) there exist ¢}. € H and (pr € H
which are unique as the functionals on H, such that

< C;r7§k7” >H: 15
<§ZT,’U >p=0, Yve€ Fs,

and

< Ckrugzr >g= 17
(226) < Ckr; Qb; >H= 07 V(b; # é.Zra
< &pry, 0" >p=0 Wo* € Ej.
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Therefore, the matrices

*1 *2
11 11
! IR SCRNEERN Ry A
=@ E T G <G by
*x1 *2
22 22
i
1 C%? Cf? J
C = <211 <221 e Ckr =< CkTu hj >H,
1 2
<22 <22

are the left inverses of £ and £* respectively. Hence, it follows from (2.22) and (2.23)
that
(2.27) ¢ LE =,
(2.28) CLrer =Jr.
The transpose of (2.28) implies that
(2.29) (9Lt = .

Since ¢* and ¢ satisfy (2.25) and (2.26) respectively, by

=€t (=¢,

which yield (2.24). Thus, Assertions (1) and (2) are derived from (2.15) and
(2.17)—(2.19).

STEP 4. PROOF OF ASSERTION (4). It is clear that the numbers defined by
(2.13) satisfy 0 < p < ||[L™1||. By the spectral radius theorem, if p > 0 then L~! must
have at least an eigenvalue 3 € C. Let 3; € C (j > 1) be the eigenvalues of L™! in
the order

(2.30) 161 = 82| = -+ = 18] = |Bjal = -+

and {¢;} C H ® C be the eigenvectors of L~! (counting multiplicities), then by
Assertions 1)-3), for any v € H ® C with u L Ef (k > 0), u can be expressed as

u= Z ujth; +v, uj =<u,; >z€C,
j=k+1

lim ||L~"0||™ = 0.

n—oo
For simplicity, we assume that the eigenvalues (3; are simple, and other case can
be proved in the same fashion. Then we have

|<L_"u,u>ﬁ|=|< Z ﬁ;lUjl/Jj-i-L_n’U, Z ’ﬁi’lzi-i-’17>H|

(2 31) j>k+1 i>k+1
= | Z ajﬁf-i- <L ™ "w,u>pg |7
i>k+1
where

a; = Z Uj; < ’t/Jj,’t/;i >pHu; < Yp,0 >p .
i>k+1
Then by (2.30) and (2.31), we obtain that |Bx+1| = pr+1-
The proof of the theorem is complete. O
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2.3. Density of complete spectrum. The spectral completion is a very in-
teresting and difficult problem. It is known that if a completely continuous field
L : Hi — H is symmetric sectorial operator, then L has a complete eigenvalue se-
quence. But, for general sectorial operators, we don’t know if the spectral completion
theorem holds true. For this purpose, we prove in this section a density theorem of
complete spectrum.

To proceed, we first recall that A : Hy — H is a sectorial operator if the sector

Sus={AeClo<lagr—a)<m 0<o <}
for some a € R is in the resolvent set of A, and

(A= A0~ <

M
|)\—CL|7 V)\ESa)d,,

for some M > 1. Then we can define fractional Hilbert spaces H, = D(A%) with
induced norm denoted by ||ul||o. We know that Hy = H,H, = H; as « = 1, and
H, — Hpg is a compact inclusion for all o > S.
Now consider a linear completely continuous field L = —A + B : H; — H such
that
A: Hy — H is sectorial,
(2.32) A has a complete eigenvalue sequence {\x},

ReA, >0, VE>1,
and the linear operator B : Hy — H satisfies
(2.33) B: H, — H is bounded for some v < 1.

By (2.32) and (2.33), we know that the operator L = —A+ B : H; — H is also a
sectorial operator, and if L has no eigenvalues with nonnegative real parts, then we can
define a fractional power operator L (a € R) with domain D(L*) = D(A®) = H,,
and the norm of H, is equivalent to ||L%ul|o for u € H,.

Let

S(Hy,H) ={—A+ B: Hy — H satisfies (2.32) and (2.33)},
Sa(Hy,H)={L=—A+BeS(Hy,H) | A: H — H is fixed}.

Then we have the following density theorem for complete spectrum.

THEOREM 2.6. There exists a dense set D C S(Hy,H) (resp. D C Sa(Hy,H))
such that each operator L € D has a complete eigenvalue sequence.

REMARK 2.7. In fact, it is reasonable to conjecture that each L € S(Hy, H)
satisfying (2.32) and (2.33) has a complete eigenvalue sequence.

Proof of Theorem 2.6. Let L = —A+ B € S(H1,H), and {¢r} C H; be eigen-
vectors of A. By (2.14), for any u € H, uw = >~ u;¢;. Let P, : H — H be the
canonical projection defined by

i=1
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As P,B : Hy — H is finite rank, the operator L, = —A + P,B has a complete
eigenvalue sequence for any n € N. In addition, B : H; — H is compact, we have

Jim ||B = PuBlls i) = 0.
Thus we obtain

lim ||L — Lul|s(a,,m) = ||1B — PuBl|s, 1) = 0.

n—oo

Therefore, the proof of the theorem is complete. O

2.4. Genericity of simple eigenvalues. An eigenvalue A € Cof L : Hy — H
is called simple if the eigenspace F of L has dimension

. 1 as A= real,
dim F) =
2 as A = complex.

Let the eigenvalues {Ax} of a linear operator L € S(Hy,H) be given in the
following order

Al < o] < ] < Mgl < -
The following is the genericity theorem for simple eigenvalues.

THEOREM 2.8. For any integer m > 1, there is an open and dense set O C
S(H1,H) (resp. O C Sa(Hy,H)), such that each L € O has at least m eigenvalues,
and the first eigenvalues {\; | j =1,---,m} are simple.

Proof. By the classical theory of linear operators, each isolated eigenvalue depends
continuously on the operators; see [1]. Therefore, by Theorem 2.6, we obtain that
the set O of all linear operators having at least m eigenvalues is open and dense in
S(Hy,H) (resp. in Sa(Hy, H)).

Let O C O be the set of all linear operators whose first m eigenvalues are simple.
Obviously, O is an open set. We shall prove that for any L = —A + B € O, there is
a sequence L, = —A + B,, € O, which converges to L in S(Hy, H).

Let {¢r} be the eigenvalues of L. Without loss of generality, we assume that the
first eigenvalues of L have multiplicity two, i.e. A\ = A2, and

(2.34) Loy = Moy, Loo = M2 + 1.

By (2.14), for any u € H, u =Y, up¢p + v, v € Es. We define a linear operator
T,: H — H by

1
Tnu = —uqul.
n

Them we infer from (2.34) that the first two eigenvalues A; and A; + £ of the operator
L, =—A+ B+T1T, are simple, i.e.

L (p2 —né1) = Ai(d2 — nogr),

Lngr = (M1 + %)051-

Obviously, B + T,, satisfies (2.33), and L, — L in S(Hy,H) as n — oo. We can
prove in the same fashion that for each n € N there exists an B,, : H; — H such that
(2.33) holds true, B, — B in S(Hy,H) as n — oo, and the first m eigenvalues of
L, =—A+ B, are simple.

The proof is complete. O
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3. Steady State Bifurcation from Higher-Order Non-degenerate Sin-
gularities. As mentioned in the Introduction, the Krasnoselskii bifurcation theorem
asserts that steady state bifurcation occurs at an eigenvalue with odd multiplicity,
and there is no general result for bifurcations at an eigenvalue with even multiplicity.
In this section, we shall give some bifurcation theorems at such eigenvalues with even
multiplicities.

3.1. Main theorems. Consider a parameter family of nonlinear operator equa-
tions

(3.1) Lyu+ G(u,\) =0,

where u € H is the unknown function, A € R the parameter, for each \, L) : H; — H
is a completely continuous field, and G(-,\) : H; — H is a C" (r > 1) mapping,
depending continuously on the parameter A € R. We always assume that G has the
following Taylor expansion near u = 0:

(3.2) G(u, ) = Gr(u, A) + of||ull}),

for some integer k > 2, where Gy : Hy X --- X Hy — H is a k—multilinear mapping
given by

(3.3) Gi(u, A) = Gi(u, -+ ,u, A).

Let the eigenvalues (counting multiplicity) of L) be real and be given by
{B1(N), B2(A), - - - } with Bx(A) € R such that

<0, A < Ao,
(3.4) BN =0, X=X, VI<i<m,
>0, A > Ao,
(35) 6J()\0> <0, Vvm+1<j.
Let {e1,---,er} and {e},---,ef} C H; be the eigenvectors of Ly and L} at
A = A respectively:
(3.6) Ly,e; =0, %€ =0, 1<j<r

Here r < m is the geometric multiplicity of the eigenvalue 81 (\o).
We let

a;l"'jk =< Gi(ej, - vejkv/\)v e; >H -
DEFINITION 3.1. Assume (3.2)-(3.5). The steady state solution u =0 of (3.1) is
called k-th order nondegenerate at A = Ao, if x = (x1,22, -+ ,2,) = 0 is an isolated
singular point of the following system of r-dimensional algebraic equations

T

(3.7) Z at oxj ewy =0, 1<i<r and A= X.

J1Jk
JissJk=1

The following two theorems prove bifurcation from higher-order nondegenerate
singular points.
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THEOREM 3.2. Let the operator Ly + G : Hy — H satisfy (3.2)-(3.5). If there is
an even number k > 2 such that u = 0 is a k-th order nondegenerate singular point of
(8.1) at X = Xg, then (u,\) = (0, \g) must be a bifurcation point of (3.1), and there
is at least one bifurcated branch on each side of A = Ag.

In this theorem, the condition that k is even is needed. For example, the following

system
T — xg =0,
To + x? =0,
which corresponds to the case where m = 2, r = 2, and k = 3 odd, has no bifurcation.
This theorem establishes the existence of transcritical bifurcation, and the follow-
ing is its global version, in the same spirit of the Rabinowitz global theorem. Let
Yt ={(u,\) € Hi xR | Lyu+ G(u,\) = 0,u # 0,A > Ao},
57 ={(u,A\) € HH xR | Lyu+ G(u, A) =0,u # 0, A < Ao}

THEOREM 3.3. Let L : Hy — H satisfy (2.32) and (2.33) G(-,\) : Hi — H be
compact, and assume the conditions of Theorem 3.2 hold true. Let ¥ C St (resp.
¥ C X7 ) be the connected component of 3% (resp. X7 ) containing (0, \g). Then one
of the following assertions hold true.

(1) X is unbounded;

(2) X contains points (0, \1) with A1 > Ao (resp. M < Xo) such that there are

some eigenvalues B;(A) of Ly at A= A1, i.e. Bj(A1) =0;

(3) there exists a point (vo, n) € Hy X R with u > Ao (resp. p < Ao) such that

0, A>p (resp. A< p),
YN H; X{)\}: (U07M)7 )‘:M7
Li(A) +T2(A), X< A<p (resp. o> A>p),
where T'1 (o) = (0, Xo), (0,X0) & T2(Xo), T1(A) # 0, and
Ta(X) # 0.

3.2. Proof of Theorem 3.2. We proceed with the Lyapunov-Schmidt method,
together with the Brouwer degree theory.

STEP 1. Consider (3.1). Let {wi(N), -, wn,(N)} < Hp and
{wi(A), -+ ,wk (N} C Hy be the eigenvectors of Ly and L} respectively, correspond-
ing to eigenvelues given by (3.4), i.e.

(Lx = Bi(A) " wi(A) =0, (L3 = Bi(A) ™ w; (X)) = 0,

for some n;,m; > 1 (1 <i<m).
By Theorem 2.3, near A = )¢, the spaces H; and H can be decomposed into the
following direct sums

H,=E}®Ey, dimE} < oo,

H=E}& By,

E} = span{wi(\), -, wm(N)},

Ey={ucH | <u,wi(\) >=0,i=1,---,m},

Eé\ = closure of Ey in H,



STEADY STATE BIFURCATION 167

and Ly can be decomposed into Ly = £7 & £3 such that for any A near Ao,
Ei\ :L)\|Ei\ 1E1>\ —>Ef\,
Thus, near Ao, (3.1) can be equivalently written as
(3.8) L3v1 + PyG(v1 + v2,\) = 0,
EQ’UQ + PzG(’Ul + va, )\) =0,

where P, : H — Ef‘ and P, : H — EQA are the canonical projections, u = vy + vo,
v1 € B, and vy € E3.

By (3.5), the mapping £3 : E3 — E2 is a linear homeomorphism near \g. By

the implicit function theorem, there exists a solution ve = f(v1,A) for (3.9). Then
the bifurcation equation (3.1) is reduced to the following equation

(3.10) LYv+ PG+ f(v,\),\) =0, wveE}.
It follows from (3.2) and (3.9) that
(3.11) fw,A)=o(vl)),  VAER.

Therefore, by (3.2) and (3.11), the nonlinear operator gy = PiG : Ef — E{ can be
expressed as

(3.12) gy = PIG(v+ f(v,A),A) = PLG1(v, \) + (v, A),
where
g(v,A) = o([[v]|").

Since the eigenvalues of £7 are given by 3;(\) (1 < i < m) satisfying (3.4), we
have the following index formula

(3.13) ind(£) + gx,0) = { ijm ’ i i iz
To complete the proof of the theorem, it suffices to show that

(3.14) ind(£3}° + gx,,0) = even.

We proceed in three steps to prove (3.14).

STEP 2. We first consider the case where Ei\o = 0, i.e. 7 = m, the geometric
multiplicity equals to the algebraic multiplicity at Ag.

By assumptions, PGy : Ef“ — Ef“’ is a nondegenerate k-th order multilinear
mapping. There exists a number 3 > 0 such that

(3.15) | PLGy (aw, Xo)|| > Blaf®, Vv e EY, ||| = 1.
It follows from (3.12) and (3.15) that for any R > 0 sufficiently small,

PiG1 (v, Xo) +tG(v, Xo) #0,Yv € E?°, ||| =R, 0<t<1.
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By the homotopy invariance property of the Brouwer degree, we have

(3.16) ind(£° 4 gx,,0) = deg(£L° + ga,, Br,0)
= deg(PlGl('u A0)7 BR7 0)7

where Br = {v € E}° | ||lv| < R}.

When k is even in (3.3), the degree in (3.16) must be even. In fact, by the Sard
theorem, there exists a w € E}° with |Jw| # 0 sufficiently small such that w is a
regular value of PyG;. Thus, the equation

PiGi(v,N) = w
has either no solution, or even number of solutions
+vy,--- ,tv, € Bg.
Notice that the Jacobian of PG is odd, i.e.
JP,Gi(—v,\) = —JP,G1(v,)\), Vv € E.
Then we have
(3.17) deg(P1G1(+, Ao), Br,0)

= Zsign detJP1G1(£vj, Ao)
j=1
0, as m = odd,
2 Z sign detJP1G1(v;, Ao), asm = even.
j=1
Hence, (3.14) follows from (3.16) and (3.17).

STEP 3. THE CASE WHERE m = 3,7 = 2 AND k = 2. To present the main idea
of the proof, we proceed with the special case where the algebraic multiplicity m = 3
and the geometric multiplicity » = 2 at A = .
Let
E}* = span{wi, wz, w3},
Ei‘“wl = 0,
Ei\o’wg = 0,
Ei‘o w3 = Wa.
By (2.22) and (2.23) in the proof of Theorem 2.3, we see that the dual eigenvectors
of {wy, we, w3} satisfying < w;, w} >= §;; are given by
E;’\Owi‘ =0,
EIAf’w; = wj,
*k

L ws = 0.
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Therefore, we have the following

(3.18) e1 =wy, ey=wy, €]=wj, e5=uwj.
Under the basis {w;, ws, ws}, we have
0 0 O T 3 T
(3.19) Lv=10 0 1] [z2|, v=> mwi= ],
0 0 O T3 i=1 T3
and, by k = 2,
3
Z bijrit
i,j=1
3
(320) PGy (’U) = Z bfjxixj R big =< Gy (wi,wj),wl* >H .
ij=1
5
Z b?in{Ej
ij=1
Let T : E;° — E7° be a linear homeomorphism defined by
1 0 O X
To=(0 0 1] 2],
01 0 T3
0
Tﬁi‘ov =x3ws= | 0
T3
Then we derive from (3.19), (3.20) and (3.12) that
(3.21) T(L£3° + ga)(v) = T(L}° + PG1)(v) + Tg(v, M),
3
Z b%in{Ej
ij=1
3
(3.22) T(LY + PG)w) = | D blm; |,
i,j=1
i
T3 —|— Z b?jinj
i,j=1
3
(3.23) Tg(v, o) = O(Z z?).
i=1

By assumption, vg = x1e1 + x2e2 = 0 is an isolated singular point of the following
equations

2
Z aéjxixj =0, l1=1,2,

3,J=1
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where

1

1 *
aij :< Gl(ei,ej),el >H: sz,

a?j =< Gi(ei,ej),e5 >p= bf’j.
Thus we infer from (3.22) and (3.23) that for any 0 <t <1, v = E?:l z;w; = 0is an
isolated zero point of the equation

2 2
Z a%j:vixj + tas Z(b% + by, + thisra

ij=1 i=1

2 2
(3.24) Z afjxixj +tzs Z(b?g +b3;)xi + thisxs | +tTg(v, Ao) = 0.

i,j=1 i=1

3
T3+t Z bfjxixj

i,j=1

Based on the homotopy invariance property of the Brouwer degree theory, it
follows from (3.21)-(3.24) that

(3.25) deg(T(L1° + gx,), Br,0) = deg(K, Bg,0),
where R > 0 is sufficiently small, and

2
Loy
;T T;

i,j=1

2
E 2
i,5=1
T3

K(v) =

According to the multiplication theorem and the dimension reduction theorem of the
Brouwer degree theory, it follows from (3.21)-(3.24) that

(3.26) deg(T(L}° + gx,), Br,0) = ind(T,0) - deg(L}° + gx,, Br,0)
= (—1)deg(£i‘° + 9x, Br, 0)7

and

(3.27) deg(K, Bg,0) = deg(K, Br N E,0),

where F = span{ey, ea}, and

2
Lo
a;; T T;

K(v) = bt ) vo = T1€1 + T262 = (T1,72)".

2
E 2

,j=1

By assumption, vg = 0 is an isolated singular point of K. Hence we can prove in the
same fashion as in Step 2 that

(3.28) deg(K, Br N E,0) = even.
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Finally, the index formula (3.24) follows from (3.25)-(3.28).

STEP 4. THE GENERAL CASE. Let the operator £1° : E}° — E;° have the
following Jordan form

en)
o
o
o O
O =

o O
Oo...
o O
O =

The space E{\O can be decomposed into
E?OZEEB‘/? E:Spa'n{ela"'ueT}a

and V C Ef“ is the complement of F.
It is known that there exists a linear homeomorphism 7' : E}° — E}° such that

(3.29) TLY|p =0,  TLY®|y = I,_, the identify matrix,
(330) PTP1G1|E E— E,
(331) < Gl(ejl,--- ,ejk,)\o),t?;F >g

=< PTPlGl(Ejl,"' ,(fjk,)\o),w;-F >H,

for 1 < i < r, where P : E;° — E is the projection, {w?},---,w*} are the dual
eigenvectors of {ey, -+ ,e.}, i.e.

< ei,w; >H= 5”
As in the proof of (3.25)-(3.28), we infer from (3.29)-(3.31) that

(832)  deg(Ll” + gay, Br,0) = (~1)""deg(T(£1" + ga,), B, 0)
(=1)™""deg(TL}° + TP,Gy, Br,0)
(—1)™""deg(PTPiG1, Br N E,0).

As for (3.17), we can show that
(3.33) deg(PTP,G1,Br N E,0) = even,

and (3.14) follows.
The proof of the theorem is complete.

3.3. Proof of Theorem 3.3. It is easy to see that the Leray-Schauder degree
theory is valid for the completely continuous fields Ly + G : H; — H, provided that L
satisfies (2.32) and (2.33). We know that the eigenvalues 3, () of L with Reg;(\) > 0
are finite, and if Ly : H; — H is invertible, then

(3.34) ind(—(Ly + G),0) = deg(—(Lx + G), B,.,0) = (—1),

where n is the sum of all algebraic multiplicities of the real eigenvalues §;(A) > 0 of
Ly, B, ={u € Hy | ||u|lg, <7}, and r > 0 sufficiently small.
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By similar properties for the Leray-Schauder degree theory as those for the
Brouwer degree used in the proof of Theorem 3.2, we can show that under the condi-
tions of Theorem 3.3, the topological degree of Ly + G at A = \g is an even number,
ie.

(3.35) deg(—(Lx + G), B;,0) = (—1)"deg(T P1G1, B, N E,0)

= even,

where E, TP;G; are the same as in (3.33), and n > 0 is defined as in (3.34).
Then the rest of the proof of the theorem is routine using (3.34) and (3.35). The
proof is complete.

REMARK 3.4. In fact, in the proof of Theorem 3.2 and 3.3, we have shown the
following result for the Leray-Schauder degree.

Let Ly + G : Hy — H be a completely continuous field, and L) satisfy (2.32) and
(2.33). If there are {wn,--- ,wm} C Hy such that

Lzéwizo, 1<:<m, n;>1,

and u = 0 is a k-th order nondegenerate singular point of Ly, + G(-, Ag) for some
k > 2, then

deg(—(Lx, + G(-,\0)), By, 0) = (—1)"deg(£* + ¢, B, N E,0),

where n is the sum of all algebraic multiplicities of the real eigenvalues 3;(Ao) > 0
of Ly,, E = span{wy, - ,wn}, L = —Ly,|p: E — E, g= —PG|g : E — E, and
P : H — FE the canonical projection.

4. Bifurcation at geometric simple eigenvalues: r = 1. In this section, we
address the case where the geometric multiplicity of the eigenvalue is one, i.e. r =1
in (3.6).

DEFINITION 4.1. Let T'(\) C Hy be a branch bifurcated from (ug, Ag) of (3.1).
T(N) is called regular if for any |\ — o] > 0 sufficiently small each singular point
vy € T'(A) of (3.1) is nondegenerate.

The main result in this section is as follows.

THEOREM 4.2. Assume the conditions (3.2)- (3.5) and r = 1 in (3.6). If the
number

(4.1) a =< Gl(el, /\()),631F >H7é 0,

where Gy is given by (3.3), then the following assertions hold true.

(1) For the case where k is even in (3.3), there exists a unique bifurcated branch
of (3.1) on each side of Xg.

(2) For the case where k is odd and m is even, if a < 0, then (3.1) has no
bifurcation from (0,Xo), and if « > 0, then there are exactly two branches
bifurcated from (0, Ao) on each side of Ag.

(3) For the case where k is odd and m is odd, (3.1) has no bifurcated branch on
A < Ao (resp. on A > Ag) and has ezxactly two branches on A > Ao (resp. on
A< Xo)ifa<0 (resp. a>0).

(4) Each branch T'(X\) bifurcated from (0, o) for (3.1) is reqular, and the singular
points uy € I'(X\) can be expressed as
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(4.2) ux = £a (A BNV Ve
+o(la” 151( ) BNV,
Proof. Let {wy,---,wn} and {w},--- ,wk} C Hy satisfy
Lywy =0, Lyws=wi,: ,LxWn =Wn_1,
(43) i\o 1 A: 2* ' * o * 1*
Ly wy, =0, L wy,_1=wy, ,Lyw] =w;.

From the proof of Theorem 2.3, we see that
(44) < wy, w; >Hg= 5”

Applying the Lyapunov-Schmidt method as in the proof of Theorem 3.2, the bifurca-
tion of (3.1) is equivalent to the following equation

B(A) 1 0 -~ 0

0 BN 1 -« 0 e
(4.5) : : : :

0 0 0 - Bun) VT

+ PIG(v+ f(v,A),\) =0,

where v = 31" z;w;(N), and f(v, \) is given by (3.11).
We see from (4.3) that e; = wi(Ag), and e} = w}, (Ao). By (3.1), (3.2) and (4.4),
we infer from (4.5) that

zo = =1 (N)z1 + O(|z|"),

(46) Tm = _ﬁm—l()\)xm—l + O(|w|k)u

k—1 m
a(Na} = =fn(N)am + O Z o1 *70)
1=0 5=2

where a(Ag) = a. It follows from (4.6) that near

(4.7) aNzf ™t = (=1)"B1(N) - B () + o(|B1(N) -+ B (V).

Thus, Assertions (1)-(3) and (4.2) follows from (3.4), (4.1) and (4.7).
Assertion (4) can be derived from the following determinant of the first order
approximation of the Jacobian of (4.5):

Pr(A) L0 .- 0

0 Ba(A) 1 - 0

det . . . .
akx"f*l 0 0 - B (M)

B (1) ek
=P Bm +0o(|B1(A) - Bm(N)]) (by (4.7))
#0 for X # Ao (by (3.4)).

The proof of the theorem is complete. O
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5. Bifurcation with r = k = 2. Let r = 2 in (3.6), G; is bilinear (i.e. k = 2),
and

a1 =< Gi(ew, ey,

( >Ha
g2 =< Gl(e 62,/\
(

A)e

), e] >

a1z =< Gi(e1, e, A), e >H+<G1(€2,61,/\),€>{ >p,

b1 =< Gi(er,e1, A), ed >p,

bao =< G1(ea, eg,/\),e >y,
( A)e

bis =< Gy e1, e, >H + < G1(62,61,/\),€; >H .

We have the following bifurcation theorem.

THEOREM 5.1. Let the conditions (3.1)-(3.5) and r = 2 in (3.6) hold true. If
u = 0 is a second-order nondegenerate singular point of Ly + G at A = Ao, and the
two vectors (ai1,a12, azz) and (b11,bi2, baa) are linearly independent, then we have the
following assertions.
(1) There are at most three bifurcated branches of (3.1) bifurcated from (0, Ag)
on each side of A = \g.
(2) If the bifurcated branches on A > Ao (resp. on A < Ag) are regular, then the
number of branches on this side is either 1 or 3.
(3) On any given side, if the number of of branches is 3, then these 3 branches
must be regular.

Proof. We proceed in several steps as follows.

STEP 1. We only have to prove the case where m = r = 2. For the case where
m > r = 2, as in the proof of Theorem 4.2, the m—dimensional bifurcation equations
(3.10) can be treated as if it is two-dimensional equations, and the proof given below
for the case where m = r = 2 can then be applied as well.

As m=r=2in (3.4) and (3.6), the bifurcation equations (3.10) can be written
as follows

(5.1)

B1(N)T1 + a117] + a122132 + a0 + of|z|?) = 0,
Bo(N)T2 + b1125 + braa122 + bosa3 + o(|z]?) = 0,

where z = (z1,x2)%.

STEP 2. We now show that there is an € > 0 such that for any function
(f1(2), f2(z)) with |f1(2)| + | f2(z)| small near z = 0, the following equations

(5.2) a2} 4 a128173 + agh + f1(z) + of|z|*) =
bz} + biaz1za + baos + fo(z) + o(|zf*) =

have at most four solutions in |z| < e.

Since the second order terms in (5.2) and (5.3) are non-degenerate, at least one of
the coefficients a11, ass, b11, and bag is not zero. Without loss of generality, we assume
that ags # 0. Then we obtain from (5.2) that

a 1
(5.4) zf = 2+ (a2y — dar1a22)2? — 4asa f1(z) + o(|z|?),
20,22 20,22
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which, by the implicit function theorem, implies that

a12 1
5.5 Fo e+ - A
(5:5) 2 2az2 o 2a20

where

A= \/(aﬁ —danagg)a? + g(x1) + of|1?),
g(z1) = 0 as fi(z) — 0.

Inserting (5.5) into (5.3), we have
(5.6) axi + bazg(r1) + 4ady fa(x) + o(|2]*) = Fp214,
where

a = 4aga(agebii — ai1bae) + 2a12(a12b22 — a2bi2),
B = 2(a2bi2 — a12ba2).

We infer then from (5.5) and (5.6) that
(5.7) px + hy(w1)2? + ho(w1) + o(|z]*) = 0,
where

p=a’®—[%(a}; — 4arias),
hi(21), he(z1) — 0 as fi(z), fa(z) — 0.

It is easy to see that the condition p # 0 is equivalent to the following conditions

/A2
—a12 + a1o9 — 4@11@22

(58) b222:2t + blgzi + b11 }é O, Z4 = 5
a22

By the assumptions of this theorem, conditions in (5.8) are valid. Therefore, p # 0,
which implies that (5.7) has at most four real solutions satisfying that x; — 0 as

fl(x)v f2(‘r) — 0.

On the other hand, each solution of (5.7) corresponds to one of the signs + in
(5.5) and (5.6). Hence equations (5.2) and (5.3) have at most four real solutions near
2 = 0. Namely, Assertion (1) is proved.

STEP 3. PROOF OF ASSERTION (2). Let F) : R? — R? be defined by

Fi(z) = Br(N)z1 + an1ai + arpa1me + aznws + o(|z|?)
* Ba(N)z2 + 113 + bramize + byoa3 + o(|zf?) )

It is clear that the regularity of the bifurcated branches of (3.1) is equivalent to the
regularity of singular points of (5.1). Hence for the singular points z(\) near z = 0,
we have

(5.9) ind(Fy, z(\)) = £1,
for |A — Ag| # 0 sufficiently small. In addition, we know that

(5.10) ind(Fy,0) = signfi(A)B2(A) = 1,
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as A # Ao, and by (3.14), we have

(5.11) Z ind(Fh, zi(A\)) = even,

|zi|<e

for any € > 0 small. Hence Assertion (2) follows from (5.9)-(5.11) and Assertion (1).

STEP 4. PROOF OF ASSERTION (3). It suffices to show that the bifurcated
singular points of (5.1) are regular. Let z;(\) € R? (i = 1,2,3) be the bifurcated
singular points of (5.1).

Suppose that z1(\) is degenerate, i.e.

(5.12) detJFy(21(\)) = 0,

where JF stands for the Jacobian matrix of F).
By (5.12), under suitable coordinate system, the function Fy can be expressed
near z1(\) as

2 2 2
= axy2 + c11yi + cr2y1y2 + c22y5 + o(Jy[?)

5.13 F = )

(513) 2() ( a1y + dizyrys + daay + ol|yl?)

where y =  — z1(\). Hence the singular points of ﬁA(y) near y = 0 are given by
=0, yo=2m—2, Ys=23—21, Ys=—21.
Let 7 > 0 be sufficiently small such that

Y2, Y3 Ys & Bar = {y €R? | Jy| < 2r}.

We take a C™ cut-off function p, : R? — R as follows

) , as y € By,
priv) = 0, as y € R?/By,.

By assumption, the quadratic form in Fy(z) is nondegenerate. Hence the
quadratic form in Fy(y) is also nondegenerate. Now we consider the perturbation
equation

(5.14) Fa(y) + pr(y) (€191, e2y2)! = 0,

for €1, €2 small.

It is clear that y; (1 <14 < 4) are also solutions of (5.14). When a) = 0 in (5.13),
by Theorem 3.2, for €1, €2 small, equation (5.14) has at least five solutions near y = 0.
When a), # 0, we take €; = 0 and €3 = ¢, then equation (5.14) can be rewritten as

(5.15) NS —(myf + c12y1y2 + 622243) + 0(|y|2),
(5.16) Syr = —(diny? + dizyryz + da2y3) + o([yl?).

By the implicit function theorem, we obtain from (5.15) a function yo = f(y1). Then
(5.16) implies that

(5.17) Sy1 + dinyi + dioyr f (1) + daz (f(y1))* + o(|y1|*) = 0.
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By the second-order nondegeneracy of F)(z), there exist a # 0 and k > 2 such that
(5.17) becomes

(5.18) dy1 + ayy +o(lyi|*) = 0.

We infer then from (5.18) that equations (5.15) and (5.16) have two solutions in B,.:
(0,0) and (y1, f(¥1)), where

g1 = (=8/a)'’*" + o(|6/al),

and § is taken such that ¢ - @ < 0. Hence (5.14) has five solutions near y = 0.

On the other hand, by Step 2, we know that (5.14), which can be expressed
equivalently in the form of (5.2) and (5.1), has at most four solutions. This is a
contradiction. Therefore, Assertion (3) is proved.

The proof of Theorem 5.1 is complete. O

REMARK 5.2. The condition that (all,a12,a22) and (bll,b12,b22) are linearly
independent is necessary; otherwise Theorem 5.1 is not true.

6. An Application. Consider the following system of elliptic equations

(6.1) { — Auy = Mg + aus + g1 (u1, uz),

— Aug = Aug + ga(u1, uz),
supplemented with the Dirichlet boundary conditions
(6.2) u = (uy,uz)’ =0 on 9f.

Here the domain 2 C R™ (n < 3) is a smooth and bounded domain, a1, as are real
parameters, a > 0 a constant, and g1, g2 smooth functions given by

g1= aiuiul+ of|ul?),
itj=2

g2= Y biguiud +o(|ul?).
itj=2

Let A1 > 0 and hy be the first eigenvalue and eigenvector of the Laplacian operator
with the Dirichlet boundary conditions:

— Ahy = b,
hilaa = 0.

Let
H = L*(Q,R?), H; = H(,R?),
and let Ly = —A+ By = Hy — H, and G = Hy — H be defined by
— Au = (Auy, Auy)?,
(A a) (wm
B)\(u) - (0 /\) (u2> )

G(u) = (g1(u), g2(u))".
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We consider two cases as follows.

Case a = 0. In this case, we have 81(\) = B2(A) = XA — A1, and both the geometric
and algebraic multiplicities are 2. The corresponding eigenfunctions are given by

€1 = EI = (hl,O)t, €9 = 6; = (0, hl)t.

Let GGy be the 2nd order homogeneous term of G :

(6.3) Gi(u)=| Y ayuiud, D bijuiul

i+j=2 i+j=2
Then by Theorem 3.1, if z = (z1,22)" = 0 is an isolated singular point of

g
E a;jT1Ty = 0,

i+j=2

ot d
E bijaizy =0,

i+j=2

(6.4)

then the problem (6.1) and (6.2) bifurcates at least one nontrivial branch from the
trivial solution v = 0 on each side of A = A\;. We remark here that the eigenvalue
A = A1 has even multiplicity 2, and the classical Krasnoselskii bifurcation theorem
does not appear to be applicable.

Case a # 0 and a11 # 0. In this case, we have 81 = B2(A) = XA — A1, Ao = A1, and

€1 = (hlao)ta €2 = (07a71h1)t7
Ly e2 = eq,
61‘ = (Oahl)tv 6; = (ailhlvo)tv

* k%
L>\Oe1 =e5.

Hence we have the geometric multiplicity » = 1, and the algebraic multiplicity is still
2. The algebraic equations (3.7) become in this case

(6.5) ajz? = 0.

When ay; # 0, x = 0 is nondegenerate zero of (6.5). Namely, we obtain in this
case, the problem (6.1) and (6.2) bifurcates at least one nontrivial branch from the
trivial solution v = 0 on each side of A = A;. Again, as the eigenvalue A = A\; has
even algebraic multiplicity 2, the classical Krasnoselskii bifurcation theorem does not
appear to be applicable.
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