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Supplemental Material: The
s(g)-Metric and Assortativity

Lun Li, David Alderson, John C. Doyle, and Walter Willinger

Following the development of Newman [Newman 02|, let P({D; = k}) = P(k)
be the node degree distribution over the ensemble of graphs, and define Q(k) =
(k+1)P(k +1)/ > ;epJP(j) to be the normalized distribution of remaining
degree (i.e., the number of “additional” connections for each node at either end of
the chosen link). Let D = {dy—1,dy—1,--- ,d,, —1} denote the remaining degree
sequence for g. This remaining degree distribution is Q(k) = > .. cp Q(k, k'),
where Q(k, k') is the joint probability distribution among remaining nodes, i.e.,
Q(k,k') = P{D;, = k+1,D; = K + 1|(i,j) € £€}). In a network where the
remaining degree of any two vertices is independent, i.e., Q(k, k") = Q(k)Q(%'),
there is no degree-degree correlation, and this defines a network that is neither
assortative nor disassortative (i.e., the “center” of this view into the ensemble).
In contrast, a network with Q(k, k") = Q(k)d[k—Ek’] defines a perfectly assortative
network. Thus, graph assortivity r is quantified by the average of Q(k,k’) over
all the links

_ _ 2kwen FR(QKK) — Q(RK)Q(K))
Ykwen B (QE)O[E — K] = Q(R)Q(K))’

r

(1)

with proper centering and normalization according to the value of perfectly assor-
tative network, which ensures that —1 < r < 1. Many stochastic graph genera-
tion processes can be understood directly in terms of the correlation distributions
among these so-called remaining nodes, and this functional form facilitates the
direct calculation of their assortativity. In particular, Newman [Newman 02]
shows that both Erdés-Renyi random graphs and Barabdsi-Albert preferential
attachment growth processes yield ensembles with zero assortativity.

Newman [Newman 05] also develops the following sample-based definition of
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assortativity
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which is equivalent to

r(g) =
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(see Equation (5.5) in [Li et al. 05]).

While the ensemble-based notion of assortativity in (1) has important differ-
ences from the sample-based notion of assortativity in (2), their relationship can
be understood by viewing a given graph as a singleton on an ensemble of graphs
(i.e., where the graph of interest is chosen with probability 1 from the ensemble).
For this graph, if we define the number of nodes with degree k as N(k), we can
derive the degree distribution P(k) and the remaining degree distribution Q(k)
on the ensemble as

r(g9) =

(2)

and (k+D)P(E+1) _ (b DN(k+1)
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Also, it is easy to see that
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where m is a positive integer.

Equations (1) and (2) can be related term-by-term in the following manner.
The first term of the numerator, Q(k, k"), represents the joint probability dis-
tribution of the (remaining) degrees of the two nodes at either end of a ran-
domly chosen link. For a given graph, let [(k, k") represent the number of links
connecting nodes with degree k to nodes with degree k’. Then, we can write
Q(k, k') =1(k,k")/l, and hence
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The first term of the denominator of » in Equation (1) can be written as
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and the centering term (in both the numerator and the denominator) is

2
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In both of these cases, the offset of a constant in representing the degree sequence
as D versus D does not effect the overall calculation. The relationships between
the ensemble-based quantities (LHS of (3) and LHS of (5)) and their sample-
based (i.e., structural) counterparts (4) and (6) holds (approximately) when the
expected degree equals the actual degree.

To see why (6) can be viewed as the center, we consider the following thought
experiment: what is the structure of a deterministic graph with degree sequence
D and having zero assortativity? In principle, a node in such a graph will connect
to any other node in proportion to each node’s degree. While such a graph may
not exist for general D, one can construct a deterministic pseudograph g having
zero assortativity in the following manner. Let A = [a,;] represent a (directed)
node adjacency matrix of nonnegative real values, representing the link weights
in the pseudograph. That is, links are not constrained to integer values but can
exist in fractional form. The zero assortative pseudograph will have symmetric
weights given by

d; d; d; d;
TS, Ld )\ 2 ) T\ a2 ) T
Zkev k Zkev k
Thus, the weight a,; for each link emanating out of node i is in proportion to the
degree of node j, in a manner that is relative to the sum of all node degrees. In

general, the graphs of interest to us are undirected, however here it is notationally
convenient to consider the construction of directed graphs. Using these weights,




the total weight among all links entering and exiting a particular node ¢ equals

ZCLZ‘]‘ + Zaki = dz/2+dl/2 =d;.
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Accordingly, the total link weights in the pseudograph are equal to
> ay =) dif2=1,
B,jeV JEV

where [ corresponds to the total number of links in a traditional graph. The
s-metric for the pseudograph g4 represented by matrix A can be calculated as

s(ga) = Z Z d;aijd;
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and we have
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which is equal to (6).

In principle, one could imagine a deterministic procedure that uses the struc-
tural pseudograph g4 to generate the zero-assortativity graph among an uncon-
strained background set GG. That is, graphs resulting from this procedure could
have multiple links between any pair of nodes as well as multiple self-loops and
would not necessarily be connected. The challenge in developing such a pro-
cedure is to ensure that the resulting graph has degree sequence equal to D,
although one can imagine that in the limit of large graphs, this becomes less
of an issue. By extension, it is not hard to conceive a stochastic process that
uses the structural pseudograph ga to generate a statistical ensemble of graphs
having expected assortativity equal to zero. In fact, it is not hard to see why
the GRG method [Chung and Lu 03] is very close to such a procedure.

Note that the total weight in the pseudograph between nodes ¢ and j equals
a;j + aj; = d;d;/2l. Recall that the GRG method discussed in [Li et al. 05,



Section 5.1] is based on the choice of a probability p;; = pd;d; of connecting
two nodes ¢ and j and also that in order to ensure that F(d;) = d; one needs
p = 1/21, provided that max;jcy d;d; < 2. Thus, the GRG method can be
viewed as a stochastic procedure that generates real graphs from the pseudograph
ga, with the one important difference that the GRG method always results
in simple (but not necessarily connected) graphs. Thus, the zero-assortativity
pseudograph g4 can be interpreted as the deterministic outcome of a GRG-like
construction method. Accordingly, one expects that the statistical ensemble of
graphs resulting from the stochastic GRG method could have zero assortativity,
but this has not been proven.

In summary, graph assortativity captures a fundamental feature of graph struc-
ture, one that is closely related to our s-metric. However, the existing notion
of assortativity for an individual graph ¢ is implicitly measured against a back-
ground set of graphs G that is not constrained to be either simple or connected.
The connection between the sample-based and ensemble-based definitions makes
it possible to calculate the assortativity among graphs of different sizes and hav-
ing different degree sequences, as well as for different graph evolution procedures.
Unfortunately, because this metric is computed relative to an unconstrained
background set, in some cases this normalization (against the s, graph) and
centering (against the g4 pseudograph) does a relatively poor job of distinguish-
ing among graphs having the same degree sequence (see, for example, [Li et al.
05, Figure 5]).
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